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,£ -7 DAYIES' COUKSE OF MATHEMATICS.
Primary Arithmetic and Table Book—An entire new book, designed to take the

place of " Davies' First Lessons." It is composed of easy and progressive lessons, and

adapted to the capacities of young children.

Intellectual Arithmetic, or an Analysis of the Science op Numbers.—This is

also a new book, and designed as a full and complete class-book for the advanced student of

Mental Arithmetic in all our Public Schools and Academies. Great care has been taken in

the arrangement and gradation of the lessons, in the character of the questions, and in the

full, clear, and logical forms of the analysis.

New School Arithmetic, Analytical and Practical, is a complete and thorough

revision of the previous editions of his School Arithmetic. Much new matter has been intro-

duced ; the arrangement is more natural and scientific ; the methods introduced are those

used by some of the best teachers in the country.

University Arithmetic.—The object of this work is to give a general view of the

Science of Numbers, and to point out all the general methods of their application.

Practical Mathematics for Practical Men.—The design of this work is to afford

to the Schools and Academies an Elementary work of a practical character.

Elementary Algebra.—This work is intended to form a connecting link between

Arithmetic and Algebra, and to unite and blend, as far as possible, the reasoning in num-
bers with the more abstract method of analysis. It is intended to bring the subject of

Algebra within the range ofour common-schools, by giving to it a practical and tangible form.

Elementary Geometry and Trigonometry.—This work is designed for those

whose education extends beyond the acquisition of facts and practical knowledge, but who
have not time to go through a full course of mathematical studies. It is intended to present

the striking and important truths of Geometry in a form more simple and concise than is

adopted in Legendre, and yet preserve the exactness of rigorous reasoning.

Elements Of Surveying. — In this work, it was the intention of the author to begin

with the very elements ofthe subject, and to combine those elements in the simplest manner,

so as to render the higher branches of Plane Surveying comparatively easy. All the instru-

ments needed for plotting have been carefully described, and the uses of those required for

the measurement of angles are fully explained.

Bourdon's Algebra—New and Enlaroed Edition.—The Treatise on Algebra by M.
Bourdon, is a work of singular excellence and merit. In France it is one of the leading text-

books. Shortly after its first publication it passed through several editions, and has formed

the basis of every subsequent work on the subject of Algebra.

Legendre's Geometry and Trigonometry—Revised Edition.—Legendre's Ge-
ometry has taken the place of Euclid, to a great extent, both in Europe and in this country.

Analytical Geometry.—This work embraces the investigation of the properties of

geometrical figures by means of analysis.

Descriptive Geometry.—Descriptive Geometry is intimately connected with Archi-

tecture and Civil Engineering, and affords great facilities in all the operations of Con-
struction.

Shades, Shadows, and Perspective.—This work embraces the various applications

of Descriptive Geometry to Drawing and Linear Perspective.

Differential and Integral Calculus.—This Treatise on the Differential and Integral

Calculus, is intended to supply the higher seminaries of learning with a text-book on that

, branch of science.

Logic and Utility Of Mathematics ia an elaborate exposition of the principles which
lie at the foundation of pure mathematics, and of the applications of those principles to the
development of the essential idea of Arithmetic, Geometry, Algebra, Analytic Geometry, and
the Differential and Integral Calculus.

Mathematical Dictionary and Cyclopedia of Mathematical Science—Em-
bracing the definitions of all the terms of Mathematical science, an analysis of each branch,
and of the whole, as forming a single science—designed especially to illustrate the entire

course.

Entered, according to act of Congress, in the year Eighteen Hundred and Fifty-five, by Charles Davies
& William G. Peck, in the Clerk's Office of the District Court of the United States, for the Southern
District of New York.

JONES & DENYSE, Stsmotyfmu. O. W. WOOD, PBrarait.



PEEF ACE.

The Science of Mathematics treats of the two abstract ^quantities, Number
and Space. Primarily, it treats of the measurements and relations of these quanti-

ties, and of the operations and processes by means of which tliey are ascertained : and

secondarily, of the applications of the principles thus developed to the practical affairs

of life.

The quantities operated upon are denoted by figures or letters, and the operations

to be performed are indicated by certain characters called Signs. The figures, letters

and signs, are called symbols, and are elements of the mathematical language.

The language of mathematics is partly technical and partly popular, being made

up of symbols which either represent quantity or denote operations, and of words

adopted from our common vocabulary. Both branches of this language are undergo-

ing ohanges corresponding to the progress and development of the science ; and hence

it is, that new terms become necessary, while the significations of the old ones are

modified, either by enhttgement or restriction.

It is of the first importance, in prosecuting mathematical inquiries, to acquire an

accurate knowledge of the office and power of every symbol, and a clear and distinct

apprehension of the signification of every technical term. Most of the difficulty expe-

rienced in the study of mathematics, has arisen, we apprehend, from the use of terms

in a vague or ambiguous sense ; and the discussions on " controverted points," are

mainly due to a misuse or misapprehension of the meaning of technical terms.

1. It is a leading object of this work, to define, with precision and accuracy, every

term which is used in mathematical science ; and to afford, as far as possible, a defi-

nite, perspicuous and uniform language.

2. A second object is, to present in a popular and condensed form, a separate and

yet connected view of all th« branches 6f Mathematical Science. Hence, the work

has been called—"A Dictionary and Cyclopedia of Mathematical Science."

3. The work has also been prepared to meet the wants of the general reader, who

will find in it all that he needs on the subject of mathematics. He can learn from it

the signification and use of every technical term, and can trace such term, in all its

connections, through the entire science. He will find each subject as fully treated as

the limits of the work will permit, and the relations of all the parts to each other

carefully pointed out.
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4. The practical man will find it a useful compendium and hand-took of reference.

All the formulas and practical rules have heen collected and arranged under their

appropriate heads.

5. The chief design of the work, however, is to aid the teacher and student of

mathematical science, by furnishing full and accurate definitions of all the terms, a

popular treatise on each branch, and a general view of the whole subject.

In pursuing a course of mathematics, arranged in a series of Text-Books, it is often

difficult, if not impossible, to understand a single branch fully until its connections

with other branches shall have been traced out. The various branches of mathe-

matics, though apparently differing widely from each other, are, nevertheless, per.

vaded by common principles and connected by common laws. In bringing all these

branches within the compass of a single volume, an opportunity has been afforded of

examining their common principles and pointing out the connections of their, several

parts. Hence, the Dictionary affords to the diligent and intelligent student, the means

of understanding the connections of the different subjects of the mathematical

science ; and to such, we are confident, it will prove an efficient auxiliary in removing

the obstacles which have rendered the acquisition of mathematical science a difficult

and forbidding task.

The diffusion of knowledge and the employment of mathematics in the in-

vestigations of the Natural Sciences, as well as in all practical matters, have

given great value to mathematical acquirement, if they have not rendered a certain

amount of it absolutely necessary ; hence, it would seem desirable to afford every,

facility for the prosecution of so useful a study.

As many of the subjects treated in this work have common parts, it became neces-

sary either to interrupt the processes of investigation by references, or to use,

occasionally, the same matter in different places. As the entire work is rather a

collection of separate treatises than a single treatise On a single subject, the latter

method has occasionally been adopted, though the other has been generally used.

It will not be a matter of surprise, that a work of so much labor should have been

a joint production. In its prosecution, many questions have arisen in regard to defini-

tions, methods of discussion, classification and arrangement. In deciding these

points we have been guided, uniformly, by the best standards. When differences

were irreconcilable we have looked to the authority of general principles.

Fishkill Landing, )

June, 1855. |



MATHEMATICAL DICTIONARY

CYCLOPEDIA' OF MATHEMATICAL SCIENCE.

A. The first letter of the English alphabet,

Among the ancients it was used as a numeral

denoting 500, or with a dash over it, thus, i
it stood for 500,000. In Greek, Hebrew, and

Arabic, it stood for 1.

In Algebra, it is employed to denote a

known or given quantity—In Geometry and

Trigonometry it often stands for an angle

—

In Surveying it is used as an abbreviation for

acre—In Commerce it stands for accepted, as

in the case of a bill of exchange.

AB'A-CIST, [from abacus]. Onewhomakes
arithmetical computations, a computor or cal-

culator.

AB'A-CUS. [L. abacus, anything flat. Gr.

<z/3af, a slab for reckoning on]. In architec-

ture, a table constituting the crowning mem-
ber of a column and its capital.

The name abacus was given to an instru-

ment formerly used to facilitate arithmetical

computations, and still retained in one of its

modifications, for imparting to children a

knowledge of the elements of arithmetic.

The most ancient abacus consisted of a

table, surrounded by a raised border or ledge,

and covered with sand, upon which diagrams

were drawn, and computations made.

In later times the sanded table was re-

placed by an entirely different instrument,

called also an abacus, and which with little

change of principle, continued to be used for

many centuries, by the most enlightened na-

tions of the world.

The principle of this kind of abacus will

be readily understood by an examination of

the diagram.

ABCD is a wooden frame, supposed to be

vertical, supporting several horizontal wires,

1, 2, 3, 4, &c. ; each wire bearing nine boa.ls

of glass, wood, or ivory, which slide freely.

jl J! B
millions,

him. of thoua

lena at thous.

thousand a.

hunurcda.

tena.

units.

The vertical bar £F divides the rectangle

AC into two separate compartments, but is

placed far enough in front of the wires to

allow the beads or counters to slide freely

behind it.

We have supposed the instrument arranged

according to the decimal scale, so that each

bead on the lower wire denotes a simple unit,

or unit of the first order ; a bead upon the

second wire, a unit of the second order, or

one ten ; one upon the third wire, a unit of

the third order, or one hundred ; &c.

Sometimes, for the purpose of diminishing

th^ number of counters, intermediate wires

are introduced ; a bead upon one of them
denoting five beads upon the wire next below

We shall now explain the mode of recording a

number by means of this abacus. The beads

are all pushed along the wires into the com-

partment EC before the record is commenced.
Let the number in question bo 7.931,564

First slide four beads along the lower wire

into the compartment AF, these will denote

the four units ; then slide six beads along the
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second wire to denote the six tens, and so on,

moving into the space AF a sufficient number
of counters on each wire to denote the num-
ber of units of the corresponding order

;

when the operation is complete, the given

number will be represented as in the diagram.

We have supposed the value of the unit, in

passing from wire to wire, to increase ac-

cording to the decimal scale ; but the instru-

ment is equally applicable when the value of

the unit increases according to any scale,

either uniform or varying. If the duodeci-

mal scale be adopted, there will be required

eleven counters on each wire ; if any varying

scale is used, the number of counters on any
wire must be at least equal to the number of

units of that order contained in a unit of the

next superior order, diminished by 1. The
method of recording a number constructed ac-

cording to any scale, is entirely similar to

that already explained.

During the middle ages, the abacus was
used by bankers, money-changers, &c, but

instead of a frame with wires and beads, they

made use of a bench or bank covered with

black cloth, divided into checks by white lin.es

at right angles to each other. Counters

placed upon the lower bar denoted pence,

those on the second bar shillings, those on
the third, pounds, and those on the fourth,

fifth, sixth, &c, bars, denoted tens, hundreds,

thousands, &c, of pounds.

Abacus Pvthagoricus, or Pythagorean

abacus. A table computed for the purpose of

facilitating numerical calculations. It is

nothing more than the multiplication table as

given in ordinary treatises on arithmetic.

Abacus Loqistxcus, or sexagesimal canon.

The same as the Pythagorean abacus or mul-

tiplication table, carried to 60, both ways.

AB-BRE'VI-aTE. [L. abbrevio, to shorten].

To reduce to a small compass, to epitomize.

AB-BRE-VI-a'TION, the operation of ab-

breviating or shortening. The abbreviation

of a fraction is the operation of reducing it

to lower terms ; thus, if both numerator and

denominator of the fraction
-fa

be divided by

9, the fraction is said to be abbreviated, or re-

duced to
-J-.

In Algebra, an expression is

said to be abbreviated when it is shortened

by any algebraic process : thus, the expres-

sion

4a'b>-2a°b',

may be abbreviated to the expression,

2a' V (26 - a),

by simply factoring it.

An abbreviation is a single letter, or a

simple combination of letters, standing for a

word or sentence : thus, A. stands for acre,

hhd. for hogshead, lb. for pound, d"tc.

A-BRIDGE', [Fr. abregcr, to shorten. Gr.

flpaxvs, short]. To shorten, to contract. The

abridgment of an expression in Algebra, is

the operation of shortening it by substitution

:

thus, every equation of the second degree

containing but one unknown quantity, is a

particular case of the general form

ax' + bx + c = ;

or, dividing both members by a,

b c
x* + - x + -

a a
0;

which may be abridged by substituting 2j>

for - and q for -, giving the equation,

x* + 2px + q = 0.

The last equation is not only easier to re-

member, but is also under a simpler form for

discussion.

The operation of abridging may generally

be resorted to with advantage, whenever com-

plicated expressions enter into long compu-
tations. After completing the computations,

we can, if necessary, substitute for the sym-
bols introduced, their values in terms of the

original quantities employed.

AB-RUPT' POINT of a curve. A point

at which a branch of a curve terminates

:

thus, the curve whose equation is

y — b = (x — a) I (i — a)

has an abrupt point for x = a. See Singu-
lar 'point.

AB-SCIS'SA. [L. abscissus, ab, from, and
scindo, to cut]. One of the elements of ref-

erence by means of which a point is referred

to a system of rectilineal co-ordinate axes.

If we draw two straight lines, in a plane, in- •

tersecting each other, one of them being

horizontal, it has been agreed to call the
horizontal one the axis of X, or the axis of
abscissas, and the other one the axis of Y or

the axis of ordinates.
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In such a system, the abscissa of a point

is the distance cut off from the axis of X by

a line drawn through it, and parallel to the

axis of Y. All abscissas measured to the

right, are, by convention, regarded as positive,

and consequently, all at the left must be con-

sidered negative. The abscissas of all points

situated on the axis of Y, are 0. In space,

the term abscissa is applied in a more gen-

eral sense, and may mean a distance meas-

ured parallel to either of the horizontal axes,

the distance measured on a parallel to the

axis of Z being always called the ordinate.

It is customary to define the abscissa of a

point in space, to be the distance of the point

from the co-ordinate plane YZ, measured on

a line parallel to the axis of X. The rule

for signs is analogous to that employed in a

plane system ; all distances measured towards

the right are considered positive, those to the

left must be negative ; the abscissas of

points in the plane YZ are 0. When the

term abscissa is applied to distances measured

from the plane XZ and parallel to the axis of

Y, they are considered positive when meas-

ured in front of the-plane, and negative when
measured behind it. When the point lies in

the plane XZ, the abscissa is 0.

AB'SO-LUTE, [L. absolutits, ab, from, and

solvo, to loose br release]. Complete in itself,

independent. The absolute term of an equa-

tion, is that term which is known, or which

does not contain the unknown quantity : thus,

in the equation

ax3 + bx* + ex + d — 0,

d is the absolute term. If we regard every

term as involving the unknown quantity in

some form, then the absolute term is that in

which the exponent of this quantity is 0. In

every entire equation, the absolute term is

equal to the continued product of all the roots'

of the equation with their signs changed.

Hence, if the absolute term of an equation

is 0, one or more of the roots of the equation

must be equal to 0. I

In Analytical Geometry, the equations em-

ployed are indeterminate ; that is, they involve

more unknown quantities than there are equa-

tions, and the absolute term is that one which

is independent of all the unknown quantities

or variables. It may be demonstrated that

when the absolute term is 0, the geometrical

magnitude represented by the equation passes

through the origin of co-ordinates. See An-
alytical Geometry.

Absolute Space, is space considered with-

out reference to material objects, or limits.

AB'STRACT. [L. abslractus, to draw from

or separate ; from abs, from, and traho, to

draw]. Separate, distinct from something else.

Abstract Equation, is an equation ex-

pressing a relation between abstract quanti-

ties only, as,

3i !' + 4-a;-5 = 0.

Abstract Quantity, is one which does not

involve the idea of matter, but simply that of

a mental conception ; it is expressed by a

letter, symbol, or figures : thus, the number
three represents an abstract idea, that is", one

which has no connection with material things,

whilst three feet, presents to the mind an idea

of a physical unit of measure, called a foot.

So a " portion of space bounded by a surface,

every point of which is equally distant from

a point within, called the centre," is a mere
conception of form. When we call it a

sphere, we employ the term to express our

idea of the abstract magnitude.

All numbers are abstract when the unit is

abstract. Arithmetic, which treats of the rela-

tions and properties of such numbers, is ab-

stract arithmetic. This embraces the whole

science and theory of arithmetic : Concrete or

Denominate Arithmetic being nothing more
than the art of applying the principles devel-

oped in Abstract Arithmetic to Denominate!

Numbers.
Since Algebra differs little from ordinary

Arithmetic, except in the nature of the lan-

guage employed, we must regard the Science

of Algebra as purely abstract. In Geometry
also, the magnitudes considered, viz., lines

surfaces and solids, are mere mental concep-

tions of extent and form, which are repre-

sented by geometrical figures. The discussion

of these magnitudes in the development ol

their relations and properties is, therefore,

necessarily confined to abstract quantities.

We may, therefore, regard Geometry as an

Abstract Science. And generally, all the

principles of Mathematical Science are de-

veloped from a consideration of abstract quan

tities only.

What is usually termed Abstract Mathe
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matics, or pure mathematics, involves the

entire science, whilst that which is called Con-

crete, or Mixed Mathematics, is nothing more

than the art of applying previously developed

principles to physical objects, as suggested

by the demands of society.

AB-SURD'. [L. absurdus, ab, from, and sur-

dus, deaf, insensible]. A proposition is absurd,

when it is opposed to a known truth. The

term absurd, is used in connection with a

kind of demonstration called the " rcductio ad

absurdum." In this kind of demonstration,

a certain proposition is assumed as true, and

is combined with known truths by a course

of logical arguments, thus deducing a, chain

of conclusions until one is arrived at which

disagrees with a known truth, when the origi-

nal supposition or hypothesis is pronounced

absurd, and its contrary is considered proved.

As an example of this mode of demonstra-

tion, we may instance the proposition to show

that, " If two straight lines have two points

in common, they will coincide throughout."

In this proposition it follows that if they do

not coincide, they must enclose a space which

is manifestly impossible ; hence, the propo-

sition that they do not coincide involves an

absurdity, and the proposition is said to be re-

duced to an absurdity. This method of proof,

though sometimes objected to as unsatisfac-

tory, is, nevertheless, as strictly logical, and

as conclusive as any other method. The rea-

soning is quite as perfect, and the conclusions

equally irresistible.

A-BUNDANT NUM'BER. A number

which is less than the sum of all its aliquot

parts : thus, 12 is an abundant number, be-

cause
12 < 1 + 2 + 3 + 4 + 6.

An abundant number is distingnished from a

perfect number, which is equal to the sum of

its aliquot parts, and from a deficient number,

which is greater than the sum of its aliquot

parts.

AC-CI-DENTAL POINT of a line. In

Perspective, the point in which a line drawn

through the point of sight, and parallel to the

given line, pierces the perspective plane. It

is a point of the indefinite perspective of the

line. See Vanishing Point.

AC-CLIV'I-TY, [L. acclivus, from ad, to,

and clivus, an ascent]. In Topography, the

steepness or slope of rising ground, in con-

1

tra-distinction to that of descending ground,

which is called declivity. Acclivity implies

ascent, declivity implies descent.

A'CRE [L. ager, land. Gr. aypoc, a field],

A unit of measure employed in land survey-

ing. In the United States, the standard acre

contains 4840 square yards, or 43,560 square

feet. In the form of a square, one side would

measure about 69.5701 yards, or 208.7103 feet.

The acre contains 160 square rods, or per-

ches. The subdivisions of the acre are roods

and perches. The acre containing 4 roods,

and the rood 40 perches.

There are 640 acres in a square mile, hence,

an acre is the ^J-jth part of a square mile.

The English statute acre is the same as

that of the United States.

The Irish acre contains 1 acre 2 roods

19^3^ perches English.

The Scotch acre contains 1 acre 1 rood

3^j- perches English.

The Welsh acre contains about 2 English

acres.

The Strasbourg acre is about one-half of

an English acre.

The French acre or arpent of Paris con-

tains 4,088 square yards, or nearly £ of an

English acre.

The French woodland arpent contains 6,108

square yards, or about 1 acre 1 rood 1 perch

English.

In the new decimal system of France, the

Are contains 119.603 square yards, the Dec-

are 1196.03 square yards, and the Hecatare

11960.3 square yards.

A-CUTE', [L. acutus, sharp pointed].

Sharp as opposed to obtuse. An acute angle,

is one that is less than a right angle. In de-

grees, an acute angle is less than 90°.

Acute-anoled Tkianqle, is one that has
all of its angles acute.

Acute Cone, is one in which the vertical

angle of the meridian triangle is less than
30°, or less than a right angle.

Acute Hyperbola, is one whose asymp-
totes make an acute angle with each other.

In it, the transverse axis is always greater

than the conjugate.

ADD, [L. addo, from ad, to, and do, to

give]. To unite or put together, so as to

form an aggregate of several particulars.
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AD-DI'TION, [L. additio, from addo, to

give to]. The operation of finding the sim-

plest equivalent expression for the aggregate

of two or more quantities of the same kind.

Such expression is called the sum of the

quantities.

In arithmetic, the quantities to be added are

always numbers, written either according to

the decimal scale, or according to some vary-

ing scale. In the first case, the operation of

adding is called Addition of Simple Numbers,

in the second, Addition of Denominate Num-
bers. The operation in both cases are identical

in principle, and may be described as follows :

Write down the numbers to be added so that

units of the same order or denomination shall

fall in the same column.

Add together the units of the lowest order,

and divide their sum by the number of such

units contained in one of the next higher order :

set down the remainder, and carry the quotient

to the next column. Continue the operation

till the column of units of the highest order is

reached, and set down the" entire sum. of that

column.

Addition of Decimals. The rule in this

case does not diifer from that already given. In

fact, every number written in the scale of tens

is a decimal, whose value depends upon the

place of the decimal point. When this point

is fixed, the orders are counted from it in

both directions. When numbered to the left,

they are called orders of entire units ; when
to the right, they are called orders of decimals.

Addition of Vulgar Fractions. Reduce

all the fractions to equivalent ones having a

common fractional unit. Add the numerators

together, and write their sum over the de-

nominator of the fractional unit : the result

will be the sum required.

Proof.—There are several methods to veri-

fy the accuracy of the operation of addition.

1. If the columns of units have been added

from the bottom upwards, let them be added

from the top downwards ; the results should

be the same.

2. Separate the numbers to be added into

two or more groups, and add these groups,

each by itself, and take the sum ofthe results

;

this sum should be the same as that first

obtained. The principle on which this method

depends is, that a whole is equal to the sum of

all its parts.

3. There is a third method of proof, which

is only applicable to numbers written in tiia

decimal scale. It is called the method by

casting out the 9's. The principle on which

this method depends requires some eluci-

dation, Since

10 = 9 + 1, 100 = 99 + 1, 1000 = 999 + 1

and so on, it follows that if a number ex-

pressed by 1 followed by any number of 0's

be divided by 9, the remainder will be 1.

Again,

20 = 2(9 + 1); 200 = 2(99 + 1),

2000 = 2(999 + 1), &c.

;

hence, ifa number expressed by 2 followed by

any number of 0's be divided by 9, the re-

mainder will be 2. Generally, if a number

expressed by 3, 4, 5, 6, &c, followed by

any number of 0's, be divided by 9, the re-

mainder will be 3, 4, 5, 6, &c.

It is evident that if we divide each of the

parts by- 9, and then divide the sum of the

remainders found, by 9, the final remainder

will be the same as that which is found after

dividing the entire number by 9.

Any number, as 5634, may be written

5000 + 600 + 30 + 4,

and from the preceding principle it follows

that if any number be divided by 9, the re-

mainder will be the same as that obtained by

dividing the sum of its digits by 9

Upon these principles is based the follow-

ing rule :

Take the sum of the digits in each, number

to he added, and having divided each sum by 9,

set down the remainder in a column at the right.

Take the sum of these remainders and divide

it by 9, setting the remainder beneath. If this

remainder is the same as /hat found by dividing

the sum of the digits in the sum total by 9,

the work is probably correct.

EXAMPLE.

4567
3214
1187

Eiceaa of fl'a.

4
1

8

8968 4

The sum of the digits in the first number

is 22, and the remainder found, 4. In the

second number, the sum of the digits, 10, and

the remainder 1. In the third, the sum of

the digits is 17, and the remainder, 8. The



10 MATHEMATICAL DICTIONARY AND [ADD

Bnm of these remainders is 13, and the re-

mainder 4, which is also the remainder

obtained by dividing 31, the sum of the digits

in the sum total, by 9. Hence, we conclude

that the operation of addition was correctly

performed.

None of these methods of proof are strictly

perfect, since it is possible that two errors

might be committed which would exactly

balance each other ; the last one is, however,

nearly free from any liability to error.

In Algebra, the quantities to be added are

represented by symbols arranged according

to the rules of algebraic Notation.

Addition of Entire Quantities. Set them

down so that similar terms, if there are any,

shall fall in the same column. Add the

several sets of similar terms, and to the re-

sult annex the remaining terms, giving to

each its proper sign. To add similar terms,

take the numerical sum of the co-efficient of

the additive and subtractive terms separately :

subtract the less from the greater, and give

to the remainder the sign of the greater, after

which write the common literal part. This

will be the sum required.

Addition of Fractions. The rule is the

same as that already given for the addition of

arithmetical fractions.

Addition of Radicals. Reduce them, if

possible, to equivalent radicals which shall be

similar. Add the co-efficients, and to this

sum annex the common radical part. This

will be the sum required. If the given

radicals cannot be reduced to equivalent

similar radicals, the addition can only be

indicated.

When the quantities are written by means

of exponents, reduce them, if possible, to

equivalent expressions having the same ex-

ponent. Add the co-efficients for a new
co-efficient, after which write the common
part. The result will be the sum required.

Addition of Ratios, is the same as the

addition of fractions.

ADD'I-TIVE. A quantity is additive

when it is preceded by a positive sign. If it

is not preceded by any sign, the sign + is

always understood.

AD-FECT'ED. Compounded, that is,

made up of terms involving different powers

of the unknown quantity ; thus,

ais + iz" + ex +a =
is an adfected equation, containing terms

which involve different powers of x. See

Affected.

AD IN-FI-NI'TUM. [L.] To endless ex-

tent, according to the same law. When a

series is given, and a sufficient number of

terms are written to indicate the law of the

series, the words ad infinitum are added to

show that there are an infinite number of suc-

ceeding terms, connected by the same mathe-

matical law, with those already given.

Ad infinitum sometimes means to the limit.

For example, if a regular polygon be inscribed

in amircle, and the arcs subtended by the

sides be severally bisected, and the points of

bisection be joined by chords with the adja-

cent vertices of the polygon, a new regular

polygon will be formed, having double the

number of sides, and approaching more nearly

to an equality with the circle. If the opera-

tion be then repeated, we shall have a poly-

gon still nearer in area to the circle, and so

on. If the operation be repeated ad infinitum

we shall reach the limit, that is, the inscribed

polygon will coincide with the circle.

ADJACENT. [From ad, to, and jaceo,

to lie]. Contiguous to, or bordering upon.

Adjacent Angles, in a plane, are those

which have one side in common, and their

other sides in the prolongation of the same
straight line.

Thus, the angles

ABD and DBC are

adjacent.

/D

Two diedral angles are adjacent when they

have a common face, and their other faces

lying in the same plane produced.

Two spherical angles are adjacent when
they have one side in common, and their othct

sides arcs of the same great circle.

The sum of the two adjacent angles, is

each case, is equal to two right angles.

AD-JUST'MENT. [From ad, to, and just

us, just.] The operation of bringing all tht

parts of a mathematical instrument into theu
proper relative positions. When the partt

have these positions, the instrument is said

to be in adjustment, and is fit for use. When
several independent steps have to be taken.
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each step is often called an adjustment : thus,

in the theodolite we say there are four adjust-

ments.

1 To bring the intersection of the cross

hairs into the axis of the Y's.

2. To make the axis of the upper level

parallel to this axis.

3. To make the axes of the lower levels

perpendicular to the axis of the instrument.

4. To make the axis of the vertical limb

perpendicular to the axis of the instrument.

These separate steps, strictly speaking,

make up but a single adjustment.

For an account of the method of adjusting

particular instruments, see the articles refer-

ring to those instruments respectively.

AD-MEAS'URE-MENT—AD-MEN-SU-
Ra'TION. The same as measurement and

mensuration, which see.

a-e'RI-AL, [L. airius, belonging to the

air]. Appertaining to the air or atmosphere.

Aerial Peespective. That branch of

perspective which relates to the shading of a

picture, by weakening the tints in proportion

to their distance from the point of light. It

treats also of giving the proper colors and

shades of colors, so that the picture shall ap-

pear in color and tint like the object itself.

This branch of Perspective is not properly

considered mathematical, except so far as

connected with linear perspective.

AF-FECT'ED, {ad, to, and facio, to

make]. More used than adfected. It means

made up of terms involving different powers

of the unknown quantity : thus,

x* + px = 9,

is an affected equation of the second degree.

When a quantity is preceded by the sign +
or — , it is said to be affected with a positive

or negative sign. Also, when an exponent

or index of a quantity is positive or negative,

we say that it is affected with a positive or

negative exponent or index.

The term affected, is sometimes even ap-

plied to the numerical co-efficients, in which

case the literal parts are said to be affected

with positive or negative co-efficients. In

this last case the term is improperly applied.

AF-FIRMA-TIVE. [L. from ad, to, and>-
mo, to make firm]. In Algebra, an affirmative

quantity is one that is to be added, in contra-

distinction to one which is to be subtracted.

The term implies that the quantity is essen-

tially positive, that is, of such a nature that

when added to another quantity, the latter

will be increased.

Affirmative Sign. The same as the sign

of addition or plus, denoted thus + . When
placed before a quantity, it signifies that the

quantity is to be considered in a sense direct-

ly opposed to what it would have been had it

been preceded by the sign minus. The two

signs are perfectly antagonistic to each other,

and every quantity whatever must be affected

with one or the other.

It is customary to regard quantity con-

sidered in a certain sense as positive, whence
it immediately follows, from the nature of the

case, that it must be regarded as negative

when considered in a contrary sense. For

example, if it is agreed to call time to come
positive, time past must be represented by a

negative expression.

If it is agreed to call distance estimated in

one direction positive, then distance estimated

in a contrary direction must be negative, and

so on. This view of the case disposes of all

difficulty in explaining the nature and use ol

the two symbols + and — , about which so

much discussion has been had.

AF'FIX. [L. ajjigo, from ad, to, and figo,

to fix]. To unite at the end : thus, to affix

O's to a number, is the same as to annex

them, or to write them after it.

A FOR-TI-O'RI. [L.] For a more appar

ent reason.

AG'GRE-GaTE. [L. from ad, to, and grot,

a herd or band]. An assemblage of parts to

form a whole. An aggregate of several par

ticulars, is equivalent to their sum.

AL'GE-BRi. [From the Arabic words al

and gabron, reduction of parts to a whole].

That branch of analysis whose object is to

investigate the relations and properties of

numbers by means of symbols. The quanti-

ties considered are generally represente I bj

letters, and the operations to be performed

on these are indicated by signs. The let-

ters and signs are called symbols. Algebra

embraces all the operations of Addition,

Subtraction, Multiplication, Division, raising

to powers denoted by constant exponents
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»rid extraction of roots indicated by constant

indices
; it also includes the discussion of the

nature and properties of all equations in

which the relations between the known and

unknown quantities can be expressed by the

ordinary operations of Algebra. Such equa-

tions are called algebraic.

Higher or Transcendental Algebra treats

of those quantities which cannot be exactly

expressed by a finite number of algebraic

terms, and which are therefore called trans-

cendental. It also investigates the nature of

transcendental equations, that is, all which

are not algebraic. Under this branch of Al

gebra also falls the treatment of logarithms,

formation and laws of scries, and all that

class of problems which arise in the investi-

gation of Analytical Trigonometric formulas

These two branches form what may be

called the Science of Algebra ; besides these,

a third might be added, having for its object

the practical application of the principles de

duced, to the solution of all kinds of prob-

lems, whether abstract or concrete, which
come within the range of algebraic analysis

It also includes the formation of rules for

many of the higher arithmetical operations,

as Interest, Annuities, Alligation, &c.
For an account of the several processes of

Algebra, the reader is referred to the several

articles, Addition, Subtraction, Multiplication,

Division, Equations, &c, under their appro-

priate headings.

The most ancient Treatise extant on the

subject of Algebra, is that of Diophantus,
who wrote about the year 350. . His work
consists principally of a collection of solu-

tions of problems relating to properties

of numbers, and more particularly to the

properties of square and cube numbers, of

which some account may be found in the

article on Diophantine Analysis. The science

was cultivated by the Arabians, and from
them a knowledge of its principles was de-

rived by the Italians, about the beginning of

the 13th century. Many improvements were
introduced, and many new processes discov-

ered by Ferreas, Cardan, Tartalea, and others

of the Italian school, amongst the most im-

portant of which may be mentioned the

method of solving cubic equations.

No great advances, however, were made
in systematizing the science till after the in-

troduction of ,a concise system of notation,

the foundation of which was laid by a Ger-

man named Stifel, or Stifelius, who wroto

about the middle of the 16th century.

From this period, improvements, both in

the methods of notation, and in the generali-

zation of processes, were rapidly made by

such mathematicians as Robert Recorde,

Vieta, Albert Girard, Harriot, and many
others, by whose labors the science was ad-

vanced, as far as its general outline is con-

cerned, to nearly its present condition.

In the year 1637, Descartes published his

great work on the application of the princi-

ples of Algebraic Analysis to the investigation

of geometrical truths, and besides opening

an entirely new field of mathematical re-

search, contributed much to the advancement

and perfection of pure Algebra. ' Since his

time there has been no great revolution in

Algebra, as a science, but it has been vastly

improved in its details, and greatly extended

in its applications. The theory of Series has

been successfully developed by Euler, Wal-
lis, the Bernouillis, Newton, De Moivre,

Simpson, and others. The composition of

equations has been investigated, and the

methods of approximating to their roots sys-

tematized and reduced to order.

Amongst the more recent laborers in the

field of Algebra, may be mentioned Taylor,

M'Laurin, Clairaut, Euler, Legendre, Arbo-

gast, Gauss, Bourdon, and many others.

Perhaps the work containing the most
complete exposition of the present state of

the science, is the recent edition of L'Alge-

bre de M. Bourdon.

AL-GE-BRa'IC — AL-GE-BRA'IC-AL.
Appertaining to Algebra : thus, we say alge-

braic solutions, algebraic symbols, algebraic

characters, &c.

Algebraic Curve. A curve such that the
relation between the co-ordinates of all its

points can be expressed by the ordinary
operations of Algebra. They are sometimes
called geometrical curves, because their dif-

ferent points may be constructed by the
operations of Elementary Geometry. The
name algebraic is used in contra-distinction
to transcendental.

Algebraic Equation. One in which the
relation between the known and unknown
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quantities is expressed by the ordinary opera-

tions of Algebra.

AL-GE-BRi'IST. One learned or slfilled

in Algebra.

AL'GO-RITHM. The art of computing in

any particular way. We speak of the algo-

rithm ofnumbers, surds, imaginary quantities,

&c. The word is of Arabic origin, and prop-

erly means the art of numbering readily and

correctly.

AL'I-QUANT PART. [L. aliquantum, a

little]. In arithmetic, is such a part of a num-
ber as will not exactly divide it. Or, it is a

part such that being taken any number of

times, the result will be either greater or less

than the given number : .thus, 4 is an ali-

quant part of 10, because, being taken twice,

the result is 8, a number less than 10, and

being taken three times, the result is 12, a

number greater than 10. Again, 6 shillings

is an aliquant part of a pound, made up of

the two aliquot parts 4 shillings and 2 shil-

lings. The term is used in contra-distinction

to Aliquot part.

AL'I-QUOT PART. Such a part of any

number or quantity as will exactly divide that

number or quantity. Thus, 2 is an aliquot

part of 4, 6, or any even number ; and 1 is

an aliquot part of any whole number what-

ever. To find all of the aliquot parts of any

number : Divide it by the least number ex-

cept 1, that will exactly divide it ; then

divide the quotient by its least divisor, except

1 ; and so on, always dividing the last quo-

tient by its least divisor except 1, till 1 is

found as a quotient ; the several divisors, to-

gether with 1, are the prime aliquot parts. If

we next form every possible product of these

divisors, taken in sets of two, in sets of three,

and so on, in sets of n — 1, n being the num-

ber of divisors, the products thus formed,

taken with the original divisors, will make up

all the aliquot parts of the number. To

find all the aliquot parts of 30 : We divide

it by 2, which gives a quotient 15 ; we next

divide 15 by 3, which gives *a quotient 5",

which, on being divided by 5, gives a quotient

1 ; hence, 1, 2, 3 and 5 are the prime aliquot

parts ; but by multiplying these factors to-

gether, two and two, we find 6, 10, and 15

for the compound aliquot parts. Hence, all

the aliquot parts of 30 are 1, 2, 3, 5, 6, 10,

and 15. In like manner any number may be

resolved into factors, and its aliquot parts

found. The idea of aliquot parts seems to

exclude that of fractions forming any aliquot

part of a whole number ; still, in the case of

denominate numbers, there is an apparent

exception ; as, for example, we say that 2s,

6d. is an aliquot part of a pound, being one-

eighth of it ; Is. id. is also an aliquot part of

a pound, being one-twelfth of it. An aliquot

part should not be confounded with a com-

mensurable part, for although every aliquot

part of a number is commensurable with it,

every commensurable part is not an aliquot

part. Thus 40 is a commensurable part of

60, but it is not an aliquot part.

AL-LI-Ga'TION. [L. From ad, to, and ligo,

to bind]. A rule of practical Arithmetic rela-

ting to the compounding or mixing of ingre-

dients. The rule is named from the method

of connecting or tying together the terms by

certain ligature-like signs. •

The rule is divided into two parts : Alliga-

tion medial, and alligation alternate.

Alligation Medial teaches the method

of finding the price or quality of a mixture

of several simple ingredients whose prices or

qualities are known.

Alligation Alternate teaches what

amount of each of several simple ingredients,

whose prices or qualities are known, must be

taken to form a mixture of any required price

or quality.

As an example of a problem in alligation

medial, we take the following :

Having a mixture of 30 bushels of wheat,

worth 150 cents per bushel , 72 bushels of

rye, worth 90 cents per bushel ; and 60 bush-

els of barley, worth 60 cents per bushel

;

required the price of a bushel of the mixture.

30 bush, ofwheat, at 150 cts., worth 4500 cts.

72 " " rye, '• 90 " " 6480 "

60 " " barley " 60 " " 3600 "

162 bushels of the mixture, worth 14580

Whence, 1 bushel is worth -j^j of 14580

cents, or 90 cents.

Again : Suppose a goldsmith to mix gold

as follows : 6oz. of 22 carats, with 4os. of 17

carats ; required the quality of the mixture.

6oz. of 22 carats gives, 132

boz. of 17 " " _68

10 200
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If. now, we divide 200 by 10, the whole these restrictions greatly limit the generality

number of ounces in the mixture, we shall

find 20 carats for the quality of the mixture.

The principle in the last example is in no

wise different from that in the former, the

apparent difference lying entirely in the lan-

guage employed in stating the proposition.

We may in this example regard 24 as the

value of pure gold per ounce ; then 22 and 17

will be the respective values of each specimen

mixed, and we shall find, as before, 20 for the

value of an ounce of the mixture, that is, an

ounce will contain -f^ths of pure gold.

We may then write this rule for solving

all questions in alligation medial

:

Rule.—Multiply the price or quality of a

unit of each simple by the number of such units

;

take the sum of their products, and divide it by

the whole number of units ; the quotient will

be the price or quality of a unit of the mixture.

Alligation Alternate, as may be seen

from the definition, gives rise to the solution of

an indeterminate problem in Algebra. Accord-

ing as fewer or more restrictions are imposed,

the solutions will be more or less numerous.

There will be several cases. We shall first

discuss the general one, in which it is re-

quired to find the amount of each simple of

known value, which must be mixed so that

each unit of the mixture shall have a given

value.

Let there be three simples of the respective

values of a, b, and c ; let x, y, and z denote

the number of units taken from the respect-

ive simples to form m units of the mixture

;

and let d denote the price or quality of a unit

of the mixture. Then, from the conditions of

the question, we shall have

ax + by + cz = md . . . . (1),

x + y + z = m (2)

;

two equations of condition, which can, by
the elimination of m be reduced to a single

equation :

(a~d)x + (b-d)y + (c-d)z = 0. .. (3).

This equation must- be satisfied, in all

cases, and any set of values of x, y, and z,

which will satisfy it, will give a true answer

to the question, considered in its most gen-

eral sense.

Ordinarily, negative solutions are rejected,

and the results are required to be integral

;

of the problem.

Since there are three simples, there are

three unknown quantities, any two of Which

may be assumed at pleasure, and the value

of the third deduced from equation (3).

If there are n simples, the equation of con-

dition will contain n unknown quantities,

and (n — 1) of them maybe assumed at plea-

sure.

In order to deduce a practical rule for solv-

ing questions in alligation alternate, let us

begin with the case where there are but two

simples. Denote the price or quality of a unit

of the mixture by a ; let a + b and a — c be

the respective values of a unit of each simple,

and let x and y denote, as before, the number of

units of these simples that are taken. We
shall have, as before,

(a + b)x + (a-c)y = a(x + y) (1).

Whence, by reduction, we find

bx — cy = (2).

x _ c
Or, ~ — ri a relation which shows that

any two values of y and x which are to each

other as b is to c, will fulfill the required con-

dition, hence, y = b and x = c, are answers
of the question, as well as any equi-multiples

of b and c.

From a consideration of the notation em-

ployed, it appears that b is the excess of the

value of a unit of the first simple over that

of a unit of the mixture, and c is the excess

of value of a unit of the mixture over that

of a unit of the second simple. The above
discussion indicates the following rule, when
there are but two simples :

Write down the values of a unit of each
simple beginning with the greatest, and link
them together by a bracket ; write on their left

the value of a unit of the mixture ; subtract
the last value from the first value given, and
set the difference opposite the second; subtract
the second value from the last, and set the
difference opposite the first: these differences,
or any equimultiples ofthem, will be answers
to the question proposed.

1. Required the number of bushels of oats
at 50 cents per bushel, and of wheat at 120
cents per bushel, that must be mixed, ie that
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a bushel of the mixture shall be worth 75
cents.

bush.

I 120"1 • • 25 of wheat.
75

| 50J • • • 45 of oats.

Hence, 25 bushels of wheat and 45 bushels

of oats, are the quantities required. Any
equi-multiples or proportional parts of 25 and

45, will also satisfy the conditions of the

problem, as 5 and 9, 50 and 90, 20 and 30,

and so on for an infinite number of pairs of

numbers.

The result may be easily verified : Taking

25 bushels of wheat at 120 cents, gives 3000

cents, and 45 bushels of oats at 50 cents,

2250 cents. Hence we see that 70 bushels

of the mixture is worth 5250 cents, and one

bushel 75 cents, as was required.

By an analagous train ofreasoning, we may,

when there is any number of simples of differ-

ent prices, establish the following general

Rule.— Write down the prices of the sim-

ples under each other, and the price of the

mixture at the left-hand ; link the prices of the

simples two and two, so that each price greater

than that of the mixture may be linked with

one less than it, and the reverse.

Subtract the price of the mixture from each

greater price of the simples, and write the dif-

ference opposite the price or prices with which

it is linked ; subtract each less price of the

simples from that of the mixture, and write the

difference opposite the price or prices with which

it is linked ; then, the number or sum of the num-
bers written opposite each price, will express

the amount of that simple which is to be taken.

Any equi-multiples of these numbers will

also satisfy the conditions of the problem.

It is to be observed that the quantities may
be linked in many different ways, but the an-

swers in all cases will be true.

1. Required the number of pounds of tea

of the respective values of 2s., 3*., 4s., 6s.,

and 8s. per pound, which must be taken so

that the mixture may be worth 5s.

1st. Method of Linking. Verification.

Jlns.

8
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divided by 13, which is equal to 5, and the

several amounts will be as follows

:

iblbs. at 8*.

bibs. at 6s.

bibs. at 4s.

Ibtts. at 3s.

and 15/6*. at 2s.

A result which may be verified as before.

It is evident, from a review of the preceding

discussion, that we may assume the amount

of all the simples except one, and the amount

of that one can then be found from the equa-

tion of condition. If the amount so found is

positive, the answer will be true ; if it is

negative, we must vary our assumption till

a positive result is found.

Many other problems than those already

discussed may arise ; in fact their number

is infinite, but an attentive consideration of

the principles discussed will readily present

the proper mode of procedure for their so-

lution.

AL'MA-CAN-TAR. See Almucanlar.

AL'MA-GEST. A collection of problems in

astronomy and geometry, drawn up by Ptole-

my. The same name has been given to other

works of a like kind

AL'MU-CAN-TAR [Arabic]. A circle of

the celestial sphere, whose plane is parallel

to the horizon. Since every point of. an al-

mucantar has the same altitude, it is often

called a circle of equal altitude.

AL'MU-CAN-TAR STAFF. An instru-

ment having an arc of about 16°, used for ob-

serving the sun or a star when near the

horizon, to find the amplitude or the variation

of the needle.

AL'TERN-ATE [L. alternates, by turns].

Succeeding each other by turns.

Alternate Alligation In arithmetic.

See Alligation.

Alternate Angles. In elementary geome-

try, if two parallel straight lines are inter-

sected by a third, the two inner angles, on

opposite side of the cutting line, are called

alternate interior angles : also, the two outer

angles, on opposite sides of the third line,

are called alternate exterior angles. If two

parallel planes are intersected by a third, the

analogous angles are called by the same

names.

The angles AFH and FHD, also FHC and

BFH, are alternate interior angles.

,1

G
The angles IFB and OHG, also AFI and

GHD, are alternate exterior angles.

Alternate Proportion. Quantities are in

proportion alternately or by alternation, when
antecedent is compared with antecedent and

consequent with consequent. Thus,

a : b • c : d,

if we change the order of the terms so as to

read

a : c : : b : d,

the comparison is said to be made by alter-

nation.

AL'TERN-I'TION. Sometimes used in

Algebra and Arithmetic for permutation, to

express the changes in the order of the

quantities considered.

AL-TIM'E-TER. [L. altus, high, and Gr.

fiETpov, measure]. An instrument for mea-

suring altitudes, as a quadrant, sextant, oi

theodolite.

AL-TIM'E-TRY. The art of measuring

altitudes by means of an altimeter, and the

application of geometrical principles.

AL'TI-TUDE. [L. altus, high]. The third

dimension of a body, or its height.

Altitude of a Triangle. The perpen-

dicular distance from the vertex of the triangle

to the base, or base produced. Either side

of a triangle may be regarded as a base, and

then the vertex of the opposite angle is the

vertex of the triangle. The side which appears

horizontal, in viewing the figure, is generally

considered as the base, unless some other

side is especially pointed out. In the right

angled triangle, the base is always one of the

sides about the right angle, the other one be-

ing the measure of the altitude.

If either angle at the base is obtuse, the

line on which the altitude is measured will

fall upon the base produced in the direction

of the obtuse angle.

Altitude of a Trapezoid. The perpen
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dicular distance between its parallel sides,

which are then called bases.

Altitude of a Parallelogram is the per-

pendicular distance between any two parallel

fides taken as bases.

Altitude of a Cone or Pyramid is the

perpendicular distance of the vertex from the

plane of the base.

Altitude of a Frustrum of either a cone

or pyramid, is the perpendicular distance be-

tween the planes of its bases.

Altitude of a Parallelopipedon is the

distance between the planes of any two par-

allel faces taken as bases.

Altitude of a Spherical Segment, or

Zone, is the distance between the planes of

the circles which constitutes its bases. If

the segment or zone has but one circular base,

the altitude is the distance between the plane

of that base and a plane drawn parallel to it

and tangent to the surface of the segment or

zone.

In Leveling, the altitude of one point

above another, is the difference of their dist-

ances from the centre of the earth.

In Surveying, the altitude of an object is

the distance between two horizontal planes,

drawn one through the highest, and the other

through the lowest point of the object, or

through the position of the observer. Such
altitudes are divided into two classes, accessi-

ble and inaccessible.

Accessible Altitude is the altitude o/ an

object whose base is accessible, so that the

surveyor may measure the distance from his

station to it.

Inaccessible Altitude is the altitude of an

object such, that the surveyor cannot meas-

ure the distance from his station to its base,

by direct measurement, on account of some

intervening obstacle.

I. To measure an accessible altitude.

There are three principal methods :

1. Let it be required to determine the alti-

tude of an object AB.

Select any convenient point C, on a hori-

zontal line through A, and from C measure

with any suitable instrument, the angle BCA,
and also the distance CA. Then from the

right-angled triangle CAB, we have

BA = CA tan BCA,

from which the value of BA may readily be

computed.

2. When no means for measuring angles

are at hand. Select the point C as before, and

measure the distance AC ; then measure off

a distance CE towards the object, and at E

ft

g "» 2
set up a vertical stake ; from C, sight to the

top of the object, and note the point D where

this line of sight cuts the stake, and then

measure DE. We shall have, from similar

triangles,

CE : DE • CA . BA;

, _
A

DE X CA
whence, BA = -

—

zr=

Hence the altitude becomes known. The
last method does not require that the line AC
should be horizontal, though it is better that

it should be.

3. The altitude of an object which is ac-

cessible, may be determined by means of its

shadow.

y

Let AB represent the object whose altitude

is to be determined, and let CD represent a

staff planted vertically, whose length above

the ground is known. At any moment of

time note the point E where the shadow of

the point B falls, and also the point F where

the shadow of the point D falls. Measure

FC and AE ; then from the similar triangles

FCD and EAB, we shall have

FC : CD : : EA : AB,
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whence, AB = CD x EA
FC

This method does not require that the plane

AF should be horizontal.

II. To measure an inaccessible altitude.

1. Let it be required to determine the alti-

tude of the point D above the horizontal

plane AC.

D

Select two points A and B in a vertical

plane through D, and measure the distance

AB between them. At the points A and B,

with some suitable instrument, measure the

angles of elevation DAC and DBC. Then,

in the triangle DAB, since the sine of DBC
is equal to the sine of DBA

(
we have

sin ADB . sin DBC : : AB : AD,

AB x sin DBCAD =
sin ADB

ADB = DBC - DAB
;

AB x sin DBCAD —

whence,

But

hence, -
sin(DBC_DABy

•

having found AD by this formula, we have,

from the right-angled triangle ADC,

DC = AD sin DAC
;

from which the required altitude may readily

be found.

2. Having selected three points, A, B and C,

situated-in the same horizontal straight line,

measure the distances AB and BC, and also

the angles of elevation at each of the points.

Denote the distances measured by a and b,

and the angles of elevation by a, (3 and y,

and the required altitude DE, above the hori-

zontal plane through AC, by x.

From the right-angled triangles, in the

figure, we have

AD = x cot a, BD = x cot /?, CD = x cot v.

If we now conceive a straight line DG to be

drawn from D perpendicular to AC, we shall

have, from a known principle of geometry,

AD" = AB 3 + BDS + 2AB BG and

CD3 = BC 3 + BD3 - 2BC BG,

whence, by substituting the expressions for

the several distances already deduced, and

the values of AB and BC, we have

i3 cot3 a = a3 + z3 cot3 /3 + 2a • BG,

x1 cot3 y = b" + x* cot3 j3 -2b- BG.

Eliminating BG from these equations, and

finding the value of x, we have

/ ab (a + b)
X ~ V b cot3 a + a cot 3

y — (a + b) cot3/3'

If the distances AB and BC are equal,

- = /
«

V i cot3 a + i cot3 y — cot3 /?

This method enables us at the same time

to determine the distances from the stations

to the object, by simply multiplying the alti-

tude formed by the cotangents of the angles

of elevation.

3. When no suitable instrument can be

had for measuring angles, the altitude may

be determined as follows :' let AB represent

the required altitude, and denote it by x.

Select two points C and D in a vertical plane

through B, and measure the distance between

them and call it c. At some point E, between

C and A, plant a vertical staff, and having

measured the distance CE, call it/. From

C sight to B, and note the point F ; also

from D sight to B, and note the point G

:

Denote the distance AC by y, the distance

EF by a, and the distance FG by b. From
the similar triangles CEF and CAB we have

•(1),

a x

and from the similar triangles DAB and DEG
we have

a + b _ x
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From equation (1) we find

A , . , •
a + i

y = — > which in (2) gives . - ;

whence we deduce

fx+ae

a?c + bac
(3).a(c+f)-(a + b)

There are other methods of determining

inaccessible altitudes, but those already given

suffice to indicate the general manner of pro

ceeding. The horizontal distance from any

selected point to the object, may be deter-

mined by the methods given in the article Dis-

tance, and then the altitude may be determined

by the first method given. Wherever angles

have to be measured it is important to be very

accurate, since small variations of the angles

may give rise to great errors in I the altitude.

More attention is requisite in measuring ver-

tical than horizontal angles, because the in-

struments employed have not the necessary

arrangements for repetition and accurate

reading that are furnished in those used for

measuring horizontal angles.

In order to determine what effect a small

error in measuring the vertical angle will have

upon the determination of an altitude, let us

consider the first case of determining an ac-

cessible altitude.

Let us denote the altitude AB by h, the

base AC by b, and the angle of elevation

BCA by a ; then we shall have

k — b tan a ;

whence, by differentiating,

the advantage of taking the station C, so that

the angle of elevation shall be as near 45° as

possible.

To explain the use of the above formula,

let us take the angle a = 45°, and suppose

that there was an error in it of one minute oJ

arc. Since there are 10800 minutes of are

in a semi-circumference, we have the pro

portion

10800 : 3.1416 • : 1 : da,
whence

da =.0002909 whence dh = .0005818.A;

that is, the error in the computed altitude

when the error in angle is one minute, is

about yTjL-yth part of the entire altitude. If

the angle of "elevation differs from 45°, the

error will be greater.

For the method of determining the altitude

of one point above another in leveling, see

Leveling.

A favorite method of determining the ap-

proximate altitude of one point above another,

is by the use of the barometer. The follow-

ing is Bailey's Formula for making the com-

putation.

#=60345.51 1 1 +.001111 (<+*'- 64) I

log{
n]v l-t-.oooi(r-T')

X (1+ .002695 cos 2Q,

dh = b
da

and by substituting for b its value

reducing, we have

dh = -

and

hda

sin a cos a

or, since sin a cos a — \ sin 2a,

2hdu

sin 'Za

In this expression da is the small arc de-

«"iribed with the radius 1, which measures the

error committed in measuring the angle of

elevation, and dh is the corresponding error

in finding the altitude.

It is plain, from the expression for the error

in altitude, that it will be the least possible

when sin 2a is the greatest possible ; that is,

when 2a = 90, or when a = 45°
; this shows

in which

Hdenotes the altitude required in English feet.

I denotes the latitude of the place in degrees,

height of mercurial column,
j atlowei

temperature of air in deg. \ station,

" of mercury in deg. ) and

height of mercurial column. ) at the

temperature of air in deg. > upper
" of mercury in deg. ) station.

This formula gives good results when the

atmosphere is calm and the observations are

made contemporaneously at the two stations.

It is also lo be observed that the accuracy of

the determination depends somewhat upon
the proximity of the two stations.

When the stations are near each other, and

but one set of observations can be made at a

time, it will be found advantageous to make
two sets of observations at one of the stations

at equal intervals before and after the time oi

making the observations at the other station,

and taking » mean of the observed heights

and temperatures.
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For the more convenient application of the

above formula, tables have been constructed,

by means of which the arithmetical operations

are much facilitated.

Three separate tables are constructed ;
the

first of which gives

log 60345.51
|

l+\00111(<+<'-64°)M

for every value of t + t', from 1° to 180°
; the

ieconcl gives

log |
1 + .0001 (T-T)

\

for every value of (T- 7") from 0° to 59°
;

and the third gives the value of

log (1 + .002695 cos 20

for every value of I, at intervals of 5° from

0° to 90°. In any particular case, if we de-

note the first log by A, the second by B, the

third by C, and assume

X» = logA-(logA' + B),
we have

logH = A + C + log D.
Altitude of a Point, above the level of

the sea, may be determined by observing the

zenith distance of the sea horizon when it is

visible from the station.

The. formula for computation given by

Begat in his Geodfeie, is as follows :

logH = log^r(~J+ log (<5 - 90°)'

+?(S)v.-»-
in which

H denotes altitude required in English feet.

N " normal of earth's mer. at the place.

T " coefficient of terrestrial refraction,

the mean value of which may be

taken at 0.08, being about 0.06 in

summer, and 0.10 in winter.

tl " modulus of common system of lo-

garithms.

8 " observed zenith dist. of the horizon.

To insure accuracy, the zenith distance

should be observed for several days, and a

mean of the whole taken ; the state of the

tide should also be observed.

Where great accuracy is not required, N
may be taken equal to the normal of the me-

ridian at latitude 45°, in which case

logN= 7.3213623.

and the last term may be rejected.

Altitude and Azimuth Instrument. An
instrument used in geodesy for measuring

horizontal and vertical angles. It differs but

little in principle from the Theodolite, which

see. It is much larger than the Theodolite,

more complicated in its construction, and, on

account of its want of portability, is not much

used, except in the operations of practical

Astronomy.

Circles of Altitude. See Circle.

AM-BIG'E-NAL HYPERBOLA,[L.<zm4o,

both, and germ, knee]. An hyperbola of the

third order, one of whose infinite branches is

tangent to the asymptote within, and the

other without the angle which the asymp-

totes form with each other. See Hyperbola.

AM-BIG'U-OUS, [L. ambiguus, ambigu-

ous]. Having two meanings,' or admitting

of two interpretations. The double sign ±,

written before an expression, is sometimes

called the ambiguous sign, the true meaning

of which is generally that the quantity has

both signs. For example, the square root of

a' is ±a\ or, in other words, there are two

quantities, +a and —a, whose second powers

are equal to a". Generally, if an even root

of any quantity is to be extracted, two real

quantities will be found equal with contrary

signsrwhich will fulfill the conditions of the

problem. Thus

y^= ±a.

Ambiguous Case, in Trigonometry, is the

case in which two sides are given, and an

acute angle opposite one of them.

C

In this case there are in general two cor-

rect solutions : in one case the angle opposite

the other given side is acute, and in the other

obtuse
;
they being supplements of each other.

Thus, if the sides AC and BC are given, and

the angle opposite BC is acute then will

there be two triangles as in the figure, which
satisfy the conditions of the problem. The
two solutions arise from the fact that the

sine of an angle is equal to the sine of its

supplement

If the distance CB is exactly equal to the
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perpendicular Cd, there will be but one solu-

tion. If CB is less than Cd, there will be no

solution, and the problem becomes impossible.

AM'BIT, [L. ambitus, a circuit]. The peri-

meter or periphery of a plane figure. Not
much used.

AM'BLY'GON, [Gr. a/i6h/g, obtuse, and

yavia, an angle]. An obtuse angle, triangle,

or other polygon.

AM-BLYG'ON-AL. Having one obtuse

angle.

AM'I-CA-BLE NUMBERS, [L. amicabilis,

from amicus, a friend, and amo, to love]. Pairs

of numbers, each of which is equal to the

sum of all the aliquot parts of the other.

Thus, 220 and 284, are amicable numbers

The aliquot parts of the first are 0, 2, 4, 5, 10,

11, 20, 22, 44, 55, and 110, and their sum is

284. The aliquot parts of the second are

1, 2, 4, 71, and 142, and their sum is 220.

The pairs of numbers 6232 and 6368,

17296 and 18416, 9363584 and 9437056, are

also amicable numbers. The formulas for

finding amicable numbers are

A = 2»+ld and B = 2»+1
6c,

in which ™ is a whole number, and b, c, and

d, are prime numbers, satisfying the follow-

ing conditions

:

1st. 3 X 2»— 1 = 6, 2d. 6 X 2»— l=c,

and 3d. 18 X 2"— l=d.

If we make n = 1, we find b = 5, c = 11,

and d = 71, which, being substituted in the

formulas above give

4=4x71=284 and B=4x5xll=220,

the first pair of amicable numbers. Again,

if «=3 we find J=23, c=47, and rf=1151,

all of which are prime numbers. Substituting

these in the formulas^we obtain

A = 16 X 1151 = 18416

and B = 16 X 23 X 47 = 17296,

the second pair of amicable numbers. Had
we made n=2, we should have found ^=287,

which is not prime ; hence there is no pair of

amicable numbers corresponding to that sup-

position. In a similar manner other pairs of

amicable numbers may be determined. Four

pairs only are known at the present time.

A-MOUNT'. In Arithmetic the sum or

sum total of two or more numbers. Thus,

the amount of 5 and 7 is 12.

AM'PLI-TUDE, [L. amplitudo, from am-

pins, large]. The angular distance of a hea-

venly body at the time of its rising or setting

from the true east or west points of the

horizon. It is the same as the angle in-

cluded between the prime vertical and a

vertical plane through the centre of the body,

and is equal to the complement of the azi-

muth of the body.

The magnetic amplitude is measured from

the magnetic east and west points, and differs

from the true amplitude by the amount of the

variation of the needle.

AN'A-LEM-MA, [Gr. avalrifijia, altitude].

The orthographic projection of the sphere on

the plane of the meridian. If the projection

is made upon the plane of the solstitial co-

lure, the equinoctial colure and all circles at

latitude will be projected into limited straight

lines, respectively equal to their diameters
;

all the meridians, except the colures, will be

projected into ellipses.

The name A nalemma is also applied to an

instrument of brass or wood, composed of a

plate upon which this projection of the sphere

is made, having a horizontal fitted to it. It

was formerly much used in solving problems

in astronomy, such as finding the time of the

sun's rising and setting, the length of the

longest day in any latitude, the hour of the

day, &c.

A-NAL'O-GY, [Gr. avaAoyia, from ava

and \oyoQ, ratio, proportion]. An agreement

or likeness between things in certain re-

spects : thus, we say that there is an analogy

between the hyperbola and ellipse, because

we can deduce most of the properties of the

one from the analytical expressions for those

of the other, by simply changing the sign of

r 1
, and interpreting the results obtained. See

Hyperbola.

Analogous Properties. Those properties

of different things by virtue of which they

resemble each other : for example, in the

ellipse, the squares of the cdinates of any

two points are to each other as the rec-

tangles of the corresponding segments into

which they divide the transverse axis ; in the

hyperbola the squares of the ordinates of any

two points are to each other as the rectan-

gles of the corresponding distances from the

foot of each ordinate to the extremities of

the transverse axis. These properties in the
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two curvos, are called Analogous Proper-

ties.

When we are led to form a conclusion with

respect to one thing from our knowledge with

respect to a similar thing, we are said to

reason from analogy.

Such a cor elusion, though possessing a

certain degree of probability, cannot be ad-

mitted as proof in the exact science of mathe-

matics. Accordingly, every species of reason-

ing from analogy is, and ought to be rejected,

in a course of rigid demonstration. It is not,

however, to be inferred that analogical reason-

ing is entirely useless in mathematics ; on

the contrary, it is often of the highest utility

in suggesting facts which may afterwards be

verified by rigorous investigation. Indeed it

is to this source that some of the most bril-

liant discoveries of science may be traced.

A-NAL'Y-STS, [Gr. avaXvoic , compounded

of ava, and Tivaif, loosening or resolving].

A term, which in its most general significa-

tion embraces all of that portion ofthe science

of mathematics in which the quantities consi-

dered are denoted by letters, and the opera-

tions to be performed upon them are indicated

by signs,

Writers on this subject have drawn a dis-

tinction between the ancient and modern

analysis, and we shall consider the two

separately

:

1. Ancient Analysis. A very good idea of

what is meant by ancient analysis, may be

gathered from the following extract taken

from a work by Pappus, one of the most

celebrated of the ancient analysts.

" Analysis is the course of reasoning,

which, setting out from the thing sought,

and which for the moment is taken for

granted, conducts by a succession of conse-

quences to something already known." * * *

" By this method, therefore, we ascend from

a truth or proposition to its antecedents, and
we call it analysis or resolution, as indicating

an inverted solution. In synthesis, on the

contrary, we set out with that proposition

which comes last in the analysis, and proceed

by arranging, according to their nature, the

antecedents which present themselves as con-

sequents in the analytical method, and com-

bining them together till we arrive at the

conclusion sought." This is the true idea

of analysis according to the derivation of the

term and the usages of the ancients. To

illustrate more fully the meaning of the term

as above defined, we subjoin an example of

the method, taken from the works of the

author above mentioned.

" Let it be required to draw two straight

lines AC and AB through the extremities of

a given arc of a circle, and meeting each

other on the circumference, so that they

shall bear to each other the given ratio of

F to G.

A -B D
"Analysis. Suppose the thing done, or

that the point C is found, and draw CD tan-

gent to the circle at C, and meeting AB pro-

duced at D. By the hypothesis,

AC : BC : : F : G ; and

AC : BC : DA : DB,

which may be proved thus : DC is tangent to

the circle and BC cuts it ; therefore the angle

BCD is equal to the angle BAC ; the angle

at D is common to both the triangles ACD
and BCD : hence they are similar, and

DA DC : : DC : DB,

multiplying term by term by the proportion.

DA : DC : : DA : DC,

DA" . DC : : DA : DB.

Moreover,

DA : AC : : DC : CB and

DA • DC • : AC : CB, or

DA2 DC : : AC : CB";

and therefore, by equality,

AC . BC • AD : DB.

But the ratio of AC2 to BC is given, since

the ratio of AC to BC is given, and, conse-

quently, that of AD to DB is known. Then,

since the ratio of DA to AB is known, DA
is given in magnitude, and may be con-

structed."

" Synthesis. Construction. Make

F a
: G' . : AD : DB,

which may be done, as AB is given, by making

F" - G» : G3
: : AB : DB,

and then, by composition.

Fa
: Ga

: : AD : DB;
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then, from the point D, thus found, draw a

tangent to the circle ; from the point of con-

tact C drawing CA and CB, and the thing is

done."

From an attentive consideration of the

above discussion, it will appear that the

ancient Analysis was a kind of reasoning

which stood opposed to the synthetic method

Certain propositions were assumed, and the

reasoning carried on till a result was arrived

at which was known to be either true or

false. If the ultimate consequence was
true, the assumed proposition must have

been true; if the ultimate, consequence was
false, the proposition assumed was also false,

and the method came under what has been

called " reductio ad ahsurdum."

In case of a problem, the reasoning was
carried on till some proposition was arrived

at which was comprised amongst what the

old geometers called data. Then the con-

struction was made by reversing the order

of the analysis.

2. Modern Analysis. In the modern ac-

ceptation of the term, analysis implies the

means made use of for mathematical investi-

gation, rather than the peculiar method of

reasoning employed. It is used in contra-

distinction to the geometrical method, so

that every mathematical prpcess in which

symbols are employed, and which is not

geometrical, is analytical. In it the quantities

considered are represented by simple charac-

ters, operations are indicated by concise sym
bols; demonstrations are reduced to certain

rules, and are carried on by systematic pro-

cesses, so that results are often arrived at in

a few lines which would have required pages,

if not volumes, by the geometrical method.

Indeed, many of the results of analysis are

entirely beyond the reach of even the most

refined geometrical processes. Analysis is

the great instrument of invention, and to its

successful cultivation may be ascribed the

immense improvement which has taken place

in mathematics, and the vast range of dis-

coveries which have been made in Philoso-

phy during the last two centuries. The

application of analysis not only serves to

simplify ordinary geometrical processes, but

it also generalizes the results, and opens a

wider field of discovery ; it throws light upon

the more abstruse intellectual operations of

geometrical reasoning, making them more
easy to apprehend, and more interesting to

follow. The adoption of the analytical meth-

od of investigation has entirely revolutionized

the whole range of Physics, so that by its

aid we now acquire, in a short time, a know-
ledge of science, which could hardly have

been acquired in many years, by the ancient

method.

Analysis, in some branches of mathemat-
ics, particularly in Arithmetic and Descrip-

tive Geometry, is a name given to the

synopsis or exposition of the principles to

be employed in demonstrating a proposition,

or solving a problem.

AN'A-LyST. A person skilled in analy-

sis.

AN-A-LyT'IC-AL. Something that be-

longs to, or partakes of the nature of analy-

sis : thus we say, an analytical demonstration,

an analytical method, &c.

Analytical Geometry is that branch of
analysis which has for its object the analyt-

ical investigation of the relations and prop-

erties of geometrical magnitudes.

It is generally divided into two parts, De-
terminate and Indeterminate.

1. Determinate Geometry, is that which
has for its object the solution of determinate

problems, that is. problems in which the con-

ditions given, limit the number of solutions.

It is called determinate geometry, because
,

the equations employed to express the rela-

tion between the known and unknown ele-

ments of the problem are always equal in

number to the required parts. For this reason

their solution gives determinate values for

these parts.

This part is comparatively of little import-

ance, being nothing more than the applica-

tion of the principles of algebra to the

solution of geometrical problems.

The following rule for the solution of de-

terminate problems will sufficiently indicate

the nature of this branch of the subject.

Conceive the problem solved, and draw a

figure, the different parts of which shall repre-

sent all of the given and required parts of the

problem. Then draw such other lines a*

will enable us to establish the necessary rela-

tions between them. Denote all the known

parts by the leading letters of the alphabet, and
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the unknown parts by the final Utters. Ex- nates of the points of the magnitudes con-

press the relations existing between the known sidered can be expressed by the ordinary

and unknown parts by equations, and by soh- !
operations of alget.ra;.an*^eJe

°™?J>
a£

ing these equations determine the values of the

required parts

includes those investigations in which the

relations between the co-ordinates cannot be

thus expressed. The first part includes a

complete discussion of the nature and prop-

erties of the straight line, the conic sections,

and all surfaces of the first and second orders..

The results obtained will indicate the neces-

sary constructions.

The equations determined are called the

equations of the problem, and by examining

them we are enabled to pronounce upon the
j

It also considers algebraic lines, and surfaces

nature of the problem. If the number of jof a higher order than the second, so far as

independent equations found is just equal to [*»»«• magnitudes can be discussed, without

the number of required parts, the problem

is determinate; if the number of equations

is less than the number of required parts,

the problem is indeterminate ; if the number

of independent equations exceeds the num-

ber of required parts, the problem is impos-

sible.

The operations for deducing the general

formulas of Analytical Trigonometry, may
>e referred to the determinate branch of An-

ilytical Geometry, since they are nothing

more than the application of algebra to the

discovery of geometrical relations.

2. Indeterminate Geometry is that part

of analytical geometry which has for its ob-

ject the determination and discussion of the

general properties and relations of lines and

surfaces. In it the relative positions of the

points of lines and surfaces is determined by

referring them to a sufficient number of fixed

objects of reference, by means of certain

elements called co-ordinates. The relations

between these variable elements are express-

ed by means of equations, the number of

which must, in every case, be less than the

number of co-ordinates employed. These

equations are called the equations of the

magnitudes, and by suitably transforming

them and interpreting the results, the rela-

tions and properties of the magnitudes are

made known. Since the number of equa-

tions is always less than the number of un-

known quantities employed, they are always

indeterminate, and it is from this circum-

stance, that this part of Analytical Geometry

is called indeterminate.

It may be divided into two separate parts,

Elementary and Transcendental.

The first part embraces all investigations

in which the relations between the co-ordi-

the aid of the Calculus.

The second part treats of a great variety

of transcendental magnitudes, such as the

cycloid, logarithmic curve, curve of sines,

tangents, &c, the cissoid, conchoid, spirals,

&c, with their corresponding surfaces. A
complete discussion of these magnitudes,

however, requires the aid of the Calculus,

and they are usually. treated of under that

head.

Indeterminate geometry, as we have above

defined it, was first cultivated as a science

by Descartes, about the beginning of the

17th century ; Determinate geometry, or the

application of algebra to geometry, was used

at an earlier period—Descartes also con-

tributed much towards the improvement of

the last mentioned branch of analysis.

Although we have classed Determinate

and Indeterminate geometry together, as

constituting the science of Analytical Geo-

metry, it will readily be seen, that aside from

the fact that both have for their object to

develop geometrical truths, they have little

in common. Indeed the two methods are

so radically different from each other, that

they might well be separated and treated as

distinct branches of mathematics ; but we
have chosen to retain them under the same

heading as has been customary heretofore,

and to content ourselves with pointing out

the logical difference between the two sys-

tems.

In determinate geometry we denote the

magnitudes themselves by letters, and then,

from known geometrical relations, we proceed

to establish the equations of the problem.

Having established these equations, we cease

to consider the magnitudes, and by the appli-

cation of the rules of algebra, we transform

these equations so as to deduce those results
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which, when interpreted, will give the solu-

tion of the problem in question. Through-

out this process, we are actually engaged in

reasoning upon the magnitudes themselves,

or upon their direct representatives, although

the reasoning may have been conducted by

the aid of algebraic formulas of thought, in-

stead of the more complex ones of ordinary

language.

In indeterminate geometry, the basis upon

which we reason is entirely different. In-

stead of reasoning upon the magnitudes them-

selves, we consider the relative positions of

the points of which they are composed, and

from a knowledge of these positions we ulti-

mately arrive at a knowledge of the magni-

tudes themselves. The fundamental principle

upon which the system rests, is, that as the

form of a magnitude determines the relative

positions of all its points, so will the relative

positions of its points determine the form of the

magnitude. Therefore, in order to represent

any magnitude analytically, it is simply ne-

cessary to express the law which governs the

relative positions of its points ; and to inves-

tigate the nature of the magnitude, it is only

necessary to 'discuss this law of relation.

Such is the beautiful conception on which

Descartes founded his system of geometry, a

system in which every geometrical concep-

tion is capable of being represented by a

simple algebraic expression, and in which

every geometrical process is reduced to the

application of the known rules of algebra.

Analytical Trigonometry. That branch

of trigonometry which has for its object the

analytical investigation of the general rela-

tions existing between the trigonometrical

functions of arcs or angles. See Trigonometry.

AN-A-LYT'IC-AL-LY. In the analytical

manner, after the manner of analysis.

AN-A-LYT'ICS The science of analysis
;

any branch of mathematics analytically con-

sidered.

AN'A-LYZE. To investigate analytically.

AN-A-MORPH'O-SIS, [Gr. ava, and.

uopfuoic, formation]. In perspective, a draw-

ing which, when viewed in the common way,
j

presents a monstrous or distorted image of:

the thing represented, or else presents an

image of some different thing ; but when
viewed from a particular point, or on being

j

reflected from a curved mirror, presents a

correct view of the object.

AN'GLE, [L. angulus, a corner, Gr.

ay/eu/loc]. A portion of space lying between

two lines, or between two or more surfaces,

meeting in a common point. There are four

kinds of angles : Plane, Spherical, Diedral.

and Polyedral.

A Plane Angle is a portion of a plane

lying between two straight lines, meeting in

a common point. The two straight lines are

called sides of the angle, and the common
point,' the vertex.

Thus, the part of the ^,Q
plane lying between

AB and AC, is a'plane

angle ; AB and' AG -A B
axe its sides, and A is its vertex.

A plane angle is a species of geometrical

magnitude, entirely independent of the length

of its sides, but depending upon their open-

ing or inclination.

y^K B

To acquire an idea of this species of angu-

lar quantity, let us suppose AB to be a fixed

straight line, extending from the point A in- ,

definitely to the right ; let us also suppose

another straight line, coinciding at first with

AB, to be revolved uniformly about the point

A until it returns to a coincidence with AB.
The space swept over by the moving line will

be constantly proportional to the amount of

turning. The space described by the moving

line whilst making one-quarter of a revolu-

tion, is called a right angle, and is assumed

as a. unit of measure for all plane angles.

The space swept over during any portion of a

revolution, is a plane angle, and when ex-

pressed in terms of the assumed unit, it is en-

tirely independent of the length of the revolv-

ing line, so that we may, if we choose, re-

gard this line as infinite in length. This is the

true geometrical idea of a plane angle, and

this method of viewing the subject enables

us to explain what is meant by an angle

greater than four right angles. For, if after

the line has completed one revolution, it sets

out on a second, the whole space passed over
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from the beginning of the motion will be

greater than four units, and the angle greater

than four right angles. If the motion be con-

tinued, there is no limit to the value of the

angle which may be described.

If we conceive the revolving line to be

turned in a contrary direction to that already

considered, we shall have the geometrical

idea of a negative angle.

Since the path described by any point of

the revolving line is proportional to the area

described, we may take an arc of a circle

whose centre is at the vertex, as the measure

of an angle.

This method of measuring plane angles is

the one usually adopted, in consequence of

its simplicity and ready application to the

methods of trigonometrical computation. For

the purpose of comparing angles in this sys-

tem of measurement, the entire circumference

is divided into 360 equal parts, called degrees,

each degree into 60 equal parts, called minutes,

and each minute into 60 equal parts, called

seconds. The right angle contains 90 degrees.

The radius of the measuring circle is gene-

rally taken equal to the linear unit, or one.

when the terms angle and arc may be used

for each other. Such is the general custom.

Plane Angles, in Elementary Geometry,

aTe divided into two classes : Right Angles

and Oblique Angles. „
Ifa straight line meet J)

another straight line, so

that the two adjacent

angles formed are equal -<4. V
to each other, both are called right angles, as

ACE and ECB ; all other angles are oblique,

as ACD and DCB.
If an oblique angle is less than a right

angle, it is said to be acute, as DCB ; if if is

greater than a right angle, it is obtuse, as DCA.

/A

E-

If two straight lines intersect each other,

four angles are formed about the common
ooint, which have received different names

with respect to their relative position. Those

vhich lie on the same side of one of the

lines, but on opposite sides of the other, are

said to be adjacent. Thus ACE and ECB
are adjacent, also ACD and DCB. Those

which lie on opposite sides of both lines are

said to be apposite or vertical angles, as ACD
and ECB, also DCB and ACE. The sum of

any two adjacent angles is equal to two right

angles ; any two opposite angles are equal to

each other ; if the two lines are perpendicu-

lar to each other, all the angles are right

angles.

Contiguous Angles are those which have

their vertex, and one side in common ; if the

sum of two contiguous angles is equal to

two right angles, they are adjacent. Thus,

DCB and BCA, <fcc, are contiguous angles.

In polygons, an angle lying between two

adjacent sides, and within the polygon, is

said to be interior : thus ABC, BCD, &c.,

are interior angles.

c--.
--.? 1/

The sum of the interior angles of any

rectilineal polygon, is equal to two right

angles, taken as many times as the polygon

has sides, less two. In a quadrilateral, the

.

sum of the interior angles is equal to four

right angles
; in a pentagon, it is equal to

six right angles ; in a hexagon, it is equal

to eight right angles, and so on.

The angle lying between any side and
the prolongation of an adjacent one, is called

an exterior angle : thus, aAB, iBC, &c, are

exterior angles. If all of the sides of the

polygon are prolonged in the same direction,

going round the polygon, the sum of the ex-

terior angles is equal to four right angles.
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In both these cases the polygon is supposed

to be salient, that is, of Such a nature, that

the prolongation of any side cannot intersect

any other side of the polygon. In this case.

all of the interior angles are said to be salient.

Interior Angle of a polygon is said to be

salient, when it is less than two right angles
;

when it is greater than two right angles, it

is called re-entrant, and the polygon is also

re-entrant.

Homologous Angles, are those which are

like placed in two similar polygons.

In a circle, an angle is

said to be at the centre,

when its vertex is at the

centre, and its sides radii

of the circle.

Thus, the angle ACB
is an angle at the centre.

An angle is at the circumference, or is an

inscribed angle, when

its vertex is on the

circumference, and its

sides are chords of

the circle : thus, the

angles DAB, BCD,

ABC, &c, are in-

scribed angles.

An angle is inscribed in an arc when its

vertex is on the arc, and its sides pass through

the extremities of the

arc : thus, the angles

BAC, BDC, BEC, are

inscribed in the arc

BDC. All angles in-

scribed in the same

arc are equal to each

other; that is,

BAC= BDC = BEC, &c.

If the arc is a semi-

circle, the angles in-

scribed are right an-

gles, as BAD.

If the arc is less

than a semicircle, the

inscribed angle is ob-

tuse, as BOC. If the

arc is greater1 than a

semicircle, the angle

is acute, as BAC.

In Surveying, plane angles are distin-

guished as vertical, horizontal and oblique.

A vertical angle, is one whose plane is verti-

cal ; a horizontal angle, has its plane horizon-

tal ; and an oblique angle, has its plane oblique.

Two kinds of vertical angles are of im-

portance in surveying.

Angles of Elevation, which are vertical

angles, having one side horizontal, and the

inclined side above it, and

Angles of Depression, which are verti-

cal angles, having one side horizontal, the

inclined side being below it.

In Shades and Shadows, there are two

kinds of angles, which require definition.

Angle of Incidence, is an angle included

between a ray of light incident or falling upon

a surface, and the normal to the surface at

the point of incidence.

Angle of Reflection, is the angle lying

between the normal at the point of incidence,

and the ray reflected from that point.

Visual Angle, in Perspective, is an angle

whose vertex is at the eye, or point of sight.

Angle of the Rhumb, or Loxodromic

Angle, in Navigation, is the constant angle

which a rhumb line or loxodromic curve

makes with the meridians which it crosses.

In Analytical Geometry, in the rectilineal

system, the co-ordinate plane is divided into

four angles by the two rectilineal axes which

have been numbered as follows :

1st Angle. Above the axis of abscissas,

and at the right of the axis of ordinates.

2d Angle. Above the axis of abscissas, and

at the left of the axis of ordinates.

3d Angle. Below the second.

ith Angle. Below the first.

In the polar system, in a plane, the variable

angle is the angular element of reference,

lying between the initial line and the radius

vector.

Besides the plane angles already enumera-

ted, there are various angular shaped portions

of planes, which have received names as an-

gles, though they are not angles within the

true meaning of the term. These names are

principally met with in the old works on

geometry, now not much used. They are of

two kinds, Mixtilineal, that is, formed by a

straight line and curve, and Curvilineal, that

is, formed by curves.
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Horned Angle is the angular space be-

tween a straight line (whether secant or tan-

gent) and the circumference of a circle, as

QPR or RVT.

Cissoid Angle is the inner angular space

formed by the intersection of two arcs whose

convexities are turned in opposite directions,

as OQP. The outer angle, under the same

circumstances, is called a sistroid angle, as

SQV.

Lundlae Angle is the angular space in-

cluded between two arcs of circles intersect-

ing each other, and having their convexities

turned in the same direction.

Angle of- Contact is the angular space

between two tangent lines at their point of

contact, and it may belong to any one of the

four preceding varieties, according to the na-

ture of the lines considered.

Whenever two curve lines intersect, either

in a plane or in space, the angle which they

make with each other at the common point, is

the same as the angle between two straight

lines, one drawn tangent to each curve at this

point.

Two straight lines in space are supposed to

make an angle with each other, although they

do not intersect ; which angle is equal to that

formed by drawing lines from a given point

respectively parallel to the two lines.

The angle formed by a straight line and

plane, is the same as that formed by the line

and its projection on the plane.

Spherical Angle is the angle included

between the arcs of two great circles of a

sphere.

A spherical angle is equal to the diedral

angle formed by the planes of its sides, and

as has already been explained, is the same as

that included between two rectilineal tangents

drawn to the arcs at the point of intersection.'

Spherical angles, like plane angles, are dis-

tinguished as right and oblique, the oblique

being»subdivided into acute and obtuse.

Thus OCA is a right angled spherical tri-

angle, AOC is an acute angled spherical tri-

angle, and COB an obtuse angled spherical

triangle.

Diedral Angle is the angular space lying

between two planes which meet each other,

the space between two planes at right angles

being taken as the unit. The planes are

called faces of the angle, and their line of

meeting is called the edge. The measure of

a diedral angle is the same as that of a plane

angle formed by two straight lines, one lying

in each face, and both perpendicular to the

edge at the same point. Diedral, like plane

and spherical angles, may be either right,

acute, or obtuse, and under like circumstances.

The angle between the two planes ASC
and CSB is a diedral angle, whose measure

is the same as that of the angle ACB.

Polyedral Angle is the angular space in

eluded between several plane angles lying in

different planes meeting at a common point,

as the space bounded by the three plane

angles ASC, ASB, and BSC. The polyedral

angle bounded by_ three right angles, is taken

as a unit of measure of this kind of angle.

The plane angles are called faces of the

polyedral angle", the sides of the plane angles

are edges of the polyedral angle, and their

common vertex is the vertex of the polyedral

angle.

Since an arc of a circle has been adopted

as the measure of a plane angle, so miay a

portion of the surface of a sphere be taken as

the measure of a polyedral angle. If the

vertex of the angle be the centre of a sphere,

that portion of the surface lying within the

faces of the angle may be taken as the mea-
sure of the angle, the tri-rectangular triangle
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being regarded as the unit. Every polyedral

angle, whose measure is greater than the tri-

rectangular triangle, is obtuse, and every one

whose measure is less than the trirectangular

. triangle is acute.

AN-GUIN'E-AL HYPERBOLA, {anguin-

eal, L. anguis, a snake]. A name given by

Newton to a hyperbola of a serpentine form,

given by the equation

xy' + ey = — a x3 + bx' + ex + d.

AN'GU-LAR. Relating to angles, or hav-

ing angles, as an angular figure.

AN"GU-LAR SECTIONS. A name giv-

en to that part of mathematics which treats

of the division of angles into equal parts.

The bisection of an angle is readily accom-

plished by the aid of the principles of Ele-

mentary Geometry, and since each of these

portions may be again bisected, and so on, ad

infinitum, it follows that any angle may be

divided into a number of equal parts, denoted

by any power of 2. The trisection of an

angle requires the aid of Higher Geometry,

by means of which it can be effected in a

variety of ways. The general problem of

dividing an angle into any number of equal

parts, has not yet been solved by Elementary

Geometry.

AN-NEX', [L. from ad and necto. to tie or

connect]. To write after. Thus, to annex

O's to' a number, is to write them after it.

AN-NU'I-TY, [I,, from annus, a year]. A
sum of money payable yearly, to continue for

a given number of years, for life, or forever

;

an annual income charged on the person of

the grantor ; an annual allowance. The term

is also applied to any rents or interests paya-

ble at regular intervals, whether yearly, half

yearly, quarterly, or otherwise.

An annuity payable for a definite length of

time is a certain annuity ; if payable for an

uncertain length of time, as during the life

of one person, or during the life of several

persons, it is a contingent annuity ; an annuity

not to be entered upon immediately, but after

a certain period of time, is called a deferred

annuity ; when it is not to be entered upon

till after the death of a certain person, it is a

reversionary annuity ; when it is to be entered

upon at once, it is an annuity in possessicm

;

when it is to continue during the life of one

or more persons, it is a life annuity ; when it

is to continue for a certain number of years,

provided a certain person survives the period

mentioned, it is a contingent life annuity;

when it is to continue forever, it is a perpetu-

al annuity. An annuity may be in arrears,

that is, the payment may not have been made

when due, in which case it is said to be for-

borne.

The subject of annuities is one of great

importance in the practical affairs of life, and

the raising of money for present use, or the

investing of ready money so as to produce a

regular income for future wants, is a matter

of every day occurrence. The accurate de-

termination of the present value in various

kinds of annuities, is therefore of much im-

portance. We shall, for this reason, en-

deavor to explain the principles on which the

computation is made, and apply them to those

cases which most frequently arise.

I. Certain Annuities. The present value

of an annuity of this kind depends only upon

the amount of"the annuity, the length of time •

that it is to continue, and the rate of interest

of money. Let us denote the annual pay-

ment by a, the number of years it is to con-

tinue by t, and the rate per cent of interest

by r. At the end of the first year the pay-

ment a will be due ; its present value is evi-

dently such a sum as being put at interest for

a
one year will produce a, hence it is j , ;

at the end of the second year a second pay-

ment a is due, and its present value is such

a sum as being placed at compound interest

for two years, will produce a, or such a sum
as being placed at interest for one year, will

a
. .

a
produce , . ' hence it is jt—.—r7T~i—

C

r
1 + r (1+r) (1 +r)

a
= ,. I .„ ; in like manner the present value

of the third payment a is such a sum as being

placed at interest for one year, will produce

(TTrJ' '

hence
>
U is

{TTT?'

indicated below.

and i

Present value of first payment is , •

second
(I + s
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Present value of third payment is
_i_ r\a

'

&c. &c.

fourth "

&c. &c.

(1 +r)*

V+r)l
Hence, the aggregate present value of all the

t payments is equal to

/
l

4- *
1

a
\T+-r

+

+
i

+

(1 + r)* * —
(

Or, denoting the present value by p, and sum-

ming the geometrical series within the paren-

thesis, we have.

? = r(
1_

(^)')-

If we make a = 1 , we shall have

which is an expression for the present value

of an annuity of one dollar per annum for t

years at r per cent. This value of p may be

calculated by giving to r suitable values, cor-

responding to the usual rates of interest, as

.04, .045, .05, &c, and attributing to t every

value from 1 up to any given number. . Such

a table is called an annuity table, and shows

by inspection the present value of an annual

annuity of one dollar, or one pound, or any

other unit of money, for any number of

years at the ordinary rates of interest.

The following is such a table :

Present value of an Annuity of $1.

To use the table, look at the top for the

heading which corresponds to the given rate

of interest ; then, in that column opposite the

number corresponding to the number of

years, will be found a number expressing the

present value of one unit for the given time,

at the given rate. Multiply this number by

the number of units in the annual payment,

the product will be the present value required.

1

1 . To find the present value of an annuity

of $100, to continue 21 years at 6 per cent.

Under the heading, 6 per cent., and oppo-

site the number 21, we find 11.76408, which,

multiplied by 100, gives for a result $1176,41

for the required present value.

From what has been stated, it will be easy

to find the present value of a deferred certain

annuity.

It is evident that the present value will be

found by finding the present value, as though

it were to commence immediately, and then

finding the present value up to the time at

which it is to be entered upon, and taking

the
1

difference between them. Thus, if it

were required to find the present value of an

annuity deferred 5 years, and then to con-

tinue 5 years, at 5 per cent., the annual pay-

ment being $100, we find the present value

of the annuity for 10 years, commencing at

once, to be $772,17, and for 5 years, $432,94

:

hence, the present value of the deferred an-

nuity is $339,23.

If the annuity is perpetual t = co, in equa-

tion A, and p =—

.

Yrt.

1
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rears, or which has been forborne for t years.

There may be two cases : 1st. When the

computation is made at simple interest : 2d.

At compound interest.

1. At simple interest. At the end of the

first year, a payment a will be due, at the end

of the second year, a second payment a will

be due, together with ar, the interest on the

first payment, and so on, as indicated below.

At the end of 1st. year the sum due is a

" 2d. " a + ar
" 3d. " a+2ar
" 4th. " a+Zar
&c. &c &c. &c.
"

t'
h " a + (t — V)a.

Hence, if we denote the sum of this by S,

we shall have

S=at+ar
|

J +2+3+ h (<-l)
|

!

jtl

S = ai l-\

or, by summing the series within the paren-

thesis,

_r-t(t -1),

2. At compound, interest. At the end of the

first year, the payment a becomes due ; at

the end of the second year, the payment a

becomes due, and the interest ar on the first

payment ; at the end of the third year, the

payment a is due, and the interest r(2a+ar)

upon the accumulated capital at the end of

the second year, and so on as indicated below.

Whole amount due at the end of 1st. year, a.

" 2d. " " 2a+ar=a+a(l+r).
" 3d. " " a+a(l+r)+a(l+r) 2

.

" 4th. " " a+a(l+r)+a(l+r)a
.

&c. &c. +a(l+r)3
<fec.

" *"> a|l+(l+r)+(l+r)s

+(l+r)3 ...+(l+r)«|;

or, summing the series and denoting the sum

byS,

S=— 5 (l+r)'— 1 I , or making o=I,

We have hitherto supposed the annuity

payable annually, but the principles which

have been employed will be equally applicable

to the case in which payments are made

semi-annually, quarterly, or at any regular

period of time.

To modify equation (.4) so as to apply to a

case in which payments are made m times

per year, we have only to recollect that the

present value of such an annuity is the same

as that of an annual annuity for mt years at

r
a rate per cent, equal to — ; substituting these

values for t and r, equation (A) becomes

to
( / m \ mi

)
or, ^^{l-^J \-

and equation (C) becomes

m + ri

= 7{(-

W),

• (C).

III. Life Annuities. When the annuity

is to cease with the life of a certain individual

or certain individuals, the computation be-

comes more complicated. It then becomes

necessary to combine the results already ob-

tained with the probabilities of the individuals,

on the duration of whose lives it depends,

surviving any given period.

Now it has been shown, in discussing the

theory of probabilities, that the measure of

the probability of any event occurring, is the

quotient obtained by dividing the number of

favorable chances by the whole number of

chances, both favorable and unfavorable. If,

then, we denote the number of persons of a

given age, who are living at a given period,

by n, and the number of these persons who
are living at the end of one year by k\ the

probability that any one of these will survive

k'
the year is— : if we denote the number who^ n '

survive till the end of the second year by k",

the probability that any one will survive two

k"
years, is— ; and, in like manner, if k'", k"",

&c.,km' denote the number surviving at the end

of ihe third, fourth, &c , torn years, then will

k"' k"" k™'—, , <fcc, — denote the probabilities

that any one will survive three, four, . . . m
years.

The values of k', k", &c, are taken from

extensive tables of mortality which have been

prepared to show the ratio of the number of



32 MATHEMATICAL DICTIONARY AND [ANN

individuals who enter upon any given year

to the number who survive to the end of it.

1. Where the annuity depends upon the con-

tinuance of a single life. We have before

shown that the present value of a payment

a, certainly due at the end of the year, is

but the probability of receiving it in

k
l + r'

the case considered is — ; therefore, the pre

sent value, taking into consideration the

. / a \ k
chance of life, is I . , I

ner, the present value of a payment u, cer
a.

tainly due at the end of two years, is

and the chance of its being

X — • In like man-
n

' (1 + rf
received ii

k"
- ; hence, the present value, taking into con-

it'

'

sideration the chance of life, is 7 , , .

(l+r

and so on. Now if we denote the present

value of the life annuity by P, we shall have

k"
P=f t-tt. J x r + „ 1 _„ X — + &C.

Let us designate by P' the present value ol

an annuity which depends upon the life of an

individual aged A + 1 years.

Since we have denoted the whole number

of n persons who survived at the end of the

first year by k' . and of those who survived at

the end of two years by k", &c, the proba-

bility that a person aged .4 + 1 years will sur-

k"
vive one year is -77-, that he will survive two

k'"
years is -77-, &c, that he will survive (m— 1)

years
k*_

T &c.

»' - i S -

hence

k"

+ r
+

(l + r)»

+

+ &c.

}

/ a \ k
*~\} + r)

X
n (l+r)3

a
+ Ac,

U + O'

the series being continued till the last term

is equal to 0, or till it is so small that it may
be neglected without error.

There is no way of computing the value of

this series except by finding from the data

given the value of each term separately and

then taking their sum.

However, as the object in general is not to

determine the value of an annuity at any

particular age, but to construct a table show-

ing this value at every age, there is a method

of deducing the value at one age in terms of

the value at another age, which was dis-

covered by Euler, and which serves to abridge

the operations when such a table is to be

calculated. To explain this method, let us

consider the case in which the life annuity

depends upon the life of an individual 'A
years of age. If we denote the present value

of such an annuity by P, we shall have, from

what has just been shown,

a
(

k' k"

(1 + r)'

Multiplying both members of Equation (2) by

k' 1

n
X

l +

P' k a ( k"

n

k

we have

l+r

+ &C.+

+ ;(l+r)' (l+r)'

I

+ &c. I
\

(3;

(1 + r)»

and subtracting Equation (3) from (1), mem-

ber from member,

k a k
l + r'

whence

P =

«(l + r)

k
n (1 + r)

and if we make a = 1,

k
P =

1-

{i + r}. (D).

(1 + rf
k«"

(1 + rf
+ &c.

I
• (1).

n(l +r)
Hence, to find the present value of an annuity

of 1 dollar, or other unit, which depends upon

the life of an individual aged A years, know-

ing that of one depending the life of an indi-

vidual aged A + 1 years, add, 1 to the last val-

ue and multiply the sum by the probability of

the . life A lasting one year, into the present

value of a unit due at the end of 1 year.

By the aid of this rule, extensive tables of

life annuities have been calculated for every

possible age. By the aid of these tables, a

variety ofproblems in annuities may be solved.

To find the present value of a deferred life

annuity : suppose, for example, that the per-

son on whose life the annuity depends, is 30

years of age, and that the annuity is deferred
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7 years. After 7 years, if the person be then

alive, the value of the annuity for the remain-

der of his life, will be equal to that on the

life of a person aged 37 years, which may be

found from the tables. Let this be denoted

by P". The present value of one dollar, cer-

tainly due at the end of 7 years, may easily

be computed ; designate this by P'" ; denote

the probability that a person aged 30 will live

to be 37, by K, which number may be found

from the tables of mortality, and it is evident

that K.P'" will denote the present value of 1

dollar due 7 years hence, taking into account

the chances of the life in question. If, there-

fore, we designate the present value of the

deferred annuity by Q, we shall have

Q = KxP" xP"
The present value of a temporary life an-

nuity, to run n' years, maybe found by adding

together n' terms of the series in the second

member of Equation (1) ; or, it may be found

by taking the present value of the whole life

annuity, and then subtracting from it the pre

sent value of the annuity in the same life de

ferred n' years, since the sum of the tempo

rary life annuity and of the deferred annuity

which constitutes the remainder of the life

annuity, makes up the entire life annuity.

2. When the annuity depends upon the joint

continuance of two lives. If we denote the

probabilities that A will survive 1, 2, 3, &c
years, by £', k", k'", &c, and that B will

survive 1, 2, 3, &c. years, by h', h", h'" &c,
then from the theory of probabilities, the pro-

bability that both will survive 1, 2, 3, ccc.

years, will be k' h' , k" A", k'" h'", etc., and

from the principles already employed, we shall

have for the present value of a joint life annu-

ity, depending upon these lives

= a\
k'h'

+
k"h"

l(.l + r) (l+r)a

(1 + r)n

+ &c.

£'.
in which formula k' is the same as — in equa-

n
tion (I), and h' has an analagous value with

respect to the life of the second individual,

&c.

3. When the annuity depends upon the life of

the survivor of two individuals. Let P denote

the present value of the annuity, were it de-

pendent only on the life of A, and P' its val-

3

ue were it dependent only oli the life of B.

Let p denote the probability that A will live

more than n years, and q the probability that

B will live more than n years ; then since a

certainty is equal to 1, we shall have 1 — p
to denote the probability that A will die before

the end of n years, 1 — q to denote the pro-

bability that B will die before the end of n
years, and (1 — p) (1 — q) to denote the pro-

bability that both will die before the end of «

years ; hence, 1 — (1 — p) (1 — q), will de-

note the probability that both will not die be-

fore the end of n years. Reducing and
denoting the last probability by k, we have,

k = p + q — pq.

This expression is the measure of the proba-

bility that a payment will be received at the

end of the n'h year. The present value of a

payment a, due certainly at the end of the n"

which multiplied by theyear 1S

oT+W"
value of k, gives

(1 + r)»
ip + q

if a 1, the expression becomes

P ,. i VI
(1 + r)» (1 + r)» (1 + r)»

If now we make n equal to 1, 2. 3, <fec, suc-

cessively, and take the sum of the results,

this will be the value of the annuity to the

survivor. Making the substitutions, and de-

noting the sum by Q, and the corresponding

values of p and q, by p', q', &c, we find

P"
V U+r

\l+r

+
(l+r) ;

+ i + -

+ &c.

, + &c.
(1+r)3

\l+r^{l+r)* + &C
)

But the first term of the second member is

the present value of an annuity on the single

life of A, the second term of an annuity on

the single life of B, and the third the value

of an annuity on the joint lives of A and B.

Hence, the present value of an annuity on

the surviving life of two, is equal to the sum of

the annuities on each of the single lives, dimin-

ished by the annuity on their joint lives.

Many other problems may arise in the dis-



84 MATHEMATICAL DICTIONARY AND [ANN

cussion of annuities, but the principles indi-

cated above are sufficient to show the method

of solving them. When there are more lives

than two, the number of different cases that

may arise becomes very great. A complete

discussion of them would require more space

than can be given to this subject.

AN'NU-LAR. [L. annulus, aring]. Some-

thing which has the form of, or which resem-

bles a ring. Thus, if a square be revolved

about a straight line parallel to one of its

sides as an axis, it will generate an annular

solid.

AN'NU-LUS. A portion of a plane in-

cluded between the circumferences of two

concentric circles.

AN'SWER. A solution ; the result of a

mathematical operation. The term is chiefly

used in arithmetic and algebra.

AN-TAG-O-NIST'IC. [Gr. avn, against,

and ayuvwTris, a champion]. Acting against

each other ; as the antagonistic screws in the

level and theodolite.

ANT-iRC'TIC CIRCLE. [Gr. avn,

against, and apKToc., the bear] . A small cir-

cle ^of the celestial and terrestrial spheres,

which passes through the southern pole of

the ecliptic. It is distant from the equator

about 66^°. . It takes its name from being

opposite to another circle, which passes

through the north: pole of the ecliptic, called

the Arctic circle.

AN-TE-CeD'ENT. [L. ante and cedo, to

go before]. Of a ratio, is the first of the two

terms which arc compared together. As its

name implies, it forms the standard of com-

parison, since it must be known before the

value of the consequent can be expressed.

The measure of the ratio of the antecedent

to the consequent is, therefore, the quotient

which arises from dividing the latter by the

former.

AN-TI-CLI'NALLINE. [Gr. avn, against,

and iCKiva, to incline]. In topography, a

line from which the surface dips in both direc-

tions at right angles to it. The crest of a

hill or ridge is an anticlinal line.

AN-TIM'E-TER. [Gr. avn and jurpov,

measure]. An optical instrument for mea-
surir g angles more accurately than can be

done by means of the sextant.

AN-TI-LOG'A-RITHM. [L. anti and log-

arithm]. Is a number corresponding to any

given logarithm. Thus, 100 is the antiloga-

rithm of 2 in the common system, because 2

is the logarithm of 100 in that system. Ac-

cording to the most recent notation, the anti-

logarithm is represented by the symbol log
-1

;,

thus, in the instance above given, log-'2=

100, which is read the number whose logarithm

is 2 is 100. The term antilogarithm has been

often used to designate the arithmetical com-

pliment of a logarithm. In this sense the

term is now but little used.

AN-TI-PAR'ALLELS, in Geometry, are

straight lines which make equal angles with

two given straight lines, but in contrary order

Thus, if AC and AB are two given straight

lines, and the two straight lines CB and ED
are so situated as to make the angle DEA
equal to the angle ACB, and the angle EDA
equal to the angle B : then are the last two

lines antiparallels with respect to the first

two, and conversely, the first two are anti-

parallels with respect to the last two. See

Sub-contrary.

AN-TIP'O-DeS. [Gr. avn, against, and

ko&oq, foot]. Two points on the earth's sur-

face at the extremities of the same diameter.

They have the same latitude, the one north,

and the other south, and are distant from

each other 180° in longitude.

A'PEX. [L. apex]. The vertex, top, or

summit of any thing. The apex of a cone,

or pyramid, is the same as its vertex.

AP'O-THEM of a regular polygon, is the

perpendicular distance from the centre to one

of the sides of the polygon. If n denote

the number of sides of the polygon, r the

radius of the circumscribed circle, and a the

apothem, we shall have

360°
a = rcos .

2n
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If the number of sides is infinite,

becomes 0, and we have a — r. Hence, in

the case of the circle, regarded as a regular

polygon, having an infinite number of sides,

the apothem is equal to the radius, and we
may also infer that the radii are perpendicu-

lar to the elements of the curve.

A-POT'O-ME. [Gr. a^oreava, to cut off].

A name given by ancient writers to the dif-

ference between two incommensurable quan-

tities : thus, the difference between the

diagonal of a square and one of its sides is

an apotome. The term is much used by

Euclid, who distinguished several kinds of

apotomes

:

1. When the greater number is rational

and the difference of the squares of both is

a perfect square ; as, 3 — Vo7 The differ-

ence of the squares of these quantities is 4,

which is a perfect square.

2. When the lesser quantity is rational,

and the square root of the difference of the

squares of the two quantities will exactly

divide the greater quantity ; as, vl8 — 4

;

then the square root of the difference of the

squares is V~2l and since \/l8 = 3 V~2, the

quotient is 3.

3. When both quantities are irrational

and the greater is exactly divisible by the

square root of the difference of the squares

of the two quantities ; as, -v/24 — VT8, then

the greater quantity is equal to 2 V~6, and

the square root of the difference of the

squares is VlS
-

; hence, the quotient is 2.

4. When the greater quantity is rational,

and is not divisible by the square root of the

difference of the squares of the two quanti-

ties ; as, 4 — i/3T Here, VT3~ will not ex-

actly divide 4. /

5. When the lesser quantity is rational,

and the greater is not exactly divisible by the

square root of the difference of the squares

of the two quantities ; as, vfi — 2. Here,

the 1/6 is not exactly divisible by 2.

6. When both quantities are irrational,

and the greater is not. exactly divisible by the

square root of the difference of the squares

of the two quantities ; as, t/6 — V 2. Here,

the VG is not exactly divisible by 4.

AP-PaR'ENT LEVEL. In Leveling, the

line of level indicated by the axis of the

telescope when made horizontal. The true

level is a line every point of which is equally

distant from the centre of the earth ; hence,

a line of apparent level at any point, is tan-

gent to the line of true level through the

same point ; or more strictly speaking, the

plane of apparent level at any point is tan-

gent to the surface of true level passing

through the same point.

In the practical operations of leveling, the

reading of the leveling staff indicates the

distance from the point in which the plane

of apparent level through the axis of the

telescope cuts the staff, to the foot of the staff.

To find the distance from the point in

which the surface of true level Cuts the staff,

to the foot of the staff, it is necessary to sub-

tract a certain correction from the record

made. The formula for this correction is

in which c is the correction, d the distance

from the instrument to the staff, and r the

radius of the earth, all expressed in feet.

This correction is called the correction for

curvature, and has been found for one mile

equal to about two-thirds of a foot.

Hence, within the limit of the distances

usually considered in practical operationSj

since the correction varies as the square

of the distance d, we may employ the follow-

ing rule for determining the correction.

The correction for curvature in feet, is equal

to two-thirds of the square of the number of

miles from the level to the staff.

If the distances considered are less than

one mile, they must be expressed decimally,

in terms of a mile, and the rule will apply.

A simple conversion of the above rule will,

in some cases, enable us to determine the

approximate distance to an object when its

height is known. For example, knowing the

height of a light-house, the summit of which

is just visible to the eye, situated at the level

of the sea ; its distance in miles maybe found

by multiplying the number of feet in its

height by ^, and extracting the square root

of the product : thus, if a light-house is 96

feet high, we have 1

Vf X 96 = /l44= 12,
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hence, it is visible to the eye, at the level of the

sea, 12 miles distant. If the eye of the ob-

server is elevated above the level of the sea,

the same rule must be applied to this eleva-

tion, and also to the elevation of the light-

house, and the sum of the results will be the

required result : thus, if a light-house is 96

feet high, and the eye of the observer 24 feet

high, the light-house is visible at a distance

equal to

/| X 96 + /§ X 24, or 12 + 6, or 18 miles.

This rule only gives approximate results,

since it does not take into account the effect

of refraction which operates to increase the

range of vision. See Leveling.

AP'PLI-CATE. A chord which is bisected

by a diameter. If a curve is referred to a

diameter, and a line parallel to the chords

which it bisects, then an applicate is the

same as the double ordinate through any

point of the diameter.

Applicate Numbers are the same as con-

crete numbers.

Applicate Ordinate. An applicate with

reference to an axis of the curve. It is the

same as the double ordinate, perpendicular to

an axis of the curve.

AP-PLI-Ca'TION [L. applicatio]. The op-

eration of applying one thing to another, or

of comparing one thing with another by bring-

ing them together : thus, the length of a line

is determined by applying to it some unit of

measure, and determining the number of

times which it contains the unit.

In this sense, application is nearly synony-

mous with division. In Arithmetic, the term

is employed to denote the use of the princi-

ples of science in the solution of practical

problems. In Geometry, one figure is ap-

plied, or conceived to be applied to another,

for the purpose of determining whether they

are equal or unequal. In this manner, many
of the fundamental principles of Geometry

have been proved : thus, it is proved, that if

two triangles have two angles and the in-

cluded side of the one, equal to two angles

and the included side of the other, each to

each, they will be equal. It is also proved,

by the method of application, that the diam-

eter of a circle divides the circle, into two

equal parts.

The application of one branch of mathe-

matics to another, or of one science to ano-

ther, consists in using the principles devel-

oped in one, for the purpose of developing

or illustrating the principles of the other.

For this purpose, algebra has been applied to

geometry, geometry to algebra, and both to

mechanics, astronomy, navigation, &c.

Application op Aloebra to Geometry,

consists in applying the rules and principles

of algebra to the solution of geometrical

problems, or the demonstration of geometri-

cal propositions. Instances of this kind of

investigation occur in the works of the

earliest mathematicians, as Diophantus, Tar-

talea, &c, as well as in those of more recent

date.

The algebraic solution of a geometrical

problem, consists of three parts : 1st, ex-

pressing the conditions of the problem in

algebraic language by means of equations.

2d. Combining these equations by means of

known rules, so as to develop the relations

between the required and known parts ; and

3d Interpreting the results, and making the

necessary constructions thus indicated.

The general method. of proceeding has al-

ready been indicated in treating of determi-

nate analytical geometry.

A few examples will serve to illustrate the

rule there given, as well as the different

methods of translating the conditions, and

interpreting the results, which cannot be re-

duced to any fixed and invariable rules.

1. Having given a triangle, let it be re-

quired to find the sides of an inscribed rect-

angle, such that its adjacent sides shall bear

to each other a given ratio. Let ABC be the

given triangle, and p
suppose the re-

quired rectangle to

be inscribed.

Denote the base

of the given tri- --

angle by 4, its alti-
A > U U a

tude by h. Denote the side of the rectangle

perpendicular to the base by x, and the adja-

cent side by nx, n being the given ratio.

Then, from the figure,

b : h -.
: nx : h — x .*. x = -r——-•

b + nh

To construct this value of x, produce the
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base AC, and on the prolongation lay off

CH' equal to nh ; through H' draw H'B'

Hfy
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To construct the last value of x.

First, construct the given triangle BAC,
then, with B as a centre and with BA as ra-

dius, describe the arc AD cutting BC pro-

duced in D ; let fall the perpendicular AE,

and bisect BE in F ; then is EF equal to

-, and ED is equal to (J — a). Erect EG

perpendicular to FD till it intersects the semi-

circle described on FD as a diameter ; then

will EGS be equal to - (b — a).

equal to one-fourth of- ED, or equal to

and draw GH ; then

Make EH
b — a

GH= ±>/£ (
,-.)+ (Lz_..)'

Make HE equal to HG : then

EK= +s/h^Wh
Hence, K is one of the vertices at the base,

and, by laying off EL = EK, we find a

second vertex. Now, let a circle be inscribed

in the first triangle, and through the- points

K and L draw tangents to it, forming the tri-

angle KLM ; this will be the triangle re-

quired. If the given triangle is equilateral,

the construction will give only the triangle it-

self.

The second value of x corresponds to a

second construction, which would give a tri-

angle lying below the given triangle, which

corresponds to the algebraic enunciation of

the problem. It may easily be constructed.

Nothing hut long experience can enable

the student to seize upon the relations of the

parts of the problems presented so as to give

the simplest solutions. It is, therefore, well

to solve every given problem in every manner

possible, so as to see the relative advantages

of each method.

2. Application of Geometry to Algebra,

consists in applying the principles of geome-

try to the elucidation of algebraic formulas

and principles. Higher geometry, and some-

times elementary geometry, may be usefully

applied to the purpose of investigating the

nature of the roots of equations, and also to

determine the value of those roots by geome-

trical construction. It is also of use in the

investigation of trigonometrical formulas. It

is said that the Arabians discovered the rule

for solving complete equations of the second

degree, by the aid of geometry ; and also that

by the same means Tartalea and Cardan, de-

duced and demonstrated the rules for solving

cubic equations, employing for that purpose

the principles of solid geometry.

The method of proceeding in this kind of

investigation is to construct a figure such that

each part shall represent one of the given

quantities in the expression, and such that

the relation between these parts shall be the

same as 'that expressed by the algebraic ex-

pression ; then from the known geometrical

properties of the figure, to deduce the re-

quired relations. We annex the geometrical

method of constructing the roots of equations

of the first, second, third, and fourth, and

higher degrees.

1

.

Equations of the First Degree. Let us

take ax — b = 0, which gives

b
x = —, whence a : J : : 1 : *.

a

Draw any two straight lines AE and AB,

intersecting at A.

Lay off from A on

AB, the distance

AB = a, and from

A on AE, the dis-

tanceAE=J; draw

EB ; lay off from A on A B. the distance

AC = 1, and draw CD parallel to BE ; then

is AD the representation of the value of X.

For, from the figure,

AB : AE : : AC . AD;
b

or u. : b : : 1 : AD /. AD = -,
a

or AD = x.

2. Equations of the Second Degree. Every

equation of the second degree, containing
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but one unknown quantity, can be reduced

to one of the forms below, in which p is

essentially positive.

(1). x*+2px= j
2

^
fx=—p±Vp*+q*

(3). x*-2px= q° I | I x=+p±Vp*+q*

(3). x*+2px=-q s

f -f ] x= -p±Vp-
(4). sa-2^=-J !,J

5
2

A S &
To construct the roots of the first form.

Construct a right angled triangle ABO,
right angled at B, in which CB = p
and AB = q ; then will AC be equal to

Vp" + {'• With C as a centre and CB as a

radius, describe a circumference of a circle

cutting AC at D and AC produced at E.

Then will AD represent the first root and

— EA the second root.

To construct the roots of the second form,

draw a figure as before, and AE will repre-

sent the first root, and — AD the second root.

To construct the roots of the third and

fourth forms.

Draw an indefinite right line FA, and at

any point as D, erect a perpendicular DC
equal to q ; from C as a centre, with a radius

CB equal to p, describe an arc of a circle

Cutting FA in B and E ; then is

BD = >V - q*.

From D lay off on FA, in both directions, the

distances DF and DA respectively, equal to

p. The lines — AE and — AB will repre

sent the first and second roots of the third

form, and the lines FB and FE the first and

second'roots of the fourth form.

If p = q the circle BE is tangent to FA at

D, and the roots of the two forms are all

numerically equal, each being equal to the

line FD or - AD.

If p < q the circle does not cut FA, the

construction fails, and the roots of both

forms arc imaginary.

3. Equations of the third and fourth Degrees.

The construction of the roots of these equa-

tions requires the aid of the higher geometry.

Construct a parabola whose axis is AP,
and whose parameter is equal to 2p. Lay off

on the axis a distance AD = a, and at D
erect a perpendicular equal to b ; from its

extremity C as a centre, and with a radius

CM equal to r, describe the circumference of

a circle cutting the parabola in the points

M, M', M", and M'" ; from each of these

points let fall a perpendicular upon the axis,

and these perpendiculars will be roots of an

equation of the fourth degree.

If one of these points of intersection fall

at A, the perpendiculars will be roots of a

cubic equation.

The following considerations will serve to

determine proper values for a, b, 2p, and r, in

any given case.

The equation of the parabola is y' = %px,

and of the circle (x — a) 2+ (y — b)'= i
a

. If

we combine these equations, and eliminate a:,

the values of y in the resulting equation, will

represent the four perpendiculars PM, P'M',

P"Jf" , and T'"M"'. Performing the com-

bination, and eliminating, we have, after

reduction,

y* — (ipa — 4p*)y' — ibp'y

+ 2(as + I' - r> = . . . (1).

In any given case, we reduce the equation

to the form of equation (1), by depriving it of

its second term, and making the coefficient

of the first term 1. Then equate the remain-

ing coefficients and absolute term with the

corresponding coefficients in equation (1).

Three equations will thus be found contain-

ing a, b, %p, and r, from which we may, after

assuming a value for either one, deduce cor-

responding values for the other. The con-
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struction can afterwards be made as indicated

above.

If in equation (1), a' + b* = r», the circle

will pass through the vertex A and the equa-

tion, after dividing both members by y, will

become

y
s - (4pa - ip")y - itp2= 0,

and the corresponding construction will give

the roots of a cubic equation. In the equa-

tion of the fourth degree, if two of the roots

are imaginary, that fact will be indicated by

the circle only cutting the parabola in two

points..

Let it be required to construct the roots of

the equation

y* + 2y' - 4y - 2 = 0,

which is of the required form. Equating the

coefficients of the like powers of y in this

and in equation (1), we have

2 = 4pa — 4pa = 2p{2p — 2a), — 4 = — 4bp*

and - 2 = 2p{a? + b'- r').

Let us assume p = 1 ; we deduce

a = i b = 1 and r = V2%.

Which data enable us to make the con-

struction.

There are other methods of constructing

roots of equations of the third and fourth

degrees, such as using an auxiliary ellipse,

conchoid, or cissoid.

4. The construction of the roots of equations

of a higher degree than the fourth is an

operation which can only be approximately

performed. We shall simply indicate the

general method of proceeding without making

any application of the principles developed.

• Let us take an equation of the form

f"+Bx"'-'+ Cx»>-*+&c.+Nx+R=0 . . (1),

in which B, C, cfcc , N, R, are known num-
bers. Find by the known rules of algebra

the superior and inferior limits of the real

roots of the equation. Now let a second

equation be formed by placing y equal to the

first member of the given equation, and from

the principles of analytical geometry, the

resulting equation

y=x"+Bx"'-'+Cxm- i+ Ac. +Nx+R . . (2).

will be the equation of a curve, which may
be constructed approximately by points as

follows

:

Draw two lines AB and CD at right angles

to each other, and set off on the line AB the

distances —OE and +OB, respectively equal

to the inferior and superior limits of the real

roots of the given equation. If the inferior

limit is negative, as we have supposed in the

figure, the distance OE will be laid off to the

left ; if it is positive, it must be laid \>ff to

the right. Assume, in succession, a sufficient

number of values for x between the limits

already determined, and substitute these sepa-

rately for x in equation (2), and deduce the

corresponding values of y. Each assumed

value of x with the corresponding deduced

value of y, will be the co-ordinates of a point

which may be constructed by laying, off the

assumed value of x from on the line AB,

to the right, when positive, and to the left

when negative. From the extremity of the

distance laid off erect a perpendicular to AB,

and lay off on this perpendicular, from AB,

the deduced value of y, observing that it must

be laid off upwards if the value of y is posi-

tive, and downwards if it is negative. In

this manner a succession of points may be

determined, and a curve MPLQ traced

through them.

The distances from to the points in which

this curve cuts the line AB, will be the real

roots of the equation. The reason is appa-

rent, for when the curve whose equation is

equation (2) cuts the line AB, y must be equal

to 0, and equation (2) for that value becomes

equation (1), and these distances therefore

represent the real roots. When the curve

approaches the line AB, and then recedes

from it without cutting it, as at L, such

change of direction indicates a pair of ima-

ginary roots. To insure as much accuracy

as possible, great care should be taken in

constructing the curve in the neighborhood

of the points in which it cuts the line AB.
Analogous methods may be employed for

finding the values of the unknown quantities,

when there are two equations containing two
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unknown quantities, the equations being nu-

merical and of any degree whatever.

Assume a pair of rectangular axes as be-

fore, and in like manner construct two curves

by points. The first equation will be the

equation of one curve, and the second equa-

tion will be that of the other curve.

Having constructed the curves, draw through

the points of intersection straight lines pa-

rallel to the assumed axes. Then for each

point there will be a pair of distances which

will represent the simultaneous values of the

unknown quantities. If the quantities are

represented by y and z, as we have supposed,

the distance to the axis AB will represent

the value of y, and the distance to the axis

CD will represent the simultaneous value of

x. The number of points will determine the

number of real solutions of the equations,

and the accuracy of the values determined

will depend upon the accuracy of the con-

struction of the curves.

If the given equations are both of the

second degree, the curves to be constructed

will be conic sections, and their construction

may be more readily effected by some of the

methods for constructing these lines.

3. Application of Geometry and Algebra
to Trigonometry. The subject of trigono-

metry is nothing more than a development of

the results of applying the principles of geo-

metry and algebra to determine the relation

between angles and their functions. This

subject is more fully discussed under the head

of Trigonometry. The various applications

of Mathematics to the physical sciences, en-

gineering, &c, do not come within the scope

of this work. The term application, in this

sense, is used to denote the use which is

made of the principles of mathematics in im-

proving and developing these sciences.

Application of a Rule or Formula,

consists in performing the operations pre-

scribed by the rule, or indicated by the for-

mula. Thus, the application of the rule for

solving equations of the second degree, in

any given case, consists in solving the partic-

ular equation by following the different steps

prescribed in the rule, so as to determine the

roots of the equation.

The application of the binomial formula

in any case, consists in attributing to the let-

ters in the formula such values as will bring

the particular case under the general one

expressed in the formula, and then deducing

the results. This will be the general formula

to a particular binomial.

The development of formulas and the de-

duction of rules, constitute the Science of

Mathematics : the application of these to par-

ticular cases constitutes the Art of Mathema-

tics. Most of the aits are little else than the

application, either directly or indirectly, of the

principles of science.

AP-PROX'I-MlTE. [L. ad, to, and proxi-

mus, next]. In mathematics, an approximate

result is one which is very near the true re-

sult ; thus, the approximate value of a radi-

cal quantity is the result obtained by apply-

ing the rule for extracting the indicated root

of the quantity under the radical sign, and

continuing the operation to any desired ex-

tent. From the nature of the case, the true

root cannot be obtained ; but the longer the

rule is applied, the more nearly will the result

approximate to the true root. In short, the

error may be reduced to less than any assign-

able quantity. The process of approximation

is one of frequent use in all practical opera-

tions. See Approximation.

AP-PROX-I-Ml'TION. In mathematics,

a method of calculation, by which we obtain

an approximate value of a quantity which

cannot be found accurately, either on account

of the nature of the quantity itself, or on ac-

count of the imperfection of our mode of

operation.

The method of finding the ratio of the dia-

meter of a circle to its circumference, or the

length of the circumference of a circle whose
diameter is 1, affords an instance of geome-

trical approximation. It is a principle of

Geometry, that the arc of a circle is greater

than its chord, however small the arc maybe.

Now, if we suppose a regular polygon, say

of 64 sides, to be inscribed in a circle whose

diameter is 1, it is evident that the length of

the perimeter of the polygon will be an ap-

proximate value of the length of the circum-

ference, though it will differ sensibly from it.

If now we suppose that a regular polygon,

of twice as many sides, is to be inscribed, the

perimeter of the new polygon will approxi-

mate still more closely to the length of the

circumference. If we continue to double the

number of sides of the regular inscribed po-
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Iygon, we shall continue to approximate to

the length of the circumference ; but whatever

may be the number of sides of the polygon,

its perimeter will never be exactly equal to

the circumference of the circle. The differ-

ence between the length of the perimeter and

the circumference may be made less than any

assignable line, but it can never be made

equal to 0.

In analysis, the attempt to express radical

quantities in entire terms, affords an example

of approximation, as also some of the meth-

ods of solving numerical equations of a higher

degree than the fourth.

In Arithmetic, the operation of converting

certain vulgar fractions into equivalent deci-

mal expressions, is one of approximation

;

thus £ = 0.333333 • 3 • • ad infinitum.

Here, no matter how far the division be car-

ried, the result will not express the exact

value of 4, but for each decimal place added,

the result will be a nearer approximation to

its true value. In practical applications, the

operation of approximation is one of great

importance, as it gives results sufficiently ac-

curate for the ordinary purposes of art. The

various methods of.finding approximate re-

suits will be fully described under the appro

priate headings.

aR'BI-TRA-RY. [L. arbitrarius, uncer-

tain, independent]. An arbitrary quantity in

analysis is one to which we may assign any

reasonable value at pleasure. In Analytical

Geometry, the arbitrary quantities are gener-

ally styled arbitrary constants, to distinguish

them from the variables which are in a certain

sense arbitrary. Thus, in the general equa-

tion of the circle

(z - af + (y - If = t\

z and y are variables, and a, b and r are

arbitrary constants.

In the equation, a and b denote the co-or-

dinates of the centre, and by attributing to

them suitable values, we may place the centre

at any point of the co-ordinate plane. Since

r denotes the radius, such a value may
be assigned to it as to give the circle any

desired extent. In this case, therefore, the

constants serve to determine the position and

extent of the circle, with respect to the co-

ordinate axes.

Since there may be an infinite number of

circles, there may be an infinite number of

sets of values of a, b, and r ; but for a given

circle, and a given system of axes, «, b, and

r become known, and are absolutely fixed in

value.

Not so, however, with the variables x and

y. Whatever circle we choose to consider,

they will represent the co-ordinates of any

point of its circumference at the same instant,

and of every point in succession ; that is, for

any one set of values of the arbitrary con-

stants, there is an infinite number of sets of

values for the variables, which will satisfy the

equation.

What has been shown in this case, is in

general true for all other eases ; hence, tho

distinction between arbitrary constants and

variables is this : given values may be attribu-

ted, at pleasure, to the arbitrary constants, -pro-

vided they will satisfy the conditions of the

problem, giving a particular case for each set

of values. The variables, on the contrary, u li-

mit of every possible value which will satisfy

the equation, in each and all the particular

cases, determined by attributing given valuta

to the constants.

The use of arbitrary constants is to cause

the equation under consideration to fulfill cer-

tain conditions. The number of conditions

which may be imposed, is, in general, equal

to the number of arbitrary constants. For

example : in the case already considered, we

may cause the circle to pass through any

three points. The method of determining

the values of a. b, and r, so that the circle

shall pass through three given points, is to

substitute, separately, fori and y, in the equa-

tion of the circle, the co-ordinates of each

point. We thus obtain three equations of

condition, which contain a, b, r and

known quantities ; by combining these, we

can find values of a, b and r, which, being

substituted in the given equation, will make

it the equation of a circle passing through

the three given points.

In the Integral Calculus, tho constant,

added to every integral obtained by applying

the rules for integration, is arbitrary in its

nature, and serves to cause the integral to

fulfill any reasonable condition. The method

of using it for this end, is, to make such sup-

positions upon the integral, as will cause it

,
to fulfill the required condition. We thus ob-
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tain an equation from which we may deduce

the value of the constant, which being sub-

stituted in the integral, will make it fulfill the

required condition.

For example,

fy dx = X + C
expresses a plane area included between the

curve of the axis ofX and any two ordinates

whatever. If now we wish that any given

ordinate should limit the curve in one direc-

tion, we have simply to substitute for the in-

tegral, since that integral is to commence at a

given ordinate, and also to substitute for x, in

X, a value a, corresponding to the given ordi-

nate. This gives

0=(X) I_o +C,
whence,

C = — {X ) a ~° a,

and

fydx = X-(X)„„ a

expresses the same area as before, but com-

mencing at the ordinate whose abscissa is a.

These instances are sufficient to illustrate the

nature and use of arbitrary quantities in

mathematics.

AR-BI-TRa'TION OF EXCHANGE,
is the operation of converting the currency

of one country into that of another, through

the medium of one or more intervening cur-

rencies.

When there is but one intervening curren-

cy, it is called simple arbitration ; when there

is more than one it is called compound arbi-

tration. The following is the rule for coin-

pound arbitration, and will answer also for

simple arbitration

:

Multiply the sum to be converted by the fol-

lowing quotients, after canceling common fac-

tors, viz : A certain amount at the second place

divided by its equivalent at the first ; a certain

amount at the third place divided by its equiva-

lent at the second; a certain amount at the

fourth place divided by its equivalent at the

third place, and so on to the last place.

In the above rule, the amounts named are

Supposed to be expressed in the currency of

the place from which the remittance is made.

If they are expressed in the currency of the

place to which the remittance is made, the

terms of the multipliers must be inverted.

Exatnple. A merchant in New York wishes

to remit $4888,40 to London through Paris.

He finds that he can remit to Paris at 5 francs

15 centimes to the dollar, and the exchange

from Paris to London 25 francs and 80 cen-

times for £\ sterling. What will the remit-

tance be worth in London 1

4880,40 X -^- X -^— = 975.7852
;

hence the amount is £975 15s. B^d.

Since 5.15 francs are equal to $1, the first

5.15
multiplier is -—, and because 25.80 francs

are equal to £1, the second multiplier is

1

25.80'

aRC. [L. arcus, a bow]. A part of the

circumference of a circle or other curve.

When the term arc is used without any ex-

planation, an arc of a circle is in general

understood.

As we have already explained, under angle,

arcs of circles are employed as the measures

of angles, in which case the centre of the arc

is taken at the vertex of the angle. Where
the radius is 1, the arc intercepted between

the sides of the angle is taken as the measure

of the angle ; when the radius is not 1 , the

ratio of the radius to the intercepted arc is

taken. There are various methods of express-

ing the values of angles by the aid of arcs of

circles. Sometimes a portion of a circle,

generally a quadrant, is assumed as a unit

and all other arcs are expressed numerically

in terms of this 'as a standard ; sometimes

the whole circumference is divided into 360

equal parts, each of which is divided into 60

equal parts, which in turn are subdivided into

60 equal parts. These parts are called, re-

spectively, degrees, minutes, and seconds, and

the arcs are expressed in terms of these parts.

There is no difference between these methods,

except in the magnitude of the unit, and the

manner of subdividing it. In expressing the

magnitude of arcs, the radius is often taken

as the unit, and since the circumference in

that case is equal to 2 7r, we may find the

expression for any portion of a circumference,

already expressed in degrees and fractions of

a degree, by the following proportion :

n : 180 : : I : 3.1416,

in which n denotes the number of degrees in

the arc, and I its length in terms of the

radius as 1.
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It is often convenient to express the length

of an arc in terms of its sine or tangent

;

this can only be done by means of series.

The most useful ones are subjoined :

,
a' 3as

, 3.5a7

+ &c.

tan" U =a--+- ,

a a
A-

A

+ 9-TT + &c-

For small values of a these formulas give

very good approximate results by using only

a few of the leading terms.

To express the length of an arc in terms

of the chords of the arc and half arc,

8c - C
a =—

3

in which a denotes the length of the arc,

its chord, and c the chord of half the arc.

This gives only an approximate result.

Concentric Arcs are those which have

a common centre.

Similar Arcs are those which subtend

equal angles at the centre. The lengths of

two similar arcs are to each other as their

radii.

To find an expression for the length of any

arc of a plane curve, when its equation is

given, we have the following formula :

Z=fVdx' + dy°,

in which Z represents the length, and x and

y are the co-ordinates of its points. To em-

ploy the formula in any case, differentiate the

equation of the curve, and from the given

equation and its differential equation, find the

value of dy in terms of x and dx, and sub-

stitute it in the formula. Integrate the re-

sult between the proper limits, and the result

obtained will express the length of the arc

required.

AR-CHI-ME'DES' SPIRAL. See Spiral.

IRC'0-GRAPH. [L. arcus, » bow, and

Gr. ypaQu, to describe]. An instrument

used to describe an arc of a circle, without

having its centre given. The simplest form

is that used by carpenters for striking arcs

for the top of doors, windows, &c. Three

nails being driven to mark three points of the

circle, two pieces of board are nailed together,

forming an angle, so that their vertex shall be

at the middle nail, and the two sides against

the extreme ones. If now the two pieces

be moved so as constantly to touch the two

outer nails, the vertex of the angle will trace

out the arc of a circle between them.

ARCTIC. [Gr. apuroc, a bear]. The Arc-

tic Circle is a circle of the sphere, whose

plane passes through the north pole of the

ecliptic. It is about 66^° distant from the

equator.

ARE. [L. area, an open surface]. In tho

decimal system of French measures the are

is a square, the side of which is 10 metres in

length. In contains 100 square metres or

about 119.60 square yards.

a'RE-a. [L. area, an open surface]. la

geometry is the, superficial contents of any

surface expressed in terms of some given

surface assumed as a unit or standard of com-

parison. The unit of measure is generally

a square, one of whose sides is a linear unit

in length. For different purposes, the area

may be expressed in different terms.

In land surveying, the areas of fields may

be expressed in acres, the area of states may

be given in square miles, whilst masons' and

carpenters' work is generally expressed in

square yards or square feet.

In all cases, the arithmetical expression of

an area is the ratio of some assumed surface

to the surface in question. When surfaces

are similar, they are to each other as the

squares of their homologous lines.

The most general formula for an area

bounded by a plane curve, by the axis of X,

and by any two ordinates, is

1. S= fydx;

for an area of a surface generated by revolv-

ing i plane curve about the axis of X, the

formula is

2. S = f2iryVdx* + dy*;

and for any geometrical curved surface

3. S = f'd x dy\J

)

,
dz', dz 2

dx3

To apply the first formula

:

Find from, the equation of the curve, the

value of y in terms of x, and substitute it in

the formula ; then perform the integration indi-

cated between any two limits, and the result

will give the area contained between the curve,

the axis of X, and the two ordinates taken as

limits.
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In this manner the area of the circle is

found to be equal to nr2
. in which 7r = 3. 1416,

and r = the radius of the circle.

The area of the ellipse is nab, in which a

and b are the semi-axes.

The area of any portion of the common

parabola estimated from the vertex and inclu-

ded between the curve, the axis and any

ordinate, is J x y , in which x and y are the

co-ordinates of the extreme point.

To apply the second formula

:

Differentiate the equation of the meridian

curve, and combine the resulting equation with

the equation of the curve so as to deduce ex-

pressions for y and d y in terms of x and d x
;

substitute these in the formula, and integrate

between any given limits. The result will

express the area of the surface contained be-

tween the two limits.

In this manner, the area of the surface of

s sphere has been found equal to 4irr", in

which r is the radius of the sphere.

The area of the surface of a right cone, is

equal to ir r h, in which r is the radius of the

base, and h the slant height.

The area of a surface generated by revolv-

ing a cycloid about its base, is equal to ^*-

of the area of the generating circle of the

cycloid.

To apply the third formula

;

Differentiate the equation of the surface in

question with reference to each of the variables

x and y ; combine these partial differential

equations with the equation of the surface, and

,, , Jz , d z ...
find expressions for -=— and 5—, and substi-

tute them in the formula ,\ integrate first with

respect to x, between any two limits, and then

integrate the result with respect to y, between

any two limits ; the final result will express

the area of that portion of the surface embraced

within lite assumed limits.

These formulas serve to determine a great

number of useful areas, and their application

presents little difficulty. The rules for find-

ing various plane areas will be given in the

article on Mensuration. It has been shown

that the area of the projection of any plane

area is equal to the area itself, multiplied by

the cosine of its inclination to the plane of

projection.

The area of a field, in plane surveying,

may be determined as follows : Having de-

termined the bearings and lengths of the

several courses which bound the field, take

from a traverse table, or a table of natural

sines and tangents, the latitude and departure

of each course ; balance these, that is, dis-

tribute the error so that the sum of the east-

ings shall equal the sum of the westings
;

and the sum of the northings equal the sum
of the southings. Compute the double mer-

ridian distance of each course, and multiply

the double meridian distance of each course

by its northing or southing, observing that

like signs give plus, and unlike signs minus

;

then take the sum of all the positive products,

and of all the negative products, and subtract

the numerically less from the greater, and

half the difference will be the area of the

field. If chains and links were employed to

express the courses, point off five decimal

places to the right, and the area will be ex-

pressed in acres and decimals of an acre.

A-RITH'ME-TIC. [Gr. apiB/iia, to num-

ber]. That branch of mathematics which

treats of the properties and relations of num-
bers when expressed by the aid of figures,

or combinations of figures. It is divided

into two parts. The first, explains the meth-

ods of representing and reading numbers by

means of figures, together with the funda-

mental operations, which are Addition, Sub-

traction, Multiplication, Division, raising to

powers, and extracting roots of numbers,

whether the units be entire or fractional. It

also treats of the transformation of numbers

from one scale to another, in which the fun-

damental unit may be different, or in which

the scale of place may be different. This

comprises all of the science of arithmetic.

The second part, consists in the application

of the principles of the science to the practical

wants of life. It embraces rules for perform-

ing a great variety of practical operations

upon numbers, such as the rule of three,

analysis, percentage, interest, alligation, equa-

tion of payments, &c.

The particular operations of arithmetic de-

pend for their details upon the manner of

representing numbers. The system which

we employ is based upon the decimal scale,

and though numbers are used in other scales,

the processes are all referred to those which

depend upon that system of notation. Other
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scales might, undoubtedly, have been em-

ployed with quite as great facility as the deci-

mal ; some, indeed, think that the duodecimal

scale would have been preferable to it, inas-

much as the number twelve is a multiple of

more numbers than ten. Leibnitz invented

a. binary system, using only two characters,

1 and 0, to express all numbers. In this sys-

tem, 1 is represented as in the common sys-

tem, 1 ; two, 10 ; three, 11
; four, 100

; five,

101 ; six, 110 ; seven, 111 ; eight, 1000 ; nine,

1001 ; ten, 1010, Ac. A ternary system, or

one in which three characters are employed,

has also been developed, but these are re-

garded rather as matters of curiosity than of

practical utility.

Arithmetic has received different names,

according to the different systems of nota-

tion employed, or according to the purpose

to which it is applied.

Decimal Arithmetic, is that in which

numbers are expressed according to the scale

of tens, either increasing or decreasing. This

is the ordinary system.

- Duodecimal Arithmetic, is that in which

number's are expressed according to the scale

of twelves. This system is used by carpen-

ters, bricklayers, and artificers generally, for

computing their work, being adapted to the

measures of feet and inches.

Sexagesimal Arithmetic, is that in which

numbers are expressed according to the scale

of sixties. This system is principally used in

trigonometrical computations, being specially

adapted to the subdivisions of the circum-

ference into degrees, minutes and seconds.

Universal Arithmetic, is that which

treats of the general properties of numbers,

independent of the particular method of ex-

pressing them. This differs but little from

elementary algebra.

Palpable Arithmetic, is that in which

the operations are performed by the sense of

feeling, and is used by the blind. In this

system, instruments are employed which in

principle resemble the abacus in some of its

forms. Indeed, all of the operations per-

formed by the aid of the abacus, belong to

palpable arithmetic.

Instrumental Arithmetic, is that in

which operations are performed by the aid of

instruments prepared for the purpose ; such

as Napier's rods, Babbage's calculating ma-

chine, &c.

Tabular Arithmetic, is a name given

to that class of operations which are per-

formed by the aid of tables computed for the

purpose, such as Hutton's tables, &c.

Political Arithmetic, is the application

of the principles of arithmetic to researches

connected with civil government, such as

determining the number of inhabitants of a

country, and classifying them according to

sex, age, place of birth, &c. ; determining

the amount of imports, exports, &c , the dis-

tribution of taxes, laying of imposts, &c.

A-RITH-MET'IC-AL. Appertaining to

arithmetic ; according to the rules and pro-

cesses of arithmetic : thus, an arithmetical

result, is a result which arises from the ap-

plication of some arithmetical process.

Arithmetical Complement of a logar

ithm, is the remainder found by subtracting

the logarithm from 10 : thus,

10 - 9.274687 = 0.725313
;

hence, 0.725313, is the arithmetical comple-

ment of the logarithm 9.274687. It may bt

written at once, by commencing at the left-

hand figure and subtracting each figure from 9

till we reach the last figure which is not ; this

must be taken from 10. The arithmetical com-

plement is used in computations to avoid the

trouble of subtraction. When two logarithms

are to bo added together, and a third logarithm

is to be taken from their sum, the whole opera-

tion may be reduced to one of addition, by ta-

king the sum of the first two, and the arithmeti-

cal complement of the third, and then reject-

ing 10 from the result obtained.

The ease with which the arithmetical com-

plement may be obtained from the tables

renders this method of proceeding not only

more concise, but also more elegant than the

other method.

Arithmetical Mean of any number of

quantities, is the quotient obtained by divi-

ding their sum by the number of quantities.

It is the same as their average value : thus,

the arithmetical mean of 3, 5 and 7, is 5.

The arithmetical mean of any number of

terms of an arithmetical progression, is equal

to the half sum of the extreme terms

When we know the arithmetical mean of

any number of quantities, the sum of all of
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the quantities may be found by multiplying

it by the number of quantities.

* Arithmetical Progression, is a series of

terms, each of which is derived from the

preceding one by the addition of a constant

quantity, called the common difference ; in

every such series, the whole number of terms

may be continued ad infinitum. When the

common difference is greater than 0, or posi-

tive, the progression is said to be increasing.

When it is less than 0, or negative, the pro-

gression is decreasing. The first and last

terms considered, are called the extremes, and
the intermediate terms are called means. An
arithmetical progression is sometimes called

a progression by differences.

If we denote the first term of an arithmet-

ical progression by a, the last term by I, the

common difference by d, the number of terms
considered by n, and their sum by S, the fol-

lowing formulas will serve to determine any
two of these elements, when the other three
are given ; viz.

:

1. l = a + (n—l)d;

S=inl2a + (n— l)d];

2. «=-r-+l
i

g _ (^ + a)(;— a + d)

2d '

_ d— 2a±V(d— 2ay + 8dS ;

I = a + (n- l)d;

S = ln(a + l);

, I— a
a = -

n + d±^(?i i i\ - B\«

10.

a = I— (n -

2S
a =—

—

I;

d
^2(nl— S)

2a

\)d;

n(n—-1)

The first members of each pair of formula*

above given, represent the elements to be de-

termined, and the second members are ex-

pressed in terms of the known elements

The use ' of these formulas is evident from

their arrangement.

Any number of means may be determined,

so that, when inserted between two given

quantities in their proper order, the whole

shall constitute an arithmetical progression,

by means of the following

Rule. Subtract the first quantity given

from the last, and divide the remainder by the

number of means plus 1 ; add this quotient to

the first quantity for the first mean, add it to

the first mean for the second mean, and so on

till the whole number of means is found.

Arithmetical Scale. A conventional ar-

rangement for writing numbers by means of

figures, so that the same figure shall express

different numbers according to its position or

place. The order of arrangement may be

symbolically expressed thus :

D V V V
-^ -X3 ^ T3

O O O O

• r

n(n—

-——

an)

25

j_ (l + n)(.l—a)

2H.— (l + a)''

7. a — I— (n— l)d;

S = ln{2l—(n—l)d]

;

_ _ 2&— n{n— \)d

2n '
''

,_2S + n(n— 1)&
1

2li
!

-S^-S-i. -*&«rt .

.0000 0000
in which the position of each indicates the

place of an order of units. If a figure, 1 for

example, be written in the place of the first

on the right hand, it indicates a unit of the

first order ; if it be written instead of the

second 0, from the right, it indicates 1 unit

of the second order ; and generally, if it be

written in place of the n"' from the right, it

indicates 1 unit of the «'* order. In like

manner, if 2, 3, 4, &c, be written in the

place of the n'J from the right, they will

indicate 2, 3, 4, &c. units of the na order.

The law which determines the relation be-

tween the values of two consecutive units of

different orders, beginning with the lowest, is

called the ratio of the scale, and is found by

dividing the second unit by the first ; and
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since there may be an infinite number of

such laws, there is an infinite number of

scales. They may, however, all be separated

into two classes, uniform scales, and varying

scales. A scale is uniform when the values

of a unit, in each of the different orders,

from the first upward, form a geometrical pro-

gression. All other scales are varying scales.

1. Uniform Scales. It is plain that in

every uniform scale, the number of orders,

upwards, is infinite ; and if we place a point

to indicate the order, there will also be an

infinite number of orders estimated down-

wards, in which the values of a unit of the

different orders downwards, counting from

the point, form a decreasing progression, so

that we may express the entire scale, as

follows

:

Ascending. Descending.

0.

S S S 53 BSSJS sss 6
'S'H'B'S "S-S-S'S ««~"S°ooo SSSo |||°

.0 0..0 0...0

The name of the scale depends upon the

value of r, the ratio of the progression. If

the value of r is 2, the scale is called the

binary scale; if it is 3, it is called the ternary

scale ; if it is 4, it is called the quarternary

scale ; if 5, the quinary scale ; if it is 10, it

is called the decimal scale, or the common scale

;

if it is 12, it is called the duodecimal scale; if

it is 60. it is called the sexagesimal scale, and

so on.

To illustrate the method of writing num-

bers according to a uniform scale, we shall

consider the common or decimal scale.

According to the principles already indi-

cated, the point stands for 0, and a unit of

the first ascending order, is simply 1 ; a unit

of the second ascending order is 10 ; of the

third order.. 100 ; of the fourth order, 1000
;

of the fifth, 10000, and so on. ad infinitum.

A unit of the first descending order is fo ; of

the second, y^ ; of the third, y^j ; of the

fourth, TVttlf'
an<^ so on- a^ 'nnn''um -

If we take for example the number five

hundred and sixty seven thousand three hun-

dred and twenty-nine, and seven hundred and

fourteen thmsandtlts, we see that it is equiva-

,

lent to five hundrtd thousands plus six tens of

thousands plus seven thousands, plus three

hundreds, plus two tens, plus nine, plus seven-

tenths, plus one-hundredth, plus four-thou-

sandths : it may therefore be expressed in

the scale of tens, thus,

Ascending. Descending.

fl "fl 13 *& ^O ^
. . * u t-i m c ao o o o o o

CD

. 567 329. .714....
In a similar manner, any number may be

written according to the scale of tens.

The manner of writing a number according

to any other uniform scale, is entirely simi-

lar. Let it be required to write the number

two hundred and eighty-nine and forty-four

hundredths in the quinary scale. •

In this scale, as in all others, the value of

the base, or unit of the first ascending order,

is 1 ; of the second order, 5 ; of the third,

25 ; of the fourth, 125 ; and so on.

The number in question, 289.44, contains

2 units of the fourth order in the quinary

scale, 2 X (125) =f 250, and a remainder

39.44 ; this remainder contains 1 unit of the

third order, 1 X (25), and a remainder,

14.44 ; this remainder contains 2 units, the

second 2 X 5 = 10, and a remainder 4.44,

which contains 4 units of the first order,

4X1, and a remainder, .44 ; this remaindei'

contains 2 fractional units, 2 X (J) = .4, and

a remainder 4 hundredths, which contains the

fractional unit of the second order J- = .04,

1 time. Hence, the number in question may

be written,

2 X (125) + 1 X (25) + 2 X (5) + 4 X (1)

+ 2X(£) + 1X(^);

hence, it may be written in the quinary scale

as follows :

Ascending. Descending.
, -^
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common scale, to write it in any other uni-

form scale, we have the following

Rule.—Divide the number by the ratio of

the new scale ; the remainder will be the num-

ber of. units of the first order ; divide this

quotient by the ratio, and the remainder will be

the number of units of the second order ; divide

the new quotient by the ratio, and the remainder

will be the number of units of the third order,

and so on ; continue the operation till a quotient

is found less than the ratio, and this will be the

number ofunits ofhighest order in the new scale.

1. Express the number 7843 in the quinary

scale.

5 I 7843

5
|
1568 .
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require the aid of the common scale for their

complete expression.

For example, the units of the different

orders in liquid measure, are : 1 gill, 1 pint,

1 quart, 1 gallon, 1 barrel, 1 hogshead, 1 pipe,

and 1 tun. Here the whole number of orders

in the scale is eight ; a unit of the second

order is equal to 4 units of the first ; one of

the third to two of the second ; one of the

fourth to four of the third ; one of the fifth

to thirty-one and a half of the fourth ; one of

the sixth to two of the fifth ; one of the

seventh to two of the sixth ; and one of the

eighth to two of the seventh. The law of

the scale is expressed by writing these ratios

in their order, beginning with, at the right

hand. Thus, the law of the varying scale

for liquid measure, is

2 . 2 . 2 . 31£ . 4 . 2 . 4.

The absolute value of a unit of any order

is equal to the continued product of all the

ratios, from the first to that order inclusive.

In dry measure, the units are : pint, quart,

peck, bushel, and chaldron, and the scale,

36 . 4 . 8 . 2.

In measures of lime, the units are : 1 se-

3ond, 1 minute, 1 hour, 1 day, 1 week, 1

month, 1 year, and 1 century, and the scale

is

100 . 13 . 4 . 7 . 24 . 60 . 60.

In circular measure, the units are : 1 second,

1 minute, 1 degree, 1 sign, and 1 circle, and

the scale,

1230 . 30 . 60 . 60.

When the law of the scale is known, any

number may be written in it according to the

rules already given, but to avoid confusion

in using varying scales, the particular name

of the order is written over it, as for example

in avoirdupois weight,

T. cwt. qr. lb. oz. dr.

5 16 3 19 12 13

Arithmetical Triangle. A name given to

a table of numbers arranged in a triangular

manner, and formerly employed in arithmeti-

;al computation. It is equivalent to a multi-

olication table.

A-RITH-ME-Ti"CIAN. One veTsed in

arithmetic ; one skillful in numbers.

aR'PENT. The old French name for acre

See Acre.

AR-RANGE'MENTS. [F. arranger, ad, to

and ranger, to set in order]. Are the differ-

ent ways in which m letters can be written

when taken in sets of n, n being less than m.

If Y denote the whole number of arrange-

ments, we have the formula,

Y = m{m - 1) (m - 2) (m - n + 1).

If, in this formula, we suppose m = n, and

denote the corresponding value of Y by X,

we shall have

X = m(m - 1) 2.1,

or X = 1 .'a . 3 . 4 (m — l)m,

which is the formula for the number of per-

mutations of m quantities. The formulas for

the number of arrangements and 1 permuta-

tions of m letters is used in demonstrating

the binomial theorem ; they are also exten-

sively employed in the investigation of natural

science, music, and more particularly in the

theory of probabilities.

AR-ReARS. [F. arriire, behind]. An an-

nuity is said to be in arrears when one or

more payments are due. See Annuity.

aRT. [L. ars, art]. Skill in the applica-

tion of the rules and principles of science, so

as to meet the practical demands of life. The

entire range of subjects classed under the

head of mathematics may be separated into

two parts ; 1st. The science which investi-

gates principles and deduces general rules.

2d. The art which explains the method of

applying these rules and principles to every

particular case that may arise to which they

are applicable.

AS-CEND'ING SERIES. [L. ascendo, to

ascend]. A series in which each term is

greater than the preceding one.

Ascending Scale of numbers is that in

which the ratio is greater than one.

AS-SIffN'A-BLE. [L. ad, to, and signo, to

allot, to mark out]. That may be allotted or

pointed out ; that may be specified. An

assignable magnitude is any finite magnitude

that can be expressed or denoted. An assign-

able ratio—a ratio that can be exactly ex-

pressed or denoted.

AS-SCME'. [L. ad, to, and sumo, to take].

To take, to take for granted ; thus, axioms

and postulates are assumed for granted. In

making any demonstration, we assume the

truth of all axioms, postulates, and previous

propositions.
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AS-SuR'ANCE. [F. assurer, to assure],

A contract for the payment of a certain sum,

on the occasion of an event, usually death.

The term is nearly synonymous with Insur-

ance, but modern usage applies the term

assurance to life contingencies, whilst insur-

ance applies to all other contingencies, such

as loss by fire, water, &c.

Assurances on lives are contracts for the

payment of a certain sum of money on the

death of one or more persons, in considera-

tion of a certain immediate payment, or more

often of an annual payment, to be continued

during the existence of the life or lives

assured. Although any individual life is

exceedingly precarious, yet nothing is more

certainly established than the great uniformity

in the average duration of human life. Volu-

minous tables of the lengths of individual

lives have been accumulated, and from these

- the most accurate calculations of the average

duration of life, after any given age, have

been made ; upon these data, and upon the

rate of interest of money, the established

rates of payment or premium are based.

There is a great analogy between the

method of computing the value of life Assu-

rances and Annuities, the principles being

nearly the same in both. In both, a table of

mortality is selected, from which we deduce

the probability of a given life surviving 1, 2,

3, &c, years, and in both, a rate of interest

of money is assumed. In computing life

assurances, the following is the process.

Let us denote the probabilities that a per-

son of any given age will live

1, 2, 3, 4, 5, &c. years,

by k', k", k'", k"", k", &c,

, determined as described under the article An-

nuity. Let r denote the assumed rate of

interest, and make, for simplicity,—— = v,

and suppose that the sum assured is to be

paid at the end of the year in which the life

expires.

We shall first consider the case in which

the payment for assurance is immediate. The

present value of Si, payable at the end of

one year is or v, but it will not be paid

if the life survives the year. The probability

of the life surviving the year is k', hence the.

probability that it will not survive the year is

(1 — k') ; therefore the present value of $1,

payable on the contingency of death, within

the year, is v (1 — k'). The present value of

$1, payable at the end of two years, is

J

——
J

or »s ; the probability that the life

will continue one year being k' and that it will

continue two years being k", the probability

that it will expire during the second year is

(£' — k") ; hence the present value of the

assurance for the second year is (Js!
— k").v' ;

and in like manner, the present value of the

assurance for the third, fourth, &c. years, is

(k" - A'")»3
,
(&"" - k'"y, &c. And since

the present value of the entire assurance is

equal to the sum of all its values for the dif-

ferent years, if we denote the present value

by P, we shall have

P = (1 - k)v + (V - 4'V + (k" - k'")r>>

+ (k"" - 4">* + &c, or

P = v(l +k'v + k" v* + k'"vs + k""f
+ &c.) -(&'» + k" i)

a + k"' v3 + k'"'v*

+ &c).

But it has been snown in the article Annuity

that the series

k'v + k"v* + k'"v3 + k""vl
, &c,

is the present value of $1 for the life under

consideration ; denoting this by p, we have

P = v(l+p)-p;

or substituting for »,

P = TTr V+p)-p;
or finally,

.Q-rp) (1).14V
The second member shows the amount

which must be paid down to secure the pay-

ment of SSI at the end of the life considered.

It is, however, more common to require an

annual payment, or premium, the first to be

made immediately, and others at the end of

each successive year. Let the annual pre-

mium be denoted by P' ; then the payments

after the first will constitute an annuity, and

is consequently equal to P' X p. Hence, the

present value of all the premiums is P' 4 P
X p, or P' (1 +p), and this is equal to th«
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amount to be paid immediately, as deduced

above ; hence,

whence,

P' = v- p _ 1 P .

1+p 1+r 1+p'

from which the value of the annual premium

can be readily computed, when we have an

annuity table. The value of P' is the amount

that a person ought to pay annually to have

$1 assured to his heirs on his decease.

Temporary Assurances are contracts for

the payment of a certain sum on the contin-

gency of death happening within a certain

number of years.

The value of the annual premium may be

easily found from the preceding principles.

To explain the method of procedure, let us

consider the case of a person aged 30 years,

and let it be required to find the immediate

payment that must be made in order that $1

may be received if ihe individual die within

seven years. Let Q be the present value of

$1, to be paid on the death of a person aged

30, and Q' the present value of $1 to be paid

on the death of a person aged 37. Seven

years hence the present value of an assurance

of $1 on the life of the person now aged 30.

will be Q'. The present value of $1, paya-

ble certainly at the end of seven years, is

e'. And the probability that the person

will not die in seven years, is k y"; hence,

the present contingent value of Q' is

v- £'» Q'
;

subtracting this from Q, and we Have

P = Q - v 1 k™> Q',

in which P denotes the immediate payment

to secure the assurance of $1 for seven years

The amount may be obtained by the follow-

ing rule :

Multiply the assurance on a life seven years

older than the given life by the present value of

$1, payable seven years hence, and by the pro-

bability that the given life, will survive seven

years ; subtract the product from the assurance

on the given life and the remainder will be the

immediate payments necessary to secure an

assurance of SI, or the given- life for seven

years.

To determine the annual premium that

must be paid for an assurance on the same

life for seven years. The first payment must

be made immediately, consequently all the

payments after the -, first are equivalent to a

temporary annuity for six years. Designa-

ting the present value of such an annuity by

A', and one of the required annual payments

by P' 1
; the present value of all the pay-

ments is P" + P" A', which must be equal

to the expression for the immediate payment

just deduced ; hence,

P"(l+A') = Q -»'*'"<?',

or,

l + A'.

In like manner, the value of an assurance

on any number of joint lives may be deter-

mined. It is only necessary to replace A in

the above formulas, by the value of an annu-

ity on the joint lives. Thus, letM designate

the value of an annuity to continue during

the joint lives of A and B, then

v(l + M)-M
is the value of an assurance to be paid at the

end of the year in which the first one dies,

and the corresponding annual premium is

. M
v ~ 1 + M '

AS'TRO-LaBE. [Gr. aornp, a star, and ,,

\af3eiv, to take]. An instrument formerly

used for taking observations on the altitude

of the sun and stars at sea. Also the stereo-

graphic projection of the circles of the sphere

on the plane of the equator or of a meridian.

A-SYM'ME-TRY. [Gr. u, priv., and

ov/j/ierpia, symmetry]. The want of symme-

try of a magnitude. The term has some-

times been used as synonymous with incom-

mensurability.

AS'YMP-TOTE. [Gr. a, priv., and am,

with, and nroa, to fall, not meeting, or coin-

ciding]. A line which continually approaches

a curve line, and becomes tangent to it at an

infinite distance. Asymptotes are of two

kinds, rectilinear and curvilinear.

1. Rectilinear Asymptotes. The equa-

tion of a tangent to any plane curve referred

to any rectangular axis, is

y-y" = j^7(x -*")(!);

in which x" and y" denote the co-ordinates
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dy"
of the point of contact, and t—-, denotes

what the general expression for the differen-

tial co-efficient of the ordinate of any point

of the curve becomes, when for x and y
we substitute x",y". If in this equation we
make y = 0, and deduce the corresponding

dy"
J dx

value of x, it will represent the distance A T
from the origin to the point in which the tan-

gent cuts the axis of X ; in like manner
making x = 0, and deducing the correspond-

ing value of y ; this will represent the dis-

tance AD.
Making these substitutions, we deduce

dx'AT =*-y'dy-
If we have a curve given, we can find the

expressions forA Tand.4 D, by differentiating

its equation, finding the differential co-effi-

cient of the ordinate and its reciprocal, sub-

stituting in these x" and y", for x and y, and

then substituting the results in the formulas

for A T and A D. Then, to ascertain

whether the curve has any rectilineal asymp-

totes, we have simply, in these expressions,

to give to x" and y" such values as will place

the point of contact at an infinite distance

;

if the values of A T and A D are not both

infinite, there will be at least one asymptote,

and the number of asymptotes will be denoted

by the number of pairs of real values found

for AT and AD.
If the values of both A T and A D become

finite, they may be laid off on the axes, and

a straight line drawn through the points

R and H, thus determined, will be the asymp-

tote required. If one is finite and the other

infinite, there will be an asymptote parallel to

the axis on which the distance cut off is infi-

nite, and it may be constructed by laying off

the finite distance determined on the proper

axis, and through, its extremity drawing a

straight line parallel to the other axis. If one

of the distances is 0, and the other indeter-

minate, the asymptote will coincide with one

of the axes. If both AT and AD are 0, the

asymptote will pass through the origin ; to

determine its direction, find the value of

dy"

dx'
-, when the point of contact, (x", y"), is

at an infinite distance. This will be the tan-

gent of the angle which the asymptote makes

with the axis of X; the asymptote may
therefore be constructed.

Amongst the conic sections, the hyperbola

is the only one which has asymptotes. It

has two, both of which pass through the

centre, and coincide with the diagonals of a

parallelogram described upon any pair of con-

jugate diameters.

In general, the , equation of every curve

which admits of a rectilineal asymptote, will,

when referred to rectangular axes, and solved

with reference to y, be a particular case of the

general form,

' = ax + b + cx
-0 -y

+ dx + ex + &c.

or else, when solved with respect to x, it wil

be of the form

-a' -0'
x = a'y + b' + c'x + d' x + &c.

The equation of the asymptote in the first

case is y = ax + b, and in the second case,

it is x = a'y + V. as may be easily shown.

When the curve is referred to a system ot

polar co-ordinates, the conditions which indi-

cate an asymptote are, that the subtangent

should be finite when the radius-vector be-

comes infinite.

The formula for the subtangent, in the polar

system, is >S = r'-y-, in which S is the sub-
dr

tangent, r and v being the polar co-ordinates

of the point of contact.

To apply this in any particular case, differ-

entiate the polar equation of the curve, and

find from the differential equation and the

. , dv
given equation, the value of -j- in terms of r,

and substitute this value in the formula.

Then, make r = co ; if the resulting value of

S is finite, there will be a rectilinear asymp-

tote to the curve ; if not, there will be none.

2. Curvilinear Asymptotes. In order

that one curve line may continually approach

another, and become tangent to it at an infi-
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nite distance, il is necessary that the general

expression for the difference between the

corresponding ordinates of points of the

curves should be of the form

y-y'=kx "+k'x + k"x
y + &c.

Or else that the general expression for the

difference of the corresponding abscissas of

the curves should be of the form
It Qll ' II—a — p —

y

x — x' =my + m'y +m"y +&c.
It is clear, that in the first instance, the dis-

tance between the two curves continually di-

minishes as x is increased, and that this dif-

ference becomes when x = co. In the

second case, the distance between the curves

diminishes as the value of y increases, and
becomes when y = co . This could not
happen if the difference between y and y'

contained any term in which the exponent of
x was positive

; or if the difference between
x and x' contained any term in which the

exponent of y was positive.

Every curve, therefore, whose equation

when referred to rectangular axes, and solved

with reference to y, is a particular case of

the form

equal to a, from the eye of the spiral as a

centre, lies entirely within the spiral, and is

said to be an asymptote to it, or the spiral is

said to be an asymptote to the circle : thusf
in the spiral whose equation is

1

r! — ar = -r
v*

for every finite value of v, r is greater than a

but for v = co, r = a.

If, however, the equation of the spiral is

of the form

1

ar — f' = -r>

y = ax+bx-\ \- kn +k'n +&c,
admits of an infinite number of curvilinear

asymptotes. The equation of the asymptotes,

when solved with respect to y, must be of the

same form as the equation of the curve up to

the first term containing x, with a negative

exponent. If the equation of a curve be

solved with respect to x, it is of the form

a" 0"
x = a'y + V y + • •

-a'" -a*
+ S'x +S'x +

It will also admit of an infinite number of

curvilinear asymptotes whose equations, when
solved with respect to x, will be of the same

form as the given equation up to the first

term containing y, with a negative exponent.

This case evidently includes all the cases

which admit of rectilinear asymptotes.

3. Circular Asymptotes. It may happen,

in the case of a spiral, referred to a system

of polar co-ordinates, that the value of r is

greater than a for every finite value of v, and

that it becomes equal to a when v = co ; in

then, for every finite value of v, r will be less

than a, and the curve will lie entirely within

the circle, in which case, the enveloping circle

is called an asymptote to the spiral.

AS-YMP-TOT'IC-AL. Partaking of the

nature of an asymptote. Two surfaces are

said to be asymptotical with respect to each

other, when they continually approach each

other, and become tangent to each other at

an infinite distance. An idea of this relation

may be conceived by the consideration of a

single case. If we suppose the hyperbola,

with its two asymptotes, to be revolved about

either axis, the hyperbola will generate an

hyperboloid of one nappe, if we revolve

about the conjugate axis, and of two nappes

if we revolve about the transverse axis ; the

asymptotes will generate the surface of a

cone which will be asymptotical with respect

to the surface. If any plane be passed

through the axis of revolution, the elements

cut from the cone will be asymptotes to the

hyperbolas cut from the hyperboloid. In fine,

if any plane cuts an hyperbola from the conic,

surface, it will cut a second one from the

other surface which will be an asymptote to it.

AUG-MENT-a'TION. [L. augmento, from

augeo, to increase]. The operation of adding

or joining one thing to another, so that the

result shall be greater than the original thing.

In mathematics, augmentation is nearly equiv-

alent to arithmetical addition.

AUX-IL'IA-RY QUANTITY. [L. auxil-

taris, from auxilior, to aid]. A quantity in-

troduced for the purpose of simplifying some

mathematical operation. The practice of em-

ploying auxiliary quantities in solving groups

this case, the circle described with a radius I
of equations, is often of great utility. It is
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also advantageous to employ auxiliary quan-

tities in the practical applications of trigo-

metrical formulas.

AVER-AGE. A term of commerce and

navigation, signifying a damage or loss in-

curred by any part of a ship or cargo, for the

preservation of the rest, as when the. goods

of a particular merchant are thrown over-

board in a storm to save the ship from sink-

ing, or when masts, cables, anchors, or

other parts of the ship are cut away or des-

troyed, for the preservation of the whole.

In these, and like cases, when any sacrifices

arc deliberately made, or any expenses vol-

untarily incurred, to prevent total loss, such

sacrifice or expense becomes justly chargeable

upon all the parties concerned, and should

be rateably borne by the owners of the ship

and cargo.

Average is either general or particular.

General, when it is chargeable upon all the

interests, viz., the ship, the freight and the

cargo ; and particular, when chargeable only

upon some of them. When losses occur

from ordinary wear and tear, or from perils

incident to the voyage, without being volun-

tarily incurred, or when any particular sacri-

fice is made for the sake of the ship only, o;

the cargo only, these losses must be borne by

the parties immediately interested. There

are also some small charges called petty, or

accustomed averages, one-third of which is

usually charged to the ship, and two-thirds

to the cargo.

No general average ever takes place, unless

it can be shown that the danger was immi-

nent, and that the sacrifice was made indis-

pensable, or supposed to be so by the captain

and officers of the ship.

The term average, more particularly - de-

notes the quota or proportion which each

merchant or proprietor is adjudged, upon

reasonable estimation, to contribute towards

the common loss. In different countries, dif-

ferent modes are adopted for valuing the

articles which are to constitute a general

average.

In general, however, the value of the

freight is held to be the clear sum which the

ship has earned, after seamen's wages, pilot-

age, and all petty charges are deducted, one-

third, and in some cases, one-half being de-

ducted for the wages of the crew. The goods

lost, as well as those saved, are valued at the

price they would have brought in ready

money, at the place of delivery on the ship's

arriving there, freight duties and other charges

being deducted ; indeed, they bear their pro-

portions as well as the goods saved. The
ship is valued at the price she would bring

on her arrival at the port of delivery. But

when the loss of masts, cables, and other

furniture of the ship are compensated by a

general average, it is usual, as the new arti-

cles are of greater value than the old, to

deduct one-third, leaving two-thirds only to

be charged to the amout to be contributed.

The average value of any number of quan-

tities, is equal to their sum divided by their

number.

AV-OIR-DU-POIS'. [Fr. amir du pais, to

have weight]. The name given to the system

of weights, by which coarser commodities

are weighed, such as hay, grain, wool, and

all the coarser metals. In this system, the

terms gross and net are used. Gross is the

weight of the goods, including boxes, bags

or casks in which they are contained : net

is the weight of the goods only. A hundred-

weight was formerly 112 pounds, but is now
reckoned at 100 pounds.

The standard avoirdupois pound of the

United States is equivalent to the weight of

27.7015 cubic inches of distilled water at 62°

Fah., the barometer being at 30 inches, and

the water weighed with brass weights in the

air. The following is the scale of the system

of weights, viz

:

20 4. 25. 16. 16.

That is, 16 drams make 1 ounce, 16 ounces

1 pound, 25 pounds 1 quarter, 4 quarters 1

hundred-weight, and 20 hundred-weight 1

ton. A pound avoirdupois contains 7000

grains, whilst a pound Troy contains but

5760, hence, one pound avoirdupois is equiv-

alent to l-j^j pounds Troy.

AX'IOM. [Gr. a^iafia, authority]. A self-

evident theorem or truth. The expression

of an axiom is a self-evident proposition. In

order that a truth may be ranked as an axiom,

it must not only be self-evident, but it must

be a necessary truth, not limited to time or

place, but universally true at all times, and

at all places. Of such a character is the

axiom that " a whole is greater than any of



56 MATHEMATICAL DICTIONARY AND [A XI

its parts." The axioms of mathematics are

very few in number, and have been uni-

versally admitted as truths in all ages. Upon

the axioms, and the definitions agreed upon,

the whole science is based ; from these two

sources, every general rule or principle of

mathematics is deduced by the strict applica-

tion of the rules of logic. It is for this

reason that the truths of mathematics have

stood the test of ages. Carrying with them

the most convincing evidence, they have re-

ceived the assent of every one who has taken

the trouble to examine the reasoning on which
they are established.

Some of the most useful of the axioms em-

ployed in mathematical reasoning are these

:

1. A whole is greater than any of its parts.

2. A whole is equal to the sum of all its

parts.

3. Things which are equal to equal things

are equal to each other.

4. Things which are like parts of equal

things are equal to each other.

5. If equals be multiplied or divided by
the same quantity, the products or quotients

will be equal.

6. If equals be added to equals the sums
will be equal.

7. If equals be subtracted from equals the

remainders will be equal.

8. The like powers of equals are equal.

An axiom differs from a postulate in the

same manner that a theorem differs from a

problem, an axiom being a self-evident theo-

rem, that is, one which only needs to be

stated to secure the immediate assent of every

mind; while a postulate is a self-evident

probhm, that is, a problem whose solution is

so obvious as to be at once admitted.

AX-I-O-MAT'IC. Pertaining to an axiom.

AX-I-O-MAT'IC-AL-LY. By the use of

axioms, by means of axioms.

AX'IS. [L. axis, axletree ; Gr. al-uv, an

axle]. A straight line with respect to which

the different parts of a magnitude are sym-

metrically arranged. This appears to be the

true meaning of the term axis, but it is often

employed in a different sense. We shall

point out some of the leading uses to which

the term has been applied.

Axis of Symmetry. In elementary geome-

try the axis of symmetry of any figure, is

a straight line which bisects a system ol

parallel lines terminating in the boundary of

the figure, and the figure is said to be sym-

metrical with respect to this axis. In a regu-

ular polygon, every straight line which bisects

a side and is perpendicular to it, is an axis

of symmetry. Every straight line which bi-

sects an angle of the polygon, is also an

axis of symmetry. Hence, every regular

polygon has an axis of symmetry correspond-

ing to each side and each angle.

These principles hold when the number of

sides of a polygon becomes infinite ; hence,

every diameter of a circle is an axis of sym-

metry.

Axis of a Pyramid or Cone is a straight

line joining the vertex and the centre of

the base.

Axis of a Prism or Cylinder is a straight

line joining the centres of its parallel bases.

Axis of Revolution, in descriptive geo-

metry, is a straight line about which some

line or plane is revolved ; that is, moved in

such a manner that all the points of the mov

ing line or plane shall describe the circum

ferences of circles, whose centres are on the

fixed line, and whose planes are perpendicular

to it.

In spherical projections, the axis of a sphere

is the straight line about which it revolves.

In surveying, the axis of an instrument, or

part of an instrument, is the straight line

which remains fixed, whilst the whole or a

part of the instrument is revolved. Thus, in

the theodolite, the axis of the instrument is the

line which remains fixed, whilst the whole in-

.

strument is revolved upon its support ; the

axis of the vertical limb is the line which re-

mains fixed, when the vertical limb alone is

revolved ; and the axis of the telescope is the

line which remains fixed, when the telescope

is revolved in the Y's.

In analytical geometry, the axis of a curve

is a straight line which bisects a system of

parallel chords of the curve, which are per-

pendicular to it. This corresponds to the

axis of symmetry of polygons. The parabola

has but one axis, the ellipse and hyperbola

have each two axes, the circle has an infinite

number of axes.

Axes of Co-ordinates in a Plane, are

straight lines intersecting each other, to which

points are referred for the purpose of deter-
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mining their relative position. They may be

rectangular or oblique.

Axes of Co-okdinates in Space, are the

straight lines in which the co-ordinate planes

intersect each other. The co-ordinates of

points are measured on lines parallel to their

axes.

When a circle is spoken of with reference

to the sphere on which it lies, its axis is that

diameter of the sphere which is perpendicu-

lar to its plane : thus we speak of the axis of

the equator, the axis of the ecliptic, <fec.

AZ'I-MUTH ANGLE. In surveying, the

angle included between the meridian and a

vertical plane, at a point. The azimuth of a

line lying in a vertical plane, at any point, is

the angle between that plane and the meri-

dian plane passing through the point. If the

line does not lie in a meridian plane, its azi-

muth at different points will be different.

The excess of the azimuth, at one end of

the line, over that at the other, is called the

convergence of the meridians.

In geodesic operations, the azimuths of the

principal lines of the survey form very im-

portant elements, and are determined with

great accuracy, usually by the aid of astrono-

mical observations.

When several lines meet at a station, as is

usually the case, the azimuth of some fixed

line is determined by astronomical observa

tion, and then the azimuths of each of the

lines will be ascertained by measuring the

angles between them and the fixed line. It

is customary to estimate the azimuth of a line

from the south point of the horizon around

. by the west from 0° to 360°. If we adopt

this convention, the convergence of the meri-

dians corresponding to two given stations,

will be the azimuth of the eastern station, as

seen from the western diminished by 180°

plus the azimuth of the western, as seen from

the eastern station.

To determine the azimuth of a line by ob-

servation upon a star, an altitude and azi-

muth instrument, or a large theodolite may
be used. The instrument is properly leveled

over the point at which the observation is to

be made, and the middle vertical wire is

Drought to coincide with the star and the si-

dereal time of the observation noted. After

the reading of the horizontal limb has been

taken, the telescope is turned upon a distant

signal, lighted by a lamp, and the reading of

the horizontal limb again taken.

This operation ought to be repeated a great

number of times. Each observation made
affords us the means of determining the azi-

muth of the line joining the station and the

signal lighted by the lamp, and by taking a

mean of a great number of results, the true

azimuth of the line can be found with suffi-

cient accuracy. The difference of the read-

ings on the horizontal limb, gives the differ-

ence of azimuth between the signal and the

star at the moment of observation. The azi-

muth of the star, at the instant of observa-

tion, may be computed by means of these

formulas :

tan i (z + s) = cot ih- ,/ , „;cosi(p + l')

i / . \ . ii**n i(P ~~ I')
tan *(«*-*) = cotih r;

, „;11 ; smi(p + l')

^1 = 180°- s = 180° -[1(2 + *)

+1(2-*)]-

In which A is the azimuth

of the star estimated from the

south point of the horizon, h

the hour angle, I' the comple-

ment of the latitude of the

place, and p the star's north

polar distance, h is positive

when the star is on the west

of the meridian, and negative

when on the east. Great care should be

taken to give the elements, in these formulas,

their proper signs. It should be observed

that if the star is below the pole, the hour

angle is greater than 90°.

It is generally found most convenient to use

the pole star (a polaris) in determining the

azimuth of a line, because, if the observations

are made about the time of its greatest east-

ern or western elongation, there is less liabil-

ity to error, and-the formulas for determining

the azimuth admit of a simplification, which

renders the computation more easy.

Having determined the azimuth of one

fixed line through the station, the azimuths

of all other lines can be determined by sim-

ply measuring the angles included between

them and the fixed lines, and adding them to

or subtracting them from the known azimuth,

according as their azimuths are greater ot

less than that of the fixed line.
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If we know the latitudes and longitudes of

two stations on the surface of the earth, the

azimuth of the second, as seen from the first,

may be computed by the following formulas :

_£ e\L -L') cos' j(L + L')

2 ~ 2

B
l = L-^ x"=(M'-M) cos V

8
l'=L'+^ y"=(l-lr)-isml"x"Hanl

x"
cos A = —r.-

¥
In which L and M represent the latitude

and longitude of the first station ; U and M'
of the second station ; £ the eccentricity of

the meridian (e2 = 0.00667435), and A the

azimuth reckoned from the south point of the

horizon.

Particular attention must be paid to the

sign of L — £', for upon this depends the

B
sign of ^, and also to that of (I — I"), in the

value of y", so as to know whether the small

quantity, (— \ sin l"x" 2 tan V) is to be added

to, or to be subtracted from (I '— I').

When the latitudes of the stations are

known, and the distance between them is

also known, the azimuth may be computed

by means of the following formulas

P_ _ e'(L-L') cos* j(L + Z')

2
_

2

l = L-

l'=L'+ | I

sin/'

sin/
: COS I"

cos -4 = 2 tan / sin j (u + I") sin j(u — I")

sin u

In which L, L% and A, are the same as in

the previous formulas, and u denotes the dis-

tance between the stations in seconds of arc.

If the distance between the stations is in

yards, it may be converted into seconds of

arc by means of the following formulas,

N-- TTTi
[1 - e' sin8 i(L + L'))

K
u" ~ iVsin 1"

In which K denotes the distance in yards, N
the nojmal at the middle latitude, a the equa-

torial radius, and e the eccentricity of the

meridian ;
L, L' are the same as in the pre-

vious formulas.

In ordinary surveying, the azimuth of some

fixed line is determined for the purpose of

finding the variation of the needle. Having

the azimuth of a fixed line, the variation of

the needle can be determined by taking the

bearing of the line. If the azimuth is esti-

mated from the north point of the horizon,

as it usually is in plane surveying, the differ

ence between the bearing and azimuth is the

variation of the needle.

Magnetic Azimuth. The magnetic azi-

muth of a line is the angle included between

the meridian and a vertical plane through the

line. When the magnetic azimuth of a line

is known, together with the variation of the

needle, the true azimuth may at once be de-

termined.

Azimuth Compass, is a small compass, em-

ployed for determining magnetic azimuths of

a heavenly body, for the purpose of deter-

mining the variation of the needle. It is

used in surveying, and in making recon-

naissances.

Azimuth Dial—a dial whose style or gno-

mon is perpendicular to the plane of the

horizon.

B. The second letter of the alphabet. It

was used by the Hebrews and Greeks as a

numeral, and denoted 2. The ancient Ro-

mans also employed it to denote 300 : with a

dash over it, thus, b, it denoted 300,000.

BACK'SIGHT. [Back and sight]. In level-

ing, the first reading of the leveling staff

taken from any position of the level. All the

other readings are called fore-sights. The

back sight at any station, diminished by the

fore-sight at the last station, the leveling-

stsfF being in the same position, is equal to

the difference of level between the axis of

the instrument at the two stations. If the

back-sight is greater than the corresponding

fore-sight at the last station, the axis of the

level at the new station is higher than at the

primitive one ; if it is less, it is lower, and

the result is shown by the negative sign with

which the difference of level is effected.

BACK'STaFF. [Back and staff]. An in-

strument formerly used for measuring the
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altitude of the heavenly bodies, but since su-

perseded by the quadrant and sextant. It is

named from the fact that the observer stood

with his back to the object whose altitude

was to be measured.

BAC-U-LOM'E-TRY. [L. baculus, a staff,

and Gr. /terpov, measure]. The operation of

measuring distances or altitudes by means of

a staff or staves.

BALANCE OF TRADE. In mercantile

language generally expresses the difference

between the amount of exports from, and the

imports to a country. It is said to be favor-

able when the amount of exports exceeds that

of the imports, and unfavorable when the

amount of imports exceeds that of the ex-

ports.

BALANCE SHEET. A formal statement

of the affairs of a business house.

BAL'ANCING THE WORK. In survey-

ing, is the operation of distributing the errors

of eastings, westings, northings, and south-

ings, so that the sum of the eastings shall be

equal to the sum of the westings, and the

sum of the northings equal to the sum of the

southings.

The principle on which the distribution is

made is, that the amount of error committed

is proportional to the length of the course.

The rule for distribution is this : Find the

sum of the lengths of all the courses ; find

also the sum of the northings and the sum
of the southings, separately ; subtract the

latter from the former. Find also the sum
of the eastings and the sum of the westings,

separately. Subtract the latter from the for-

mer ; the first remainder is the error in lati-

tude, the second in departure. Then, as the

sum of the courses is to any course, so is the

error in latitude to the correction in latitude

for that course. Having found the correction

in latitude for each course, it is to be applied

to the northing or southing of each course as

follows :

If the error in latitude is +, and the course

makes northing, it is to be subtracted ; if

southing, it is to be added. If the error in

latitude is — , and the course makes northing,

it is to be added ; if it makes southing, it is

to be subtracted.

The corrections for departure' are found and

applied in a similar manner.

BANK DISCOUNT is the charge made

by a bank for the payment of money on a

note before it becomes due. By the custom

of banks, this discount is the interest on the

amount named in the note, to be paid in

advance, from the time the note is discounted

to the time when it falls due, which time al-

ways includes the three days of grace. The

present value of the note is the difference

between the amount named in the note and

the discount. The amount named in the

note is called the face of it.

There are two kinds of notes discounted at

banks : 1st. Notes given by one individual to

another, for property actually sold ; these are

called business notes or business paper. 2d.

Notes made for the purpose of borrowing

money, which are called accommodation notes,

or accommodation paper. The first kind is

much preferred by banks, as more likely to be

paid when they fall due, or in mercantile

phrase. " when they come to maturity."

To find the bank discount on a note, add

three days to the time which the note has to

run before it becomes due, and calculate the

interest for this time at the given rate per

cent.

BAN'KING. Banks are corporations cre-

ated by law for the purpose of receiving

deposits, loaning money, and furnishing a

paper circulation based upon a basis of specie.

The operation of conducting the business of

a bank is called banking. When a private

individual is engaged in the business of bank-

ing, or any of its principal branches, he is

called a banker.

Banks are of various kinds. Some confine

their business entirely to the care and issue

of money deposited with them by their cus-

tomers, whilst others issue notes or paper

money of their own.

Notes issued by a bank circulate as money,

being based upon specie contained in the

vaults of the bank, and the bank being obli-

gated to redeem them in specie whenever pre-

sented for payment. Such notes are called

bank notes or bank bills.

The following account of notes is in a great

measure applicable to the operation of bank-

ing.

A note is a written' agreement to pay a

certain sum of money under certain conditions

either specified or implied.
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The note of an individual, or as it is gen-

erally termed, a promissory note, or note of

hand, is a positive agreement in writing to

pay a given sum at a specified time, and to a

person named in the note, or to his order, or

sometimes to the bearer at large. The fol-

lowing are some of the forms of notes

:

(1). Negotiable Note.

$25,50. West Point, N. Y.,

Dec. 21st, 1854.

For value received I promise to pay on de-

mand to John Smith or order, twenty-five

dollars and fifty cents.

Amos Jones.

(2). Note Payable to Bearer.

8875,39. Cold Spring, N. Y.,

March 4th, 1855.

For value received J promise to pay, six

months after date, to Smith Johnson, or

bearer, eight hundred and seventy-five dol-

lars and thirty-nine cents.

Peter Piekce.

(3). Note by two Persons.

$20,18. Catawissa, Pa., June 3, 1855.

For value received we jointly and severally

promise to pay to Richard Survella or order

on demand, twenty dollars and eighteen

cents. John Bunding.

Bundy Alstone.

(4). Note Payable at a Bank.

$187. Newburgh, N. Y., July 1, 1854.

Sixty days after date I promise to pay

Henry Bundy or order, at the Highland Bank,

in the village of Newburgh, one hundred and

eighty-seven dollars, for value received.

Simeon Simpson.

The person who signs a note is called the

drawer or maker of the note : thus, Amos
Jones is the drawer of Note No. 1.

The person who has rightful possession of

a note is called the holder of the note.

A note is said to be negotiable, when it is

made payable to A. B., or order, who is called

the payee (see No. 1). Now, if John Smith,

to whom this note is made payable, writes his

name on the back of it, he is said to indorse

the note, and is called the indorser ; when

the vote becomes due, the holder must first

demand payment of the maker, Amos Jones,

and if he declines paying it, the holder may
then require payment of John Smith, the in-

dorser.

If the note is made payable to A. B., or

bearer, then the drawer alone is responsible,

and he must pay to any person who holds

the note

The time at which a note is to be paid

should always be named, but if no time

is specified, the drawer must pay when re-

quired to do so, and the note will draw

interest alter the payment is demanded.

When a note, payable at a future day, be-

comes due, it will draw interest, though no

mention is made of interest.

In each State, there is a rate of interest

established by law, which is called legal in-

terest, and when no rate is specified, the note

will always draw legal interest. If a rate

higher than legal interest be taken, the drawer,

in most States, is not bound to pay the note.

If two persons jointly and severally give

their note (No. 3.), it may be collected of

either of them.

The words, for value received, should be

expressed in every note.

When a note is given, payable on a fixed

day, and in a specific article, as in wheat or

rye, payment must be offered at the specified

time, and if it is not, the holder can demand

the value in money.

By mercantile usage, and the custom of

banks, a note does not really fall due until

the expiration of three days after the time

mentioned on its face : for example, Note

No. 2 would fall due September 7 ; the three

additional days are called days of grace.

When the last day of grace falls on Sun-

day, or a holiday, as the Fourth of July,

New Year's day, &c, the note must be paid

on the preceding day, that is, on the second

day of gra ce.

BAR'REL. [Fr. baril, a cask]. A unit of

liquid measure, which differs in value for the

different articles measured. The English

beer barrel contains 36 gallons, or 9981.864

I

cubic inches. The English wine barrel con-

tains 31^ gallons, or 8734.131 cubic inches.

BIRTER. [Sp. baratar, to traffic]. A rule

of arithmetic which treats of the exchange

,
of one commodity for another.
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BaSE. [L. basis; Gr. jSamr]. Of a plane

figure, a side upon which it is supposed to

stand. In a triangle,. the base lies opposite

the angular point chosen as the vertex.

The base of a conic or cylindrical surface,

is the intersection of the surface by a plane

We see that these surfaces may have an
infinite number of bases. The base of a poly

hedron, is a plane face on which it is supposed

to stand. In the pyramid, the base is oppo-

site the vertex.

Base of a System of Ndmbers, is the

value of a unit of the first order. In all

systems of abstract numbers the base is the

same, being the abstract number 1. In col-

lections of denominate numbers, the base is

1 thing of the kind numbered.

Base of a System of Logarithms, is that

'number, the exponents of whose powers con-

stitute the logarithms of the system. In the

common system the base is 10, and logarithms

in the common system are the exponents of

the different powers of 10.

In the Naperian system the base is 2.71828.

Any number may be taken as the base of

a system of logarithms, but the two men-
tioned are the only ones that are much used.

Base Apparatus. A combination of bars,

arranged on the compensating principle, used

in the measurement of the base line of a

trigonometric survey. An outline account

of a base apparatus used by Col. Colby, in

measuring a base of more than seven miles

in extent, in Ireland, will be found under the

head of Geodesy.

The following account of the base appar-

atus, in its most approved form, as now used

on the coast survey, is extracted from the

"proceedings of the American Philosophical

Society." It forms a part of a paper read

before the society, by Prof Bache, and taken

in connection with the article referred to,

will give a sufficiently accurate idea of the

general arrangement of the base apparatus

in its most perfect form.

" The base apparatus presented some novel

features in construction, the adaptation of

others not hitherto used in field work, and

a choice of parts previously used by others.

The general plan was devised by me, and the

details by Mr. Wm. Wurdeman, mechanician

of the coast survey, by whom they were exe-

cuted, under my direction. The following

are the general features of the apparatus

:

1. The measuring bars were upon the com-
pensating system first used, I believe, by
Colonel Colby in Great Britain, and by Mr.

Borden in the United States, but the mode of

obtaining the compensation differed entirely

from that used by either of these gentlemen.

2. A principle was introduced in reference to

the dimensions of the bars which, if at all

recognized, has not been hitherto applied. A
bar of brass and a bar of iron, of the same
dimensions, exposed to the same source of

heat, will not heat equally in equal times

;

this is well known to depend upon the dif-

ferent conducting powers of the two metals,

their different specific heats, and the different

powers of their surfaces to absorb heat. The
bars, then, if of equal sections, when the

temperature is rising or falling, have not the

same temperature, and the system is not

compensating. The surfaces are easily made
to absorb equally by the same coating, and
the sections must be so proportioned to each

other that the bars will have the same tem-

perature when, exposed to variable tempera-

tures of the atmosphere and of the case

containing them. Having arranged the sec-

tions approximately, using numbers taken

from the books, the changes, in length, during

increase or decrease of temperature, were

not perceived when microscopes were used

supported upon wooden stands, or even upon
stone blocks of small size ; the means of

measurement were not sufficiently delicate to

perceive them, or they were masked by
greater changes in the supports. When the

level of contact was substituted for the mi-

croscopes, or when Mr. Saxton's reflecting

pyrometer was employed, these changes be-

came very perceptible, and it was necessary

to resort to direct experiment upon the ma-

terials of the bars themselves to obtain even

approximate results, and then to correct a

small residual quantity by applying a cover-

ing more absorbent of heat to one bar than

to the other. If such changes have not been

perceived hitherto, it has been because ade-

quate means were not used to detect them.

3. The lever of contact and level, first used,

I believe, in the adjustment of standard

measures by Bessel, was applied to indicate

the lengths of the bars. The levels were so

delicate that several divisions upon them
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made up a quantity entirely insignificant in

the measurement. The doubt which I had

was, whether the sensibility of the apparatus

had not been carried too far ; this was, how-

ever, entirely removed upon finding the ra-

pidity and certainty with which it could be

used. The contact between two adjacent

measures was between a blunt knife edge

and a plane of agate. 4. The trussed sup-

port for the bars adapted to bearing the ap-

paratus at two points only, and the tin

covering or tube which surrounded the whole,

were similar to those used by Mr. Borden,

but differed entirely in the adaptation of

them ; the bars moved freely on the trussed

frame upon rollers, and were not attached

to the covering tube in which the trussed

frame itself was merely supported. The tin

covering was conical, and was doubled. 5.

The trestles admitted of the various motions

required in placing the apparatus, and the

length of the whole about 20 feet (six metres),

gave a weight which permitted easy and

rapid transfer by four men, when covered

with several thicknesses of imperfectly con-

ducting material to keep the fluctuations of

temperature within moderate limits. The

contacts were usually made in much less

time than the setting of the forward trestles

for the measure."

Base Line. In Geodesic Surveying, a line

measured with the greatest possible accuracy,

upon which the whole system of triangula-

tion depends. The measurement of a b^se

line in a. large survey, is one of the most

difficult operations ofGeodesy, and one whose

successful accomplishment has called for the

highest atmnments both in science and art.

Various methods have been adopted to attain

accuracy, such as using rods of platinum or

glass, steel rods, and finally a combination

of rods of different metals, so adjusted that

the combination shall retain a uniform length

for all changes of temperature. A most suc-

cessful application of this principle has been

made by Dr. Bache, Superintendent of the

United States coast survey. See Base Ap-

paratus.

In the survey of the coast of the United

States, several base lines have been measured,

usually five or six miles in length. With the

improved apparatus, about two miles per

week can be measured with great accuracy.

In minor surveys, where great accuracy

is not so necessary, rods of deal, capped with

metal, and thoroughly saturated with oil, so

as to resist hygrometric changes, answer

very well, and by measuring the base line

very carefully two or three times, sufficient

accuracy may be attained.

There are some corrections that require to

be applied to the measurements made in cer-

tain cases.

1st. When the measured line is inclined, or

when «. rod in any position is inclined, to

reduce the oblique distance to a correspond-

ing horizontal distance. Let B denote the

length of the oblique line, b the correspond-

ing horizontal distance, and 8 the angle of

inclination, supposed very small, then is

b = B cos 6.

But as 6 is a very small angle, we may com-

pute the excess of B over b, and for this pur-

pose let us suppose that the angle d is

expressed in minutes. We have the formula

B-b = B(l-cos8) = 2Bsmz i6
sin 3 V

=.jB0=sinl' = ^-— 6>B;
%

or,

B - b = 0.00000004231 X 8'
. B.

Whence, by applying logarithms,

log (B - b) = 8.626422 + 2 log 8 + log B.

2d. When the base line has been measured

on elevated ground, to reduce it to the level

of the sea. Let r denote the radius of the

earth corresponding to the base b at the level

of the sea, and r + a the radius of the earth

at the level of the measured base B. Then

will

B—b = B-B
r + a=*(r-SH !

but since r is very great in comparison with

a, all of the terms of this series, except the

first, may be neglected ; whence

B-b = ^.
r

If the measured line is inclined or broken

(r + a) may be taken equal to its mean valul

along the base.

3d. When a portion of the base line can-

not be measured directly, on account of somo

intervening obstacle, as a river or marsh.

Let AH represent the entire base line, and

suppose that BD cannot be measured directly

on account of an obstacle.
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Select a station C from which the points

A, B, D and H, can be seen, and from this

station measure carefully the angles ACB>
which denote by a ; ACD, which denote by

It T>

P , and the angle ACH, which denote by y
Denote also the measured portions of the

base, AB, by a, and DH by b. The value of

BD may be found by means of the following

formulas : Let <j> denote an auxiliary un-

known quantity, and we have

4 a J sin /3 sin (y — a)

™
(a — Vf sin a sin (y — /?)'

2 2 cos </>

4. When the two parts of a measured base

make an angle with each other, which is

nearly equal to 180°. Let 6 denote what the

angle wants of being equal to 180°, 6 being

expressed in minutes,

cos 6 = 1 - \ 6-

since 6 is very small. Let a and 6 denote

the measured parts, including the angle

Then the true length of the base will be

equal to

, , sin'l' abd*
a + b

2 a + b'

a + b- 0.00000004231 X
abB'

a+b'

The above formulas are taken from a Vol-

ume of tables and formulas, published by

Capt. T. J. Lee, U. S. corps of Topographi-

cal Engineers. See Geodesy.

BAT'TER. [Fr. battre, to batter]. The

slope of a wall, or the inclination of its sur-

face to the horizon.

BEAM COMPASS. See Compass.

BEiR'ING. In Surveying, the angle in-

cluded between the plane of the meridian

and a vertical plane, through a given course.

The bearing of one station from another is the

angle between the vertical plane through the

two stations, and the meridian plane through

the instrument. There are two kinds of bear-

ings, the magnetic and the true bearing. The

first is the angle between the plane of the

magnetic meridian and the vertical plane

through the course. This does not change

sensibly for the same course. The second

is the angle included between the plane of

the true meridian and the vertical plane

through the course. This for the same course

is invariable. The hearing is estimated from

the north or south points of the horizon,

around towards the east or west through 90°.

The magnetic bearing is estimated from the

magnetic north or south points, the true bear-

ing from the true north or south points.

BELL-SHAPED PARABOLA. A para-

bola having the form of a hell given by the

algebraic equation

ay' — x* + b x' — 0.

BERNOULLI'S SERIES. A formula

deduced by Bernouilli for developing an

integral of a differential of a function of one

variable into a series. The formula is as

follows :

dX
fXdx = Xx-

dx
d*X
"dx*

x* d*X x

172 Ix1
"'
1.2.3

+ &c,
1.2.3.4

in which X is any function of x.

BEVEL-ED. [Fr. buveau]. The edge of

a ruler, or of the limb of an instrument, is

said to be beveled when its cross section is

acute angled.

Bl-AN"GU-LlR. [L. bis, twice, and angv-

lus, an angle]. Having two angles. Thus a

lune is biangular.

BILL OF EXCHANGE. An order drawn

on a distant person, directing him to pay a

sum of money to a specified person, or to

his order, in consideration of the same sum
received by the drawer. See Exchange.

BILLION. [L. bis and million]. A thou-

sand millions. In the decimal system, a unit

of the tenth order.
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Bi-Me'DI-AL. [L. bis, twice, medial, mid-

dle]. In Geometry, when two lines are com-

mensurable only in power (as the side and and make .', = «, whence ay- = *". w.

binomial equation may be still farther simpli-

fied ; for. if we denote an m'* root of a by a',

diagonal of a square, for instance) are added

together, and the sum is incommensurable

with respect to either, the sum is called by

Euclid a bimedial.

Bi'NA-RY. [L. binus, two and twoj. A
binary number is one expressed by two fig-

ures.

Binary Scale. In Arithmetic, a uniform

scale, whose ratio is 2. See Arithmetical

Scale.

Binary Arithmetic is that in which num-

bers are expressed according to the binary

scale. Leibnitz perfected such a system, but

it is rather curious than useful.

Binary Combination. A combination by

pairs or by twos.

BI-No'MI-AL. [L. bis, twice, and nomen,

name]. In Algebra, an expression consist-

ing of two terms conne'cted by the sign +
or — ; a binomial is a polynomial of but two

terms. See Polynomial.

Binomial Differential. Any power of a

binomial function of one variable, multiplied

by the differential of that variable. Every

binomial differential may be reduced to the

form of

i"— '(a + btf>)P dx;

in which m and n are whole numbers, and n

positive, p being either positive or negative,

entire or fractional.

When a binomial differential has been

reduced to the above form, it may be inte-

grated in either of the following cases

:

1 . When the exponent of the parenthesis is

a whole number ; 2. when the exponent of

the variable, without the parenthesis, plus 1,

is exactly divisible by the exponent of the

variable within the parenthesis; 3. when
this quotient, plus the exponent of the paren-

thesis, is a whole number.

When neither of these conditions are ful-

filled, it may be reduced to such a form as to

render it integrable by the aid of formulas A,

B, C, D and E. See Formula.

Binomial Equation. An equation which

can be reduced to the form Z™ — a = 0, in

which mis « positive whole number, and a

any known quantity whatever, positive or

shall have, by substitution,

a y
m — a — 0, or y

m — 1 = 0.

In the discussion of binomial equations, we

shall, therefore, consider them as reduced to

the form y"> — 1 = 0.

1. Ifm is an odd number, the equation will

have one real root, equal to 1, since y = 1

satisfies the equation ; the remaining roots

are all imaginary, for if we substitute for y a

number greater than 1, the first member will

be greater than ; if we substitute for y any

number less than 1, either positive or nega-

tive, the first member will be less than 0;

and consequently, the equation will not be

satisfied in either case ; hence, there can be

no real root except 1.

2. If m is an even number, both + 1 and

— 1 are roots of the equation, since both

will satisfy it when substituted for y ; all the

other roots are imaginary, as may be shown

by a course of reasoning similar to that

employed above.

3. If r is a root of the equation, then will

any power of r be a root of the equation

also ; for, if r is a root, we have rm = 1

;

hence, by raising both members to any power

denoted by n, we shall have r"1" = 1 ; substi-

tuting this in the given equation, gives

ym _ rvm — q whence y = i*,

which proves the proposition. We see,

therefore, that the roots of the equation

y" — 1 = may have an infinite variety of

forms, r, rs , r
3

, r*, r
6

,. r\ r-",H etc.

;

but amongst all these forms there can only

be m essentially distinct expressions, since

the equation can only have m different roots.

It may also be shown that of the m roots,

no two are equal.

4. If m is an odd number, the algebraic

sum of all the imaginary roots is — 1 ;
for

the algebraic sum of all the roots is equal to

the co-efficient of the second term taken with

a contrary sign, which in this case is ;
but

since the real root is 1, the sum of all the re-

maining roots, which are imaginary, must be

equal to — 1.

If m is an even number, the sum of all the

imaginary roots is 0, as may be shown in a

negative, real or imaginary. The form of a
I
manner analogous to the above
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5. If m is odd, the continued product of all

the imaginary roots is equal to + 1. This

follows from the property of an equation,

that the product of all its roots is equal to the

absolute term taken with a contrary sign,

which in this case is + 1 ; since the real root

is + 1, the product of all the imaginary roots

is+ 1.

In like manner, it may be shown that when

m is even, the continued product of all the

imaginary roots is equal to +1.

For similar reasons, the algebraic sum of

all the roots, taken in sets of 2, 3, 4, • • n,

(n being less than m) is equal to 0.

6. Finally, all the roots of the equation

y» — 1 = 0, can be found from the formula

y
Zkn

,
. 2£tt

,

= cos ± sin • V— 1

;

in which k is either 0, or a positive whole

number, and tt = 180°. The roots are found

by making, in succession,

, . , m—

1

A = 0, k = 1, k = 2, • • • &c, up to k =—

-

inclusively, if m is an odd number, and up to

-, if m is even. All the expressions ob-

tained for y, up to these limits, are different

from each other ; but if we continue to sub-

stitute for k the consecutive whole numbers

beyond these limits, the same expressions

continue to recur, and in the same order ; a

result which might have been expected from

what was stated in the third paragraph of the

present artrble.

For example, suppose thatwe have the equa-

tion y* — 1 =0 : making k = 0, m — 4, we

have y = + 1 ; making k = 1, y = ± V^l,

or, y = + V — I, and y = — V —
1 ; making

k = 2, y = — 1 ; hence, the four roots are

+ 1, -1, +V^l, -yf^\.

In the equation y
3 — 1 = 0, making m = 3

and 4 = 1, we have y — 1 ; making k = 2,

2n-
,

. 2ir ,

c s— ±sin—-/3i ;

- sin 30° = -

but

•-, and

y =

£y/ _3

.

hence

, and the three roots are

5

1,

•1 + . -l--/^3
2

' 2

If it is required to solve a binomial equa-

tion of the form Z™ — a =0, we have simply

to solve the equation y
m — 1 = by means

of the above formula, and then multiply each

of the m roots found by the numerical value

of the ma root of a ; the results will be the

required roots.

If, in the above examples, we go on sub-

stituting for k consecutive whole numbers,

we shall find that the roots already found con-

tinually recur in their proper order.

Binomial Formula. A formula which ex-

presses the law of formation of any power

of a binomial. It is as follows

:

i .i m — I a

+
m{m— l)(m— 2)

a'l"-3 + &c.
2 3

In which x and a represent any two terms,

and m any known quantity either positive or

negative, entire or fractional, real or imagin-

ary. The form of the development is entirely

independent of the value of m.

The second member is a series whose law

is evident from simple inspection. First, the

exponent of x, in the first term, is equal to the

exponent of the power, and goes on decreas-

ing by 1 in each term to the right. The ex-

ponent of a is in the first term, and goes on

increasing by 1, in each term to the right.

The co-efficient of the first term is 1, that of

the second term is the exponent of the power

;

and in general, the co-efficient of any term is

equal to the co-efficient of the preceding term

multiplied by the exponent of a: in that term,

and divided by the number of preceding

terms.

From this law of the series it is plain that

when m is a . positive whole number, the

number of terms in the development is finite,

and one greater than the exponent of the

power. When m is negative or fractional,

the number of terms is infinite, and the series

will only give an approximate value for the

expression when it is convergent.

1. The binomial formula may be used to

develop any power of a binomial ; thjs let it

be required to raise the binomial

3a»c - 2bd

to the fourth power.
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Placing Sa'c = x and - 2bd = a, we have

(x + a)* = x* + 4ax* + 6a'x' + ia'x + a*

;

and replacing a; and a by their values, we

have

(3a*c - 2id)* = Slafc' - 216aVM
+ 216aVi3d3 - 96a"ci3d3 + 16A4

d*.

2. Any power of a polynomial may be de-

veloped by the use of the formula, as in the

following example

:

Let it be required to find the third power

of2a 3 -4ai + 3i !l

.

Placing 2a3 = x, and — iab + 3b' = d, the

formula gives

{x + df = x* + 3dz3 + 3d'x + d*.

finding the values of d* and d? by means of

the formula, and substituting for x, d, d", and

d', their values, we have

(2a3 - iab + 3A2
)
3 = 8ae - 48a6i

+ 132a443 - 208a8
i3

+ 198a3S1-108ai6+27i6
.

3. A modified form of the binomial for-

mula is used for finding an approximate root

of a number.

If in the formula(a m — 1

1 +m— + m- —g

—

m — 1 m — 2 a3

\+ m -~2 3-J + -)>

1

we make m :

1/1+7=^/1(1 +

3 x3

and reduce, we find

la 1 n— 1 1

1

In

n x

In — 1

3n~
'

n In x'

+

The fifth term within the parenthesis may
3n— 1

be found by multiplying the fourth —7

—

suit, and so on.

To apply this formula to find the cube root

of 31. Let a; = 27 and a = 4; substituting

these in the formula, and writing 3 in the

place of n, it becomes

1 _i_ 1_ 1 16

3'27 3'3'729

M 5 64
'9

or, by reducing,

3/51 = 3 +^-
2560

16 320

2187
+

531441

43046721
+&C )=3 - 14138+

which is exact to within less than .00001

:

all similar cases may be treated in like man-

ner. Hence, we can approximate to the

value of any root of a number by means of

the binomial formula, by the following rule

:

Find the perfect power of the degree indi-

cated, which is nearest to the given number, and

place this in the formula for x. Subtract this

power from the given number, and substitute

the remainder, which will often be negative k

the formula for a.
#

Perform the operations in-

dicated, and the result will be the approximate

ropt.

Thus, since 2/128 = 2, we find

yi08"=yi28-20

= J/128 (l-^)*= 1.95204.

4. The binomial formula is employed to de-

velop algebraic expressions into series. To

develop _ into a series, according. to the

ascending powers of 2, we observe that the

expression is equivalent to (1 — z)~\ If in

the binomial formula we make x—1, a—— s,

and n = — 1, it gives

1_

1 - ;

= (l-2)-' = l + z + 2 3 -r^
,l

+ s* + • • • -1- z" + • •

Again, to develop 3/22 — 23 , we place it

under the form ^/2z ( 1 — 5) »
then bv the

application of the formula, we find

$/3l=3|l

3 3

5 2

9'3

19683

256

531441
+ &c

)'

(-
and
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The product of each pair of imaginary roots

of an equation is real, and of the form

a3 + b'. See Imaginary Quantity.

Binomial Line ok Cukve. A line whose
ordinate may be expressed by some power of

a binomial function of the abscissa : thus,

the line whose equation is y = x"(a + bx*)t,

is a binomial curve.

Binomial Theorem. The theorem which
has for its object to demonstrate the law of

formation of any power of a binomial. The
algebraic expression of this law constitutes

the binomial formula already considered. The
simplest complete demonstration of this theo-

rem for any exponent whatever, is that by

means of the principle of indeterminate co-

efficients. See Dames' Bourdon, p. 257.

Binomial Sued. A binomial in which one

or both terms are surds or radicals. Thus,

a ± Vb, or V~a± VT, are binomial surds.

BI-PiRTIENT. [L. lis, twice, and partio,

partiens, to divide]. Dividing into two parts.

A bipartient number is one which is con-

tamed twice in a given number ; thus, 2 is a

bipartient of 4.

Bl-QUAD'RATE. [L. bis, twice, and qua-

dratus, squared]. A fourth power, or the

square of the square ; thus, 16 is the bi-

quadrate of 2.

Bl-QUAD-RAT'IC. Pertaining to a bi-

quadrate.

Biquadratic Equation. An equation of

the fourth degree, containing but one un-

known quantity. Thus,

ca* + bx3 + cx' + dx+f = 0,

is a complete biquadratic equation, a, b, c, d

and /, denoting any known quantities what-

ever.

The solution of every biquadratic equation

may be made to depend upon that of a cubic

equation. There are various methods of

making this reduction.. The following is

Euler's : In the first place, the equation, by

a well known transformation, is deprived of

its second term, and reduced to the form

y* + py
% + qy + r = (1).

Let us assume

y = Va + Vb + V~...(2),

in which a, b and c, are the roots of a cubic

equation,

z* + Pz* + Qz - R = . . . . (3).

From the general properties of the roots of

an'equation, we have the relations

a+b+c=—P, ab+ac+bc=Q and dbc=R.

If we square both members of equation (2),

and substitute for a + b + c its value — P,
we shall find, after transposing P,

y' + P = 2(Vab + Vac + Vbc) .... (4).

If we square both members of (4), and sub-

stitute for ab + ac + be its value Q, and for

Va + vb + Vc its value y , we have, after

transposition,

y
l + 2Py* - sVR. y + P'-4Q=0.. (5).

Now, we know that one of the roots of

equation (5) is equal to Va + VT+ Vc, and
since a, b, and c, are the roots of equation (3),

it follows that one of the roots of equation

(5) may be found by solving equation (3).

But equation (5) will be the same as equation

(1), if we impose the following conditions,

viz. :

ZP=p, -%vrR = q and P2 - 4Q = r,

P = %R-- £_
'64 and Q =

p* — ir
~~16

Substituting these values in equation (3),

it becomes

+! ! + j
'-4r f__

..(6).

It follows, therefore, that one root of equa

tion (1) is equal to yfa + i/F+ Vc', in which

b, and c, are roots of equation (6). Fur-

thermore, all of the roots of equation (1) are

involved in the general expression,

y = ± Va~~± Vb± Ve-

in, order to discover the form of each root,

we have to determine the respective signs

with which each of the three terms is to be

effected.

It would appear, from inspecting the for-

mula, that there might be eight combinations

of signs, and consequently eight roots ; but

the condition that

VaX VbX Vc = VR~=-{
limits the number to four. It is obvious that

when q is essentially positive, the product

must be positive, which can only be the case

when they are all positive, or when one is

positive, and both of the other two negative.

| If j is essentially negative, the product is
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negative, which requires that the three should

be negative, or that one should be negative,

whilst the other two are positive. There

can, therefore, be only four different expres-

sions for y when { is positive, and four when

q is negative, which in either case, are the

roots of the equation.

Since equation (6) involves fractional co-

efficients, it will be found more convenient to

transform it to one in which they are entire.

v
This may be effected by making z = j, which

gives, after reduction,

v' + 2pv'+(p* - 4j> - ?
a = . . . . (7).

The roots of this new equation are re-

spectively Ja, Jo and £c.

In order to solve a biquadratic equation,

we have therefore the following rule :

Reduce it to the form

y* + py* + qy + r = 0,

tnd form the cubic equation

v' + 2pv' + (p' — 4r)» — q' = 0.

Solve the cubic equation, and denote its roots

by 4a, 4b, and 4c, then the roots of the given

equation will be

When q is positive.

y= —Va—VT— V7.

y=+Va+VJ—VT.
y= + V~a—Vb+V~c.

y——V~a+Vb+V~c.

1

When q is negative.

y= + Vra+Vb+ Vc-

y=+V~a—V7—VT.
y=—Y~a—Vb-r-V~c.

y=— -/a

+

VT— V~c.

Let it be required to solve the equation

y*— 25 xa + 60z- 36 = 0.

Here p = — 25, q = 60, and r = — 36, and

the auxiliary cubic equation is

vs - 50 v' + 769 v - 3600 = 0.

The roots of this equation are, 4a = 9, 4b =
16, and 4c = 25, which give

9
I A

25 Ja — j, = 4, c = —, and
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is required to bisect.

With C as a centre,

and any radius, as

CB, describe an arc

of a circle limited

by the sides of the

angle in the points

Band A.. Then with

any radius greater

than one halfof AB,
and from B and A
as centres, construct arcs of circles intersect-

ing each other in the point D. Join the

points D and C by a straight line, it will

bisect both the angle BCA, and the arc BEA.

Bisect a Diedral Angle. First, pass a

plane perpendicular to the edge of the angle,

cutting out two straight lines, one from each

face. Bisect the angle between these lines

by the rule already given, and pass a plane

through the bisecting line and the edge of the

angle, and it will bisect the diedral angle.

Bisect a Spherical Angle. Pass planes

through the sides of the angle forming a

diedral angle; bisect this by the rule just

given, the intersection of the bisecting

plane with the surface of the sphere will

bisect the spherical angle.

In the use of surveying instruments, a

hair or spider line is said to bisect an object,

when the instrument is so directed that, to

the observer, the hair or line appears to pass

over the middle of the object.

BI-SEG'MENT. [bis, twice, and segmen-

tum, a segment]. Half of a segment. A
straight line, which bisects both the arc and

chord of a segment of a circle, also divides

the segment into two equal and symmetrical

parts, which are called bisegments.

BLAGK'BOARD. A board or other sur-

face painted black and employed 'almost

universally in giving instruction in mathe-

matics. Upon it figures or symbols are traced

in chalk, which may be used for the purpose

of demonstration and illustration.

BLAZE. [Fr. blazer]. A white spot made

on the side of a tree, by removing the bark

with an axe. It is used to mark prominent

points in surveying, and for the purpose of

distinguishing different points. Each blaze

is generally marked with a sharp instrument,

in accordance with some conventional plan

of marking. The method of blazing trees,

as marks of survey, is extensively employed

in the survey of the public lands.

BOD'Y. A term sometimes used in geome-

try to denote the limited portion of space occu-

pied by any material object. In geometry we

often speak of the five regular bodies or

solids. This use of the term is evidently

improper, and its place would be better sup-

plied by the term volume, which, in this

acceptation, would denote a quantity of space

having three dimensions, and limited in every

direction. The term body implies the exist-

ence of matter, whereas the Teasonings of

geometry carefully exclude every such idea.

For this reason, volume, which implies quan-

tity of space, should in all cases be used in

preference to either of the terms body or solid.

BRA-CHYST'O-CHRONE. [Gr. Ppaxur-

toc, shortest and ^povoc, tune]. The name

given by John Bernouilli to a curve which

possesses this property, viz : _" That a body

setting out from any point of it, as A, and

impelled solely by the force of gravity, will

reach another point of it, as B, in a shorter

space of time than it could reach the same

point by following any other path." This

curve possesses an historical interest entirely

independent of the particular nature of the

curve, for the determination of the nature of

this line suggested to Lagrange the idea of

an entirely new branch of mathematics, that

of the Calculus of Variations. On this

account, we subjoin the solution of the prob-

lem as given by James Bernouilli, and also

the solution of the same problem by means

of the Calculus of Variations.

A comparison of the two methods affords

a very fair illustration of the superiority of

the latter method, besides which, Bernouilli's

method affords a good example of the kind of

reasoning employed by the ancient geometers.

Bernouilli's solution

:

Let A represent the point from which the

body is to move, and B the point to which it

is to go, and ACDB the path it must follow,

which is evidently in a vertical plane through

the two points, A and B. Take any small

portion of the curve CD ; then it is obvious

that if ACDB be the path by which the body

will descend from A to B in the shortest

possible time, it must also pass from C to D
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along this path in a shorter time than if it

followed any other path. For, suppose it to

pass from C to D by another path, CLND,

in a shorter time than by the path CMGD ;

then must it pass

from A to B through

CND in a shorter

time than it will

through CMG, which

is contrary to the

hypothesis. This being premised, let AH be

drawn horizontally through A, CH perpen-

dicular, and DF parallel to AH, through the

points C and D. Also let CF be bisected in

E, and complete the rectangle EFDI. The

object is to find the point G in the straight

line EI, at which the required curve crosses

it ; that is, so that the time of descent through

CG, plus the time of descent through GD,
may be a minimum.

Let us denote the time of descent through

CG by t(CG), and the time of descent

through GD by t(GD). Assume another

point L, on EI, so that LG may be regarded

as infinitely small in comparison with EG

;

and having drawn CL and DL, let LM and

GN be respectively perpendicular to CG and

DL. Now variable quantities, when they are

infinitely near their maxima or minima, may
be regarded as constant ; therefore,

<(CL) + «(LD) = «(CG) + i(GD),

and consequently,

<(CG) - i(CL) = «(LD) - «(GD).

From the principles of the descent of heavy

bodies,

CE : CG : : *(CE) : *(CG). and

CE . CL •
: *(CE) : *(CL) • • • • (1).

Therefore,

CE : CG-CL : : t(GE) : <(CG) - *(CL) (2).

But from similar triangles,

MG : GL • : : EG CG • • (3).

Combining proportions (2) and (3), since

CG - CL = MG
;

CE : GL : : EG x <(CE) : CG x [<(CG)

-t(CL)]....(4)..

In like manner,

EF • GD . : *(EF) : *(GD),

EF : LD : : j(EF) • <(LD).

Therefore,

EF : LD-GD : : :(EF) : <(LD)-*(GD)(6).

and

(5).

BRA]

GI : GD (7).But LN . GL
Therefore, since

LN = LD - GD ;

EF : GL : : GI X t(EF) : GD X [<(LD)

-t(GD)]--.-(8).

Recollecting that EF = CE, and combining

proportions (4) and (8),

EG X t (CE) :CGx[l (CG) - t (CL)] : : GI

X i(EF) : GD X [r(LD) - <(GD)] (9)

or,

EG X <(CE) : GI X t(EF) : : CG X [t(CG)

- <(CL)] : GD X [<(LD)-i(GD)] (10),

but it was proved that

* (CG) - 1 (CL) = t (LD) - 1 (GD),

and by the laws of falling bodies,

1 1

/HC /HF'
*(CE) : «(EF)

we have, therefore, by substitution,

EG GI
CG GD,VHC VHE

a known property of the common cycloid.

Hence, the brachystochrone is the common

cycloid.

The following is the method of investigat-

ing /the nature of the curve of quickest de-

scent, by the aid of the Calculus of Varifr

lions.

JL

Let the axis of Z be vertical through the

point A, and let the axis of X be horizontal

through the same point. From the principle

of falling bodies when constrained to move

upon a curve, we have the time of descent

from A to B, if we place

y'a **

i/dx* + dz' = ds,

or placing

pa ds

V2gz = u,

taking the variation of — , we have
,

rf.v
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a w
In order that t may be

must have

dxddx dzdiz

yds uds

d
(£}

=o> or

minimum, we

dx

whence, by including g in the constant of

integration,

, cdzV2z
dx = = ;

VT^2c'z
which is characteristic of the cycloid. We
must have also

ds

' \uds]

. thewhich leads to the same result ; hence,

curve of quickest descent is a cycloid.

BRANCH OF A CURVE. [Fr. branche

branch]. A portion of a curve extending con-

tinuously from one singular point, or point of

discontinuity, to another ; or which extends

continuously from any point till it returns

upon itself at that point. The latter kind of

branch is called an oval. Thus, an ellipse is

an oval branch.

The branches of a

curve may meet at sin-

gular points, or they

may be entirely dis-

connected. Thus, the

cubic parabola BAC
has two branches BA
and CA meeting at the

cusp point A. The ordinary hyperbola af-

fords an example of a curve having two
branches, which are entirely disconnected ex-

cept by their common equation.

The branches of a curve may be closed,

finite and not closed, or infinite. Thus, the

curve whose equation is

ay' - xs + (S -c) x* + hex = (1),

has four branches

:

1st. A closed branch CBA of an oval form,

which returns upon itself.

2d. A finite branch EDF extending from

the point of inflexion E, to the corresponding

point of inflexion F.

3d. Two infinite branches, EH, FG, hav-

ing their convexities turned towards the

axis CD.

If, in equation (1) c = 0, the oval or closed

branch becomes the point A ; whence we see

that a conjugate point is, analytically speak-

ing, a branch of a curve.

Again, if we make, in (1), both c = 0, and

b = 0, the branch EDF disappears, and the

curve becomes a cubic parabola ; the two in-

finite branches EH and FG uniting on the

axis at a cusp point, as shown in the preced-

ing figure.

Had we made b

alone equal to 0, the

curve would have JS(-

taken the form
shown in the an-

nexed figure, in

which the branch cuts itself at A, forming a
multiple point.

Branches which meet in a cusp point, may
have their convexities turned in the same
direction at the cusp point or in different di-

rections.

Thus, BAC in the cubic parabola is an
example of the first relation, and B' A' C
one of the second.

Finally, there is a kind of branch called

the pointed branch, which is, strictly speak-
ing, an infinite number of points whose
positions are given by the equation of a
curve, but which are entirely disconnected.

They lie scattered along a curve, which has
'

caused the group to be termed a pointed
branch. To illustrate the nature of a pointed
branch, let us take the equation

y — ax* ± Vx- sinbx.

For every positive value of x there are two
real values of y, which become absolutely

equal as often as sin b x becomes 0. These
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values give a curve G AK B N, etc., formed

of a system of branches uniting like the links

of a chain at the points 0, A, B, C, &c,

situated upon a parabola whose equation is

y = ax'. This parabola bisects all chords of

the curve which are parallel to the axis of Y,

and is called, for this reason, a diametral

curve. For all negative values of x, except

such as make sinix equal to 0, that is,

which do not make bx some multiple of jt,

render y imaginary, and do not therefore cor-

respond to points of the curve ; but these

negative values of x which reduce the radical

to 0, give with the corresponding values of

y, a system of points which lie upon the

diametral parabola, as A', B', C, &c. These,

taken together, constitute a pointed branch.

Of the infinite tranches, two kinds are con-

sidered, hyperbolic and parabolic.

In general, when a branch admits of an

hyperbolic or rectilinear asymptote, it is

called hyperbolic : thus, in the curve whose

equation is

x' b3y= -a~x*
the axis of Y is an asymptote, and it has

also a cubic hyperbola for an asymptote.

Parabolic Branches can never have either

a right line, or an hyperbola for an asymptote,

but they admit of parabolic asymptotes.

Thus, the curve whose equation is

x' b>

y a x

has a parabolic branch whose asymptote is

the common parabola.

Finally, all infinite branches of curves be-

long to either one or the other of these two
classes. All curves whose equations, or the

equations of whose branches can be reduced
to the form z"»y" = a, in which m and n are

both positive, have hyperbolic branches, and
are called hyperbolas. All curves whose
equations, or the equations of whose branches
can be reduced to the form y

m = ax*, have
parabolic branches, and are called parabolas.

A Branch of Science, is one of its sub-

divisions : thus, arithmetic, algebra, geometry,

&c, are called branches of mathematics.

BRILLIANT POINT. [Fr. brilliant,

shining, bright]. Of a surface, is that point

of a surface from which the light is reflected

directly to the eye. According to the laws

of Optics, the reflected ray makes an angle

with the normal to the surface at the point

of incidence equal to that which the inci-

dent ray makes with the normal at the same

point. From this principle, we deduce the

following construction for the brilliant point

of a surface, under the supposition, that the

eye is at an infinite distance.

Assume any point in space, and draw

through it a line parallel to a ray of light,

and also a line to the position of the eye

;

bisect the angle formed by these two lines,

and pass a plane which shall be tangent to

the surface, and perpendicular to this bisect-

ing line, the point of contact will be the

brilliant point. The reason for this construc-

tion is obvious ; for, if at the point of contact

lines be drawn respectively parallel to the

three lines constructed through the point in

space, the first will be the direction of the

incident ray, the second that of the reflected

ray, and the third the normal to the surface

at the point. "Whence, this point satisfies the

conditions of a brilliant point.

If the surface is a single curved surface,

the plane will be tangent all along an ele-

ment of the surface. This element is called

a brilliant element.

This construction is only correct when the

eye is at an infinite distance, and the rays of

light parallel. If, however, the eye is at a

considerable distance compared with the mag-

nitude of the object viewed, and if the light

considered comes from the sun, the construc-

tion gives an approximate result which is

abundantly accurate.

When the eye is at a finite distance, and

the surface single curved, it may be desirable

to determine the position of the most bril-

liant point of the brilliant element. This

may be effected by passing a plane through

the point of sight, and perpendicular to the

brilliant element ; the point in which it cuts

the element is the most brilliant point.

To find the brilliant point upon a plane, as

for instance, the brilliant point upon still

water, as viewed by the eye above the surface,

the eye being at a finite distance : Pass a

plane through the point of sight and the

source of light, and perpendicular to, the

plane surface ; this will cut the surface of the

water in a straight line BC. From the point

of sight E, draw a perpendicular to BC, and
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prolong it till BE' equals BE : through the

point E' draw a ray of light E'S, and the

point in which it cuts the line BC will be

the brilliant point. This construction is ap-

parent from the figure.

BRo'KjBN LINE. In Geometry, a line

composed of limited straight lines meeting

each other at their extremities : thus, the

sides of a plane polygon, or any number of

them, taken together, constitute a broken line.

BU6Y. [Fr. bouSe, buoy]. In Surveying,

a floating body moored or anchored over a

point, generally for the purpose of directing

a line of soundings in the hydrographic por-

tion of a survey.

BUSH'EL. [Fr. boisseau, bushel]. Ameas-

ure of capacity. According to the ordinance

manual, the bushel of the United States con-

tains 2150.4 cubic inches, and holds 77.627413

lbs. of distilled water, at its maximum density

(39°.8 Fahr.), the barometer being 30 inches

A cubic yard contains 21.69 bushels.

A cylinder 14 inches in diameter, and 14

inches high, contains 1 bushel. A box 16.8

inches long, 16 inches wide, and 8 inches

deep, holds 1 bushel.

The standard bushel of the United States

described above, is the same as the Winches-

ter bushel or English bushel, which is a

right cylinder 18J inches in diameter and 8

inches deep.

BUTT. A measure for liquids. In the

English beer measure, a butt contains 108

imperial gallons.

C. The third letter of the English alphabet.

In the Roman system of arithmetical nota-

tion it stands for 100.

CAL'CU-LaTE. [L. calculo, to calculate,

from calculus, a pebble]. To compute, to

reckon.

CAL-CU-La'TION. The name given to

any operation requiring the application of

any of the ordinary rules of arithmetic. All
[

applications of mathematical rules, except

those of pure geometry, may be styled calcu-

lations.

CAL'CU-LaTOR. One who calculates.

CAL'CU-LUS. A term used to denote the

manner of performing certain mathematical

operations, or of making mathematical in-

vestigations by the aid of symbols : thus, we
find arithmetic called the arithmetical or nu-

meral calculus, algebra,the algebraic calculus.

We also find the terms exponential calculus,

fluxional calculus, literal or symbolical cal-

culus, &c.

The term has also been applied in a sense

nearly synonymous with calculation and opera-

tion : thus, the method of transforming and

operating upon radicals, is called the calculus

of radicals.

By general consent, however, the term

calculus is now applied to the highest branch

of mathematics, that which treats of the

forms of functions. We shall, therefore,

consider the term under this view, rejecting

all other senses in which the term may have

been applied. With this understanding, we
may define calculus to be that branch of

mathematics which treats of the nature and

the forms of functions.

It also has for its object the laws of derl

vation of one form from another, and the

application of these laws to other branches

of mathematics, as algebra, analytical geom-

etry, trigonometry, &c.

Functions are of two kinds, determinate,

and indeterminate ; determinatefunctions being

those whose forms are given, and indetermi-

nate functions those whose forms are not

given, being only required to fulfill certain

conditions. Hence, there are two branches

of calculus : the ordinary calculus, which

treats of determinate functions, and the cal-

culus of variations, which treats of the nature

and relations of indeterminate functions.

Again, in the ordinary calculus, there are

two different methods of deriving determi-

nate functions from other determinate func-

tions. These give rise to the division of the

ordinary calculus into two parts, differential

and integral calculus. We shall consider, in

succession, differential calculus, integral cal-

culus, and the calculus of variations.

Differential Calculus. Differential cal-

culus is that branch of mathematics which
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has for its object to explain the method of

deriving one determinate function from ano-

ther, by the process of differentiation. If,

in any determinate function of one variable,

we give to the variable a constant increment

and find the corresponding increment of the

function, and then divide the increment of

the function by the increment of the variable,

we shall find a ratio which will in general be

dependent upon the increment of the variable.

If now we pass to the limit of this ratio, by

making the increment of the variable equal

to 0, we shall in general obtain a function of

the original variable, which is called the

differential co-efficient of the function. If the

differential co-efficient of the function be

multiplied by the differential of the, variable,

the result is called the differential of the func-

tion. Any function of a single variable will

have one, and only one differential co-efficient,

and consequently it will have but one differ-

ential of the same order.

If the original function be one of several

variables, we may find its differential with

respect to each one of the variables, that is,

as though all of the others were constant.

These differentials are called partial differen-

tials, and the sum of all the partial differen-

tials of a function of several variables is

called the differential or total differential of

the function. The differential co-efficient

taken with respect to any variable, is called a

partial differential co-efficient of the function

taken with respect to that variable. There is

no such thing as a total differential co-effi-

cient of a function of several variables.

The operation of finding the differential of

any function is called differentiation.

If any differential be differentiated, the

result is called a differential of the second

order ; if a differential of the second order be

differentiated, the result is called a differential

of the third order, and so on
;
generally, if a

differential of the nlh order be differentiated,

the result is a differential of the (« +. l)th

order, and the continued operation of differ-

entiating succeeding differentials, is called

successive differentiation, and the differentials

obtained, taken in their order, are successive

differentials.

t The number of successive differentials of

any given function may be finite or it may
be infinite If the function does not involve

[CAL

the variable or variables (either directly or

indirectly) with negative or fractional expo-

nents, the number of successive differentials

will be finite, and if all the operations indi-

cated in the function be performed, the high-

est exponent of either variable, in any term

will denote the number of successive differ-

entials. If the function involve the variables

with cither negative or fractional exponents,

the number of successive differentials will be

infinite.

When the given function depends upon

more than one variable, the process of suc-

cessive differentiation requires that a partial

differential taken with respect to one variable,

be differentiated with respect to some other

variable : this result is called a partial differ-

ential, and its nature is expressed by de-

scribing the successive operations. Thus, if

a partial differential of the first order, taken

with respect to x, be differentiated with re-

spect to y, the result is called a partial differ-

ential of the second order, taken once with

respect to x, and once with respect to y, and

so on, for partial differentials of the higher

orders.

The Differential Calculus consists of two

parts. The first embraces the science of the

differential calculus, and explains the methods

of finding the differentials and successive dif-

ferentials of all determinate functions. The

second treats of the applications of the dif-

ferential calculus to the other branches of

mathematics, as Algebra, Analytical Geome-

try, &c.

We shall give the formulas for differen-

tiating every kind of function of one variable,

observing that these will, when properly ap-

plied, in connection with the principles already

laid down, give the differentials of all func-

tions of several variables, as well as all suc-

cessive differentials of functions of any num-

ber of variables. The only additional remark

necessary to premise, is, that the differential

of every independent variable is to be re-

garded as constant, whilst the differential of

the function will in general be variable.

The various applications of the principles

of the differential calculus will be considered

separately under their appropriate headings.

In the following formulas, a, l
7

c, in short,

all of the leading letters of the alphabet, will

denote known or constant quantities; k and if.
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will be employed to denote functions of one

variable, and x will designate the independent

variable.

Formulas for Differentiating any Function of

one Variable.

(1). a\a)=0. (2). d(u+v)=du+dv.
(3). d(u—v)—du— dv. (4). d(uv)=udv+vdu.

, lu\ vdu—udv.
, , lu\ du

^ d
(u)

=

(9).i(»y/») = -

adu

du

(8). d[um)=mum^-1du.

(10). d(au)=a"ladu.

(11). d(log M)=Jf
J. (12). d(/M

)=
J.

(13). d(a«)=ti,'Zt«fo-f-m»-1 <fo.

(14). d(l(lu))=d(l°u)=^
u

.

(15). d(sina)=cost«(iM.

(16). <£(cosu)=— sin«<&«.

(17). rf(ver-sini4)=sinu(i«.

du
(18W(tan„)=

c
-^.

du
(19). d(cotu)= r-j-.

(20). <2(sec tt)=tan u sec udu.

(21). d(cosec!t)=— cot a cosec M<Z«.

(22). d(sia-1u)=
•/l-»>

(23). d(cos-lu)=
•/1-ti3

(24). (i(versin—'k)=-7==:-
v2m—a

(25). d(Un-'u)=r^i-
du

(26).<Z(cofr-!i)=-n^i
.

(27). dlaecr-iu)=—==-

(28). d(cosec-'tt)=— .

—

=
If in any curve whose equation is y—f(x),

we denote the length of any portion by z,

the area included between the curve, the axis

of x, and any two ordinates, by s, the area

of the surface generated by revolving a por-

tion of the curve between any two ordinates,

around the axis of x, by u, and the solid

generated by v, we have

(29). dz= Vdx'+dy'. (30). ds=ydx.

(31). du=2iryVdx*+dy'. (32). dv=wy'dx.

Ifw denote the length of any portion of >»

curve in space, the co-ordinates of whose

points are x, y, and z.

(33). dw = Vdx' + dy' + dz'

If a plane curve be referred to a system of

polar co-ordinates, its equation will be of the

form r =/(»), in which r is the radius vector,

and v the variable angle. K we denote the

length of any portion of this curve by z, and

the area included between any two positions

of the radius vector, and the curve by s, we
shall have

, r*dv
(34). dz = Vdr* + rHv*. (35). ds = -^--

By means of the first 28 formulas, and a

proper application of the principles laid down
for differentiating functions of two or more
variables, every possible function may be

differentiated. The remaining seven formu-

las are useful in the practical applications of

the calculus.

Integral Calculus. The object of the in-

tegral calculus is the converse of that of the

differential calculus. Having ,a given or

known differential, the integral calculus has

for its object to find a function, such that

being differentiated, it will produce the given

differential : such expression is called the

integral of the differential.

The operation of finding the primitive

function or integral is called Integration. . Be-

sides the method of finding the integrals of

given differentials, the integral calculus is

also applied to various branches of mathe-

matics, as well as to almost every branch of

natural philosophy and engineering.

The method of integrating a given differ-

ential is by no means obvious, nor is it capa-

ble of being reduced to definite and fixed

rules. We have seen, in finding the differ-

entials of functions, that the rules are cer-

tain, and their number definite, being deter-

mined by the particular form of the function.

In returning from the differential to the in-

tegral, from which it may have been derived,

we can only compare the differential expres-

sion with other expressions which we know
to be differentials of given functions, and

thus arrive at the form of the integral.

The great object of the integral calculus is
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to transform the given expressions into others

which are differentials of known functions,

and thus deduce formulas which may be ap-

plied to all similar forms. The number of

formulas is unlimited, and of these we shall

only attempt to give some of the most useful,

referring the reader for a more complete sys-

tem of formulas to special treatises on the

subject of Integral Calculus. Of these Pea-

cock and Herschel's examples will probably

be found the most accessible, and is altogether

a very complete compendium of formulas on

the subject. It is from that work that most

of those subjoined are taken. The most com-

plete collection of integral formulas that have

been published is probably that of Meyer
Hirsch of Berlin, who has filled a large vo-

lume, so arranged that they can be readily

referred to.

The symbol of integration is this, /, which

is only a particular form of the letter s, which

originally stood for the word summa, or sum.

In fact, the integral is the sum of all the dif-

ferentials, these being infinitely small. For

fb
integrating between limits, the symbol / is

used, and is read, the integral between the

limits a and b, the subtractive limit being

written at the bottom of the symbol.

Were the notation of mathematics to be

revised, the proper symbol for integration

would appear to be d~l
, which, in accordance

with the conventional principles of notation,

would be read, the function whose differential

is ... ; thus, d-^xdx), would mean the func-

tion whose differential is xdx, which is the

same thing as the integral of xdx.

It was shown in the differential calculus

that the differential of a constant is 0, hence
to every integral found by applying a for-

mula, a constant must be added. Thi
constant is arbitrary, and serves to make the

integral fulfill any one reasonable condition.

We shall first give the fundamental formu-

las, then indicate the most useful transforma-

tion for bringing particular cases under them,
and afterwards give some of the formulas
most commonly needed in the practical appli-

cation of the Integral Calculus.

Fundamental Formulas.

/[> ax
ax—*dx=la— = alx + i

(3).fa-dx=^+C.

/e°*
s°*dz=—+ C.

(5). /sin xdx = — cos x + O.

(6). /cos xdx — sin x + C.

dx
(7)

- J cos3 *

dx

= tan x + C.

/dx
-^-j- = -cots-f C.
sin2 !

(9\/Vt
dx

(10)

— dx

sin-1 x + C.

/— dx
cos— l x + 0.

dx

ver-sin-* x + C.

(")• yVr^

=

tan ' ia

/+ dx

Vfx^x*
To which may be added the following,

deduced from the preceding, but which should

be memorized on account of their frequent

occurrence in practice

:

/dx x

7WTt^—a^ C-

/dx x- —. = cos-» - + C.
Va'-x' a

dx

dx

+0.115)./-

/dx 1 la + x\

/dx 1 Ix — a\

*^<=Yj[7T-a) + c-

(19)./-
dx

+ 0.

(1).

/x"+ l

<LXn dx= r-z + O.n+ 1

(a»±z»)* « Va'i*1

/dx
r̂x
= l(t*nix)+C.

(82). /tan xdx = — I (cos x) + 0.

(23). /cot xdx = Z(sinz) + 0.

(24). flxdx = x (Ix - 1) + C.
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Principal Transformations.

I. The transformation of an expression of

the form fXdx to one of the form of/ Vdv, (X
and V being respectively functions of x and v)

so that the latter expression shall come under

one of the fundamental formulas. This is

the most common transformation of the Cal-

culus, and the cases are so numerous and so

varied that no general rule can be given. The
most common and useful ones are given in

every work on the Differential and Integral

Calculus. The following is an example of

this transformation : The expression

J(aa + x')' xdx,

can be immediately placed under the form,

lf(a' + x')»d(a' + x*),

and by placing v for x' + a', it takes the form

ifv" dv, an expression to which formula (1) is

immediately applicable. To find the integral

in terms of x, we have to substitute in the inte-

gral found in terms of v for v, its value x' + a2 .

As a second example, take the expression

/(l + ae')- l dx,

which can be written

f(e-" + a)-'e-"dx.

and by making e~ * + a = v, it reduces to

— fv — 'dv, which comes under formula (2).

II. The transformation of algebraical to

trigonometrical functions, or the reverse.

Thus, if in the expression

/ (a* — x') x* dx

we make x = a sin 6, it reduces to

a^+'+'cos'+'fisin'Mfl.

Also, if in the expression

/(sin0, cos 6) dB,

we make sin 6 = x, it becomes

IV. When the numerator of a fractional

differential is irrational, it may be rendered

rational by multiplying both terms of the

fraction by some power of the numerator, and

the transformation will generally render the

fraction more easily integrable. Thus the

expression fV Xdx may be transformed to

Xdx

Iv"X'
also, the expression

/;

fVa' +x

a' dx

dx to

J V*
x1 dx

f(x,Vl -z')(l -x')~*dx.

III. When there are rational factors in the

denominator of a fraction, they may be

changed into the numerator by making

1
x = —• Thus, in the expression

3f"Va + bx + ex'

1
if we make x = -> it reduces to

— 2™-

Va* + x' J Ya' + x*

both of which are simpler forms.

V. When by addition of simple terms to

the numerator, it can be made the differential

of a function of the denominator, such addi-

tions, with compensating subtractions, will

often reduce integration to a simple form.

Thus, the expression

/xdx
V a + bx + ex'

may be transformed to

2 ex + I - I

iej V a + bx + ex'
X dx,

or to

2ej

d(a + bx + ex') b

2cJ Y~a~

dx

Vc + bz+ ax3
'

a form more readily integrated.

2V Va + bx + cx* 'ioj ^/ a + bx + cxi

the first term of which can be integrated by
preceding methods; and the second term may
also be integrated by a simple operation.

VI. The method of integration by parts,

consists in resolving the differential into two
factors, and then applying the formula

fudv = uv — fvdu.

In this case, when the expression fvdu is

simpler than udv, a saving is effected. Thus,

having fx™ Ix dx, we may place

u — Ix and dv = x™ dx
;

whence,

dx x™+ 1

du = — and v = :—r>x m + 1 *

which in the formula gives

f , , lx.xm+ 1 fxm+ l dx
I X"1 Ixdx = ; — / •

./ •"" m + 1 J (m + \)x

The last term is easily integrated.

By continued application of the method by

parts, integrals may oftentimes be much sim-

plified : thus,
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/«* Xs dx = I6 C — 6 fe* X
s dx.

fe'xt dx — x5 e" — bfe*x*dx.

/e» i* dx = x* «• — 4/e" x3 dx.

&c. &c. &c.

In cases like the preceding, it is customary

to deduce general formulas, called equations

of reduction.

In the case last considered, the general

equation of reduction is

/e"xn dx =,a— * 8"?
n /»

eP* x*— 1 dx.

The utihty of an equation of reduction de-

pends upon our being able to arrive, by con-

tinued application, at an expression that will

come under one of the fundamental formulas.

In the example just considered, if n is a

whole number, we must, after n applications

of it, reach an integral expression fe!" dx,

'which comes under formula (4) ; but if n is

a fraction, no integrable result can be arrived

at by using the formula.

2. Particular Cases. Binomial Differentials./(a + bx*)m+ l

xdx x a
(26)./;

/xdx Ix a \ I 1 y
(a + bxf \b<

+ W) \7+bx)'

/
x'dx _ /z» 2a=\ / 1 \

(a + bxf -\T~~bT ) \a~Tbx)

la
rr I (a + bx).

(29),

/x' dx xa ax' a* x

a + bx
=

34
~~ W + ~W

~ Tt I (a + ix)-

f x'dx _ lx*_ 6a*

x

9a?\
{

[

'' J {a + bx)°~\b b> ~W*f
I i \» 3a

X {a-+Tx)-W l^+ b^

px-
1 dx 1 ( x \

(31)-y a + bx-a l
\a~+Tx)-

m)
px-'dx 1_ I (a+bx\

(
'' J (a+iz)a ~ a(a+bx) ~ a

l

\~x~f

[CAL

/
x-'dx _($_ bx\ I 1 \«

(a + bxf -\to +
a») \a~TTx)

x-'-dx _/H 5bx b'x'\
(34)-

(a + bx)*
~

\fja~
+

2a~*
+ IT)

* \a~+Tx) ~a^ l [ir}

/ x-'dx /l 81W 1 \

{a + bx)'--[ax + ^)[aTkj
2b (a + bx\

+
«* I * I

/
x-*dx /i_ 96 3b'

x\
(a + bx)3 ~ ~ [ax

+
2a~'

+
~^~J

I 1 \ ! Sb/a + bx\
X
\TTbx) +

a*
l(~)

= 7i sin
" 1

(vSi)
/»__&__ __1_ //a + x VJ\

(38 )- J a -bx'~ zVd> \/I- x~7ty

1 /-/a + x VT\_
-/Zi. \-/a-bia

/

W/^+^-24-^^ +W)-

/ax
z3 (a + 4zs

)

I

2aza

2a'
l \a + bz*)-

p dx I / x3
V

(41
'-,/s(a + **')"" 3a '\a + 6za /-

/(ix I

x(a + 4x
s

)
a
_

ioTo'Ti?)

1 / a + 4s" \

3a2
l

\ za /

3. Particular Cases. Trinomial Differentials.

/dx
a + bx + cx*

=

1 /2cz + 4--/&'-4acV
ViJ - 4ac \2cx + b+ Vb'-AuJ
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mf{

dx

a + bx + ex")3

2cx + b

(iac-b3
) (a + bx + cx3

)

2c /•_ dx

J a
+

iac — b
3 J a + bx + ex3 '

W-f-a
xdx

+ bx + ex3 2c
= -^T I (a + bx + cx3

)

'2c J a

dx

+ bx + ex3
'

/dx _ 1 / Is \

zCa + fct + cx8
)
~ Ta

l

\a+bx+cx°)

dx_A f.
2aJ a + bx + cx3

'

4. Particular Cases. Differentials of Circu-

lar and Logarithmic Functions.

r dx 1 / 1+x \

+ ~=tan--
x^l.

VZ 2-z

(is\ f-^- L.,f l + *v/2+^ \

W-Jl+x* W2\l-xV2T^3
)

+ -^-tan-^l.
2V2 1-x3

/dx . 1 / 1 — x \

1
. ,s/3

H ;= to!J—-—
3/3 2 + x

/dx 1 /l + x\ 1

5. Particular Cases. Rational Fractions.

/ dx _ 1 Ix + a \

(a + a) (z.+ J)
_
T^l l

\x~+~bj

dx 1

(* + a) {x + b) 3 = (i - a) (x + b)

1 Ix + a\
+ (b-a)

3l
\x + b)-

(x
3 + a)(x + b)

~ ¥+a X

/
xdx 1__ lx3+a\

(x3 +a)(x3+b) ~ 2(i -a}
l
[x'+bj-

W7?= rfa;

aa + a; — 1

1

X- 1

- taji-* a.

/x~dx }

1
7 ,

J

+ g ' VV + 1 - g ton-1*.

bx.

6. Particular Cases. Irrational Differentials.

P dx 2 . —
(57). / ,—

—

= rVa + l
v J Va + bx *

(58). /t==3 = 't* + VT+ .')

^(i + Vi'- 1).

)'

i(l-8i-Vi>-o;.

2z-l

(64)
-fvm = l &x+i+2 s*+*>-

/dx
/dx _ .

Vl + x-x3 ~' Sm
t/5"'

/> dx 1 /
(
67)- /T^a , , = T l

\
2cx +i

./ V a+bx + cx3 -/c \

+ 2 VTx Va + bx + cxA

.

+ 2Vl+x + x3\.

(69)
' y {\+x)vt=~x

~

J_, /i:-3 + 2vTxyi-i
|

/2 \ 1+z /

m f—Ja Sa-+w
k 'J x3 Ya + bx3 ax

/
xdx 1
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(72).A
dx 2(2te + a)

(ai + fa=)¥
'

irfx

a3 Vax + bx"

2x/itti AX

{ax + 4*3
~jf
=
aVai + ii*

'

/(fa; _
(a + bx + cr")t

~~

2 (2ct + ft)

(iac — ft
3
) v'a + fta; + ex2

/xdx Ya+bx + cx'

Ya + bx + ex' c

ft /> dx

zc J YH+ bx + ex'
(Ex. 51).

7. Particular Cases. Transcendental

Differentials.

(76). y*tafa = £Ji(b -^) •

• /•& 1

*" (&)'<& = ,7+1 (C^)'

2 2 \_
m + 1 ^ + (m + l)3j

'

/te ate

(1^)^ = 1^7 + ' CI-*)-

-^=l(lx)=Px.

/dx 1

iTtef
= ~ he'

r dx i ii + Y~x~\

(82)-A7f log—

*

=2
'lr^).

(84). /<fcc sin — * a; = x sin- * a; + V 1 — a3
.

(85). / xitesin— 1 « = I
— — j Jsin

—
'a:

+ -a;-/l-a; !!

.

* 4

<87>/cW0sinl=<<tane>-

Many other formulas might be addefl, but

the limits of the present work exclude any

further selections. The various applications

of integral calculus will be mentioned under

their appropriate headings.

Calculus of Variations. This is the

highest branch of mathematics, and in its

proper acceptation, treats only of the laws

of variation, the forms of indeterminate

functions, and the application of these laws

to other branches of mathematics, mechanics,

&c. The subject is, however, so intimately

connected with the differential and integral

calculus, that many operations which strictly

belong to these branches, are often referred

to the calculus of variations.

We can only give an imperfect outline of

the nature of this branch of the calculus,

and in doing so, shall endeavor to confine

our remarks to what strictly belongs to the

Calculus of Variations.

It has already been stated, that functions

are either determinate or indeterminate. An

indeterminate function, is one in which a

relation between the function and variables

is expressed, but in which the nature or form

of the relation is entirely arbitrary, or only

subject to certain general conditions.

Thus, in the expression u = <j>(x, y, 2, &c.)

u is an indeterminate function of the varia-

bles x, y, z, &c, and, so far as the expres-

sion indicates, the form of the function or the

relation between u and these variables is en-

tirely arbitrary.

It is evident that the form of one function

may be so related to that of another that if

the form of the latter be determined or given,

that of the. former may also be determined.

Thus, the differential coefficient of a function

depends upon and may be deduced from the

form of the function itself : we may conceive

many other relations between the forms of

functions which make them dependent upon

each other. A function whose form depends

upon that of another, is called a derived furu-

lion of the former, which, with respect to the

latter, is called the primitive function.

If we attribute an arbitrary change of form

to the primitive function, the derived function

will experience a change of form, which will

not be arbitrary, but will be connected by a

fixed law of relation with the change of form

attributed to the primitive function.
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It is the investigation of this law of rela-

tion in every possible case, which constitutes

the principal object of the calculus of va-

riations.

To acquire an idea of what is meant by a

variation, let us first consider a primitive

function. Let u = <j>(x, y, z, &c.) be any in-

determinate function of x, y, a, &c. If we
add to this function c(j>'(x, y, z, (fee), and de-

note the resulting form by u', we shall have

u' — u — c<j>'(x, y, z, &c.)

If now an infinitely small value be attributed

to c, which is supposed constant, the differ-

ence between u' and u will be infinitely small

for all values of the variables x, y, z, &c,
whatever may be the form indicated by 0'.

The increment c<j>'(x, y, z, &c), is called the

variation of the function u, and since the

form indicated by </>' is perfectly indetermi-

nate, we conclude that the variation of the

primitive function is arbitrary. The only re-

striction laid upon the variation is, that it

must not be of such a form that it, or any of

its successive differentials, will become infi-

nite for any values of the variables except

those which render the primitive function and

its corresponding differential infinite also.

This restriction does not impair the arbitrary

character of the variation.

We are now prepared to explain what is

meant by a variation of a derived function.

Let F be a symbol of derivation, indicating

simply that the function is derived by some

fixed law from the primitive function ; thus,

in the expression u=F[<j>(x, y, z, &c.)], u is

derived from the function <j>(z, y, z, &c.) by a

determinate law. If now we add to <p(x, y, z,

&c.) the variation cf'(x, y, z, &c), and then

perform upon the resulting function the opera-

tion indicated by F, continuing the operation

sufficiently far to obtain that term which is

of the first degree with respect to c, then

will this term of the first degree, with refer-

ence to c, be the variation of the derived

function. The fact is rendered obvious by

the same train of reasoning as is used in ex-

plaining the nature of a differential of any

function.

Hence, to find the variation of any derived

function, . add to the primitive function the

product of an infinitely small and constant

quantity by any arbitrary function of the

6

same variables, perform the operations indi-

cated, and that term of the result which is of

the first degree with respect to the constant,

is the required variation.

This is the general problem of the calculus

of variations, but in the present state of

mathematical science, attention is only di-

rected to two laws of derivation, viz. : that

by differentiation and integration, and these

have been found sufficient, thus far, for all

practical purposes.

We may, therefore, consider the symbol F
as replaced by either the symbol d or /, and

when so replaced we know from the laws of

differentiation and integration that the opera-

tion denoted heretofore by F becomes dis-

tributive, that is, letting
ty

and <j>' stand for

the functions whose form they indicate,

F(<p + c<p') = F<l> + Faj>';

and further, from the same principles,
,

Faj>' = cFf,

whether F denotes differentiation or integra-

tion. Upon this basis, the entire science of

the calculus of variations is founded. For

further information as to the principles

and their applications, the reader is necessa-

rily referred to special treatises on the sub-

ject. One of the most complete works on

the subject in the English language is that

of Prof. Jellet of the University of Dublin.

Calculus of Finite Differences. That

brandh of analysis which treats of the finite

differences of functions. This branch is usually

regarded as being very closely allied to the

differential and integral calculus, but, with

the exception of a general similarity in the

notation employed, and in the terms made

use of, they have little in common.

In order to explain what is meant by finite

differences, let u be any function of x, ex-

pressed thus, u =f(x). If in this function

we substitute x + h, for x, h being a finite in-

crement of x, and denote the new state of the

function by u', then is the difference between

the new and primitive states of the function

called a finite difference of the unction, h

being the finite difference of the variable x.

The symbol A, is employed to designate a

finite difference, so that we should have

Am = v! — u =f(x + Az) — f{x).

If now we take the finite difference of a finite



82 MATHEMATICAL DICTIONARY AND

difference of the first order, it is called a finite

difference of the second order. The finite

difference of a finite difference of the second

order is a finite difference of the third order,

and so on. The successive finite differences

arc represented by the symbols

Aa, A aa, A 3a, .... A"tt.

Any function being given, its finite differ-

ences of the different orders may be found

by means of the principles of analysis, or by

means of certain rules or formulas, deduced

for the purpose, in this branch ofmathematics.

The calculus of finite differences consists

of two parts : 1st. Having given a function,

to determine its successive orders of differ-

ences. The successive finite difference of

the independent variable is generally taken

constant. 2d. Having given any one of the

successive orders of differences, to find a func-

tion for which it might have been derived.

These divisions, similar to those of the

differential and integral calculus, are called

the direct and the inverse calculus of finite

differences.

It has already been remarked that the cal-

culus of finite differences is logically uncon-

nected with the differential and integral cal-

culus. What constitutes the peculiar character

of the latter branches, and gives them their

great power as instruments of scientific in-

vestigation, is the fact that the derived func-

tions are of an entirely different nature from

the primitive ones, giving rise to relations not

only more general but also more simple and
more easily deduced : in the calculus of finite

differences the derived functions are essen-

tially similar in their nature to the primitive

functions from which they are derived. This

circumstance prevents their being used in

deducing more general relations than those

existing between the primitive functions and
their variables. The calculus of finite differ-

ences, aside from its peculiar notation, is no-

thing else than an extended branch of ordi-

nary analysis, and all the truths deduced
by means of this calculus, may be established

by the ordinary operations of analysis, with-

out any reference whatever to the notation

explained. As a branch of analysis, it finds

its proper application in the investigation of
the nature and properties of series.

The direct calculus of finite differences, en-

ables us to find the general term of a series.

[CAN

knowing the law of the series, and thus en-

ables us to find any term by a simple substi-

tution. It also enables us to deduce formulas

for the sum of any number of terms of a

series from a knowledge of the law of the

series. From these the particular sum in any

given instance, may be found without the

trouble of continually adding the terms to-

gether.

The inverse calculus of finite differences en-

ables us to determine the law of the series

from the sum of any number of terms, or

from the expression of the general term.

Since there may be conceived an infinite

number of laws of series, there are an in-

finite number of different series. Besides

these applications, another very important

one is its application to interpolation, that is,

finding from a series of terms corresponding

to equal finite differences of the variable any

intermediate term which shall conform to the

law of the series. See Interpolation.

Another important application is to the ap-

proximate rectification and quadrature of

curves. By this method we may sometimes

arrive at good practical results which might

not otherwise have been obtained. It is to

be observed, however, that all these appli-

cations are in no wise peculiar to this kind

of calculus, for the results may be reached by

the principles of ordinary algebraic analysis.

See Series, Summation, &c.

CAN'CEL [L. cancello, to deface, to make

cross-bars or lattice work]. To cross out. In

Arithmetic, the operation of striking out the

common factors in both dividend and divisor,

before performing the operation of division,

is called canceling.

When several factors are found in both

dividend and divisor, the operation of division

is often much simplified by canceling such

factors as are common to both.

CAN-CEL-LaTION. The operation of

canceling.

CAP'1-TAL. [L. capitcllwm, from caput,

the head]. The uppermost part of a column

or pylaster. The sum of money which a

merchant, banker or manufacturer employs

in his business.

CARAT. [Fr. carat, weight for diamonds].

A weight of four grains employed in weigh-

ing diamonds. The term is also used in
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estimating the fineness of gold. The whole

mass of the alloy is supposed to be divided

into 24 equal paits ; then the number of

these parts which are pure gold will express

the number of carats of fineness of the alloy

:

thus, if in a certain alloy there is contained

f-fths of pure gold, the alloy is said to be 22

carats fine.

CiR'DI-NAL POINTS. [L. cardinalis,

from eardo, a hinge]. In Navigation, the four

principal points ofthe compass: North, South,

East, and West.

CIR'DI-OID. [Gr. xaP$la i
a heart, and

eiSoe, shape or form]. The name of a heart-

shaped curve, which may be generated as

follows :

Let APB represent any circle, and AB one

of its diameters : if, through one extremity

A, a straight line APQ be drawn, and the

distance PQ be made equal to AB, then will

the locus of the point be a cardioid. The
line is algebraic, and if the origin be taken

at 0, and the axes of X and Y coinciding

with OX and OA respectively, its equation is

y* - Bay3 + (22s + 12a2) y
2 - (6az3 + 8a')y

+ x* + 3a*x*=0,

in which a is the diameter of the directing

circle.

CAT-A-CAUS'TIC CURVE. [Gr. mra-
Kavatc, a burning]. A curve of the higher

geometry, which may be generated as follows

:

Let BCD be

any plane curve,

and A, a point in

its plane. FromA
draw any line AB
to any point of the

curve, as B, and

from the point of intersection B draw a

second line BE, making with the normal at

the point B, an angle equal to that made by

the line AB ; conceive the same construction

to be made at each point of the curve ; then

will the curve drawn tangent to all of the lines

BE, CF, DG, &c, be a catacaustic curve.

If we conceive the line BCD to be a reflector,

and A a radiant point, then will the lines

BE, BC, &c, be reflected rays ; the cata-

caustic is, therefore, a curve tangent to all of

the reflected rays.

If the curve BCD is a circle, and the rays

incident upon it are parallel, the catacaustic

is an epicycloid, a curve generated by a point

of the circumference of a circle when it is

rolled upon the circumference of another

circle.

In like manner, if the incident rays are

parallel, and the reflecting curve is a cycloid

whose axis is parallel to the rays, then will

the catacaustic be a cycloid.

The catacaustic of the logarithmic spiral,

is a logarithmic spiral. See Caustic.

CAT'E-NA-RY. [L. catenarius, from cat-

ena, a chain]. The curve which a heavy cord

or flexible chain of uniform thickness and

density forms, by reason of its own weight,

when freely suspended by two of its points.

It is chiefly interesting on account of the

light which its investigation has thrown upon

the theory of arches, and also by reason of

its application in the construction of suspen-

sion bridges.

Let ACB represent the curve assumed by

a chain or rope of uniform thickness and

density, when freely suspended by its two

extremities A and B.

-.

3



84 MATHEMATICAL DICTIONARY AND [CAT

Let a denote the length of a portion of the

chain whose weight is equal to the tension

atC.

Let t denote the length of a portion of the

chain whose weight is equal to the tension

at P.

Let s denote the length of the portion of

the chain between C and P.

Denote the co-ordinates of P by x and y,

and by 8, the angle included between the

tangent PT, at P, and the axis of y ; that is,

the complement of the inclination of the

curve to the horizon at that point.

Now, the portion CP is held in equilibrium

by the tension at P, the tension at C, and its

own weight. These forces are proportional

to t, a and s respectively, and their directions

are respectively parallel to the three sides of

the triangle PMT.
From these principles, we have

* _ *££. -^L * TF ds

a~PM ~dx'a~~PM~dx
From (1), we have

dy* _ dy* + dx' _ds* _a* + s>

dx*
+ X _

dx* ~ !&- a*

whence,
dx a

d^
=
VaWT* (3) '

By integration, observing that * = when
x = 0, we have,

/

(!)

•(2);

x = all

.

This gives

+ Vs* + a*\
(4).

and c
--V s*+a*—s

(5).

Subtracting and reducing,

a I 1 _i.\
*
=

2\
e "
~ e ') (6) -

Substituting in (1),

I-

/ - _1\=
2\ e *~ e a

)
=c°tS- (7).

dy

dx

Integrating and remembering that x
when y = 0, we have

uatii

ig ei

da 1/1
dT

=
2\

ea

+ e" ) (8),

which is the equation of the catenary.

Differentiating equation (6),

(9).

Substituting in the second of equations
(1),

we find

t = ^Uu+e~a\ (10).

Now, if we denote byN the number whoso

Naperian logarithm is -, we have, from the

above equations, the following group of for-

mulas :

By assuming different values for -the cor-

responding values of y, s, t, and 0> can be

found from the formulas and tabulator for

practical purposes.

The following are taken from a set of

tables published in the Philosophical Trans-

actions of 1826.

TABLE I.

—

Ordinary Catenary.

w

x = 100.

1000
900
800
700
600
5011

400
300
200
100
00
80
70

N

1.105170
1.117519

1.133148
1.153564

1.181360
1.221402
1.284025

1.395612
1.648721

2.718281

3.037731
3.490342
4.172733

5.004084
5.561266
6.258102
7.154926
8.352608
10.033315
12 565207
16.821529

25 525175
54.308027
61.511583
71.073875
e4.433443

100.165906
100.205825

100.260296
100.339869

100.463404
100.667683
101.044792
101.862069
104.210022

1)7.520071

121.884206
128.153485
137.657860

1005.004840

905.501266

806.258102
707.154926

608.352608
510.033315
412.565207

310 821529
225.525175
154.308027

I5I.51I5P3

151.073875

154.433443

«

941648
83 3848
825123
815033
802940
783059
754922
711444
622834
402342
362634
315828
265710

TABLE II.

—

Ordinary Catenary.

a = 100.

N

1.010050
1.020201

1.030454
1.040810

1.221402
1.233678
1.246076
1.258600
1.271249
1.284025

.020000

.045001

.080007

2.000663
2.213114
2.429763
2.650680
2.893847
3.141302

1.000000
2.000100
3-000308

4.000992

20 133536
21.154685
2.177836

23 203319
24.231042
25.261197

100.1

100.020000

100045001

1 00.08000'

102.006663

102.213114

102429763
111265068(1

102.89384'

103.141.302

I II

004099892539
885115
881653
874231

3659
78 319
772943
705611
762245
754922
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To show the use of these tables, let the

span proposed for a suspension bridge be 800

feet, and let the weight of suspension rods,

roadway, &c, be taken at one-half of the

weight of the chains ; and let it be deter-

mined to load the chains at the points of

greatest strain, that is, at the points of sus-

pension, with one-sixth of the weight they

are theoretically capable of sustaining. By
taking into account the strength of iron, and

imposing the conditions enumerated, we find

from the data that the tension at the points

of suspension is 1644.5 feet.

Then since the semi-span is 400 feet, and

x in Table I. is taken at 100 units, each unit

must be 4 feet, and the tension at the points

of suspension, estimated in terms of the same

1644.5
unit, is -, or 411.125. Now it appears

from Table I. where x is uniformly 100, that

when t = 412, a = 400 units, or 1600 feet,

y = 12.565 units, or 50.260 feet, s = 101.045

measures, or 404. 180 feet, and 6 the angle of

suspension equals 75° 49'. The value of a

being now determined, the values of all the

other quantities may be determined for differ-

ent values of x, that is, for different points

along the curve. But as a in this table de-

notes 100 units, each unit here must be 16

feet, consequently each gradation of x must

400
be 16 feet, and the whole semi-span -rjr, or

25 units. Since s is given in the table for

each gradation of x, the additional weights

may be so adapted as to preserve the true

form of the catenary. Thus, at

21 units of x, s = 21.1547

20 " " « = 20.1335

1.0212 X 16 = 16.3392.

Consequently, whilst the ordinate extends

one unit of 16 feet from the 20th to the 21st

unit, the length of the curve will increase

16J feet very nearly, and the adjunct weight

should be proportionally increased.

It appears from Table I. that for a given

span, t the tension at the points of suspen-

sion, is least when y equals £ of the span

nearly.

CAUSE. [L. causa, a cause]. Anything

which operates to produce a result. The re-

ult of a cause is called its effect.

The terms cause and effect are used tech-

nically in mathematics almost synonymously

with antecedent and consequent. It is a na-

tural law deduced from universal experience,

that the effect is proportional to the cause

which produces it. This principle is called

the principle of cause and effect, and is of ex-

tensive use in solving questions in the rule

of three, and also in many other branches of

mathematics. The principle of cause and

effect forms the basis of the science of me-

chanics ; in fact, upon it rests the entire sub-

ject of the application of mathematics to the

physical sciences.

A cause or an effect may be either simple

or compound ; simple, when it involves but a

single element : compound, when it involves

two or more elements. A compound cause

or effect is equal to the continued product of

all its elements.

Numerical Value of a cause, effect, or any

one of their elements, is the ratio obtained

by dividing either by its unit of measure.

We shall consider the numerical values only

in the following discussion.

To illustrate the meaning of simple and

compound causes and effects, let us consider

a few examples.

1. If 5 yards of cloth cost 20 dollars, we
may regard 5 as the cause, and 20 as the

effect ; in this case both are simple.

2. If 5 yards of cloth, 2 yards wide, cost

20 dollars, we may regard 5 X 2 or 10 as the

cause, and 20 as the effect ; in this case the

cause is compound, and the effect simple.

3. If 10 men dig a trench 40 feet long, 4

feet wide, and 8 feet deep, we may regard 10

as the cause, and 40 X 4 X 8 or 1280 as the

effect ; in this case, the cause is simple, and

the effect compound.

4. If 10 men in 10 days dig a trench 40

feet long, 4 feet wide, and eight feet deep,

we may regard 10 X 10 or 100, as the cause,

and 40 X 4 X 8 or 1280 as the effect ; in this

case, both cause and effect are compound.

These are the only possible combinations

of simple causes and effects.

Causes are similar when they are of the

same kind, or have the same unit ; and effects

are similar when they are of the same kind,

or have the same units. The principle of

cause and effect as applicable to the solution

of questions in the rule of three, may be

enunciated thus

:
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Any cause is to any similar cause as the

effect of the first cause is to the effect of the

second cause.

In all cases of the simple rule of three, we

have given two causes and the effect of the

first, to find the effect of the second, or we

have given two effects and the cause of the

first, to find the cause of the second. The

question may then be solved by the following

rule :

When two causes are given, write the first

cause in the first term, the second cause in

the second term, and the effect of the first

cause in the third term.

When two effects are given, write the first

effect in the first term, the second effect in

the second term, and the cause of the first

effect in the third term. Then multiply the

second and third terms together, and divide

the product by the first term ; the quotient

will be the required effect or cause.

1. If 8 hats cost 24 dollars, what will 110

hats costl

Cause. Cause. Effect.

8 • 110 : : 24,

24 X 110
whence ^ = $330, effect or cost.

2. If 120 sheep yield 330 pounds of wool,

how many sheep will yield 2640 pounds'!

Effect. Effect. Cause.

330 : 2640 . 120,

2640 X 120
whence j™— =960, cause or No. sheep.

#
In double or compound rule of three," that

is, when either of the causes, or the effects,

or both, are compound, we may have given

everything except one element of either a
cause or an effect to find that element. The.

solution of all such cases can at once be
effected by a slight modification of the pre-

ceding rule.

When the compound causes produce the

same effects.

1. If 12 men consume a certain amount of
provision in 7 days, how long will the same
provisions last 21 men ?

The first cause is compounded of 12 men
and 7 days, and the second cause of 21 men,
and an unknown number of days, say x days.

But since the effects are equal, the causes
are equal. Hence, to find the unknown
element : Divide the product of the elements

of the cause, where all the elements ate

known, by the product of the known elements

of the other cause, and the quotient will be

the unknown element. In the example thf

unknown element is 4 days.

When the compound causes produce different

effects.

1. If 10 men in 5 days of 7 hours each

day, dig a trench 25 feet long, 8 feet wide,

and 7 feet deep, in how many days of 12

hours each will 4 men dig a trench 12 feet

long, 10 feet deep, and 8 feet wide.

Cause. Cause. Effect. Effect

10X5X7:12X4X2::: 25X8X7: 12x10x8

in which we wish to find x, an element of the

second cause ; hence,

12 X 10 X 8 X 10 X 5 X 7

12X4X25X8X7 = 5(

Hence, arrange the terms in the statement so

that the causes shall compose the first cou-

plet, and the effects the second, putting x in

the place of the required element. If x falls

in one of the extremes, make the product of

the means the dividend, and the product of

the extremes the divisor ; but if x falls in one

of the means, make the product of the

extremes the dividend, and the product of the

means the divisor.

By a similar application of the principle of

cause and effect, a great variety of problems

in barter, fellowship, percentage, dec., may bo

solved. The practical application of the

principle has not only the advantage of lead-

ing to the simplest solutions of the questions

proposed, but it also serves more clearly than

any other method, to show the analytical

relation of the elements of the problem

solved.

CAUS'TIC CURVE. [Gr. Kavtmnoe, from

naiu, navao, to burn] . A curve of the higher

geometry, which is always tangent to rays of

light proceeding from a point, and deviated at

a given surface. When deviated by reflec-

tion, the curve is called catacaustic, (which

see). When deviated by refraction, the curve

is called diacaustic. See Diacaustic Curve.

CEN'TI-GRAMME. L. centum, a hun-

dred: Fr. gramme]. The hundredth part of a

French gramme. See Weights and Measures.

CEN'TI-LI-TRE. [L. centum, a hundred;
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Fr. litre]. The hundredth part of a French

litre. See Weights and Measures.

CEN-TIM'E-TRE. [L. centum, a hundred

;

Gr. fierpov, measure]. The hundredth part

of a French metre. See Weights and Mea-

sures.

CEN'TRAL. [L. centralis, placed in the

centre]. Appertaining to the centre. A
diameter is a central line of a circle. A line

drawn through the centres of two circles, in

the same plane, is a central line of both cir-

cles, and is called the line of centres.

CEN'TRE. [Gr. nevrpov, centre ; L. cen-

trum, centre]. The centre of a plane curve is

a point in the plane of the curve, which

bisects every straight line drawn through it

and terminated by the curve. If any curve

has a centre, and the origin of a system of

rectangular co-ordinates be taken at the cen-

tre, then for every point on one side of this

centre whose co-ordinates are x and y, there

will be another point diametrically opposite,

whose co-ordinates are — x and — y. And
since the co-ordinates of both these points

must satisfy the equation of the curve at the

same time, it follows that the form of the

equation must be such that it will not be

changed by changing + a;, into — x and + y
into — y ; that is, every term must be of an

even degree with respect to x and y. Hence,

in order to ascertain whether any curve has a

centre, we transform it by changing the origin

of co-ordinates, the new axes being parallel

to the primitive ones, and see whether such

values can be assigned to the arbitrary con-

stants which enter the equation, as will

reduce all of its terms to an even degree with

respect to the variables. If such values can

be assigned, the curve has a centre, and the

new origin is at the centre. If such values

cannot be assigned, the curve has no centre.

In curves pi the second order, the ellipse

and hyperbola have each one centre, whilst

the parabola has none at a finite distance. It

is shown that every diameter passes through

the centre ; hence, in order to construct the

centre of an ellipse or hyperbola, draw any

two parallel chords in the curve and bisect them

by a straight line ; this will be a diameter.

Construct, in like manner, a second diameter,

and this will intersect the one already con-

structed at the centre. If we attempt to apply
|
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this construction in the parabola, we shall

find the diameters parallel, and the construc-

tion must fail.

In the circle, the diameters which biseot

chords, are also perpendicular to them.

Hence, to find the centre of any circle or arc

of a circle, as ABC, draw any two chords,

AB and BC, and bisect them by the perpen-

diculars FO and DO ; the point in which the

perpendiculars DO and EO intersect, is the

centre required.

The centre of a surface is * point which

bisects all straight lines drawn through it and

terminated by the surface. When a surface

is given by its equation, we can, by a course

of proceeding entirely analogous to that used

in discussing the subject of centres of curves,

ascertain whether the surface has a centre.

It is found that amongst surfaces of the

second order, the ellipsoid and hyperboloid

have centres, whilst the paraboloids have no

centres at a finite distance. To find the cen-

tre of a surface, if it has one, draw three

parallel chords and bisect tbem by a plane
;

this is a diametrical plane, and passes through

the centre. In like manner, construct two

other diametrical planes, and the point com-

mon to the three planes is the centre.

To find the centre of the sphere, we may
find one diametrical plane and then find the

centre of the circle, which it cuts from the

surface, and this point will be the centre of

the sphere.

The centre of a regular polygon is the

centre of the inscribed or circumscribed cir-

cle. The centre of a solid is the centre of an

inscribed or circumscribed sphere.

Centke of Symmetry, is that point of a

figure about which the different parts are

symmetrically arranged.

Centke of Curvature. The centre of

curvature of any curve at any point, is the

centre of the osculatory circle at that point.

The locus of all the centres of curvature of

a curve, is the evolute of the curve.
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CEN'TRI-PLE. [L. from centum, a

hundred, plico, to fold]. A hundred fold.

CEN'TU-RY. [L. cenluria, from centum,

a hundred]. A period of time equal to 100

years.

CHAIN. [Fr, chaine, a chain. L. catena].

An instrument used in surveying, for mea-

suring horizontal distances. The chain most

used in land surveying is that called Gunter's.

It is 66 feet in length, and contains one hun-

dred links, which are connected with each

other by small rings. The length of each

link, including a connecting ring, is 7.92

inches: Every tenth link is marked by

inserting a piece of brass between it and the

next, to aid in counting the links in any dis-

tance. The length of Gunter's chain is so

chosen, that an area which is one chain in

breadth, and ten chains in length, shall be

equivalent to one acre ; so that if we mea-

sure all the courses in chains and links, the

resulting area will be expressed in square

links, and may at once be converted into

acres and decimals of an acre, by pointing

off five places of decimals from the right. In

using the chain, care should be taken to com-

pare its length from time to time with a stan-

dard. In order to make this comparison the

more readily, a distance of 66 feet should be

accurately marked on some smooth surface,

as the coping of a wall, and its extremities

permanently marked. The comparison can

then be easily made.

If it is found that a survey has been made
with a chain, cither too short or too long, the

area, as found, may be reduced to the true

area by multiplying it by the square of the

ratio obtained by dividing the length of the

chain employed, by 66 feet.

To find any linear dimension, when it has

been measured with a chain either too long

or too short, we multiply the measure found

by the first power of the above ratio.

In making surveys for topographical pur-

poses, it is often found convenient to employ
a chain 50 feet in length, which is divided

into 100 links, each of which is 6 inches in

length.

1 CHANCE. [Fr. chance, chance]. In the

heory of probabilities, the word chance is

used to signify the occurrence of an event in

a particular way, when there are two or more

ways in which it may take place, and when no

reason can be assigned why it should happen

in one way rather than in another. For

example, if a die be thrown up into the air, it

will necessarily fall upon one of its six faces

;

but we can assign no reason why it should

fall upon the face marked one, rather than on

the face marked two, three, &c. We say,

therefore, that the chance of its falling on

any one face is the same as that of its falling

on any other. Now, since there are six dif-

ferent faces, upon any one of which it may

fall, we say that there are six chances in all,

and as it can only fall on one, we say that the

chance of its falling upon any designated

face, is one out of six, or
J.

The word chance is applied to events, to

denote that they happen without any fore-

known cause ; or it is used to denote the pos-

sibility of an event, when nothing is known

to hinder it. We say, a thing happens by

chance, when we would simply indicate that

we know nothing of its cause. We do not

intend the term to imply that chance can be

the cause of anything.

CHAR'AC-TER. [L. caracter ; Gr.^ap-

aurrip, from xaPaaaa t
to cut

>
to engrave], A

symbol employed to represent some quantity

or some operation to be performed upon an

expression. Thus, V is a character to ex-

press that the square root of the quantity be-

fore which it is placed, is to be extracted.

See Notation.

CHAR-AC-TER-IS'TIC OF A LOGA-

RITHM. [Gr. xapaicrripiaTiKoc, from xaPalt'

Ti7p, a mark or token impressed on a thing].

The logarithm of a number is composed of

two parts, a whole number and a decimal

fraction. The whole number is called the

characteristic, and the decimal part is some-

times called the mantissa.

In the common system, the characteristic

of the logarithm of a whole number is

always 1 less than the number of places of

figures in the integral number. When the

number is a decimal fraction, the characteris-

tic of its logarithm is always negative, and

numerically 1 greater than the number of O's

which immediately follow the decimal point.

When the number is a mixed decimal, the

characteristic of its logarithm is the same as

that of the entire part, without reference to
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the decimal part. The characteristic of the

logarithm of a vulgar fraction is equal to the

numher of places of figures in the numerator

minus the number of places of figures in the

denominator.

On account of the simplicity of these rules

for finding the characteristic of the logarithm

of a number taken in the common system, it

is not customary to write the characteristics

in the tables ; this is one of the advantages

of this system.

Let a denote the base of any system of

logarithms, and let us write the series

a", a', a1
, a", aJ , or', • a-*.

«, • • • 2, 1, 0, —I, —2, •—«.
It is plain from an inspection of this series

that the logarithm of 1 is 0, and the logarithm

of a is 1 ; and we see that the logarithm of

any number between 1 and a will be found

between and 1 ; that is, will be a fraction

less than 1 : its characteristic is therefore 0.

In like manner, the characteristic of the log-

arithm of any number between a and a' is 1

;

of any number between a' and a3
is 2 ; and

in general, the characteristic of the logarithm

of any number between a" and a"+' is *.

If the number falls between two negative

powers of a, as for instance, between a-' and

ar', the characteristic is then — 3, and the

decimal part or mantissa of the logarithm is

positive. The series above written indicates

the characteristic, in all cases ; hence, the

characteristics of logarithms need not be

written in the tables.

Characteristic Property of a magni-

tude is such a property as can only exist in

that magnitude.

Thus, " the portion of a tangent line to a

curve, which is intercepted between the

asymptotes, is bisected at the point of con-

tact," is a characteristic property of the

hyperbola ;
" the squares of the ordinates, to

any diameter, are always equal to the rectan-

gles of the segments into which they divide

the diameter," is a characteristic property of

the circle. If we can show that any given

magnitude possesses a characteristic property

of any magnitude, it is equivalent to showing

that these magnitudes are the same in kind.

CHiRT. [L charta, a map]. A hydrogra-

phic map for the use of navigators, being a

projection of some part of the earth's surface

on a plane. Charts, as well as ordinary

maps, may be constructed according to any

of the methods of spherical projection ; but

the method first employed by Mercator, and

called Mercator's projection, is generally pre-

ferred. In this projection", the meridians

and parallels of latitude are represented by

straight lines. The degrees of longitude on

all the parallels of latitude are represented

of equal length, and each equal to the length

of a degree of longitude at the equator
; the

degrees of latitude increase from the equator

towards the pole, so that in any latitude they

shall bear the same ratio to the degrees of

longitude that they do on the surface of the

earth, at the corresponding latitude.

The great advantage of this chart, and the

one which has caused its almost universal

adoption, is that the rhumb or sailing course

between two points is represented on the

chart by a straight line. This enables the

navigator to plot the path of his ship without

difficulty.

The mathematical relation between the

length of a minute of latitude and a minute

of longitude, at any point of the earth's sur-

face, may be enunciated as follows :
" The

length of a minute of latitude at any point of

the earth's surface, is to the length of a

minute of longitude at that point, as the

radius of the equator is to the radius of the

parallel of latitude through the point ; that is,

as 1 is to the cosine of the latitude, or as the

secant of the latitude is to 1." This princi-

ple enables us to construct a blank chart

representing the parallels of latitude and

longitude corresponding to any given portion

of the earth's surface. For this purpose, a

table of meridional parts will be required,

which may be found in any treatise on Navi-

gation.

The blank chart may be thus constructed

:

Draw on the lower part of the paper a hori-

zontal line, to represent the southernmost

parallel of latitude which is to be represented

in the chart. From a suitable scale of equal

parts lay off upon this line a number of equal

distances, each of which we will suppose to

be equal to 60 equal parts of the scale, and

through these points of division draw lines

perpendicular to the first line ; these will rep-'

resent meridians which are one degree apart.

Find, from the table of meridional parts,
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the meridional parts corresponding to the

latitude of the parallel already drawn, and

also the meridional parts corresponding to a

parallel one degree farther north, and sub-

tract the former from the latter ; lay off this

distance from (he scale of equal parts on one

of the meridians from the southernmost paral-

lel, and mark the point thus found. Find,

in like manner, the meridional difference of

latitude corresponding to two degrees, and

lay it off on the same meridian and from the

6ame point. Find, also, the meridional dif-

ferences of latitude corresponding to three,

four, five, &c, degrees to the northern limit

of the chart, and lay them off as before.

Then, through the points of division found,

draw lines parallel to the first lines drawn,

andithey will represent parallels of latitude

one degree apart. - We might, in a similar

manner, construct a blank chart, in which

the parallels represented should be nearer

than one degree or farther apart. Having

constructed the blank chart, it may be filled

in by plotting down the principal points by

means of their latitudes and longitudes, and

then sketching in the coast lines, and mark-

ing such features as the nature of the chart

may require.

Plane Charts. These have the parallels

of latitude and longitude parallel to each other

respectively, and everywhere as far apart as

at the equator. They can only be used with

any tolerable degree of accuracy in the im-

mediate neighborhood of the equator, conse-

quently they are not much used.

For other methods of making charts, see

Spherical Projection and Projection of Maps.

CHORD. [L. chorda; Gr. x°P^V, string

or gut]. Of an arc of a, curve, is a straight

line joining its two extremities. In the cir-

cle, the chord of an

arc possesses the

following proper-

ties:

1st. A straight

line drawn from its

middle point to the

centre, is perpendicular to it, and also bisects

the subtended arc.

2d. Chords which are equally distant from
the centre are equal to each other, and of two
unequal chords the longer is nearer the centre.

3d. The chord of an arc is a mean propor

tional between the diameter and versed sine

of the arc.

4th. Jhe chord of an arc is equal totwice

the sine of half the arc, or it is equal to the

sine of half the arc described with double

the radius.

Scale of Chords. This is a scale usually

laid down upon the rules accompanying

boxes of mathematical instruments. It may

be constructed as follows :

With a radius AC describe a quadrant AD,

and divide it into 90 equal parts ; then through

A, and each of the points of division let

chords be drawn, and let these chords be laid

off on a scale from A ; the resulting scale is

a scale of chords. It is used for laying off

angles.

1. To lay off any angle, as 30°, from the

line AB. "
,

With A as a cen-

tre, and with a radius

equal to the chord of

60° taken from the

scale, describe the arc

BC, then with B as

a centre, and a radius

equal to the chord of 30° taken from the

scale, describe an arc cutting the first one in

C. Draw AC, and the angle CAB will be

equal to 30°. When greater accuracy is re-

quired, the chord of the arc may be computed

and the distance taken from a scale of equal

parts.

2. Suppose it were required to construct an

angle of 31° 24' 20" by means of a table of

natural sines.

With A as a centre, and with a radius of

ten parts taken from a scale of equal parts,
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describe the arcs BC and DE. Look in a

table of natural sines for the sine of 15° 42'

10" which is .2706134, remove the decimal

---rP^
point one place to the right, since the radius

used is 10, and multiply the result by 2

;

then with B and D as centres, and with a

radius equal to 2 X 2.706134 = 5.412268

taken from the same scale of equal parts,

describe arcs cutting BC and DE in the points

C and E. Join C and E by a straight line,

it will pass through A and make the angle

CAB equal to 31° 24' 20". By determining

the two points E and C, we are enabled to

verify the accuracy of the construction.

Choed of Chrvathee. If SMS is any

curve, which we will suppose referred to a

system of polar co-ordinates, A being the

pole, AS the initial line of the system, and

MFG the osculatory circle at the point M,

then is the .chord MG of this circle which

passes through the pole A and the point of

osculation M, called the chord of curvature

at the point M. If we denote the radius

vector of the point M by r, the perpendicular

AP from the pole to the tangent at M by p.

and the radius of curvature at M by R, we
have

* = ?•
dp

To deduce an expression for the chord of

curvature, let us draw the chord MG and its

supplement GQ ; draw also through the pole

the line AK perpendicular to the diameter

of the osculatory circle through the point of

contact. Then, from the similar right-angled

triangles MKA and MGQ, we have

MG : MQ : : MK : MA, or

MG : 2R : : p : r, since

MK: : AP = p ; hence, MG = -^ •

This is an important element in astronom-

ical investigations.

Cl'PHER. [Fr. chiffre, cipher, figure]. In

Arithmetic, the character ; when it stands

by itself, it signifies no number; in combi-

nation, it occupies a place in the arithmetical

scale, Elnd indicates that there are no units

of that order in the number. If ciphers be

annexed to an integral number, the effect is

the same as if the number were multiplied

by 10, for each cipher annexed. If ciphers

be prefixed to an integral number, they pro-

duce no effect upon the number. In deci-

mals, these effects are reversed.

To Cipher, is a common term, which is

applied to the performance of any arithmeti-

cal operation, by pupils.

GIR'CLE. [L. circulus, from circus, any-

thing of a round form]. A portion of a plane

AEBF, bounded by a

curved line, every point

of which is equally dist-

ant from a point within •a
\r

called the centre. The

bounding line is called

the circumference. The
term circle, is often applied to the circum-

ference or bounding line, but this is not

strictly correct, for the circle is, properly

speaking, the space included.

Any straight line AB drawn through the

centre and terminated by the curve, is a di-

ameter.

The circle is one of the elements of plane

geometry, the right line being the other, and

those constructions only are regarded as geo-

metrical which can be made by the aid, of

these two elements. The circle, however,

derives its chief importance from its applica-

tion in trigonometry, to the measurement of

angles. Its application in trigonometry de-

pends upon the fact, that if circles of the

same radii be described from the vertices of

angles as centres, the arcs of the circles inter-

cepted between the sides are always propor-

tional to the angles. It is for this reason

that the circle is almost always employed to

compare angles with each other. For this

purpose, the circumference of the circle is

divided into four equal parts, each of which

is called a quadrant ; each quadrant is divided

into 90 equal parts, called degrees ; each
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degree is divided into 60 equal parts, called

minutes; each minute into 60 equal parts

called seconds, and so on according to the

sexagesimal scale. See Trigonometry.

The following are some of the most impor-

tant properties of the circle :

1. Every diameter divides the circle and

the circumference into two equal parts, and

generally, equal arcs are subtended by equal

chords

2. The circumference of a circle is equal to

the length of a diameter multiplied by »r, or

3.14159265 .... or 3.1416, which is gener-

ally used. Hence, the circumferences of any

two circles are to each other as their diame-

ters or as their radii.

3. The area of a circle is tt multiplied by

the square of the radius. Hence, any two

circles are to each other as the squares of

their radii, or as the squares of their diame-

ters, or generally as the squares of any two

homologous lines.

4. The area of a circle is less than that

of any regular circumscribing polygon and

greater than any regular inscribed polygon.

It is eqnal to that of the limit both of circum-

scribed and inscribed polygons ; tBat is, it is

equal to either when the number of sides

becomes infinite. An analogous relation

exists between the circumference of the cir-

cle and the perimeters of the circumscribed

and inscribed polygons.

5. The circle has the greatest area for a

bounding line of the same length of any plane

figure.

6. Various expressions have been deduced

for the length of the circumference, when
the diameter is 1, some of the most useful

of which are subjoined.

If tv denotes the length of the circumfer-

ence when the diameter is 1, we have

1 1 1

7
+ 9'

"J-!- 7
+

9
+

11
_

13
«= •§(

- 15 + &c
)

_ /J_ J_ _J_ 1
* 8

\l.3
+

3.5 3.5.7
+

5.7.9
~

n+ &c--)

7.9.11

9.11.13

3.3
+

5.3s '
7r = -/l2(

* = 8 (3-5-4/
1.3

4.6.9

1.3.5

4.6.8.11
&c.

)•

tt-4i/2^3
5.2 4.7.2"

~
4.6.E

1.6 \

1L* ~ &c
J

1.3.5

4.6.8.:

/ 1 1 1.3

4.5 2.4.6.7

1.3.5

2.4.6.8.9
&c

)

Many other formulas might be added. It

is to be observed that w is equal to the

numerical expression for the area when the

radius is equal to 1.

The following curious expression for n is

given by Wallis :

9 25 49 81 121
* _

8 * 24
X

48
X

80
X

120
&C'

In which the numerators are the squares of

the consecutive odd numbers, and the de-

nominators less than the numerators by 1,

the product being continued to infinity.

7. If two straight

lines, AB and CD, cut

the circumference and

intersect each other

within the circle, the

angle DOB is mea-

sured by half the sum
of the intercepted arcs

If the lines intersect each other without the

circle, the angle is

measured by half the

difference of the inter-

cepted arcs.

If they intersect at

the centre, then are

the intercepted arcs

equal, and the angle

between them is mea-

sured by either one of

them.
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i'f they inter-

sect on the cir-

cumference, the

angle between

them is measured

by half the inter-

cepted arc.

It follows from these principles, that if the

intersecting lines

are perpendicular

to each other,

that the sums of

the opposite arcs

are equal ; that is,

BD + AC = AB
+ DO.

If one of the

lines is tangent to the circle, and the other

through

the point of con-

tact, the angle

between them is

measured by half

the intercepted

arc. If both lines

are tangent to the

circle, the angle

between them is

measured by half the difference of the two
arcs between the points of contact. If the

tangents intercept equal arcs, they are par-

allel. A tangent at the middle point of an

arc is parallel to the chord of' the arc.

Two parallel straight lines intercept equal

arcs ; and conversely, straight lines drawn
through the corresponding extremities of

equal arcs, are parallel.

divides the diameter

;

that is

If from the same point without a circle, two

tangents be drawn to the circle, they will be

equal.

8. Any ordinate, CD, perpendicular to a

diameter of a circle, is a mean proportional

between the two segments, into which it

DC=YACxBC.
If a chord EF be

drawn, cutting a di-

ameter in a point,

so that one segment

EC is equal to the

radius, then is EC an arithmetical mean
between the segments into which it divides

the diameter, and the

remaining part of the

chord CF is an harmoni-

cal mean between the

same segments.

9. If two chords, OB
and OC, be drawn
through O, a point with-

out the circle, then

OCxODoOB X OA. B1

If two points C and D.

be taken on the same

diameter AB at equal

distances from the

centre, and from

these points lines

be drawn to any

point F on the curve

;

then 5>

CF2+DF!O AC + BC ao AD"+DB a
.

If a line EF, perpendicular to a diameter

AB intersect a secant CE in the point E,

then

AF x FBo CE x ED + EF 2
.

If upon a diameter

AB, of a circle, a

rectangle AD be con-

structed, whose side

BD is equal to BE,
the chord of a quad-

rant, or the side of

an inscribed square,

and if lines be drawn
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from any point F on the circumference to

the points C and D, they will cut the diam-

eter in the points G and H, so that AH 2 +
BG'oAB'.

10. If through a

point A, on the cir-

cumference, chords

AB, AC, AD, AE,
&c, be drawn so as

to intercept equal

arcs, then

AB . AC : : AC :

AC + AE : :

If in any circle, BFC, an ordinate FE
be drawn perpendicular to a. diameter BC,

and a tangent be also drawn at F, meeting

T

AB + AD : : AD :

&c.

the diameter produced in A, then will DE,
DB, and DA be in geometrical proportion.

11. If a triangle

ABC be inscribed in

a circle, and a perpen-

dicular AD be let

fall from the vertex

A upon the opposite

side BC, and a diam-

eter CE be drawn,

then AB CE : : AD : AC ; whence,

AB x ACoOE X AD.

If a triangle BAC be inscribed in a circle,

and one ofthe angles

A be bisected by

the line AE, cutting

the side BC in D
;

then

BA x AC =o= ADS

+ BD x DC.

If a quadrilateral

be inscribed in a circle, the rectangle of its

two diagonals is equal to the sum of the rect-

angles of the opposite sides.

If an equilateral triangle be inscribed in a
circle, the square of either side is equal to
three times the square of the radius.

If a square is inscribed in a circle, it is

equal to twice the

square of the ra-

dius.

If two chords,

AD and CB, of

a circle, ACDB,
are at right an-

gles, and inter-

sect at the point

E, then is the sum of the squares of the

four segments equal to the square of tho

diameter.

12. If the distance between the centres of

two circles lying in the same plane is greater

than the sum of their radii, they lie entirety

external to each other ; if it is equal to the

sum of the radii, they are tangent externally,

if it is less than the sum, and greater thai

the difference of the radii, they intersect each

other in two points ; if it is equal to the dil.

ference of the radii, they are tangent inter-

nally ; if it is less than the difference of tho

radii, the one lies entirely within the other.

13. A circle can always be circumscribed

about, or inscribed within, a regular polygon.

1. To pass a circle through three poifco

A, B, and C :

Draw the straight lines AB and BC and

bisect them by the perpendiculars EO and

FO; the point 0, in which these intersectwill
'

be the centre, and the distance OC from to

either point will be the radius of the circle.

If the circle is given, and it be required to

find its centre, take any three points A, B,

and C, on its circumference, and proceed as

above ; will be the required point.

2. Through a point A, to draw a tangent

to any circle.

Draw a line from A to the centre C, and on

this line as a diameter construct a circle

ABD, cutting the given circle in B and D;

join, the points D and B with A, and the
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lines AB and AD
are the tangents

required.

If A lies upon

the circumference
l

but one tangent

can be drawn to

the circle through

it, and that will be

perpendicular to

the radius through

the point of con-

tact. IfA fall with-

in the circle, no
tangent can be drawn.

3. To inscribe a circle in a given triangle ABC.

Draw the lines AO and BO, bisecting the

angles A and B ; the point of intersection

of these lines is the centre, and the perpen-

dicular distance OF to either side AC, is the ra-

dius of the required circle. This problem is

always possible.

4. To draw a straight line tangent to two

circles in the same plane.

Hence, four tangents in all can be

drawn to two circles in the same plane.

it N'

Draw CC through their centres, and pro-

long it ; draw two parallel radii CN and C'N'

in the two circles ; through N and N' draw

a straight line, and prolong it till it meets

CC, in T ; through T draw TM' tangent to

one circle, and it will be tangent to the other.

If the circles are equal, the point T will be

at an infinite distance, and the tangent will

be parallel to CC.
If the parallel radii are drawn on opposite

sides of CC, (see next figure) the point T
will fall between the centres as in the last

figure. In either case, there will be two tan-

5. To construct a circle which shall pass

through a given point P, and be tangent to a

given straight line BC at a point B.

Draw PB, and

bisect it by the

perpendicular D
0; erect at B a \i

perpendicular to

BC. The point

in which these

lines intersect is

the centre, and OB the radius of the circle.

6. To construct a circle which shall pass

through a given point P, and be tangent to

two given straight lines AB and BC.

Bisect the angle

B by the straight

line BO. Take

any point " S of

BO, and through

it draw a perpen-

dicular SC to the

line BC; with S
as a centre, and t

SC as a radius, A-

describe an arc

CD, cutting the

straight line drawn through B and P in D

,

draw SD, and through P draw PO parallel to

DS, will be the centre, and the perpendi-

cular distance from to BC the radius of

the required circle.

7. To construct a circle which shall pass

through two points A and B, and be tangent

to a given straight line CP.

Draw the straight

line BA, and pro-

long it in both di-

rections ; make BQ
equal to AC, and

upon CQ as a di-

ameter construct a

semi-circle QDC

;

at B erect the ordinate BD ; then with C as a

centre, and BD as a radius, describe an arc
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cutting CP in P. P is the point of contact.

Draw PO perpendicular to CP, at P, and

bisect AB by a perpendicular GO ; the point

O in which these lines intersect is the centre,

and OP the radius of the required circle.

8. To construct a circle which shall be

tangent to two given circles and C.

Draw a straight line BT tangent to the

given circles, and produce it till it intersects

the line of centres CT in T. Through T
draw a secant TQP, and through the points

of intersection Q and P, draw CP and C'Q
;

the point of intersection, 0, of these lines is

the centre, and OP or OQ the radius of the

circle required. The problem admits of an

infinite number of solutions.

9. To construct a circle which shall be tan-

gent to a given circle C, and a given straight

line D'P at a point P.

At P, erect a perpendicular OPQ, and on
PO lay off a distance PQ equal to CS, the

radius of the given circle. Draw QC and
bisect it by a perpendicular DO ; the point of

intersection, 0, of this line with the perpen-

dicular PO, is the centre, and OP the radius

of the required circle. .There are two solu-

tions.

10. To construct a circle which shall be

tangent to a straight line DP, and to a given

circle C at a point Q.

Draw DQ tangent to the given circle

at the point Q, and produce it till it meets

PD in D ; draw DO bisecting the angle QDP,
draw CQ, and prolong it till it intersects DO
in ; O is the centre, and OQ the radius of

the required circle. There are two solutions

of this problem. The second solution is

made by bisecting the angle QDR, and the

given circle is tangent to the required circle

internally. '

11. To construct a circle which shall pass

through a given point Q, and be tangent to a

given circle C at a given point P.

J)

Draw the radius CP, and produce it inde-

finitely ; draw the line PQ, and bisect it by

the perpendicular DO ; the point of intersec-

tion, 0, is the centre, and OP the radius

of the required circle. The point Q might

be within the required circle, in which case

the required circle would be entirely within

the given circle.

12. To construct a circle with a given

radius, which shall be tangent to a given

straight line DP, and to a given circle C.

j) p
Draw BO parallel to DP, and at a distance

from it equal to tne given radius : with C as

a centre, and a radius equal to the sum of the

given radius, and that of the circle C, de-

scribe an arc cutting BO in the points B and

: then either of these points will be the

centre, and the given line the radius of the

required circle.

Many other problems might be added re-

lating to circles, but a sufficient number have

been given to indicate the general method

of solving all problems of that nature.

Circles op the Sphere. The curve of in-

tersection of any plane with a sphere is a

circle. Different names are given to these

circles according to the circumstances under
which they are considered.
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Every circle cut out by a plane passing

through the centre, is a great circle. If the

cutting plane does not pass through the

centre, the curve of intersection is a small

circle.

In spherical projections, the principal cir-

cles considered are as follows :

1. The primitive circle is the great circle,

which is cut from the sphere ' by the primi-

tive plane, or the plane on which the projec-

tion is made.

2. The Equator, a great circle, whose plane

is perpendicular to the axis of the sphere.

3. The Ecliptic, a great circle, whose plane

makes with the equator an angle of about

23£°.

4. The Meridians are great circles, whose

planes pass through the axis of the sphere.

The two principal ones are, 1st. The Equi-

noctial Colure, which passes through the equi-

noctial points, or the points in which circum-

ferences of the equator and ecliptic intersect

;

and 2d. The Solstitial Colure, whose plane is

perpendicular to that of the equinoctial co-

lure.

x
5. Circles of Latitude, are small circles

whose planes are perpendicular to the axis :

those particularly considered, are, 1st. The

tropics which pass through the solstitial

points, and are consequently about 23£ de-

grees from the equator ; the northern one is

the tropic of cancer, and the southern one the

tropic of Capricorn. 2d. The polar circles

which pass through the poles of the ecliptic,

and are consequently as far from the poles of

the equator as the tropics are from the equator.

The northern one is called the arctic circle,

and the southern one the jintarctic circle.

6. The horizon of any point on the surface

of the sphere, is that great circle whose plane

is perpendicular to the radius through the

point ; all circles of the celestial sphere,

whose planes arc parallel to the horizon, are

called circles of equal altitude or almucantars.

7. Vertical Circles are those great circles,

whose planes are perpendicular to that of the

horizon. The prime vertical is that whose

plane is perpendicular to that of the meridian

of the place.

Circle of Analysis. In analysis, the circle

is given by an equation of the second degree

between two variables ; hence, it belongs to

curves of the second order.

7

Its most general equation is

(y-b)'-i {x - af = R*.

In which x and y denote the general co-ordi-

nates of all of the points of the circum-

ference, a and b the co-ordinates of the

centre, and R the radius.

If the origin of co-ordinates is taken as the

vertex of a diameter, which diameter coin-

cides with the axis of abscissas, a = 0, and

b = R ; and the equation of the circle be-

comes y' — %Rx — x'.

If the centre coincides with the origin of

co-ordinates, a = 0, 6 = 0, and the equa-

tion becomes x* + y* = R'.

This is the most ordinary form of the equa-

tion of the circle. From this equation, it may
readily be shown that any ordinate is a mean

proportional between the segments into which

it divides the diameter. Since the equation

of the ellipse reduces to the form of that of

the circle, when we suppose the axes equal,

we conclude that the circle is a particular

species of the ellipse. We may readily

show, from the equation above given, and

from that of the right line, that a right line

cannot cut a circle in more than two points.

In the Integral Calculus, the formula for

the rectification of the circle is

/dx
. ;VR'-x'

in which Z denotes the length of an indefi-

nite portion of the arc. The integral can

only be expressed by series.

The formula for the area of any portion of

a circle included between any two ordinates,

the axis of X and the curve, is

s — f dx VZrx — x",

in which s denotes the area, the origin of co-

ordinates being at the vertex of a diameter.

The integral can only he expressed by a

series.

Circle or Curvature. See Osculatory

Circle.

Circles of the Higher Orders. All

curves, whose equations are of the form

ym-r» — xm {a — re)",

have been called circles. If m = 1, and

n = 1, the equation becomes that of the

common circle.

If m is an odd number, the curves repre-

sented will be ovals. If m = 3, and n = I,
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the equation becomes y* = i3 (a — x), and

the curve is of the form of AB in the

annexed figure.

When m is an even number, the curve has

two infinite branches, and is, strictly speak-

ing, an hyperbola.

CIR'CU-LAR. [L. circularis, circular].

Appertaining to a circle ; thus, we speak of

circular parts, circular segments, &c.

Cieculae Arc. Any part of the cir-

cumference of a circle. If r denote the ra-

dius, d the diameter, and c the circumference

of the entire circle to which the arc belongs

;

and if z denote the length of any circular

arc, s the sine of the arc, v the versed sine

of half the arc, and m the number of degrees

in the arc, we have the following formulas :

1. z — rmy. 0.0174533.

2. z = 2-/vd\ 1 + +
3v'

2-3-d ' 2-4-5rf !'

+
3-5-

3. z = 2« { 1 +

6-7d3

3s1

+ &c.

3-3r 3
' 5.B.4r*

3 5i' )

+
7.2.4.6r»

+ &C
-

J

If we now denote the chord of the arc by

c", and the chord of half the arc by c", we
have the following formulas which give good

approximate results '.

4. z-- nearly.

5
-

*

=

9 •

|
Mvsi

+

lvd
}

near'y-

8c"- c'

6. z =—^— nearly.

Circular Instruments. The name of

any instrument used in surveying, or in nav-

igation, for measuring angles in which the

graduation extends around the entire circum-

ference, or from 0° to 360°.

Sextants, octants, &c, are frequently em-

ployed for measuring angles, but in these the

graduation is only carried around through a

portion of the circumference. Experience

has shown that when the instruments are of

considerable size, entire circles afford much
the most accurate results. The reflecting

circle differs but little in principle from the

sextant, but is considered a more reliable in-

strument for measuring angles.

Repeating Circle is a circular instrument

so arranged, that by moving the axis of the

telescope over successive portions of the gra-

duated limb, corresponding to the angle to be

measured, and reading only the multiple arc,

all errors of graduation may be eliminated.

The principle of repetition is independent of

the instrument used, and may be advantage-

ously applied to all circular instruments.

When applied to the reflecting circle, it be-

comes a repeating, reflecting circle ; when ap-

plied to a theodolite, it becomes a repeating

theodolite.

The following account of the application

of the principle of repetition to circular in-

struments is taken from Sir J. Herschell :

" Let P, Q, be two ob-

jects, which we may sup-

pose fixed for the purpose

of explanation ; and let

KL be a telescope mova-

ble on O, the common
axis of two circles, AML
and aid, of which the

former, AML, is abso-

lutely fixed in the plane of the objects, and

carries the graduations freely movable on the

axis. The telescope is attached permanently

to the latter circle, and moves with it. An
arm, OaA, carries the index, or vernier,

which reads off the graduated limb of the

fixed circle. This arm is provided with two

clamps, by which it can be temporarily con-

nected with either circle, and detached at

pleasure. Suppose now the telescope directed

to P ; clamp the index, OA, to the inner

circle, and unclamp it from the outer and

read off; then carry the telescope around to

the other object Q. In doing so, the inner

circle, and the index-arm which is clamped to
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it, will also be carried around over an arc,

AB, on the graduated limb of the outer, equal

to the angle, POQ. Now clamp the index to

the outer circle, and unclamp the inner, and

read off. The difference of the readings will

measure the angle, POQ. The reading will

be liable to two sources of error : that of

graduation, and that of observation, both of

which it is our object to get rid of. To this

end, transfer the telescope back to P without

unclamping the outer circle ; then, having

made the bisection of P, clamp the arm to b,

unclamping it from B, and again transfer the

. jiiscope to Q. by which the arm will now be

carried with it to C over a second arc, BC,
equal to the angle POQ. Now again, read

off; then will the difference between this

reading and the original one measure twice

the angle POQ, affected with both errors of

observation, but only with the same error of

graduation as before. Let this operation be

repeated as often as we please (say ten

times) ; then will the final arc, ABCD, read

off on the circle, be ten times the required

angle affected by the joint errors of all the

ten observations, but only the same constant

error of graduation, which depends on the

initial and final readings alone. Now the

errors of observation, when numerous, tend

to balance and destroy each other, so that, if

sufficiently multiplied, their influence will

disappear from the result.

" There remains, then, only the constant

error of graduation, which comes to be divi

ded in the final result by the number of ob

servations, and is therefore diminished in its

influence to one-tenth of its possible amount,

or to less, if need be."

Circular Numbers. A name sometimes

given to numbers whose powers terminate

with the numbers themselves, as 5, 25, &c
The different powers of 5 always end in 5,

and the different powers of 25 always end

in 25.

Circular Parts of Napier. In a right

angled spherical triangle, the sides about the

right angle, the complement of the hypothe

nuse, and the complements of the two oblique

angles, are called Napier's circular parts.

If we designate the right angle by A, the

oblique angles by B and C, and the sides

opposite them by a, b and c, respectively, the

parts may be expressed circularly as in the

annexed diagram.

The parts being ar-

ranged circularly, if

any part be assumed

as a middle part, it

will have two adjacent

and two opposite parts.

Thus, if 90° - a be

taken as the middle

part, then 90° — B and 90° — C are adjacent

parts, and b and c are opposite parts, and so

on, when any part is taken as the middle part.

By the aid of this convention, we are enabled

to solve most of the cases of spherical trigo-

nometry, by the aid of the following simple

rules

:

1. The sine of the middle part is equal

to the products of the tangents of the adjacent

parts.

2. The sine of the middle part is equal to

the product of the cosines of the opposite parts

:

thus,

sin (90°— a) = tan (90°— B) tan (90° - C),

and

sin (90°— a) — cos c cos b.

The only cases which cannot be brought

under these rules are those in which the three

angles or the three sides are given. They

apply to all other cases of oblique-angled tri-

angles, since each oblique-angled triangle

may be divided into two right-angled triangles

by an arc of a great circle drawn through

one of its vertices, and perpendicular to the

opposite side.

It has been observed that the two rules

above given do not apply in the two cases

when the three angles or the three sides are

given. There is, however, an analagous rule

which will enable us to solve these cases.

Let us consider an oblique spherical triangle,

and call the three sides and the supplements
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of the three angles, circular parts ; there will

be six such parts. If any one of these six

be assumed as a middle part, then are the

other parts of the same denomination opposite

parts : thus, if a side is taken as a middle

part, the other sides are the opposite parts

;

if the supplement of one of the angles be

taken as a middle part, the supplement of the

other angles are opposite parts. The rule is

as follows

:

A.

Select the angle A opposite the greater side,

and let fall « perpendicular from its vertex

upon the opposite side BC, dividing the angle

A and the side BC into two segments. Take

the supplement of the angle or the side oppo-

site, as the middle part ; then will the rect-

angle of the tangents of the half sum and the

half difference of the segments of the middle

part be equal to the rectangle of the tangents

of the half sum, and the half difference of the

opposite parts.

' If, for example, the angle A is the middle

part,

tan iA tan -j- (DAC - DAB) =
tan i (360° + B + C) tan i (B - C).

If the side BC = a is the middle part,

taniatan£(BD — DC) =tan£(4 + c)

tan i (b — c).

Having determined the two segments of

the middle part, jthe auxiliary triangles BAD
and CAD can be solved by the rules first

given.

Circular Sailing, is that performed on

the arc of a great circle. In Mercator's sail-

ing, the problems are solved by a solution of

plane triangles : in circular sailing, they are

solved by means of spherical triangles.

Circular Sector. A portion of a circle

included between

an arc of a circle

and the radii

drawn through its

extremi ti e s

thus, ABFC is a

sector. Similar

sectors are those which correspond to equal

angles at the centre, as ABFC and ODGE.
The angle at the centre is called the angle

of the sector, or the sectoral angle.

If we designate by I the length of the arc

of the sector, by n the number of degrees

which it contains, and by 5 the area of the

sector, r denoting the radius, we have the

following formulas

:

1. S =
s

r.i. 2. S- 'n'J><
360'

Circular Segment. A portion of a circle

included between an arc of a circle and its

chord. To find the area of a circular seg-

ment, we have the following simple rule

:

Multiply the square of the radius of the

circle by half the difference of the arc of the

segment and the sine of the angle at the centre,

—the arc being less than a semicircle. If the

arc is greater than a semicircle, subtract the

product obtained above from the area of the

entire circle. The length of the arc of the

segment may be found by any of the methods

already given under Circular Arc.

Circular Function. A function in which

the relation between it and the independent

variable is expressed by means of some of

the trigonometrical lines, as the sine, tangent,

&c. i thus, in the expression y = sin x, y is

said to be a circular function of x ;_so, also,

is y in the expression x = tan— * y.

CIR'CU-La-TING DECIMAL. One in

which one or more figures are continually

repeated in the same order. Such are some-

times called repeating decimals. The figure,

or set of figures which is continually repeated,

is called the repetend. Circulating decimals

are pure or mixed; pure, when the first figure

after the decimal point is the first figure of

the repetend ; mixed, when one or more

figures occur before the repetend commences.

A single repetend, is one in which only a

single figure is repeated : thus, .333333 . . .

Such repetends are expressed by putting a

mark over the first figure : thus >2 is the same

as .22222 ... and >3 the same as .333333 . .

A compound repetend, is one in which the

repetend consists of more than one figure, as

.57235723 . . . These are distinguished by

putting a mark over the first and last figures

in the repetend, inclined in different direc-

tions ; the above example may be expressed

.
v5723' . . .
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The true value of a repeating decimal,

supposed pure, is equal to a vulgar-
fraction

whose numerator is the repetend and whose

denominator is expressed by a number of

nines equal to the number of figures in the

repetend : thus, the value of ,

x 2 . . is -| ; and

the value of .W23' ... is ||f|. If the cir-

culating decimal is mixed, it may be reduced

to a vulgar fraction by taking that part which

precedes the first figure of the repetend and

reducing it to the form of a vulgar fraction,

then add to this result a fraction whose nu-

merator is the repetend, and whose denomi-

nator is expressed by as many nines as there

are figures in the repetend, followed by as

many 0's as there are places of figures

between the decimal point and the first

figure of the repetend : thus, 2.4N 18' ... is

equal to 2^.4-^ = 211.

Similar repetends are those which begin at

the same number of places of figures from

the decimal point. Dissimilar repetends are

those which do not begin at the same num-
ber of places of figures from the decimal

point.

Conterminous repetends are those which

terminate at the same number of places of

figures from the decimal point.

Similar and Conterminous repetends are

those which both begin and end at the same

number of places of figures from the decimal

points. Thus, .3N54' . . and 2.7S534' . . are si-

milar, but .
v253' and 47^52' . . . are dissimilar.

.l
v25'.... and .^354'... are conterminous;

53.2V753' ... and .4^632' ... are both similar

and conterminous.

Properties of Circulating Decimals.

1. Any decimal, having a finite number of

places of figures, may be regarded as a cir-

culating decimal, provided we regard the re-

petend as made up of 0's ; thus, .35 may be

written .3^50'.. or .35W.. or .35^000'..,

and so on.

2. Any circulating decimal having anynum-
ber of figures, may be written as one having

twice, three times, or any multiple of that

number of figures, by simply taking the repe-

tend twice, three times, &c, as a single repe-

tend ; thus, .25v37'
. . . may be written

.25^3737' ... or .25^373737' . . . &c.

Hence, two circulating decimals whose repe-

tends have not the same number of places of.

figures, can be so written that they sl/all have

the same number of places by the following

rule : Find the least common multiple of the

numbers of figures in the two repetends, and

then reduce each decimal to equivalent deci-

mals having this number of places of figures

in the repetend. Thus, .13^8 ... and 7.5M3' . .

.

and .04 v354'
. .

.
, may be written respectively

13v888888' . . 7.5H34343' . . and .04^354354'.

.

3. Any circulating decimal may be written

under the form of a mixed circulating deci-

mal having any number of places of figures

between the decimal point and the first figure

of the repetend. Thus, the circulating deci-

mal v57' may be written .5^75'
. . or .57W .

.

or .575N 75'. .
.

, &c. Hence, any two circu-

lating decimals may be so written that their

repetends shall be similar and conterminous.

4. If two or more circulating decimals,

whose repetends are similar and conterminous,

be added, their sum will be a circulating de-

cimal, whose repetend is similar to and con-

terminous with each of the repetends of the

given decimals.

5. If any circulating decimal be multiplied

by any number whatever, the product will be

a circulating decimal, whose repetend is simi-

lar to, and conterminous with, that of the

given decimal.

These principles enable us to deduce sim-

ple rules for operating upon circulating

decimals.

I. To add circulating decimals :

Make their repetends similar and conter-

minous as above explained, then write them

down so that units of the same order shall

fall in the same column : write as many
figures of the next consecutive repetend as

shall indicate with certainty how many are to

be carried from one repetend to the other,

and then add as in ordinary decimals, and

point off the repetend so that it shall be simi-

lar to, and conterminous with, those of the

given decimals.

II. To subtract one circulating decimal

from another.

The rule is entirely analogous to that for

addition, and may easily be supplied.

III. To multiply one circulating decimal

by another.

Transform each into an equivalent vulgar

fraction, and perform the multiplication by

the rules for multiplying vulgar fractions to-
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gether, then convert the resulting vulgar

fraction into an equivalent circulating de-

cimal.

IV. To divide one circulating decimal by

another.

Transform each into an equivalent vulgar

fraction and divide; after which, transform

the result into a circulating decimal.

To find the numher of places of figures in

the repetend of a circulating decimal corres-

ponding to any given vulgar fraction. First,

reduce the vulgar fraction to its lowest term,

then resolve the denominator into its prime

factors. Now, since every fraction whose

denominator is a multiple of either 2 or 5 can

be expressed by a decimal fraction having a

finite number of places of figures, and since

all other vulgar fractions can be expressed by

equivalent circulating decimals, we have the

following rule :

Resolve the fraction into two factors : one of

which is the given numerator divided by the

product of all the prime factors which are equal

to either 2 or 5 ; the other being equal to 1 di-

vided by the product of all the other factors of

the given denominator. Then will the number

of places of decimals which precede the first

figure of the repetend be equal to the num-
ber of prime factors which are equal either to

2 or 5, that occur in the denominator of the first

fraction.

Again, divide a number expressed by a suc-

cession of 9's by the denominator of the second

fractional factor, until a remainder is found

which is equal to 0, then will the number of 9's

employed be equal to the number of places of

figures of the repetend. Denote the first num-

ber found by n, and the second by m.

Annex 0's to the numerator of the given

fraction, and divide by the denominator of the

given fraction till a number of places of deci-

mals is equal to n + m
;
point off m places

from the right for the repetend, and n preceding

decimal places, and the quotient will be the equi-

valent circulating decimal.

1. To find a circulating decimal equivalent

— ul-fe x t^t-
here n = 3. If we divide 9999 ... by 1221,

we shall have to use six 9's before we get

fin\ a remainder ; hence, m = 6. If we di-

vide 83000 ... by 9768, and continue the

operation to 9 places of decimals, and poi it

off, according to the rule, we shall have

^|j = • 008M97133' . .

.

We see, therefore, that any vulgar fraction

may be transformed into an equivalent circu-

lating decimal.

CIR-CUM'FER-ENCE. [L. circumferentia,

from circum, around, and/ero, to carry]. The

curved line which bounds a plane curvilinear

area. In ordinary language, the use of the

term is restricted to the line which bounds or

limits the area of a circle. The characteristic

property of the circumference of a circle is,

that every point of it is equally distant from

a point within called the centre.

The length of the circumference of any

circle is equal to rr multiplied by the diameter,

or by twice the radius. If the diameter is

taken equal to 1, the circumference is equal

in length to 3.14159265358979323846264338

32795028841971 = jr, which in

practical operations, where great accuracy is

not required, we take equal to 3.1416.

The circumferences of different circles are

to each other as their radii, or as their diame-

ters, or as any two homologous lines.

CIR-CUM-FE-REN'TOR. An instrument

employed in surveying for the purpose of

measuring horizontal angles. It is nearly

the same as the surveyor's compass, (see

Compass), except that the graduation is con-

tinued from round to 360". The method

of using it will be apparent from the descrip-

tion of the compass.

CIR-CUM-SCRIBE'. [L. circumscribo, from

circum, about, and scribo, to draw]. To limit,

to bound, to confine, to inclose within limits.

Circumscribed Figure. A figure drawn

around another, so that all its sides or faces

shall be tangent to the second figure, which

is then called an inscribed figure.

Circumscribed Polygon. A polygon is

said to be circumscribed about a curved figure,

when all its sides are tangent to the curved

line which bounds the curvilineal figure The
term is usually applied to figures circum-

scribed about a circle. A triangle can

always be circumscribed about a circle, which
shall be similar to any plane triangle, as

follows

:

Let DEF be any circle, and O its centre.
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Draw through the radii OE, OD, and OF,
respectively, perpendicular to the sides of the

given triangle, and at the points E, D, and

F, draw tangents to the circumference ; these

will, by their intersection, form a triangle,

ABC, which will be similar to the given tri-

angle.

When a quadrilateral can be circumscribed

about a given circle, which shall be similar

to a given quadrilateral, the construction

is entirely analogous to that for the triangle.

In general, a regular polygon of any number
of sides can be circumscribed about a circle,

as follows : divide the circumference into as

many equal parts as there are sides in the

required polygon, and at the points of division

let tangents be drawn to the circle. These

will, by their intersection, form a regular

polygon, which will be circumscribed about

the circle. The area of every circumscribed

polygon is greater than that of the circle,

and the areas of polygons circumscribed

about the same or equal circles, are to each

other as their perimeters. The limit of the

area of a regular circumscribed polygon, that

is, the area of a polygon having an infinite

number of sides, is equal to the area of the

circle.

If all of the sides of a polygon are chords

of a circle, the circle is said to be circum-

scribed about the polygon.

The circle ACDE is circumscribed about

the polygon ACDE.

Circumscribed Polyhedron. A polyhe-

dron is said to be circumscribed about a sphere

when all of its faces are tangent to the sur-

face of the sphere. If all of the vertices of

the polyhedral angles of a polyhedron are in

the surface of a sphere, the sphere is said to

be circumscribed about the polyhedron. The

solidities of polyhedrons, circumscribed about

the same or equal spheres, are to each other

as their surfaces.

CIS'SOID OF DIOCLES. [Gr. laaaoc,

ivy, and siSoc, form]. A curve first employed

by Diodes, whose name it bears, for the pur-

pose of solving two celebrated problems of

the higher geometry, viz : to trisect a plan*

angle, and to construct two geometrical meant

let-ween two given straight lines.

Let AB be a diameter

of any given circle, and

let PQ and pq be any two

ordinates, taken at equal

distances from its extrem-

ities, A and B. If we
draw a straight line

through A, and either of

the points, q or Q, and

produce it till it cuts the

other, produced if neces-

sary, the point of inter-

section M, will, in its

different position, trace

out a curve called a cissoid. The circle AB
is called the generating circle, and the diame-

ter AB is the axis of the curve. The cissoid

consists of two infinite and symmetrical

branches, AE and AE, having a cusp point

at A, and having the straight line drawn
tangent to the generating circle at B, for a

common asymptote.

IfA be taken as the origin of a system of

rectangular co-ordinates, the axis of X coin-

ciding with the axis of the curve, the equa-

tion of the curve may readily be deduced.

Denote the co-ordinates of any point M, by x

and y respectively, and we shall have, if we
denote the length of the diameter AB by a.

AP : Ap :: PM:pq,. or

x : a — x : : y : Vx(a — x) ; whence,

xVx(a— x) x3

y
- y"

(a-x)

which is the equation of the curve.

From the method of constructing points.
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it is plain that the curve bisects each semi-

circle of the generating circle, and that the

parts AM and qG of the straight line AG
are equal.

The curve may be constructed mechani-

cally. Produce CA to E, making AE equal

to CA, or to the radius of the generating

circle. Produce the ordinate CD, through

the centre, indefinitely. Take a right angled

ruler, HFE, right angled at F, whose side

HF is equal to AB, the diameter of the gen-

erating circle, and move it so that the side

FE shall constantly pass through the point

E, whilst the angular point H continues upon

CDH, then will M, the middle point of HF,
describe the cissoid.

The area of the entire space included be-

tween both branches of the cissoid, and their

common asymptote, is equal to three times

the area of the generating circle. The vol-

ume of the solid generated by revolving this

area about its axis, is infinite.

If instead of using a circle as the genera-

ting curve, we had employed any other curve,

of which AB is a portion of the axis, the

curve generated is cissoidal; therefore, there

is an infinite variety of cissoidal curves.

If the generating line is the perimeter of a

rectangle, the cissoidal curve generated will

v ? bx
nave for its equation y — • in whichJ a — x

i is equal to AD, the semi-side of the rectan-

gle DG. This is the equation of an hyper-

bola ; hence, each branch of the curve is a

portion of an hyperbola. If, instead of taking

the ordinates pq and PQ at right angles to

the axis, they be taken oblique to it, we shall

have still another system of cissoidal curves.

If we take a cissoid as a generating curve,

the cissoid generated will be the generating

circle of the cissoid. If we reverse the axis

of the cissoid, taking the cusp at B, and gen-

erate a cissoidal curve, its equation will be

x"
y* = -———r-j- If we again reverse the sec-

ondary cissoid, and generate a tertiary cis-

soid, its equation will be y' — and

so on.

CLAMP. A contrivance for fastening two

parts ofan instrument together, as the vernier

plate and limb of a theodolite, or the vane,

and rod of a leveling staff. Clamps have a

great variety of forms, but the general princi-

ple involved is nearly the same in all. A
piece of metal of suitable form is firmly at-

tached to one of the parts to be fastened

together, and this bears a screw which, on

being tightened, increases the friction and

prevents the parts from sliding upon each

other. When an instrument is clamped,

there is generally an arrangement by means

of which slight motion can be imparted, con-

sisting of i screw working tangentially and

called from this circumstance a tangent screw.

Clamp Screw. The screw by means of

which the parts of an instrument are firmly

connected together, at pleasure.

CLaSS. [L. clasis, a collection]. A scien-

tific division or arrangement. A group of

things possessing some common attribute or

attributes.

CLAS-SI-FI-Ca'TION. The operation of

grouping objects together according to some

law of arrangement. As an example of the

mode of classification sometimes employed

in mathematics, let us examine the analytical

classification of surfaces.

All surfaces are divided into two classes,

algebraic and transcendental. Algebraic sur-

faces are those whose equations can be ex-

pressed by means of the ordinary operations

of algebra. Transcendental surfaces are those

whose equations cannot thus be expressed.
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These are again subdivided into other

classes : thus, algebraic surfaces are divided

into orders according to the degree of their

equations.

The different orders are each again sub

divided in species : thus, surfaces of the

second order are divided into three species
;

viz., ellipsoids, hyperboloids and paraboloids,

depending upon the nature of the sections

made by secant planes. Surfaces of the

second order may also be divided into species,

dependent upon the number and position of

their centres : thus, the first species has one

centre at a finite distance ; this embraces the

ellipsoids and the hyperboloids ; the second

species embraces those which have but one

centre, and that at an infinite distance ; this

species includes the paraboloids ; the third

species embraces those which have an infinite

number of centres at a finite or an infinite

distance ; this species embraces all of the

cylinders having any of the conic sections

for bases.

The species are again subdivided into va-

rieties, dependent upon the relations existing

between the constants which enter their equa-

tions, or upon the nature of their plane sec-

tions : thus, the ellipsoids have for varieties,

the ellipsoids of revolution ; that is, the oblate

and prolate spheroid, the sphere, the point,

and the imaginary surface.

This classification of magnitudes greatly

facilitates the discussion of their properties.

In the above classification, if it were desired

to describe any surface, as the sphere, for

example, we should say that it was the second

variety of the first species of the second

order of algebraic surfaces. The above ex-

ample of the method of classification serves

to show the general principles of classifica-

tion, though the same surfaces might be dif-

ferently classed, the classification being based

on other principles. For different purposes,

different classifications may be adopted

;

hence, we often find the same magnitudes

ranged in different classes.

CLoSED CURVE. A curve which, count-

ing from any point, returns upon itself, as the

circle, the ellipse, or an oval.

CO-EF-Fi"CIENT. [L. con, with, to-

gether, and efficio, to effect, to bring about].

A number written before a quantity, to show

how many times it is to be taken additively

:

thus, in the expression 3<zi, 3 is the co-effi-

cient of the quantity ax, and indicates that

ax is to be taken three times additively. In

the expression just given, if we regard x as

the quantity taken, 3a is the co-efficient, and

it shows that x is to be taken as many times

as there are units in 3a. Hence, we see

that a co-efficient may be numerical, or it may
be literal, or it may be mixed ; that is, it may
be expressed by means of both figures and

letters.

Custom has, however, given a more en-

larged signification to the word co-efficient

than that which has just been explained. In

its most general sense, it is nearly synony-

mous with factor, and may be either positive

or negative, entire or fractional, real or imagi-

nary. If an expression contains any un-

known or variable quantity, the factor which

is to be multiplied into it may be considered

a co-efficient of that quantity. In strictness,

the co-efficient is the co-efficient of the quan-

tity which is multiplied by it ; but it is usual

to speak of it as the co-efficient of the term or

of the quantity, as may be most convenient.

When a term contains no variable or un-

known quantity, if it can be resolved into

two factors, it is allowable to speak of either

factor as a co-efficient of the other.

When no co-efficient is written, the co-effi-

cient 1 is always understood : thus, a is the

same as la.

Every equation which contains but one

unknown quantity, and which is entire with

respect to that unknown quantity, may be

reduced to the form

a" + Pa?"- 1 + Qjf— + iJz"-' + • •

+ Tx+ U = 0;

and when so reduced, the co-efficients P, Q,

&c, T, U, have some remarkable properties.

It may be observed that U is regarded as a

co-efficient, being the multiplier of x°. The

co-efficient of the first term being 1

.

The co-efficient P, of the second term is equal

to the algebraic sum of the roots of the equa-

tion, taken with their signs changed.

The co-efficient Q, of the third term, is

equal to the algebraic sum of the different

products of the roots of the equation taken in

sets of two.

The co-efficient R, of the fourth term, is
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equal to the algebraic sum of the different

products of the roots taken three in a set,

with their signs changed ; and so on for suc-

cessive co-efficients.

The absolute term U, or the co-efficient of

i°, is equal to the continued product of all

the roots taken with their signs changed.

See Equation. For Differential Co-efficients

and Indeterminate Co-efficients, see the re-

spective articles under these headings.

COIN. [Fr. coin]. Money stamped ; a piece

of metal, as gold, silver, copper, or some

alloy converted into money by stamping upon

it certain characters. The coinage of money

can only be legal when executed under the

authority of government. In the United

States the Constitution provides that gold

and silver only shall be a legal tender for

debts due. The different coins established

by law, which are of gold, silver and copper,

are as follows

:

Gold Coins. Double eagle, $20 ; eagle,

610 ; half eagle, $5 ; $3 piece
;

quarter

eagle, $2,50 ; and gold dollar.

Fineness oe Standard. Of 1000 equal

parts, by weight, 900 must be pure gold, and

the remaining 100 of silver and copper, the

sillier in no case to exceed one-half of the

alloy.

.Weight. The weight of the eagle is 258

grains Troy, and that of the other coins in

the same proportion, according to their values.

Silver Coins. Dollar ; half dollar
;
quarter

dollar ; dime ; half dime ; three cent piece.

Fineness or Standard. Of 1000 equal

parts, 900 must be pure silver, and 100 pure

copper.

Weight. The weight of the dollar is 412|

grains Troy, and that of the other coins in

the same proportion, according to their values.

The gold and silver coins are legal tenders

for the amounts which they severally repre-

sent.

Copper Coins. The copper coins are the

cent and the half cent, and are of pure cop-

per. The weight of the cent is 168 grains

Troy, and of the half cent 84 grains.

The value of foreign coins, which circulate

as money, is fixed by law.

Including the legal value, a foreign coin

may be said to have four different values :

1. The intrinsic value, which is determined

by the amount ofpure metal which it contains.

2. The custom house, or legal value, fixed

by law.

3. The mercantile value, which is the

amount it will sell for in the market.

4. The exchange value, which is the value

assigned to it, in buying or selling bills of

exchange between one country and another.

For example, the gold sovereign of Eng-

land is worth at the mint $4,861, in terms of

our gold eagle. Its legal value is $4.84. Its

commercial value, in Wall-street, varies from

L83 to $4.86, seldom reaching either limit.

The exchange value of the sovereign or

English pound, is $4.44£ ; this was trie legal

value before the change in our standard.

CO-IN-CIDE'. [L. con, with, together, and

incido, to fall upon]. To fall upon. Two

magnitudes are said to be coincident, when,

being placed one upon the other, they are

made to agree with each other throughout, in

which case they are said to be equal.

COL-LECTION- [L. from con, with, and

lego, to gather]. A group of particulars

gathered together. A number is a collection

of equal things, each of which is a unit of

the collection. See Number.

COL-LI-Ma'TION. [L. con, with, and

limes, a limit]. The line of collimation of a

telescope is a line drawn through the optical

centre of the eye and object lenses. This

line is indicated by cross hairs fixed at the

common focus of these lenses.

COLORE'. [Gr. KoXovpoc, from koXoc, mu-

tilated, and ovpa, a tail. So named, because

a part is always below the horizon]. Two
meridians of the celestial sphere, one of

which passes through the axis of the eclip-

tic, and is called the solstitial colure ; the

other, called the equinoctial colure, is perpen-

dicular to the first, and passes through the

equinoctial points. The points in which the

solstitial colure intersects the ecliptic are

called solstitial points, and they mark the ex-

treme northern and southern limits of the

sun's annual path.

COM-BI-Na'TIONS. [Fr. combination,,

union. L. con, with, and bini, two and two]

In Algebra, the combinations ofm factors are

the different results obtained by multiplying
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them together in every possible manner,

when taken in sets of n, n being less than m.

If m designate the whole number of factors,

and n the number which is taken in a set, and

if z denote the whole number of combina-

tions, we have the formula

m(m — l)(ra — 2) ••(m — n+1)
•
= 1-2-3 ....» ( 1 )-

That is, the whole number of combinations of

m factors, taken nina set, is equal to the con-

tinued product of the natural numbers, from m
down tim-n + 1 inclusively, divided by the

continued product of the natural numbers, from

1 up to n inclusively.

If z' denote the number of combinations

of m factors, taken in sets of m — n, we
shall have, by simply changing n into in, — n,

in the preceding formula,

m(ro-l)(m-2)-- •(« + !)
a—

1 • 2 • 3 ••• (m — n) (2).

If now we divide equation (1) by (2), member

by member, and arrange the factors in both

terms of the quotient, we shall have

z 1 2 3 (m — n) X (m — n + 1)

1-2-3-

(m — 1) m
(m — l)m

= 1.

Hence, since — = 1, z — z'

.

That is, the number of combinations of m fac-

tors, taken in sets of n, is equal to the number

of combinations of m factors, taken in sets of

m — n. This principle is of much import-

ance in deducing the binomial formula.

The applications of the principle of com-

binations are various. One of the most im-

portant is its application to the doctrine of

chances or probabilities. It also forms the

basis of the demonstration of the binomial

formula for entire exponents.

COM-MEN'SU-RA-BLE QUANTITIES,

[L. con, with, and mensura, a measure].

Are those which maybe exactly expressed by

means of a common unit. Thus, a foot and

a yard are commensurable, since both can be

expressed in terms of an inch ; the first being

equal to 12 inches, and the second being equal

to 36 inches. The numbers 2| and 3£ are

commensurable, because the first is equal to

l£2 , and the second is equal to^ ; hence

may both be referred to the common fractional

unit ^f. In general, any numbers which are

entire, or which can be expressed by a vulgar

fraction, are commensurable ; all other num-

bers are incommensurable. All denominate

quantities which can be expressed by any

number of entire parts of the same unit, or

by means of a vulgar fraction, are commen-

surable. All radicals are incommensurable

by any unit, either 1, or a part of 1.

COM'MON DIVISOR. [L. communis,

common, and divisor, a divider] . Any quan-

tity is a common divisor of two other quanti-

ties, which will divide both of them without

a remainder. Thus, 4 is a common divisor

of 12 and 16 ; also 3oa — 4 is a common di-

visor of 9a* — 6a36 + i2 and 12a1 — ia'b.

Greatest Common Divisoe, of two num-
bers, is the greatest number which will ex-

actly divide both.

The greatest common divisor of two polyno-

mials, is the greatest algebraic expression,

with respect to co-efficients and exponents,

that will exactly divide them both. The

greatest common divisor of any number of

polynomials, is the greatest algebraic expres-

sion that will exactly divide them all. The
rule for finding the greatest common divisor

of two polynomials depends upon the follow-

ing principles

:

1st. The greatest common divisor of two

polynomials contains all the prime factors

which are common to both, and does not con-

tain any other factors.

2d. The greatest common divisor of two

polynomials is the same as that which exists

between the least polynomial and their re-

mainder, after division.

From these two principles the following

rule is deduced

:

I. Suppress the monomial factors common
to all the terms of the first polynomial ; do

the same with the second polynomial ; and

if the factors so suppressed have a common
factor, set it aside as forming a factor of the

common divisor sought.

II. Prepare the first polynomial in such a

manner that its first term shall be divisible by

the first term of the second polynomial, both

being arranged with reference to the same

letter : apply the rule for division, and con-

tinue the process till the greatest exponent

of the leading letter in the remainder is at
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least one less than it is in the second poly-

nomial.

Suppress, in this remainder, all the factors

that are common to the co-efficients of the

different powers of the leading letter ; then

take this result as a divisor, and the second po-

lynomial as a dividend, and proceed as before.

III. Continue the operation till a remain-

der is obtained, which will exactly divide the

preceding divisor ; this last remainder, mul-

tiplied by the factor set aside, will be the

greatest common divisor sought ; if no re-

mainder is found, which will exactly divide

the preceding divisor, then the factor set

aside is the greatest common divisor sought.

The rule for finding the greatest common
divisor of two numbers, may at once be de-

duced from this.

In applying the rule, if it is found that the

co-efficients of the different powers of the

leading letter have the polynomial factor, or

factors, they may be suppressed and treated

in the same manner as the monomial factors.

If one polynomial contains a letter which
does not enter the other, the greatest common
divisor will be the same as that which exists

between the co-efficients of the different

powers of this letter and the second polyno-

mial. If each polynomial contains a letter

which is not in the other, arrange them both

with respect to this letter, and the greatest

common divisor of all the co-efficients of the

letters in the two polynomials will be the

common divisor sought.

To find the greatest common divisor of

several polynomials, find that of the first and
second polynomial, and then that of this re-

sult, and the third polynomial, and so on, till

the la6t : the final result will be the greatest

common divisor of all the polynomials.

Common Measure. The common measure
of two quantities is the same as the common
divisor.

Common Multiple oe Common Dividend.
A common multiple of two quantities, or
their common dividend, is a quantity which
they will both divide without a remainder.
Thus, 24 is a common multiple of 6 and 4

;

so is 12, so is 48, <&c.

The least common dividend of two or more
quantities is the least quantity which they
will all divide without a remainder. Thus
12 is the least common dividend of 4 and 6.

The rule for finding the least common
dividend of any number of quantities, de-

pends upon this principle, viz.

:

The least common dividend of any two quan-

tities contains as factors all the prime fac-

tors which enter both quantities, each raised to

a power equal to the highest power of that fac-

tor in either of the given quantities, and does

not contain any other factor.

Hence, to find the least common dividend

of any number of quantities : Resolve them

into their prime factors ; some of these may be

equal ; then take all the prime factors which en-

ter all of the given quantities, and raise each to

a power equal to the highest power which thai

factor enters any of the given quantities ; mul-

tiply these resulting expressions together, and

the product will be the least common dividend

required.

1. Find the least common dividend of the

numbers 45, 50, and 60. Resolving these

into their prime factors, we find

45 = 32
. 5, 50 = 2 . 5s

, and 60 = 2».3.5.

Hence, the least common dividend is

2a
.
3" . 5s = 900.

2. Find the least common dividend of

a? + 2ab + b', a* - b", a' - 2ab + b',

and a? + 3a"b + 3ab' + b*.

These become severally, when resolved into

their prime factors,

(a + b) (a + b), (a+6) (a - b), (a - b) (a-i),

and (a + b) (a + b) (a + b)
;

hence, their least common dividend is

(a + bf {a - by = {a + b) (a' - b')'

If it is not convenient to resolve the quan-

tities into their prime factors, the least com-

mon dividend of two quantities may be found

by multiplying them together and dividing

the product by their greatest common divisor.

This amounts to the same thing as pursuing

the course indicated above. Or we may, if

we please, divide either of the quantities by
their greatest common divisor, and then mul-

tiply the quotient by the other quantity, which
is but another method of arriving at the same
result. To find the least common dividend

of several quantities, we may find the least

common dividend of the first and second;

then find the least common dividend of this

result and the third ; then the least common
dividend of this result and the fourth, and so
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on to the last : the final result is the least

common dividend of all the given quantities.

COM'PASS. [Fr. compas, a compass]. A
name given to instruments contrived to indi-

cate the direction of the magnetic meridian

and also to determine the angle contained be-

tween that meridian and any horizontal line.

It is named according to the different pur-

poses for which it is used : surveyor's com-

pass, mariner's compass, azimuth compass

variation compass, &c. Each particular ap-

plication requires some change in the detail

of arrangement, but the general principle is

the same in all.

Surveyor's Compass. The surveyor's com-

pass, or circumferentor, is an instrument used

in surveying, for the purpose of measuring

horizontal angles, where great accuracy is

not required. It consists essentially of a

compass-box of brass, usually about six inches

in diameter, which rests upon an arm of brass

about fourteen inches in length ; at the two

extremities of this arm are two vertical sights

or openings, so arranged that their plane

shall pass through the centre of the compass-

box. At the centre of the compass-box, is a

small pin terminating in a sharp and hard-

ened point, upon which the magnetic needle

is carefully poised, so as to admit of free

horizontal motion. To diminish friction as

much as possible, a cap of agate or other

hard mineral is let into the lower suriace of

the needle, and a conidal hole is drilled into

it to receive the hardened point of the pin.

Just within the rim of the compass-box is a

graduated circle, whose centre is at the cen-

tral pin, and the length of the needle is so

regulated that it may turn freely within the

circle, and yet have its pointed ends as near

as possible to it. The needle and graduated

circle are covered by a glass plate, and the

needle is so adjusted that when not needed

for use, it can be thrown off the pin, to pre-

vent wearing off the point. The sights are

arranged with two openings, the one a nar-

row, and the other a broad one, the broad

opening being above the narrow one in one

sight, and below it in the other. Stretched

across the broad opening is a fine hair lying

in the direction of the narrow slit above or

below it. The plane of these sights cuts the

graduated circle in two points, and from these

points the graduation is begun and carried in

each direction around to 90°.

There is also a vernier plate attached to the

box, so that smaller portions of an arc may
be measured than one of the smallest divi-

sions of the circle.

The whole instrument thus described, when
needed for use, is mounted upon a tripod, to

which it may be firmly fastened ; when not

in use, the needle is raised from its pivot, and

the compass packed in a box.

The compass is used either in field survey-

ing or in filling in the details of a trigono-

metrical survey. In either case, its use is

essentially the same, viz., to measure the angle

between two courses directly, or to determine

the magnetic bearing of each, thus giving

data for computing the angle ; the latter is

most frequent.

To determine the bearing of any course,

plant the instrument at one extremity of the

course, and a flag at the other extremity;

then, having made the compass-box truly

horizontal, direct the line of sights in the

direction of the flag : the reading of the arc

at either extremity of the needle will be the

bearing. In recording, the bearing is pre-

ceded by the letter N or S, according as the

course makes northing or southing, and fol-

lowed by the letter E or W, according as the

course makes easting or westing. Having

the bearings of two courses, the angle be-

tween them may be determined by the follow-

ing rules : If the courses are both run from

the same point, the letters of the bearings

are allowed to remain ; but if they are run in

the usual way, as in running around a field,

the letters of one of the courses must be

changed, viz., N to S, S to N, E to W, and

W to E.

1st. If the meridional letters are alike, and

the letters of departure are also alike, the

difference of the bearings is the angle between

the courses.

2d. If the meridional letters are alike, and

those of departure are unlike, the sum of the

bearings is the angle between the courses.

3d. When the meridional letters are unlike,

and those of departure alike, the angle between

the courses is equal to 180° minus the sum of

the bearings.

4th. When the meridional letters are un-

like, and the letters of departure also unlike,
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the angle between the courses is equal

to 180° minus the difference of the

bearings.

Mariner's Compass. In the mari-

ner's compass there is a circular card

attached to the upper surface of the

needle, having its centre exactly over

the central pin. The circumference

of this card is divided into 32 equal

parts, called points ; each point is sub-

divided into four equal parts, called

quarter points. The direction of the

needle coincides with the line marked

NS. The diameter marked EW, at

right angles to NS, indicates the

East and West points. The points

of the Compass are read thus : begin-

ning at the north point, and going

around to the east, we say, north

and by east, north north-east, north-east

and by north, north-east ; and so on around

the card as indicated by the letters.

The compass box is suspended within a

.larger box by means of two concentric brass

circles, called gimballs, the outer one being

fixed both to the outer box and to the inner

circle, which carries the compass box by two

sets of points, the axes of motion being at

right angles to each other. By means of this

arrangement the inner A
circle of the compass

box and card always

retain a horizontal po-

sition, notwithstand-

ing the rolling of the

ship.

On the interior of

the compass box in

which the card swings are two marks A and

B, which lie in a line passing through the

centre of the card, and the compass is so

mounted on shipboard that this line is paral-

lel to the keel. Consequently, if B be placed

towards the bow of the vessel, the point

which it marks on the card will show the

compass course of the ship. For NS is

always on the magnetic meridian. The
course is generally read to quarter points,

each quarter point being equal to 2' 48' 45".

Azimuth Compass, is so named from its

being used for measuring the magnetic azi-

muth of one of the heavenly bodies, for the

purpose of determining the variation of the

needle. Its construction is like that of the

mariner's compass, in that it carries a circu-

lar card, but is unlike it in many other par-

ticulars. The card, instead of being gradua-

ted to points and quarter points, is divided

into degrees and quarter degrees. It has

also sights, and is often constructed so as to

be attached to a tripod.

This little instrument, besides being used

for the purpose already indicated, is very valu-

able formakingreconnoissances, or for making

a sketch map of a country. The following

is a description of a very convenient form of

this instrument, as manufactured by Trough-

ton and Sims, and by them called the pris-

matic compass

:

•

A represents the compass box ; B the card

which moves with the needle about the agate

centre, on which it is suspended ; C is a

prism through which the observer looks in

making an observation ; E is the sight vane,

bearing a vertical hair ; on looking through

the prism, when properly adjusted, this hair

and the figures on the graduated card are

seen together, the former by direct view and

the latter by reflection ; F is a mirror, turn-

ing about a hinge d, for the purpose of re-

flecting an image of the heavenly body, when
used as an azimuth compass ; G is a collec-

tion of colored glasses, for modifying the

light when the sun is observed ; they turn

about a hinge, and one or more may be inter-

posed according to the brightness of the sub's
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rays
; e is a small spring for throwing the

agate centre off the pin on which it rests.

The prism C moves up and down in a slide,

to suit the eye of the observer in reading the

figures on the card, and turns about a hinge

D. The sight vane E also has a motion

about a hinge, so that the instrument may be

rendered more portable. There is also a

cover, which can be placed over the glass

when not in use. The arc is graduated

around from to 360°, the point being so

arranged that it shall be under the prism

when the line of sight is directed along the

magnetic meridian towards the north. The
instrument having been arranged for use by
fixing the prism at the proper distance from

the card and raising the sight-vane, its use is

very simple.

If the magnetic azimuth (from Ihe north

point) of any object is required, hold the

instrument) horizontally and turn it around

till the vertical hair bisects the object ; the

reading of the card after it has come to rest,

is the required azimuth. If it is required to

measure the horizontal angle subtended by

two objects, direct the line of sight to the

left hand object, and take the reading ; then

turn it around till the line of sight passes

through the second object, and again take the

reading ; if the point has not passed under

the prism, the difference of these readings is

the angle sought : if it has, then take the

greater reading from 360°, and add the

difference to the lesser reading, and the sum

will express the value of the required angle.

Variation Compass. A compass of very

delicate construction, made use of to show
the small daily variation of the magnetic

needle. Its needle is made very light and

much longer than the ordinary compass, and

is very carefully balanced upon a fine point,

the bearing surface of the needle being

formed of agate. As it is not required that

the needle shall turn around the whole cir-

cumference, the box, instead of being circu.

lar, is oblong, so as to admit of a deviation

of only 20 or 25 degrees from the middle line.

A vernier with a magnifier is usually applied

in order to estimate the changes of position

of the needle with the greatest possible pre-

cision.

Compasses, or fair of Compasses. A
mathematical instrument used for describing

circles, measuring and dividing lines, &c.

They are more commonly called dividers,

from this latter use which is made of them.

The common compasses consist of two

legs, sharp at one end and connected at the

other .by a hinge, by means of which the

legs may be opened or closed, so as to place their

sharp points at any distance from each other

less than the sum of the lengths of the legs.

In some compasses the points are both fixed

;

in others one of them is arranged so that it

may be taken out and replaced by a pen or

pencil. There are in use various kinds of

compasses, adapted to the various uses for

which they are intended.

Triangular Compasses. These have three

legs, the third leg being attached to the other

two by a double joint, so that it can be moved
in any direction, with respect to the other

two. It is used to transfer three points, as

the three vertices of a triangle, from one

drawing to another. They are particularly

useful in transferring maps.

Beam Compass, consists of a straight beam
or bar, bearing two arms at right angles to it,

one of which is fixed, and the other movable.

These arms are so arranged that sharp points,

pens or pencils, may be screwed into them.

The movable arm is provided with a clamp

screw, by means of which it may be fastened

to the beam, and sometimes is provided with

a vernier and tangent screw so that the point

which it bears may be set at any distance

from the fixed point. The beam or limb ij
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accurately graduated into equal parts, the

of the scale coinciding with the fixed point.

The beam compass is used for describing cir-

cles with a greater radius than would be con-

venient to describe with the ordinary com-

passes.

Bow Compasses, are very small compasses,

having their legs terminating in a bow of

steel which serves as a handle. The distance

between the points is regulated by a screw

which connects the legs. Their use is to

describe very small circles.

Elliptical Compasses, are compasses con-

trived to describe ellipses. They are of

various constructions, one of the simplest as

well as most elegant of which, we shall

describe.

The instrument consists of three legs AB,

AC and AD, the last of which turns about

a hinge at A, so that its plane of motion is

at right angles to the plane of the other two.

The leg AD is cylindrical, and a fourth leg

EF, carrying a pencil or pen, and so fitted

as to slide freely along it. This leg EF has

a hinge joint at G, so that it may be set to

make any inclination with AD. The manner
of using the instrument is this : having the

axes of the ellipse given, the leg AD is placed

at the centre, and the points C and B are set

in a line parallel to the conjugate axis ; then

the leg EF is turned about the hinge at G till

the distance from the point F to the axis is

equal to the semi-conjugate axis. It is then

secured at this angle by a clamp screw at G.

The leg EF is then turned around AD till

the point comes into the transverse axis, and

by moving the legs AB and AC, the point F
'is brought to one extremity of the transverse

axis : then the point F is carried around AD,
sliding along it so that the point F shall al-

ways remain in the plane of the paper. It

will trace out the ellipse. For, the point F
being always at the same distance from AD,

will be upon the surface of an oblique cylin-

der, of which AD is the axis; and being

always in the plane of the paper, it must

describe an ellipse.

Proportional Compasses. Those in which

the joint lies not at one end of the legs, but

at some intermediate point. The joint is

made movable, so that when the compasses

are opened, the distance between the points

of the legs at one end may be any fractional

part of the distance between the points of

the legs at the other end. The joint is moved

by means of a groove in each leg, and is

secured by a clamp screw.

Proportional compasses are used in redu-

cing drawings from one scale to another, but

on account of their liability to get out of

order, they are not of much use in practice.

Besides the compasses already described,

there are a great variety of others ; indeed a

complete catalogue of them would exceed our

limits.

COM-PAT'I-BLE VALUES. [Fr. compat-

ible, from L. con, with, and peto, to seek].

If a group of n equations containing n un-

known quantities, be so combined as to elim-

inate all the unknown quantities but one, the

resulting equation containing that one is

called the final equation. If the final equa-

tion be solved, its roots are called eompatiile

values of that unknown quantity, because

these are the only valu.es of that quantity

which are compatible with the simultaneous

existence of the group of given equations.

COM'PLE-MENT. [L. complementum, from

con, with, and pleo, to fill]. In general, is

what is wanted to complete some quantity or

thing.

Complement of an Arc, in Trigonometry,

is what remains after subtracting the arc from

90° : thus, 30° is the complement of 60°, and

the reverse. If the given arc exceeds 90°,

its complement is negative : thus, the com-

plement of 105° is — 15°, and the reverse.

The complement of an angle, is what re-

mains after subtracting it from a right angle.

Arithmetical Complement of a number.

What remains after subtracting it from a unit

of the next higher order : thus, 4 is the arith-
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metical complement of 6, and 24 is the arith-

metical complement of 76.

The arithmetical complement of a logar-

ithm, is what that logarithm wants of 10.

Complements of a Parallelogram. The
lesser parallelograms formed by drawing lines

parallel to the sides of the given parallelo-

gram through the same point of the diago-

nal. In the parallelogram AC, P and Q are

complements. In every case these comple-

ments are equivalent.

Complement of Life. A term used in dis-

cussing life annuities by DeMoivre and

others. It is the difference between 86 years

and any given age : thus, 30 is the comple-

ment of 56, and the reverse.

COM'PLEX FRACTION. [L. complex™.

connection of things]. A fraction having a

fraction or mixed number in either the nu-

merator or denominator, or in both : thus,

(f) _2_ (f) 42|

14' 47V ()' «t'
are complex fractions.

COM-POS'ITE NUMBER. One which

can be divided by some other number greater

than 1, in opposition to a prime number,

which cannot be thus divided: thus, 12, 15

and 27, are composite numbers, whilst 11,

47, 89, are not composite.

The following table shows all of the com-

posite, as well as all of the prime numbers

to 100, and is often useful in numerical com-

putations. The composite numbers are re

solved into their prime factors.
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by x. Then, if there are m roots given of

the form a, b, c, &c, the equation from which

they may be derived is of the form

j-» -|- pjm-t + Qx™-* H + Tx + U = 0,

in which the highest exponent of x is equal

to the. number of roots, and goes on decreas-

ing by 1 in each term to the right. The

values of the co-efficients of the different

terms observe the following law : The co-

efficient of the first term is 1. That of the

second term is equal to the algebraic sum of

the roots taken with a contrary sign. That

of the third term is equal to the algebraic

sum of the different products of the roots

taken in sets of two. That of the fourth

term is equal to the algebraic sum of the dif-

ferent products of the roots taken three in a

set, with its sign changed, and so on, for the

successive co-efficients. The co-efficient of

x3 , or the absolute term, is equal to the con-

tinued product of all the roots taken with its

proper sign, if the number of roots is even,

and with its sign changed if the number is

uneven.

It follows from this rule for the composi-

tion of the equation, that if one of the roots

is 0, the absolute term will be 0, and the con-

verse is equally true. If the co-efficient of

the second term is 0, the sum of the positive

roots is numerically equal to the sum of the

negative ones : the converse of this is also

true.

The rule given above is very useful in

theory, but in practice, when there are more

than three roots, its application is tedious.

The following method presents little diffi-

culty : Subtract each root in succession from

x, forming factors of the form x — a, x — b,

x — c, and so on. Multiply these results to-

gether, and place their continued product

equal to 0, and that will be the required equa-

tion. If the method of multiplication by de-

tached co-efficients is employed, this opera-

tion becomes a very simple one.

COM-POUND'. [L. compono, con, with,

and pono, to set or put]. The result of a com-
position of different things. The term stands

opposed to simple.

Compound Addition, Compound Subtrac-

'ion. Compound. Multiplication, and Compound.

Division, are names given to these several

operations when the numbers to be added are

expressed in a varying scale. See Arithmeli'

col Scale, and the several articles, Addition,

Subtraction, Multiplication, and Division.

Compound Fractions. A fraction is com-

pound when it is a fraction of a fraction, or

several fractions connected by the word of;

thus, \ of £, | of £of4.

Compound Interest is, when the interest

on a sum of money, becoming due and not

paid, is added to the principal and then in-

terest computed on this amount, as on a new

principal, and so on.

The amount originally placed at interest is

called the principal. Let us denote the prin-

cipal by p, the rate per cent per annum by r,

the time which the money is at interest in

years by t, also let S denote the amount which

will be due at the end of / years. Then will

the following formulas express the relations

existing between these several quantities

:

S=p(l+ r)> or logS = logy-r-«log(l-(-r).

If any three of the four quantities, S, p, t,

and r, be given, the other one can be found.

It may happen that interest is added to prin-

cipal oftener than once a year, as at intervals

of six or of three months. In such case, t

denotes the number of these intervals, and r

the rate per cent for one of the periods of

time.

By the aid of these formulas, a table may

be computed for finding by inspection the

amount of one dollar at compound interest

for any number of years at any rate per cent.

Compound Number. A number constructed

according to a varying scale, as 3 cwt, 1 or.,

5 lb. ; more properly, a denominate number

See Denominate Numbers.

Compound Ratio. The product of two or

cd
more ratios ; thus, -77-, is a ratio comp

ab'

c d
of the simple ratios - and r-

COM-P0TE'. [L. computo, con, with, and

puto, to lop or prune]. To reckon by the aid

of characters.

COM-PU-Ta'TION. [L. computatio, com-

puting, calculating]. The operation of com-

puting or reckoning ; the practical application

of the rules of a science to individual ex-

amples.

CON'C&VE. [L. concavus, con, with, and
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eavus, hollow]. A term employed in speaking

of the inner surface of a hollow body, and by

analogy extended to lines. A line has its

concavity at any point on the side which is

opposite to the tangent drawn at the point

;

that is, it is on that side towards which the

line bends or curves. Thus, the line CD is

E -D

concave on the side E, and convex on the op-

posite side. In like manner, a curved sur-

face is concave on the side towards which it

bends, and is convex on the opposite side

Thus the surface of a sphere is concave to-

wards its centre, and convex on the side op-

posite to it.

CON-CEN'TRIC. [L. concentricus, con,

with, and centrum, centre]. Having the same

centre : it is opposed to eccentric, having dif-

ferent centres. The term is usually applied

to spheres or circles, but sometimes, bj analo-

gy, to other surfaces and lines. Two spheres

are concentric which have the same centre

and unequal radii. Two circles are concen-

tric which have the same centre and unequal

radii. Two cylinders having circular bases,

are concentric when their bases are parallel,,

and when they have a common axis. In this

case, every section made by a plane parallel

to the bases, cuts out two concentric circles.

Every oblique plane cuts out similar ellipses,

which may be called concentric, since they

have a common centre. Hence, we may call

similar ellipses concentric when they have a

common centre, and when their axes lie in

the same direction.

CONCHOID. [L. concha, a shell, and Gr.

udoc, form]. A curve of the fourth order,

first made use ofiby Nicomedes, who invented

it, and whose name it bears, for the purpose

of trisecting an angle, and for constructing

two geometrical means between two given

straight lines, and ultimately to construct a

cube double a given cube. It is well adapted

to this end, since it admits of an easy me-

chanical construction. It is also used in

architecture as a bounding line of the meri-

dian section of columns.

It may be constructed by points as follows :

Let AB be any straight line, and P a point

not upon the line : then if straight lines PE
be drawn, cutting AB in the points C, and

distances CE and CF be laid off from the

points of intersection equal to a given iine

CD : the curve traced through the points

thus determined, is the conchoid. That branch

which is most remote from P, is called the

first or superior conchoid, and the other branch

is the second or inferior conchoid. Both

branches are infinite in extent, and AB is

their common asymptote The line AB is

called the directrix, and P is the pole of the

curve. The line CD = EC = EF is some-

times called the modulus of the curve.

If we denote the length of the modulus by

a, the distance PC by b, and take AB as the

axis of abscissas, and the line PD at right

angles to it through the pole, as the axis of

ordinates, we find for the equation of the

curve,

(b + y)>(a'-y')
* =F 1

,

y

which is of the fourth degree.

If a = b, the inferior branch will pass

through the pole P, which will then be a cusp

point of the first species. The superior

branch will have two points of inflexion, A
and B, whose ordinates AG and HB are equal

to a(V3 — 1). If a< A, there will be two

points of inflexion in each branch, as in the

last figure

If a > b, the point P is a multiple point,

and there will be an oval part of the inferior

branch lying between P and F, as in the an-

nexed figure. If P be taken as a pole, and

PD as the initial line, the polar equation of

the conchoid is
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±a.

W
The entire area included between the curve

BE and its asymptote, is infinite, but the solid

generated by revolving it about this line as

an axis, is finite and equal to a hemisphere

whose radius is a, together with a cylinder

whose base is measured by ira*, and whose

jrb

altitude is -=-•
A

The mechanical construction of this curve

may be made as follows :

z.

In the ruler AB a groove is cut, so that a

tmooth pin firmly fixed in a movable ruler

PG, may slide freely along it : a pin is fixed

firmly at I, and a pencil at P. If the ruler

be moved so that the pin K may slide along

the groove CD, and is the same time firmly

pressed against the pin I, the pencil at P will

mark out the superior branch of the conchoid.

A second pencil might be arranged to trace

the inferior branch of the conchoid. For the

practical application of this curve, and also

the conchoid, in trisecting an angle, or in

doubling a cube, see the articles,

—

Trisection

of an Angle, and Duplication of the Cube.

CON'CRETE. [L. concretus, concrete
;

con, with, and cresco, to grow]. A concrete

quantity is one that carries with it the idea of
matter. Concrete stands opposed to the term
abstract. An abstract quantity is a mere
mental conception, and may have for its re-

presentative a number, a letter, or a geomet-
rical figure. A concrete quantity is a physi-
cal object, or a collection of such objects, and
may likewise be represented by numbers or
letters, in which case the numbers or letters

express simply the number of physical units

that compose the quantity, the unit being a

physical substance. Thus, 3 is an abstract

number, and may be the number of any

things ; but 3 pounds immediately suggests

the idea of some ponderable substance. A
portion of space, bounded by a surface, all

of whose points are equally distant from a

point within, is an abstract magnitude
; but

if we conceive this space to be filled with

matter, the idea becomes concrete, and we
have the idea of a physical sphere or globe.

CON-CUR'RENCE. [L. can; with, and

curro, to run]. When two lines have a

common point, which is neither a point of

tangency, nor » point of intersection,—that

point is called a point of concurrence.

A T
For example, the points A and L, in which

the cycloid meets the axis, are points of con-

currence. The vanishing point of a system

of straight lines, which are parallel, is a point

of concurrence of their perspectives.

CON-CUR'RENT, meeting, but not inter-

secting, and not tangent.

CON-Di"TION. [L. conditio, condition;

from condo, to build, or make]. See Equa-

tion of Condition.

CoNE. [L. conus, a cone ; Gi. navoc, a

cone]. In Elementary Geometry, a cone is a

solid which may be

generated by a right-

angled triangle CAD,
revolving about one

of the sides, CD, ad-

jacent to the right

angle. The side CD,
which remains fixed,

is called the axis, and
its length measures

the altitude of the

cone. The side AD,
perpendicular to the axis, generates a circle

called the base, and the hypothenuse, CA,
generates a curved surface, which is called

the lateral or convex surface of the cone. The
length of the hypothenuse is the measure of

the slant height of the cone.
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Any plane, ACB, passed through the axis

of the cone, is called a meridian plane, and
cuts out a meridian isosceles triangle, ACB,
whose vertical angle is equal to twice the ver-

tical angle of the generating triangle, and
whose altitude is equal to that of the cone.

When the vertical angle, ACD, of the gene-

rating triangle is less than 45°, the vertical

angle, ACB, of the meridian triangle, is less

than 90°, and the cone is said to be acute

;

when the vertical angle of the generating tri-

angle is greater than 45°, that of the meri-

dian triangle is greater than 90°, and the

cone is obtuse ; when the vertical angle of the

generating triangle is equal to 45°, that of the

meridian triangle is 90°, and then we have a

rectangular or right-angled, cone.

If two similar trian-

gles, ABC and BDE, be

revolved about their ho-

mologous sides, AB and

DB, the cones generated

are similar.

If, in a rectangle

BD, we draw a diago-

nal AC, dividing it

into two right-angled

triangles ; then, if the

first be revolved about

the side DC, as an

axis, and the second about the perpendicular

side CB, as an axis, the two cones, so gene-

rated, are called conjugate cones. If the one

is acute, the other must necessarily be obtuse.

If one is rectangular, the other will be so

also. This relation is of importance in the

discussion of conjugate hyperbolas.

An expression for the lateral or convex sur-

face of a cone may be deduced from that of

the right pyramid. In the right pyramid, the

area of the convex surface is equal to the

perimeter of the base multiplied by half the

slant height, and this measure is true, what-

ever may be the number of sides of the base

;

but when the number of sides becomes infi-

nite, the base becomes a circle, the pyramid be-

comes a cone, and the slant height of the left

pyramid becomes that of the cone ; hence,

the convex surface of a cone is equal to the

circumference of the base multiplied by one-

half of the slant height ; or, denoting the sur-

face by S, the radius of the base by r, and the
slant height by A, we jhave the formula

S~7rrh.

In similar cones, it r A is proportional to

the area of the generating triangle : hence,

their convex surfaces are to each other as the
areas of these triangles. If the cones are

similar, the areas of the generating triangles

are to each other as the squares of their ho-
mologous sides ; hence, the convex surfaces
of similar cones are to each other as the
squares of their altitudes, or as the squares
of the radii of their bases.

If the cones are conjugate, the areas of
their generating triangles are equal ; and the
convex surfaces of conjugate cones are to

each other as their altitudes.

To find the entire area of the surface of a

cone, it is necessary to add to the area of
the convex surface, that of the base ; the ex-

pression for this area is

S = wr (h + r).

An expression for the solidity of a cone
may be deduced as follows :

The solidity of a right pyramid is equal to

the area of its base multiplied by one-third

of its altitude, and this measure is true,

whatever may be the number of sides of the

base ; but if the number is infinite, the pyra-

mid becomes a cone, and the base of the pyra-

mid becomes the base of the cone,—their

altitudes being the same ; hence, the solidity

of a cone is equal to the area of its base mul-

tiplied by one-third of its altitude. Denoting

the solidity or volume by V, the radius of the

base by r, and the altitude by A, we have the

formula

V=irr* X ih, or,

V = JttAj-*.

We see that the solidities of two cones are

to each other as the products of their bases

and altitudes.

If the cones are similar, their bases will be

to each other as the squares of their alti-

tudes ; or, their altitudes will be to each other

as the radii of their bases ; hence, the solidi-

ties of similar cones are to each other as the

cubes of their altitudes, or as the cubes of

the radii of their bases.
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If the cones are conjugate, we have the

following expressions for their solidities :

1. S = \irhr*.

2. S' = \nrh\

whence
S _%irhrJ

3
- S' ~ iirA'r

:

That is, they are to each other as the radii

of their bases ; or, as their altitudes. If the

conjugate cones are rectangular, their solidi-

ties are equal.

CON''GRU-OUS. [L. congruus, concord-

ant]. Two numbers, p and q, are congruous

with respect to a third number n, when their

difference is exactly divisible by that num-

ber ; that is, when the expression
P-g.

whole number. Thus 12 and 7 are congru-

12-7
ous with respect to 5, because—7— — 1,

27 and 12 are also congruous with respect to

5, because -

27- 12

5
= 3, and so on. The

numbers considered may be either positive or

negative, but they must be entire.

Two numbers, p and q, are incongruous

with respect to a third number n, when their

difference is not exactly divisible by that

number ;. thus, 7 and 2 are incongruous with

7-2
4, because —7— = 1J.

When two numbers are congruous with

respect to a third, either one is called a resi-

dual of the other with respect to the third
;

thus, 13 and 7 are residuals of each other

with respect to 5.

All the residuals of any given number

p, with respect to any number n, are of

the general form p + nx, * being a whole

number.

Of m successive numbers, differing from
each other by 1, and also from another num-
ber n, by 1, one of the m is necessarily con-

gruous with a, with respect to m, and only
one.

Thus, of the numbers 11, 12, 13, 14, 15,

16, 17, and the number 8, only 15 andfi are

congruous with respect to m = 7.

If two numbers are congruous with respect

to a composite number, they arc also congru-

ous with respect to its prime factors, and also

with respect to the products of any number

of these factors ; thus, the numbers 57 and

9, which are congruous with respect to 24,

are also congruous with respect to 2, 3, 6,

and also with respect to 12, 8 and 4.

If, in an expression of the form

ax" + bx m+ cz* + <ta + &c,

in which a, b, c, &c, are whole numbers, if

we substitute in succession for x, two num-

bers congruous with respect to a third num-

ber, the results will also be congruous with

respect to the same number.

Congruous numbers possess many other

curious properties, which, with those already

enumerated, have been successfully applied

by Gauss and other writers in the investiga-

tion of the properties of numbers.

CON'IC SECTION. The curve of inter

section of a plane and conic surface. Al-

though the term, from its signification, is

applicable to the intersection of a plane with

any conic surface, custom has restricted its

use to the designation of those curves which

can be cut from a right cone with a circular

base. Since the equation of such a cone is

of the second degree, whilst that of a plane

is of the first degree, it follows that the equa-

tion of the curve of intersection, when
referred to axes in its own plane, is of the

second degree between two variables.

Analytical investigation has also shown

that every equation of the second degree,

between two variables, represents one of the

cpnic sections. Every equation of this kind

may be reduced to the form

ay' + bxy + cy1 + dy + ex + f= 0,

in which x and y are rectangular co-ordinates

of every point of the curve represented.

The curves which may be represented by

the different cases of this general equation,

are divided into three classes :

1 st. When b* — iac < 0, the curve is called

an ellipse.

2d. When J* — iac = 0, the curve is called

a parabola.

3d. When b' — iac > 0, the curve is called

an hyperbola.

These classes have each several species,

which we shall discuss in their order. But

first we shall explain the manner of passing

the cutting plane so as to cut out each class

of curves.

First. To cut out the ellipse, the plane
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must be passed so as to make a less angle

with the plane of the base, than one of the

elements makes. In this case all the ele-

ments of the conic surface are cut in one
nappe, so that the curve is a closed one,

returning into itself.

Second. To cut" out the parabola, the plane

is passed so as to make with the plane of the

base an angle equal to that made by one of

the elements. In

this case, all

the elements in

one nappe, ex-

cept one, are cut.

The curve has

but one branch,

which is infinite

in extent, and

does not return

upon itself. The
element which is

not cut is the one which is parallel to the

plane of the section.

Third. To cut out the hyperbola, the cutting

plane is passed so as to make with the plane

1/

of the base a greater angle than one of the

elements of the conic surface makes. In this

case, all the elements except two are cut

;

half of them in one nappe and half in the

other nappe. The curve has two branches,

infinite in extent, lying in opposite directions

and on different nappes. Neither branch

returns into itself. The two elements which

are not cut are those which lie in a plane

through the vertex of the cone and parallel

to the plane of the section.

The same sections may be cut from an

oblique cone with either a circular or ellipti-

cal base, as follows :

First. Pass a plane in any manner so as to

cut all the elements ; the curve of intersec-

tion will be an ellipse.

Second. Pass a plane so as to be parallel to

any one element, and parallel to but one ; the

curve of intersection will be a parabola.

Third. Pass a plane so as to be parallel

to any two elements, and the curve of inter-

section will be an hyperbola. If the two

elements which are not cut be projected upon
the cutting plane by lines parallel to the line

drawn through the centre of the hyperbola

and the vertex of the cone, these projections

will be the asymptotes of the curve.

In cutting any of those sections from the

right cone with a circular base, it may be

observed that all sections whose planes are

parallel, are similar curves.

It has been observed that the analytical

characteristic of the ellipse is

4" - 4ac < ;

if in addition, b = 0, and a = c, the ellipse

will become the circle ; if

{bd - Zae)' - (i
a - 4«c)((P - 4a/) = 0,

the ellipse becomes a point ; if

{bd - 2ac)» - (6
s - iac) (<P - iaf) < 0,

the curve is imaginary. Hence, the circle,

the point, and the imaginary curve, are par-

ticular cases of the ellipse.

To cut the circle from the right cone with a

circular base, the cutting plane may have

any position parallel to the plane of the base.

To cut the point, the plane must pass through

the vertex, and may make any angle with the

plane of the base which is less than the angle

made by one of the elements. As to tie

imaginary curve, it is to be remarked, that

the conditions which make the ellipse imagi-
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nary make the conic surface also imaginary

;

and as the cutting plane is always real, there

can, in this case, be no curve, or it will be

imaginary, which agrees with the analysis.

The analytical characteristic of the para-

bola is

ja _ iac — 0-

If, in addition to this,

bd - 2ae = 0,

the parabola reduces to two straight lines,

which are parallel ; they will be real and dis-

tinct when
<Z
! -4a/>0;

they will coincide when

d' -iaf=0;
and they will be imaginary when

d'-iaf<0;

Hence, two parallel straight lines form a par-

ticular case of the parabola, and they may be

either separate, coincident, or imaginary. To

cut these from the cone, we first conceive

the vertex to be removed to an infinite dis-

tance, the base remaining fixed. In this case

the cone becomes a right cylinder, as the

elements become parallel. If now a plane be

passed parallel to one of the elements, cut-

ting the base in two points, it will cut out

the two separate parallel straight lines ; if

the cutting plane be moved parallel to its first

position, and from the axis, the elements cut

out will approach, and when the plane be-

comes tangent to the cylinder, the lines will

be coincident ; if the plane be still moved

parallel to its first position, and from the axis

it will fulfill the condition for cutting out two

parallel straight lines, but the section will be

imaginary. The two coincident straight lines

may also be obtained from the ordinary curve,

by passing the plane so that it will pass through

the vertex and be tangent to the cone.

The analytical characteristic of the hyper-

bola is

I' — iac>0.

If in addition, 6 = and a= — c, the hyper-

bola is equilateral ; if

(bd - 2ae)* - {b* - iac) (d> - iaf) = 0,

the hyperbola becomes two straight lines,

which intersect each other. Hence, the equi-

lateral hyperbola and two straight lines which

intersect, are particular cases of the hyperbola

To cut the two straight lines which inter

sect from the cone, the plane must be passed

through the vertex, and may make any angle

with the plane of the base that is greater

than that made by one of the elements. The

equilateral hyperbola can only be cut from a

rectangular or from an obtuse cone. To cut

it out, we first pass a plane through the ver-

tex, which shall cut out two elements that

are at right angles to each other, then any

parallel plane will cut out an equilateral hy-

perbola of which these two lines are a parti-

cular case.

To cut out a pair of conjugate hyperbolas,

we take two conjugate cones and pass planes

parallel to the axes, at distances proportional

to the sines of the vertical angles.

Every pair of sub-contrary sections are simi-

lar curves ; and in a right cone with a circu-

lar base all planes that make the same angle

with the axis, however they may be situated,

cut out similar sections.

Every plane section of any surface of the

second order, is one of the conic sections.

The surfaces of the second order are, the

ellipsoid, the hyperboloid, the paraboloid, and

their different cases.

The equation of the ellipsoid referred to its

centre and axis is

a'JV + aVy* + bVx" = a'bV,

in which a, b, and c, denote the semi-axes

We shall suppose, in the following discus-

sion, that a > b > c, and shall speak of the

several axes as the axis a, the axis b, or the

axis c, meaning thereby the axes whose length

is designated by 2a, 2i,and 2c, respectively.

The sections of the ellipsoid by a plane are

all ellipses, or their varieties. If the cutting

plane, in any case, be moved from the centre,

continuing parallel to its first position, the

sections will continually diminish, till finally

the plane becomes tangent to the surface,

when the section becomes a point ; if the

plane be moved still further from the centre,

the curve of intersection becomes imaginary,

or the plane does not cut the surface. If the

cutting plane is parallel to the mean axis b,

and makes with the plane of the axes ah an

angle whose tangent is

c_ la? - V

the section will be a circle. Hence, from th»

ellipsoid we may cut every species of ellipse.
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The equation of the hyperboloid of two nappes
is

a'b'z' + a'c^y' —iW = - a?b'c*.

If a plane be passed in any manner, so as

to cut both nappes, the curve of intersection

is an hyperbola. If it be passed so as to cut

but one nappe, the curve cut out is an ellipse.

If the cutting plane be moved towards the

centre, continuing parallel to its first position,

the curve will grow smaller and smaller, pass

through the point, and finally become ima-

ginary. The section will be a circle under

the same conditions as have been explained

in speaking of the ellipsoid.

The equation of the hyperboloid of one

nappe, referred to its centre and axes, is

a*b*z> + a'cy -bW = a'b'c'.

Any plane passed tangent to the surface,

will intersect it in two straight lines, which

cut each other ; this is a particular case of

the hyperbola. All planes parallel to a tan-

gent plane, cut out hyperbolas. All other

planes cut out ellipses, which become circles

under the conditions already mentioned in

the preceding cases.

Since the radical expression

:

a V 4» •

b*

admits of two values, it follows that there

are two systems of parallel planes which cut

circles from the three surfaces already men-
tioned, except in some cases, which we now
propose to consider.

First. In the ellipsoid. If a = 4, the ex-

pression becomes 0, or the cutting plane has

but one position, and that is parallel to the

plane of the axes ah. This is as it should

be, for the supposition makes the ellipsoid

one of revolution about the axis c If 4 = <-,

the expression becomes infinite, or the cutting

plane is perpendicular to the axis a. This

should be so, for the supposition makes the

ellipsoid one of revolution about the axis a.

If a = 4 = f , the expression becomes -£, or

indeterminate, and the ellipsoid becomes a

sphere. This shows that every section of

the sphere is a circle. A similar discussion

may be had with respect to the hyperholoids.

In the case of the elliptical paraboloid,

every plane parallel to the axis cuts out a

parabola; all other planes cut out ellipses

which may become circles, points, or imagi-

nary curves, under the various suppositions

that may be made with respect to the direc-

tion of the cutting planes.

In the hyperbolic paraboloid, every plane

tangent to the surface cuts out two straight

lines, which intersect. This is a particular

species of hyperbola, and any plane parallel

to a tangent plane cuts out an hyperbola.

All planes which are not parallel to a tangent

plane cut out parabolas. The discussion of

the particular cases of these surfaces will

show that the sections in all cases are conic

sections, but the limits of the present article

forbid any attempt at developing all of the

curious results which might be discovered by

a complete discussion of the problem. Enough
has been given to show the manner of pro-

ceeding in the cases which may arise.

For a particular description of the peculiar

properties of the several conic sections, the

reader is referred to the several articles, ellipse,

hyperbola, and parabola.

CON'IC SURFACE. In higher Geometry,

a surface which maybe generated by a straight

line, moving in such a manner that it shall

always touch a given curve, and pass through

a given point. The

given curve, as AB,
is called the direc-

trix ; the given point,

as C, is called the

rcrtrx; the straight

line moved, is called

the generatrix, and

any one of its seve-

ral positions, an ele- ,/
ment of the surface.

The generatrix is

supposed to extend indefinitely on both sides

of the vertex -, whence, it appears that the

surface is composed of two parts meeting at

the vextex ; these parts are called nappes;

the one nearest the directrix being the loiter

nappe, and the other one the upper nappe.

Every section of a conic surface, by a plane

not passing through the vertex, is called a

base; consequently, any conic surface may
have an infinite number of bases. It is to

be observed, however, that if with either of

these bases as a directrix and the given ver-

tex, a conic surface be generated, it will be

identical with the given surface, and it is for

this reason that any conic surface may be re-
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garded as Iiaving a plane curve for its direc

trix. li is customary throughout the mathe-

matical course to use the terms base and

directrix ot a conic surface as synonymous

;

also, for simplicity of expression, the term

cone is orren used when the conic surface

only is meant.

If the Dase of a cone has a centre, the

straight line passing through, this point and

the vertex, is called the axis of the cone or

surface. If tne oase is a circle, and the axis

perpendicular 10 its plane, the cone is right,

otherwise it is ooaque. Since any cone has

an infinite numoer of bases variously inclined

to each other, each of which may have a

centre, it follows that the same cone may
have an infinite numoer of different axes ; it

follows, therefore, ihat tne term, axis of a cone,

is indefinite, unless the particular base to

which the cone is referred be given. In or-

dinary mathematical language, the term cone

is applied to the right cone with a circular base,

and when the term axis of a cone is employed

without explanation, it is intended to express

the axis of a right cone with a circular base.

The nature and properties of a conic sur-

face depend, 1st. Upon the nature and extent

of the base assumed as a directrix ; and 2d.

Upon the position of the vertex with respect

to the base : Hence, when these two ele-

ments are given or known the surface also is

known, and by suitably varying them, every

possible variety of conic surface may be ob-

tained.

If, whilst the base remains fixed, the vertex

be moved towards it until it finally coincides

with it, all the elements will approach and

finally coincide with the plane of the base,

giving a portion of a plane as one of the ex-

treme cases of a conic surface : If, on the

other hand, the vertex be moved from the

plane of the base until it becomes infinitely

distant, each element will recede from the

plane of the base, till finally they will all be-

come parallel to each other, and we shall

have, for the other extreme case, a cylindrical

surface. This observation will be found of

importance in the analytical discussions of

the conic sections.

Conic surfaces are classed in orders, ac-

cording to the degrees of their equations;

or what is the same thing, according to the

degrees of the equations of their bases.

If the base of a cone is of the 2d, 3d, 4th,

&c, order, the cone itself is also of the 2d,

3d, 4th, &c., order.

Of all the different orders, the second is

the most important, and amongst those of the

second order, the right cone with a circular

base holds by far the most conspicuous place,

in a practical point of view. *

We shall explain the method of finding

the equation of any conic surface whatever,

and then deduce the particular equation of

the right cone with a circular base.

Since every cone may be regarded as hav-

ing a plane base, we may take the co-ordi-

nate plane XY to coincide with it, in which

case the general equation of the base of any

cone,, will be

f(x, y) = • • • (1).

If we denote the co-ordinates of the ver-

tex by x', y' and z', the equation of anj

straight line passing through it, will be

x — x' = a (z — z') • (2), and

V-y' = b{z-z') (3).

If, now, equations (2) and (3) be solved

with reference to x and y, respectively, we

shall have

x = az + (x' — az") .... (4), and

y = bz + (y' - bz') (5)

;

in which the absolute terms x1 — az" and

y' — bz', are the co-ordinates of the point in

which the straight line pierces (he plane XY.

If these, therefore, be substituted for x and

y, respectively, in equation (1), we shall have

f(x' - az', y' - bz') = (6).

which is the equation of condition that the

generatrix [equations (2), (3),], shall pierce

the plane. XY, in the directrix.

Now, for each couple of values of a and b,

which will satisfy this equation of condition,

the values of x, y and z, in equations (2) and

(3), will denote the co-ordinates of every

point of an element of the surface, and for

all the couples of values of a and b, which

will satisfy equation (6), the values of x, y
and 2, in equations (2) and (3), will represent

the co-ordinates of every point of every ele-

ment of the surface. Hence, if we find ex-

pressions for a and b, in terms of x, y and z,

from equations (2) and (3), and substituta

them for a and b in equation (6), the resulting

equation will express a relation between the
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co-ordinates of every point of the surface

;

that is, it will be the equation of the surface.

Finding the values of a and b,

a = b = y-y
z—z

and substituting in (6), we get

i-y
zf (•' y- ;«-)=«>,,

(z'z — xz' y'z — yz'\

which may be made the equation of any

conic surface whatever, by attributing a suit-

able form to the function indicated by /, and

by giving suitable values to x', y' and 2'.

To find the equation of a right cone, with

a circular base, assume the centre of the base

at the origin of co-ordinates and denote the

distance from it to the vertex, which will

be on the axis of z by A, and the radius of the

base by r : we shall have x' = and y' = 0.

Making these substitutions in equation (7),

and recollecting that the equation of a circle

referred to its centre and rectangular axes, is

x3 + y
2 = r! , we shall have

h*x* Ay

£-(*"+*') = (*- A)*,

the equation of a right cone with a circular

base.

If we now denote the angle which any

element makes with the plane of the base

by t>, which gives - = tan v, the equation

becomes

(x' + y*)t&n.'v = (z-h)',

a more common form.

In this equation v and A are arbitrary con-

stants, and by attributing suitable values to

them, every possible right cone may be ob-

tained. The value of v may be varied by

varying either A or r If A, supposed positive,

is increased, whilst r remains constant, the

cone becomes more and more acute, until

when A is infinite the cone becomes a cylin-

der. If A is diminished, the cone becomes

more obtuse, till finally, when A becomes 0,

the cone reduces the other extreme case of a

plane coinciding with the plane XY. If A and

. A
r vary together so as to preserve the ratio —

constant, the only effect is to raise or depress

the entire cone, without changing the incli-

nation of its elements.

CON'IC-AL. [L. cordons ; Gr. koviko;.

See Cane]. Having the shape of a cone

—

appertaining to a cone.

CON'ICS. A name often given to that

branch of mathematics which tieats of the

nature and properties of the conic sections.

See Conic Sections.

CON'JU-GaTE. [L. conjugatus, con, with,

and jugo, to yoke]. United according to a

peculiar law, as conjugate diameter, conju-

gate cones, conjugate hyperbolas, &c.

Conjugate Axis, of a conic section, is

that axis which is perpendicular to the trans-

verse axis.

In the ellipse, it is limited by the curve,

and its length can never exceed that of the

transverse axis.

In the hyperbola, it does not cut the curve,

and it may be less than, equal to, or greater

than the transverse axis ; these several cases

arising when the curve is acute, equilateral

or obtuse.

The parabola has no conjugate axis at a

finite distance.

The conjugate axis of the ellipse may be

readily constructed when the transverse axis

and the foci are ^

given. Let AB
represent the
transverse axis,

and F and F' the

foci. Then, with

the foci as cen-

tres, and with a ***

radius equal to half of the transverse axis

CB, describe arcs of circles cutting each

other in D and E ; the straight line DE join-

ing these points, is the axis required.

If we have the foci and one point of the

curve given, the conjugate axis may be con-

structed as follows

:

Let F and F'

be the foci, and

P a point of the

curve. Draw an

indefinite straight

line AB through

F and F', also a

straight line CD
perpendicular to it, through the middle point
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of the line FF'. Draw also the two lines

PF and PF'. With P as centre, and with a

radius equal to half of PF and PF' describe

an arc cutting CD in H. Join HP, and the

portion of this line PK between P and the

line AB will be equal to the semi-conjugate

axis. Lay this distance off from P, to C and

D, and the line CD will be the axis required.

In the hyperbola, the conjugate axis may
be constructed when the transverse axis and

the foci are given. Let AB be the trans-

verse axis, and F and F' the foci ; at B erect

f

BH perpendicular to AB, and from C, the

middle point of AB, as a centre, and with

CF as a radius equal to CF', describe an arc

cutting BH in H : the line BH is equal to the

semi-conjugate axis.

Conjugate Cones. Two cones are conju-

gate, when their axes are at right angles

to each other, and when they are tangent to

each other along two elements which lie in

the plane of their axes.

Conjugate Diameters. Two diameters of

a conic section are said to be conjugate,

when each is parallel to the chords of the

curve which the other bisects, as AB and

DD'. In the ellipse and hyperbola, there are

an infinite number of pairs of conjugate di-

ameters, every diameter having one conju-

gate. The axes are the only pair of conjugate

diameters, in either curve, which are at right

angles to each other. In the ellipse, the

angle between any two conjugate diameters

can never be less than 90°
: in the hyperbola

it never can be greater than 90°.

The parabola has no conjugate diameters

;

all the diameters in that curve being parallel

to each other.

If we designate by a! and V the lengths of

a pair of semi-conjugate diameters, we have

for the equation of the ellipse referred to its

centre and conjugate diameters,

a" y' + b" x' - a" b"
;

and for the hyperbola,

a"y'- b"x' = -a" J".

It will be seen from these equations and

from the definition given for conjugate diam-

eters, that the curve is so divided as to have

a sort of symmetry with respect to both.

This species of symmetry has been called

oblique symmetry, and consists in the diame-

ter bisecting a system of chords parallel to

a given straight line. The parabola has this

sort of symmetry with respect to any diame-

ter and the tangent and its vertex.

The analytical properties of these curves,

When referred to conjugate diameters, are

entirely analogous to those obtained when

they are referred to the axes. Any analyti-

cal expression in the former case may be

derived from the corresponding one in the

IStter case, by simply changing a into a' and

b into V, and recollecting that the new axes

are oblique.

If we designate the angle which the diam-

eter a' makes with the transverse axis by a,

and the angle which the diameter b' makes

with the same axis by a', we shall have the

following analytical relation between a, b and

a, b', in terms of a and a' •-

For the ellipse,

a' tan a tan o' + W =
a' V sin (a' — a) = ah

a" + b"> = a? + b>
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For the hyperbola,

a' tan a tan a' — b* =
a' V sin ( a'

— a) = oi

a'" - J'" = «»-&»

From the first equation of each group, we
wo able to find the angle between any two

conjugate diameters, when either a or a' is

given ; or when the angle between the diam-

eters is known, we can find the angle which

each makes with the ' transverse axis. The

second equation of each group shows that

the parallelogram constructed by drawing

lines through the extremities of each diame-

ter parallel to its conjugate, is always con-

stant for the same curve.

The third equation of the first group shows

that the sum of the squares of any pair of

conjugate diameters of the ellipse is constant

;

and the third equation of the second group

shows that the difference of the squares of

any pair of conjugate diameters of the hyper-

bola is constant.

In the ellipse, the only equal conjugate

diameters are those which coincide in direc-

tion with the diagonals of the rectangle con-

structed upon the axes, except in the circle,

where every diameter is equal to its conju-

gate.

In the hyperbola, there are no equal conju-

gate diameters except in the equilateral

hyperbola, in which every diameter is equal

to its conjugate. It appears from the fore-

going discussion, that an ellipse or hyperbola

may be constructed when we have given the

lengths of a pair of conjugate diameters, and

the angle included between them.

The ellipse may be constructed by points

When a pair of conjugate diameters is given,

as follows

:

Let AB and ED be two conjugate diame-

ters ; revolve ED around the centre C, until

it becomes perpendicular to AB, and then

construct an ellipse on AB and ED as axes,

by known methods. Take any double ordi-

g.n

nate of this curve, as HH'", and revolve it

about the point in which it intersects AB, till

it becomes parallel to ED ; the extremities

H' and H" are points of the required ellipse.

In a similar manner any number of points

may be found. Having a sufficient number

of points, trace a curve through them, and it

will be the ellipse required.

The hyperbola may be constructed, by

points, in a manner entirely similar.

If we wish to construct the axes of an

ellipse, having a pair of conjugate diameters

given, we can do so as follows :

B'^=

Let AB and CD be an^ pair of conjugate

diameters. Through C draw HG parallel to

AB, and at C erect a perpendicular to GH
and make it equal to OB. With the extremity

of this perpendicular as a centre, and with a

radius equal to OB, describe an arc of a cir-

cle KCL. Draw the straight line 00', and

bisect it by the perpendicular EF, cutting

GH in F. With F as a centre and FO' as a

radius, describe a. circle, which will pass

through 0. Through the points G and H, in

which it cuts the line GO. draw the lines GO,

GO' and HO, HO' ; draw LC and KA' par-

allel to 00' ; 00' and OA' will be the semi-

axes.

Conjugate Hyperbolas. Two hyperbolas

are conjugate when the conjugate axis of
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the one is the transverse axis of the other,

and the reverse, as AB, DD'.

If the equation of an hyperbola is

a2 y
a - 6

2 zs = — a'b*,

that of its conjugate is

a? XJ _ b* y' = - a' b'.

Conjugate hyperbolas have common asymp-

totes, and those diameters which terminate in

a given hyperbola have conjugates termina-

ting in the conjugate hyperbola. If an hy-

perbola is acute its conjugate is obtuse, and

the reverse ; if an hyperbola is equilateral,

its conjugate is also equilateral.

Conjuoate Hyfekboloids. Two hyperbo-

loids are conjugate when they have the same

set of axes, but do not coincide.

In this case one of the hyperboloids must

have one nappe, and its conjugate two nappes.

The axis which pierces the hyperboloid of

two nappes, will not pierce that of one nappe,

whilst the two axes which do not pierce the

hyperboloid of two nappes, both pierce that

of one nappe. The surfaces approach each

other in every direction as they recede from

the centre, and become tangent to each other

at an infinite distance. If one becomes a

surface of revolution, the other also becomes
a surface of revolution, having the same axis.

This particular species of conjugate hyperbo-

loids may be generated by revolving a pair of

conjugate hyperboloids about either axis.

Conjugate Planes. In a surface of the

second order, three planes are said to he con-

jugate when each bisects a system of chords

of the surface parallel to the other two. In

the ellipsoid and hyperboloid, there are an
infinite number of systems of conjugate

planes. Every central place has two conju-

gate planes. The properties of conjugate

planes are analogous to those of conjugate

diameters in the ellipse and hyperbola.

Conjugate Points of a curve are those

which are expressed by the same equation,

but have no consecutive points. They are
'

sometimes called isolated points, and are con-

sidered as belonging to the curve, because

their co-ordinates satisfy its equation when
substituted for the variables; Conjugate

points may be regarded as particular species

of oval branches, which have become points,

in consequence of a particular supposition

made upon the arbitrary constants. We have

considered the case in which the ellipse

becomes a point ; this is. the simplest case of

a conjugate point. In this case there is no

other branch of the curve.

If we consider the curve whose equation is

y = ± VI (x — a) (x — ij,

in which a and b are both positive, we shall

have, when a < b, a curve with two branches

;

an oval branch and a parabolic branch, sepa-

rated by an interval AD. If now we sup-

e
pose a to diminish, the oval branch will

grow smaller, till finally, when a = 0, it will

become a point coinciding with A, the origin

of co-ordinates ; this is a conjugate point,

Under the supposition made, the equation of

the curve becomes

± x Vx — b.

We see that x = and y — 0, satisfy the

equation of the curve, but that all other

values of x less than b give imaginary values

for y, which shows that there is no point of

the curve between A and B, AB being equal

to A.
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To determine whether a given curve has

any isolated points, we have to ascertain

whether there are any real values of x and y,

which will satisfy the equation of the curve,

and at the same time render the first differen-

tial co-efficient of the ordinate imaginary ; if

there are any such values, each pair corre-

sponds to an isolated point.

In the case last considered, we have

dy 3x* - 2ft '

dx ?i/i-j'
dy

x = is the only value which will render -j-

imaginary, and at the same time give a real

value for y ; hence the origin of co-ordinates

is a conjugate point, and is the only one.

Co'NOID. [Gr. icuvoetSvc, from navoe, a

cone, and eirfoc, form]. A warped surface

which may be generated by a straight line

moving in such a manner as to touch a

straight line and curve, and continue parallel

to a given plane. The straight line and

curve are called directrices, the plane is called

a plane directer, and the moving line is the

generatrix. Any position of the generatrix

is an element of the surface. If the rectili-

near directrix is perpendicular to the plane

director, the surface is a right conoid, and the

directrix is called the line of striction, because

the elements are compressed along this line.

The line of striction being perpendicular to

the plane director, is perpendicular to every

element ; and since it intersects them all, the

shortest distance between any two will be

measured on it.

If the line of striction is vertical, and if the

curvilinear directrix is a helix, lying upon the

surface of a cylinder whose axis coincides

with the line of striction, the conoid becomes

a particular species of helicoid often used in

architecture, for finishing the lower surface

of spiral stairways.

The term conoid has been used to desig-

nate the solid generated by revolving any one

of the conic sections about its axis. If the

parabola be revolved about its axis, the solid

generated is called a parabolic conoid, or

more properly, a paraboloid. If an ellipse or

hyperbola be revolved about its axis, the

solid would be called an elliptic or hyperbolic

conoid.

CON-SECU-TiVE. £L. con, with, and

sequor, to follow]. Following another thing

immediately. Thus, two points of a line are

consecutive when they lie together ; that is,

if we suppose the line to be generated by a

point moving according to a fixed law, the

position which the generatrix first assumes

after leaving any position, is a consecutive

point.

Consecutive , Elements. In a surface

generated by a right line, any two consecu-

tive positions of the generatrix are said to be

consecutive elements.

To illustrate : let us consider the case of a

right cylinder with a circular base. If a

plane be passed through any element, it will,

in general, cut from the surface a second

element. If the plane be revolved about the

first element as an axis, the second element

will finally approach the first, and eventually

pass into it. At this instant, the plane be-

comes tangent to the surface, and the two

elements are said to be consecutive. In this

case, they are really coincident, but for the

purposes of demonstration they are regarded

as separate elements, the distance between

them being infinitely small. Or, if we regard

the circular base as a regular polygon, having

an infinite number of sides, the two elements,

passing through two adjacent vertices, are

consecutive. This amounts to the same

thing as considering the lines coincidont.

Consecutive Points. If we regard a

curve as being generated by a moving point,

the first position which it assumes, after leav-

ing any given position, is said to be consecu-

tive with it. If we draw a straight line in-

tersecting a curve in two points, and then

revolve it about the first point, the second

will finally approach, and eventually coincide

with, the first
;
just at the instant of coinci-

dence, the two points are said to be consecutive,

and the straight line is tangent to the curve.

Again, if we consider a curve as a polygon

of an infinite number of sides, each being in-

finitely small, the vertices of two adjacent

angles are called consecutive points. For

all practical purposes, consecutive points are

coincident points ; but for purposes of de-

monstration, it is convenient to regard them

as separate and distinct.

CON'SE-QUENCE. [L. con, with, and

sequor, to follow] A conclusion deduced

from an argument, or train of reasoning.
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CON'SE-QUENT. [L. consequens, follow-

ing]. The second term of a ratio, so called

because its value is consequent upon a know-

ledge of the first term which is then called an

antecedent. -Jf we have the ratio a : b,

which may be written - , the term b is the

consequent, a being the antecedent.

If the value of a ratio is given, and the an-

tecedent is known, the consequent may be

found by multiplying the ratio by the antece-

b
dent ; thus, if - = r, we have b = or.

A proportion, being an expression of equal-

ity between two equal ratios, must have two

consequents, viz. : the second and fourth

terms. A geometrical progression being a

continued proportion, each term must be a

consequent of the preceding, and also an an-

tecedent of the following term.

CON'STANT QUANTITY. [L. constant,

fixed, determined]. A quantity whose value

always remains the same in the same expres-

sion. Thus, in the equation of the circle,

x' +y' = R',

the quantity, R, remains the same for the

same circle, and is therefore constant. It

differs, however, for different circles ; hence,

constants may be either absolute, or arbitrary.

Absolute constants are those whose values are

absolutely the same under all circumstances
;

thus, the number 7 is an absolute constant

;

the length of the equatorial diameter of the

earth is also absolutely constant. An arbi-

trary constant is one to which any reasonable

value may be assigned at pleasure ; thus, in

the equation x2 + y
2 = R2

, we may give

to R any value from to co, and thus cause

the circle to have any area from to co :

here R is an arbitrary constant.

In analysis, an arbitrary constant is often

introduced, and afterwards such a value is

assigned to it as will cause the expression to

satisfy some reasonable condition. To illus-

trate the use of the arbitrary constant, let us
consider the case of the elimination of an
unknown quantity from two given equations.

Take the equations

ax + by+c = 0....(l),

and dx + ey+f=0 (2).

If we multiply both members of (1) by k,

k being entirely arbitrary, and then add the

resulting equation to equation (2), member to

member, there will result

(ka. + d)x + (kb + e)y + (kc +/) = . . . (3).

d
If we make 4 = — -, (3) will become

a N '

/ bi\ dc

(
e -a)V = 7 "/.

in which x has been eliminated.

The judicious use of arbitrary constants is

one of the most powerful instruments of an-

alytical research.

The employment of arbitrary constants, in

integral expressions, affords a beautiful illus-

tration of their power in mathematical inves-

tigations.

CON-STRUCT'. [L. construo; con, with,

struo, to dispose or set in order]. To put

the parts of a thing together in their proper

order.

CON-STRUC'TION. [L. constructio, mak-

ing, building]. The operation of constructing

or of putting together according to known
principles.

The construction of an expression, or of an

equation, is the operation of finding a geo-

metrical figure whose parts shall be respec-

tively represented by the quantities in the

equation, and in which the relation between

them shall be the same as that expressed by

the equation.

1 . To construct the value of x in the equa-

tion x = a + b.

t-tA C 1) B
Draw an indefinite straight line AB. From

A, as an origin of distances, lay off to the

right a distance AC equal to a ; from C lay

off still to the right a distance equal to b

;

then will AD be equal to x, and is the dis-

tance required.

'I'
-I-

A D C B
If b is negative, the last distance, equal to

b, must be laid off from C to the left ; AD
will, as before, represent the value of X.

-I-
D A C B

If b is numerically greater than a, and ne

gative, the point D will fall to the left of A,

and in accordance with the rule for inter-
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preting negative results, x will be negative,

and still equal to AD, numerically.

If there are more than two linear terms,

we continue to lay off distances from the last

point determined, these being measured to

the right when the term is positive, and to

the left when it is negative ; the distance

from the origin to the last point determined

is equal to the value of x, being positive when
the last point falls to the right of the origin,

and negative when to the left.

2. To construct the value of x in the equa-

ab
tion x =

c

Draw two straight

lines AE and AB,
intersecting each

other at A. From

A on AB lay off a j[
'~

Q
distance AC = c, also AB = a. From A on

AE lay off AD = b ; draw DC, and through

B,draw BE parallel to CD ; then is AE = x.

3. To construct the value of a; in the equa-

te
tion X—-TT- Place the expression under the

ab
form x——r

"b S e

value of -T- ; call this g : then will x = -r

X j, and construct as before the

construct V in the same manner, and the

line obtained will be equal to x.

4. If we have an equation of the form

abc + dfg

it can be placed under the form

_ abc_ ,tfg
X ~ km hm

'

Each term in the second member can be con-

structed as explained in (3), and the value

of x finally determined as in (1).

5. To construct the value of a; in the equa-

tion x = Vab, draw an indefinite straight

line AC and lay off from A, AB = a, and

J)

from B, BC = i ; upon AC as a diameter,

describe a semicircle, and at B erect an ordi-

9

nate BD perpendicular to AC ; BD will bo

equal to x. If we complete the circle and

produce the ordinate below AC, till it inter-

sects the circle, the prolongation will be equal

to — Vab. In this case the construction

gives both values of x = ± Vab, as it

should. In general, when there are two or

more values of an expression, the geometri-

cal construction ought to give them all.

6. To construct the roots of the four forms

of equations of the second degree. The

four forms are

1. x' + 2ax = b'. 2 z* - 2ax = b'.

3. x' + 2ax = - b'. 4. x* - 2ax = - 6'.

and their roots are respectively,

1. x=-a±Va'+b*. 2. x=a± Va2 +b*.

3. x=-a±Va,'-b^

A. U B
Draw AB = J, and at B erect BC perpen-

dicular to AB, and equal to a ; with C as a

centre, and CB as a radius, describe the cir-

cle EBD ; prolong AC to D. Then is + AE
the first, and — DA the second root of the

1st form. Also + AD and — EA are the

roots of the second form. The roots of these

forms are respectively equal with contrary

signs, as they should be.

Again, draw AF — 2a, and at its middle

point D erect DC perpendicular to it, and

equal to b ; with C as a centre and a. radius

equal to u, describe a circle, cutting AF in

E and B. Then are — FB or — EA and

C

A E
+ AB, the two roots of the third form. Also

+ AE and — BA are the two roots of the

fourth form. The roots of the third and

fourth forms are equal with contrary signs, as

they should be. If a = b the circle is tan-

gent to AF in D, and the roots of each form

become equal. If a < 6 the circle does not
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touch AF, and all of the roots of the third

and fourth forms are imaginary.

These principles serve to show the method

of proceeding in order to construct all ex-

pressions which are of the first and second

degrees. There is an infinite variety of con-

structions which may arise, but the elemen-

tary principles here laid down are such as are

most frequently applicable in the solution of

determinable problems.

7. Having given the equation of any plane

curve, y =/(z). Draw two straight lines

AX and AY at right angles. Assume .any

value for * and substitute it for x in the

equation of the curve, and deduce the corres-

ponding value or values of y ; lay off the

distance AP equal to the assumed value of

x, and at its extremity erect a perpendicular

to AX, and- make it equal to the deduced value

of y ; above AX if y is positive, below it if

negative. The extremity Q or R is a point

of the curve ; in like manner any number of

points may be constructed. Having deter-

mined a sufficient number of points, draw a

curve through them, and it will be the curve

required.

For more extended rules for constructions,

see Application of Geometry to Algebra, Con-

struction of Curves from Equations, Con-

struction of Roots of Cubic Equations.

CON'TACT. [L. contaclus, from contingo,

to touch]. Two curves are said to have a

contact at a common point, when they have

a common tangent at this point. The con-

tact of a right line and curve is the same as

simple tangency, but curved lines may have

a more intimate contact. A complete discus-

sion of the nature and order of contact can

only be obtained by means of the Calculu*.

The following are the analytical character-

istics which distinguish the different orders

of contact

:

1. Two curves are said to have a contact

of the first order, when they have a point in

common, and the first differential co-efficients

of the ordinates of the two curves, taken at

this point, equal to each other. This is sim-

ple tangency.

2. They have a contact of the second order

when they have a point in common, and the

first and second differential co-efficients of the

ordinates of the two curves, taken at the

point, equal.

3. They have a contact of the third order,

when in addition to the previous condition

they have also the third differential co-effi-

cients of the ordinates of the two curves,

taken at the common point, equal.

4. Generally, two curves have a contact of

the nih order when they have a common

point, and the first n successive differential

co-efficients of the ordinates of the two curves,

taken at the point, are respectively equal to

each other.

Having given two curves, we may ascer-

tain whether they have any contact, and if

they have, we can determine the order of

contact by the following method :

Combine the equations of the curves and

find the values of x and y ; for every pair of

real values there will be a common point,

Next, to ascertain whether this point is a

point of contact, differentiate the equations

of both curves, and find the differential co-effi-

cients of the ordinates, and in these substi-

tute for x and y their values corresponding to

the common point ; if the results are equal

the curves have a contact of the first order

at least : differentiate the equations again

and find the second differential co-efficients

of the ordinates and substitute in them the

values of x and y, already found ; if the re-

sults are again equal, the curves have a contact

of the second order at least. Continue this

operation of differentiation and substitution

until two differential co-efficients of the ordi-

nate, taken at the common point, are found,

which are not equal ; then the number of suc-

cessive differential co-efficients taken at the

common point, which are respectively equal,

will denote the order of contact.

Having given a curve by its equation and a

second curve in kind, that is, having given

the form of its equation, it is possible to

assign to this last curve an order of contact

with the given curve at any assumed point

of it, which will be denoted by the number
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of arbitrary constants which enter its equa-

tion, less 1. No higher order of contact can

be assigned, though it may happen that the

conditions which make the two curves have

the assigned order of contact, may cause

them to have a higher order of contact. The
method is as follows :

Assume the abscissa of any point of the

given curve ; substitute it for x in the equa-

tion of the curve, and deduce the correspond-

ing value of y. The assumed and deduced

values will be the co-ordinates of the assumed

point. Substitute these values for x and y in

the equation of the curve given in kind, and

the resulting equation will be the equation

of condition that the assumed point shall be

common to the two curves. Differentiate

the equations of both curves, and deduce the

expressions for the first differential co-efficients

of the ordinates ; substitute in these for x and

y, the co-ordinates of the common point, and

place the results equal to each other ; the

resulting equation, with the preceding, will be

the equations of condition that the curves

shall have a contact of the first order.

Differentiate the equations again, and find

the second differential co-efficients of the

ordinates of the curves ; substitute as before,

and place the results equal ; the equation

which results will express the additional con

dition, that the two curves shall have a con-

tact of the second order. Continue this

operation of differentiating, substituting and

equating, till as many equations of condition

are found as there are constants in the equa-

tion of the second curve ; then combine

these equations, find«the values of these con-

stants, and substitute them for the constants

in the equation of the second curve ; the re-

sulting equation will be that of the curve

which has the required order of contact with

the given curve at the assumed point. Such
a curve is said to be osculatory to the given

curve at the given point.

Since the most general equation of the

circle contains but three arbitrary constants,

it follows that the circle cannot be made to

have a higher order of contact than the

second, with any given curve at a given

point. It may be observed, however, that if

the given point is one at which the normal

divides the given curve symmetrically, the

conditions which make the circle osculatory.

will give it a contact of the third order. See

Osculatory and Osculatrix.

CON'TENTS. [L. contentus, con, and teneo.

to hold]. The contents of a plane figure i»

the same as its area. Numerically, it is the

number of times which the figure contains

some given area assumed as the unit of sur

face. For the contents of some of the prin-

cipal plane figures, see Mensuration. ,

Contents of a Solid, is the same as it

volume. Numerically, it is the number o>

times which the solid will contain some pal

ticular solid assumed, as the unit of volume.

See Mensuration, and Volume.

CON-TIG'U-OUS. [L. contiguus, con, with,

and tango, to touch]. Contiguous angles,

are those which have a common vertex and
one common side, but the other sides not in

the same straight line. The latter condition

distinguishes them from adjacent angles.

See Angle.

CONTINUED FRACTIONS, [continuo,

con, with, and teneo, to hold]. A continued

fraction, is a fraction whose numerator is 1,

and whose denominator is a whole number
plus a fraction whose numerator is 1 and

whose denominator is a whole number plus

a fraction, and so on

:

1

g+1
b+1

e + 1

d, &c.

Thus, the fraction

written in the mar-

gin, is a continued

fraction. The separ-

, .
l ! J

ate fractions — . r> —

>

a o c

&c, which make up a continued fraction,

are called integral fractions. The number

of integral fractions, in a continued fraction,

may be finite or it may be infinite ; in the

former case the true value of the fraction

may be found, in the latter we can only ap-

proximate to the true value.

If we stop at any integral fraction and

neglect all which follow, the resulting frac-

tion is called an approximating fraction. If

v/g stop at the first integral fraction and

neglect all which follow, the result is an ap-

proximating fraction of the first order ; if

we stop at the second, the result is one of

the second order ; and generally, if we stop

at the n' h integral fraction, and neglect all
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that follow, the result obtained is an approxi-

mating fraction of the nth order.

Every approximating fraction of an odd

order is greater than the true value of the

continued fraction, whilst every approxima-

ting fraction of an even order is less than

the true value. Hence, the true value of a

continued fraction always lies between any

two consecutive approximating fractions.

The difference between two consecutive ap-

proximating fractions, is equal to ± 1 divi-

ded by the product of their denominators,

and since the denominator of each approxi-

mating fraction is greater than that of the

preceding one, this difference is always less

than ± 1, divided by the square of the de-

nominator of the first one. Whence, we see,

that if we take any approximating fraction

as the true value of the continued fraction,

the error committed will be less than 1, divi-

ded by the square of its denominator.

The value of any approximating fraction

may be found from the two which imme-
diately precede, by the following rule.

The numerator of the «"> approximating

fraction is formed by multiplying the numer-

ator of the (n — l) th approximating fraction

by the denominator of the nib integral frac-

tion and adding to the product the numerator

of the (n — 2)
th approximating fraction ; and

the denominator is formed by the same law,

from the denominators of the two preceding

approximating fractions.

Continued fractions arise in various ways,

and are of use in solving certain kinds of

problems, amongst which may be mentioned,

the solution of problems in indeterminate

analysis by means of whole numbers ; they

are also useful in getting approximate values

for fractions whose terms arc expressed in
very large numbers; and in many other

cases.

To convert an irreducible vulgar fraction

into a continued fraction : divide the greater

term of the fraction by the less, and the last

divisor by the first remainder, and so on, till

a remainder is found equal to ; the several

quotients will be the denominators of the
successive integral fractions : thus, to reduce

^- to a continued fraction, the operation is

thus performed

:

65)149(2 whence^r=l
130

19)65(3
57

2+1
3+ 1

8)19(2
16

2+1
2+1

3)8(2
6

1 + 1

2

2)3(1

2

1)2(2
2

And the several approximating fractions are

h f A, ii, tt and Vft,

any one of which may be taken as an approx-

imate value of the given fraction.

If we convert the ratio of the diameter to

the circumference of a circle,
jjfl$jj(}j> jij8j}

into a continued fraction, and then find the

successive approximating fractions, we shall

get for them,

These approximate values of 7r are of fre-

quent application.

To apply the principles of continued frac-

tions to the solution of indeterminate equa-

tions of the first degree, in whole numbers,

let us take the equation ax + by = c, in which

a, b and c are whole numbers, and a and b

prime with respect to each other. Convert

the fraction - into a continued one, and

find the successive approximating fractions,

the last of which will be r- Designate the

one preceding the last by - If we subtract

this from the preceding one, the numerator

of the difference will be equal to ± 1, whence

ab' - ba' = ± 1

;

and multiplying both members by c, we obtain

ax (± b'c) + b X (ip a'c) = c,

and comparing this with the given equation,

we see that x = ± b'c, and y = =p a'e, will

satisfy the given equation ; and, furthermore,

that every value given by the formulas

x = ±b'c — bt, and y = =p a'c + at,

will also satisfy it in whole numbers, t being

any whole number whatever. The upper
a

sign is to be used when r is of an odd order,
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a 65

b =149' and

and the lower one when it is of an even

order.

Let us take, as an example, the equation

65z + 149y = 8.

Then will

a^_24

The smallest values of x and y, in whole

numbers which will satisfy the given equa-

tion, are

x = b'c = — 440, and y = + 192

The other values, in whole numbers, are

x — — 589, y = + 257.

x = - 738, y = + 322.

x = - 887, &c, y = + 387, &c.

Continued fractions are also employed in

solving exponential equations (see Exponen-

tial Equations) ; also in extracting roots by

approximation, and in the solution of numer-

ical equations of the higher degrees.

Continued Product, of any number of

quantities, is the result obtained by multiply-

ing the first by the second, that product by

the third, that result by the fourth, and so on

to the last.

Continued Proportion. Any number of

quantities are said to be in continued propor-

tion, when the ratio of any term to the suc-

ceeding one is constant. In this case, any

term is a mean proportional between the pre-

ceding and succeeding ones. The terms of a

geometrical progression are in continued pro-

portion.

CON-TIN'U-OUS FUNCTION. [L. con-

tinuus, uninterrupted]. Is one in which the

difference between any two consecutive states

is less than any assignable quantity. In such

a function, if we suppose the independent

variable to pass through every possible state,

from one given value to another, the function

will pass, by insensible degrees, through every

state from the first to the last. A function

which follows this law, is said to be subject

to the law of continuity.

Every function of a single variable which

involves only positive and entire exponents,

is subject to the law of continuity. Upon
this principle is based a great portion of the

general theory of equations.

CON-T6UB,', f_Fr. contour, outline], of a

plane figure, in Plane Geometry, is the same
as its perimeter or

bounding line. In the

figure AD, the bro-

ken line ABODE is

the contour.

Apparent Con-
tour of a body in Per-

spective, is the line of contact of the body

and an enveloping visual cone. See Perspec-

tive. If a visual plane be passed tangent to

the body, the point of contact is a, point of

the apparent contour. The perspective of the

line of apparent contour is the bounding line

or contour line of the perspective.

Contour of Ground, in surveying, is a

term used in speaking of the surface of any

part of the earth with respect to its undula-

tions and accidents. See Topography.

Line of Contour, in topographical survey-

ing, is a line in which a horizontal plane in-

tersects the surface of a portion of ground to

be surveyed.

CON-TRACTION. [L. contractio, con,

with, and traho, to draw]. The process of

shortening any operation. There are many
cases in which operations may be greatly

contracted without at all impairing the accu-

racy of the results. This is particularly true

in the operation of multiplying and dividing

decimals, when there are a great many deci-

mal places in the numbers to be operated

upon, and only a limited number is required

in the result. Contractions are also used in

the Square Root.

Contraction in Multiplication. Write

down the multiplicand, and under it write the

multiplier ; but instead of writing the figures

in their proper order, write the units' place

under the last decimal place ofthe multiplicand,

which is to be retained, and dispose of the

remaining figures in an inverted or contrary

order to that in which they are usually

placed ; then, in multiplying, reject all the

figures at the right of that by which you are

multiplying, and arrange the products so that

the right-hand figure of each shall fall in the

same vertical column ; observing to add to the

first figure on the right of every line the

number that would have been carried, had
you not neglected the places on the right, and

also carrying 1 when this product exceeds 4,
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2 when it exceeds 14, 3 when it exceeds 24,

and so on. Then take the sum, and point

off the required number of decimal places,

and the result will be the product required.

The reasons for carrying, as indicated, are

obvious.

1. Multiply 34.17165 by 78.3333, retaining

only five places of decimals in the product.

34.171650 multiplicand.

3333.87 multiplier inverted.

239201550

27337320

1025150

102515

10251

1025

2676.77811 product.

It should be observed that the last figure

of the product may not be correct ; it is

therefore best to retain, through the opera-

tion, one more decimal place than is needed

and then to reject it after the operation is

completed.

As a second example, multiply .546768

by .671686, retaining only 7 places of deci-

mals in the product.

5467680 multiplicand.

686176.0 multiplier inverted.

3280608

382738

5468

3281

437

33

.3672565 product,

which is certainly true to 6 places of decimals.

Contraction in Division. Take as many
of the left hand figures of the divisor as shall

be equal to one more than the number of

integral and decimal places to be retained in

the quotient ; commence the division as

usual ; consider each remainder as a new
dividend, and in dividing it, leave off one
figure from the right of the divisor, observing

to carry for the increase of the figure cut off,

as directed in multiplication. When there

are not so many places of figures in the divi-

sor as are required in the quotient, begin the
operation as usual, and continue it till the

number of figures in the divisor exceeds by 1

the number remaining to be found in the

quotient, then begin the contraction.

1. Divide 2508.928 by 92.41035, carrying

the quotient to 4 places of decimals. This

requires 6 places in all in the quotient.

9241035)2508.9280(27- 1498

6607210

138485

46075

9111

794

55

The quotient is certainly correct to 3 decimal

places.

3. Contraction in Square Root. Pro-

ceed as in the ordinary method until half or

one more than half of the required num-

ber of places of figures in the root are found

;

then for the remaining places divide the last

remainder by the corresponding divisor, by

the preceding rule.

Example. Extract the square root of

14876.2357 to nine places of figures.

14876.2357
|
121.96

1

22
|
48

44

241 j~476

241

2429
|
23523

21861

24386
|
166257

146316

24392
|
1994100

| 8175

4274

1835

128

6

Whence the required root is 121.9B8175.

CON'TRA HARMONICAL PROPOR-
TION. Three terms or quantities are said to

be in contra harmonical proportion, when the

difference between the first and second is to

the difference between the second and third,

as the third is to the first.

CON-VERGE'. [L. convergo. con, with,

and vergo, to incline]. To tend or incline

towaids the same point. Two straight lines

converge when they will meet if sufficiently

produced.

CON-VERG'ING SERIES. A series in

which the greater the number of terms taken
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the nearer will their sum approximate to a

fixed value, which value is the true sum of

the series.

The object of developing a function into a

series is, generally, to obtain approximate

numerical values for the function, correspond-

ing to particular values of the variable which
enters it. This can only be attained when
the series is converging ; it is, therefore,

important to be able to ascertain, in any given

case, whether a series is converging. No
general rule can be laid down, but the follow-

ing are some of the cases in which the series

will be converging

:

1. When the terms of a series are alter-

nately plus and minus, each term being

numerically less than the preceding one, the

series is converging; The error committed in

taking the sum of any finite number of

terms for the true sum of the series, is

numerically less than the succeeding term.

2. Every decreasing geometrical progres-

sion is a converging series. The error com-

mitted by taking the sum of n terms for the

true sum of the series, is equal to the first

term multiplied by the nttL power of the ratio,

and divided by 1 minus the ratio. If the ratio

is small and n is large, this error will be quite

inappreciable.

3. A series, all of whose terms have the

same sign, and in which the ratio of each

term to the succeeding one goes on dimin-

ishing, finally becomes less than one, and

then goes on diminishing continually, is con-

verging.

It is plain that after the term whose ratio

to the following one is less than 1, the sum
of any number of terms will be less than the

sum of the same number of terms of a geo-

metrical progression having this term for the

first term and this ratio for a ratio, and we
have already shown that the sum of such a

progression has a finite limit. The error

' committed in taking the sum of any number

of terms for the true sum of the series (pro-

vided that number of terms includes the one

at which the ratio becomes les§ than 1), is

always less than the sum of a decreasing

geometrical progression whose first term is

the term next following the last one taken,

and ratio the ratio of this term to the follow-

ing one.

4. A series, all of whose terms have the

same sign, each being smaller than the pre-

ceding, will be converging when r, the ratio

of any term to the succeeding one, goes on

increasing, provided this ratio is always less

than 1. The error committed in taking the

sum of any number of terms for the true sum
of the series, will be less than the sum of a

geometrical progression whose first term is

the term next following that which immedi-

ately follows the last one taken, and whose

ratio is the greatest value of the ratio of any

term to the succeeding one.

5. A series will not be converging when
the ratio of any term to the succeeding one

is always greater than 1, either constant or

variable
; that is, no series whose terms go

on continually increasing, can be a converg-

ing one. If the ratio is 1, the series cannot

converge, and in the case mentioned in article

4, it is to be observed that the series will not

be converging when the varying ratio has 1

for its limit. Thus, the series

1 1 1

T
+

3
+

3
+

4
+

5 + 6
&c-'

is not a converging one, because the succes-

sive ratios of the consecutive terms are

12 3 4
2* 3 4 5 '

whose limit is 1. See Series.

&c,

CON'VERSE. [L. con and vcrsor, to be

turned]. One proposition is the converse of

another when the conclusion in the first is

employed as a supposition in the second, and

the supposition in the first is the conclusion

in the second. Thus, the proposition in

geometry that " If two sides of a plane tri-

angle are equal, the angles opposite to them

are equal," is the converse of the proposition

" If two angles of a plane triangle are equal,

the sides opposite them are equal." Both

propositions require separate proof; for it

does not follow because a proposition is true,

that its converse is also true. For example :

it does not follow because the axes of an

ellipse are conjugate diameters, that a pair of

conjugate diameters will necessarily be axes

of the ellipse.

CON'VEX. [L. convems, arched]. The
opposite of concave. Protuberant outwards,

as the outer surface of a sphere.

If wo regard a hollow sphere or globe, its
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outer surface is convex, whilst its inner sur-

face is concave.

By means of the differential calculus, we

are able to determine whether a given line

has its convexity or concavity, at a particular

point, turned towards, or from the axis of X.

Differentiate the equation of the curve

twice, and find an expression for the second

differential co-efficient of the ordinate. Sub-

stitute in this for x and y the co-ordinates of

the given point ; if the sign of the result is

the same as that of the ordinate of the given

point, the curve is convex at that point to-

wards the axis of X ; if they have contrary

signs, it is concave towards the axis of X.

The convex surface of a cone or cylinder

is that surface which is generated by the

right lined generatrix. See Cone, Cylinder.

CO-OR'DI-NATES. [L. con, with, and

ordinatus, from, ordino, to regulate]. Elements

of reference, by means of which the relative

positions of points may be determined, either

with respect to each other, or to certain fixed

objects of reference. These elements, the ob-

jects to which reference is made, and the

method of making the reference, constitute

what is called a system of co-ordinates. There

may be any number of systems, but two only

are of sufficient importance to require notice

in this place, viz. : the rectilineal system and
the polar system.

I. The rectilineal system may be employed
for the purpose of showing the relative posi-

tions of points, all of which lie in the same
plane, or of points which are situated in any
manner in space.

Rectilineal System in a Plane. In this

system the relative positions of points are

determined by referring them to two straight

lines, intersecting each other, by means of
their distances from these lines measured on
lines parallel to them.

The lines to which points are referred, are
called co-ordinate axes, their point of inter-

section is the origin of co-ordinates, and the
linesdrawn ,y
through any point P / p
parallel to them

are the rectilineal

co-ordinates of the = L ' X
point.

In the annexed

figure, YY' and X r

X' are the axes, A the origin, and CP, DP the

co-ordinates of the point P ; YY' is the axis of

ordinates, XX' that of abscissas, DP is the or-

dinate of P, and CP is its abscissa. The co-

ordinates are always estimated from the axil

towards the point ; so that if we agree to con-

sider distances, estimated upwards from XX'
as positive, those estimated downwards must

be regarded as negative. If we agree to con-

sider distances estimated to the right of YY'
as positive, those estimated to the left must

be regarded as negative. If the axes of the

rectilineal system are perpendicular to each

other, the system is called rectangular ; other-

wise it is oblique.

Rectilineal System in Space. In this sys-

tem, the relative positions of points are de-

termined by referring them to three planes

which intersect each other. These planes

are called co-ordinate planes, their intersec-

tions, taken two and two, co-ordinate axesi

and their common point of intersection the

Origin of co-ordinates.

//
/

V
In the annexed figure, the planes YAX,

YAZ, and ZAX, are the co-ordinate planes,

the lines AX, AY and AZ, are the co-ordi-

nate axes, and the point A is the origin. The
distances BP, CP and DP, of the point P
from the co-ordinate planes, measured on

lines parallel to the co-ordinate axes, are the

co-ordinates of the point P. If the co-or-

dinate planes are perpendicular to each other,

the system is said to be rectangular, if not it

is oblique.

It has been agreed to consider all distances

estimated upwards from the planes YAX
positive ; hence, all distances downward must
be negative. AH distances estimated to the

right from the plane YAZ, are regarded as

positive; hence, all distances to the left must
be considered as negative. All distances to

the point from the plane YAZ, are considered
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as positive ; hence, all distances backward
from that plane, must be taken as negative.

This convention, in regard to signs of the

co-ordinates of points in the two rectilinear

systems, enables us to express the relation

between the co-ordinates of all the points of

a magnitude in the same general expression.

Transformation op Co-ordinates. It is

often convenient to change the reference of

points from one rectilinear system of co-

ordinates to another ; this is effected by means
of certain formulas called formulas forpassing

from one system to another.

In a plane system, let x and y denote the

co-ordinates of any point referred to the

primitive system, and x' and y' the co-ordi-

nates of the same point referred to the new
system. Designate also the co-ordinates of

the new origin referred to the primitive sys-

tem by a and b, the angle included between

the new axis of X, and the primitive axis of

X by a, and that between the new axis of Y,

and the primitive axis of X by a', we shall

have the following formulas :

For passing from any system to a parallel

system,

x = a + x' . . . (1), y = b + y' . . . (2).

For passing from a rectangular to an ob-

lique system,

y = b + x' sin a + y' sin a' . , . (3),

x = a + x' cos a + y' cos a'

.

. . (4),

For passing from an oblique to a rectan-

gular system,

x' sin a' — y' cos a'

•(5),X = a +

y = b +

sin (a'

•

y' cos a — x

a)

• (6).
sin (a' — a)

For passing from a rectangular system to

another rectangular system,

x = a + x1 cos a — y'svaa... (7).

y = b + x! sin a + y' cos a. . . (8).

To use these formulas : Having the equa-

tion of a magnitude referred to one system,

and wishing its equation referred to another

system, substitute for x and y their values

taken from .the formulas for passing from the

given to the required system ; the result will

be the required equation.

To pass from a rectangular system in space

to an oblique system, we have these form lias,
|

x=a+x'cosX+y'cosX'+z'cosX"
J

y=i+z'cos Y +y'cos Y -fz'cos Y"
[

• • • (9),

z=c+a;'cos Z + y'cos Z'+z'cos Z" )

in which x, y, and *, are the co-ordinates of

any point referred to the primitive system

;

x', y', z', the co-ordinates of the same point

referred to thenew system ; X, X', X", the an-

gles which the new axes make respectively

with the primitive axis of X; Y, Y', Y", the

angles which they make with the primitive

axis of Y ; Z, Z' , Z", the angles which they

make with the primitive axis of Z ; and a, i, c,

the co-ordinates of the new origin referred to

the primitive system. Their use is the same
as that indicated in discussing the preceding
formulas.

Polar System of Co-ordinates. The polar

system may be employed to determine the rel-

ative positions of points in a plane, or of
points situated in any manner in space.

Polar System in a Plane. In this sys-

tem points are referred to a fixed line of the

plane, and a fixed point of the line, by means
of an angle and a distance.

Let AX be the

fixed line, and A
the fixed point,

and let B be any

point in the plane.

Draw BA. AX is

called the initial

line, AB,

/

X

nated by r, the radius vector, the angle BAX,
designated by v, the variable angle, and A
the pole : r and v are polar co-ordinates. If,

now, we suppose r to have every possible

value from to to, and v to have every possi-

ble value from to 360°, the point B will, in

succession, coincide with every point in the

plane.

The formulas for passing from a rectan-

gular system to a polar system, are

x = a + r cos v, and y = b + r sin v ;

their use is the same as already indicated.

The Polar System in space.

In this system, points are referred to a

fixed plane, a fixed straight line of that plane,

and a fixed point of that line, by means of

the distance of the points from the fixed

point or pole, the angle which this distance

or radias vector makes with the fixed plane,

and the angle which the projection of the ra-
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dius vector on the plane makes with the fixed

line. Designating the radius vector by r, the

first angle by u, and the second by v, we

have, for passing from a system of rectangu-

lar co-ordinates in space to a polar system in

space, the following formulas

:

x = r cos v cos u,

y = r sin v cos u, and

z = rsina.

Co-ordinates Trigonometrical. See Tri-

gonometrical Co-ordinates.

COR'OL-LA-RY. L. corollarium, a coro-

net, from corolla, a crown]. An obvious con-

sequence of one or more propositions. Thus,

from the proposition, " If two sides of a

plane triangle are equal, the angles opposite

them are equal," the corollary may at once be

deduced, that " If the three sides are equal,

the three angles are also equal."

CO-Se'CANT. The secant of the com-

plement of an angle. See Trigonometry.

CO'SINE. The sine of the complement

of an angle. See Trigonometry.

The following formulas show the analytical

equivalents of the cosine of an arc.

sins

Cos a = tan(45°+ia) + cot (45" + I a) <6)

Cos a = 2 cos (45° + ia) cos (45° - la)

= cos (60° + a) + cos (60° - a) (6).

COS'MO-LABE. [Gr. koc/ioc, world, anil

7ut/i(3ava, to take]. An instrument resem-

bling the astrolabe, formerly used for measur-

ing the angles between heavenly bodies. It

was also called a pantacosm.

COS-MOM'E-TRY. [Gr. Koa/toc, world,

and fierpov, a measure]. The art of measur-

ing the world or sphere in terms of degrees.

CO-TAN'GENT. The tangent of the

complement of an angle. See Trigonometry.

CO-TES'IAN 'THEOREM. A theorem

first demonstrated by Cotes, and of great use

in the integration, of certain differentials. It

is also sometimes employed in other branches

of analysis. It may be enunciated as fol-

lows :

In order to find the factors of the binomials

a" + i" and a"~ x", when n is a whole num-

ber ; with as a centre, and with a radius

equat to a, describe a circle, and suppose its

circumference to be divided into as many

equal parts as there are units in Sn, at the

points A, B, C, &c. Then, on the radius

AD, produced if necessary, take OP equal to

x, and from the point P draw straight lines to

Cos a =
tana

: sin a cot a =Vr\T

1

V 1 + tan 'a
(!)•

Cos a = = cos '$a — sin 'la
V 1 + cot "a

= 1 — 2sin a|a (2).

Cosa = 2cos aia-l=\/ 1 + cos ' a

2
1 — tan 'la

Cos a '

1 +tan ! ia

cot^a — tan id
' cot^a + tan^a

(3).

1

1+tanatan^a * '"

each point of division. Then
:
if we take the

factors alternately, we shall hive

PB X PD x PF X = a» + z",

and also

PA x PC X PE X = a» ~ i»

;

that is, a" — i" when P is within the circie,

and i" — a" when P is without the circle.

For example, let n = 5 ; divide the circum-

ference into ten equal parts, as in the figure,

we shall then have the following relations

:
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OAs+OP«=BPxDPxFPxHPxKP and

OA5-OPs=AP x CP X EP x GP X IP.

The values of these several factors may
be computed trigonometrically in terms of x,

because we know the distance AO, and the

values of the several arcs AB, BC, &c.

For instance, since the arc AC is 72°, we
shall have, by letting fall the perpendicular

Cc upon OA,

PC = Cc" + i" - 2z cos 72° + cosa 72° ; but

Cc' = sina 72° ; whence, by reduction,

PCa = a' - %x cos 72° + x* ; in like manner

PEa = aa + 2x cos 144° + x1,

and so on for the other factors.

Generally, if we make, a = 1, the general

factors of L — xn, or of x" — 1, will be given

by the formula

2£jr
z"-2cos— i+l=0,

in which J is a whole number, and prime

with respect to n.

COUNTER-REVOLUTION. A revolu-

tion opposed to a former one, and restoring

things to their former state. In Descriptive

Geometry, we often revolve a plane or line

for the purpose of making a particular con-

struction, after which we return to the nor-

mal state of affairs, by making a counter-

revolution. See Revolution.

COUPLE. [L. copula, a tie, band]. Two
things of a kind taken together.

CoURSE. [L. cursus, from curro, to run].

A direction in which motion is performed.

In Navigation, the course of a ship is the

angle which the track of the vessel makes

with the meridian ; it is sometimes reckoned

in degrees, sometimes in points or quarter

points.

In Surveying, a course is any line measured

upon the ground, usually from one compass

station to the next. In speaking of a course,

we usually understand the length of the

course expressed in chains and links, or

sometimes in feet. The angle which it makes

with a magnetic meridian, is the beating of

the course

CO-VERS'ED SINE. The versed sine of

the complement of an arc or angle.

CROSS. [L. crux, a cross]. An instru-

ment used in surveying, and usually called

the surveyor's cross. It is employed for the

purpose of laying off offsets perpendicular

to the main course. It consists essentially

of two pairs of sights fixed at right angles

to each other, so thatwhen one pair is direct-

ed along a course, the other will point out a

line at right angles to it. The method of

using this instrument requires no explana-

tion.

Two lines are said to cross each other in

space when they arc so situated, that if two

straight lines be" drawn parallel to them

respectively, through any point, these two

lines will not coincide. The lines in space

are considered as making the same angle

with each other as is made by their parallels.

CROSS MULTIPLICATION. See Duo-

decimals.

CU'BA-TURE. [Fromraie]. The opera

tion of finding an expression for the volume oi

an indefinite portion of a solid. If the solid

is one of revolution about the axis of X, the

formula for the volume of any indefinite por-

tion, that is, of a portion included between

any two planes perpendicular to the axis is,

v = /xy'dx,

in which v denotes the volume, y and x being

the co-ordinates of every point of the merid-

ian curve.

To find an expression for the volume of

an indefinite portion of a given solid of revo-

lution, solve the equation of the meridian

curve ; find the value of y in terms of x, and

substitute it for y in the integral formula,

and perform the integration indicated.

Then, to get an expression for a definite

portion, take the integral between the limits

corresponding to the limiting planes. In the

paraboloid of revolution, we have, from the

equation of the meridian curve,

y* = 2px, whence,

» = fxZpxdx — irpx1 + C;

and, integrating between the limits x =
and x = a, we have

v" = irpa'.

If we denote the ordinate corresponding

to x = a by J, we have b' = 2pa ; hence,

n" = iaXjrAa
,

or, the volume of a paraboloid is one half

that of the circumscribing cylinder.
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CUBE or HEXAHEDRON. [Gr. kv^oc
;

L. cubus, a cube]. Tn Geometry, a regular

polyhedron bounded by six equal squares.

The cube is selected as the unit of measure

for all volumes, and for this purpose, that

cube is employed whose edges are each equal

to the linear unit. The volume of any cube

is numerically equal to the product obtained

by taking one of its edges three times as a

factor.

Cube of a Number or Quantity, in Al-

gebra, is the product obtained by taking the

number or quantity three times as a factor

:

thus, the cube of 3, is 3 X 3 X 3, or 27 ; the

cube of a, is a X a X a, or it may be written a3
.

The cubes of numbers possess some re-

markable properties, the principle ones being

as follows

:

1. All cubes of numbers are of the form

in, or An ± 1, in which n is a whole number.

2. All cubes of numbers are of one of the

forms 9m, or»9n ± 1, in which n is a whole

number.

3. If any cube of a number be divided by

6, the remainder will be equal to the remain-

der obtained after dividing the number itself

by 6 ; that is, the difference between the

cube of any number and the number itself,

is divisible by 6, or a? — a = 6b.

4. Neither the sum nor difference of two

cubes can be the cube of a number.

5. The sum of any number of consecutive

cubes is a square, whose square root is equal

to the sum of the cube roots of all the cubes

:

thus,

l
3 + 23 + 33 + 43 + 53 = 225

= (1 + 2 + 3+4 + 5)0.

6. The terms of the third order of differ-

ences of a series of cubes are all equal to

each other, each being 6 : thus,

cubes 1, 8, 27, 64, 125, 216, 343, 512,

lstor.dif. 7, 19, 37, 61, 91, 127, 169,

2d or. diff's. 12, 18, 24, 30, 36, 42, &c.

3d or. diff's. 6, 6, 6, 6, 6, &c.

CUBE ROOT. The cube root of a quan-
tity, is a quantity which being taken three

times as a factor, will produce the given

quantity: thus, 3 is the cube root of 27,
because 3 X 3 X 3 = 27.

Any number which can be resolved into

three equal factors is a perfect cube, and its

cube root may he found exactly. All other

numbers are imperfect cubes, and their cube

roots can only be found by approximation.

To find the cube root of a whole number

.

Separate the number into periods of three

figures each, beginning at the right hand

;

the left hand period will often contain less

than three figures. Find the greatest perfect

cube in the left hand period and place its

cube root on the right, after the manner of a

quotient in division. Subtract this cube irom

the left hand period, and to the remainder

bring down the first figure of the next period

and call this number the dividend.

Take three times the square of the root

just found for a divisor, and see how many

times it is contained in the dividend, and

place the quotient for a second figure of tho

root required. Cube the number thus found,

and if the result is less than the first two

periods, the last figure is a figure of the root

;

if it is greater than the first two periods, it

must be diminished successively by 1, till the

cube of the root found is less than the first two

periods ; having found such a cube, subtract

it from the first two periods, and bring down

the first figure of the third period for a new

dividend. Take three times the square of tho

root found, for a new divisor, and proceed as

before, until all of the periods have been em-

ployed.

If the remainder is 0, the number is a per-

fect cube, and the root found is exact. If the

remainder is not 0, the number is not a per-

fect cube, and the root found is true to within

less than 1.

To find the cube root of a whole number

to within less than a fractional unit - : Mul-
n

tiply the number by n3
, and, extract the cube

root of the product to within less than 1 ; di-

vide this result by n, and the quotient will be

the root required.

To extract the cube root of a vulgar frac-

tion to within less than its fractional unit:

Multiply the numerator by the square of the de-

nominator, and extract the cube root of ill,

product to within less than 1 ; divide this resuU

by the denominator, and the quotient will he

the root required.

To extract the cube Toot of a whole num-

ber, vulgar fraction, decimal, or mixed deci-

mal, to any number of decimal places : Place
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the given number under a decimal form, so

that the number of decimal places shall be

equal to three times the number required in

the root ; extract the cube root of this result to

within less than 1, and point off the required

number of decimal places ; the final result will

be the root required. It is to be remarked, in

painting off a mixed decimal into periods,

that we begin at the decimal part and point

off in both directions, the entire part to the

left and the decimal part to the right ; by an-

nexing O's, we can form as many periods of

decimals as may be required.

To extract the cube root of a monomial

:

Extract the cube root of the co-efficient for a

new co-efficient; write after this each letter

which enters the given expression, with an ex-

ponent equal to one-third of its exponent in

that expression ; the result is the root required.

If the co-efficient is not a perfect cube, or if

any letter has an exponent which is not

exactly divisible by 3, the expression is not

a perfect cube.

To extract the cube root of a polynomial

:

Arrange the polynomial with reference to a

particular letter, and extract the cube root of

the first term ; this will be the first term of

the root required ; divide the second term by

three times the square of the term already

found, and the quotient will be the second

term of the root ; cube the part of the root

found, and subtract the result from the given

polynomial, and divide the first term of the

remainder by three times the square of the

first term of the root ; the quotient will be

the third term of the root ; cube the part of

the root already found, and proceed as before,

till a remainder is found equal to ; the root

found is that required. If no remainder is

found equal to 0, or if any remainder is found

whose first term is not exactly divisible by

three times the square of the first term, the

polynomial is not a perfect cube. We can

often see, by inspection, that a polynomial

is not a perfect cube ; if any term of the

polynomial which contains the highest or

lowest power of any letter is not a perfect

cube, the polynomial cannot be a perfect

cube.

Besides the methods above explained for

finding the cube roots of numbers, we may
employ the binomial formula, which may be

placed under the form

yx + a

1 _4

'

+ 3'27
_ 3'3

16

729

)" 3.14138.

n 'in 3n

Find the nearest perfect cube to the given

number, and substitute this in the formula for

x ; subtract this cube from the given number,

and substitute this difference, which will often

be negative, in the formula for a; perform the

operations indicated, and the result will be the

required root.

Thus, to extract the cube root of 31,

3
/ 3

, / 14 11VW= •27+4 = 31

115 64
T

3 3 9 19683
c

There is still another method by means

of continued fractions, which is entirely sim-

ilar to that for extracting the square root of a

number by continued fractions. See Square

Root, Logarithms.

CU'BIC EQUATION. A cubic equation,

containing but one unknown quantity, is one

in which the highest exponent of the un-

known quantity, in any term, is 3. Every

cubic equation containing but one unknown
quantity can be reduced to thevgeneral form

Xs + px + q — 0,

in which the co-efficient of x' is 1, and the

co-efficient of x' is 0.

Every cubic equation of the above form has

three roots, all of which may be real, or one

only may be real and the other two imagi-

nary. It may be shown by the application

of Sturm's rule for determining the number

and places of the real roots of an equation,

that the roots will all be real when p is essen-

tially negative, and r= > -r, numerically.

One of the roots only will be real and the

other two imaginary, when p is essentially

P* 9'
positive or when it is negative, and r^ < ~r,

numerically. There is still another case in

p' q'
which p is essentially negative and — = -7

1

numerically. In this case two of the roots

are equal, and may be determined by the

method of equal roots. See Equal Roots.

In the second case, that is, when only
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one of the roots is real, the equation may be

solved by the following formula

:

3 / « + it + tx =V ~~
a
+ V 4

+ 27

3
f~q

/,» f
+V _

2
- V 4

+ 27'

this is Cardan's formula. If we place

and
1+-

P+Q )

a'P + aQJ

and regard only the numerical values of the

cube roots, we shall have three formulas for

the three roots

:

1st root x = P + Q
2d root x

3d root x — a'

the second and third roots are imaginary.

1. Let it be required to find the three roots

of the equation

x* - 6x - 9 = 0.

Here, p is negative, being — 6 and rs < "7

,

numerically ; hence Cardan's formula is ap-

plicable. Substituting in that formula — 6

for p and — 9 for q, we find

3 A) A
: =V2+/
_3 /c

8 +
3 k /81

V2-\A~ 8

'9 7 3

V 3;

In this case P = 2 and Q = 1 ; hence, the

imaginary roots, after reduction, are

The' following method of solving cubic

equations of all kinds is jointly due to Bom-

belli, Vieta, and Gibaud. The formulas

may be found demonstrated in Bonnecastle's

Trigonometry.

If we assign to p and q their essential

signs, the cubic equation may appear under

one of the four following forms

:

1st form x3 + px — q = ;

2d form x3 + px + q = ;

3d form

4th form

- px — q =
px + q =

each of which will be considered in succes-

sion.

1. When x3 + px — q = 0.

Assume

2\p

then

= tanz, and ?/ tan(45°— $z)=tanu;

i = 2 ~ X cot 2m.

Applying logarithms to these formulas, they

become

log^ + lO-gl

Then

logs:

tan (45°-

? 3 = '°g (tanz); and

gZ)J+20i =log(tana)

1 4p
- log -~ + log (cot 2m) - 10.

2, When x' +
Assume

+ q = 0.

tanz, andS/tan(45°-Jz)=tanui

7)

X cot 2m.

3 + V-:
and a; = -

-3-

2
"*"" *" 2

When the roots are all real, Cardan's for-

mula fails to give their values ; for in that

case the two terms of the second member of

the formula become imaginary, and although

the imaginary parts must necessarily destroy

each other, yet all attempts to put them under

such a form as to get rid of them have proved

unsuccessful. For this reason this is called

the irreducible case.

then

Applying logarithms to these formulas, they

become

q 3 p
log g + 10 - glog 3 = log(tanz)

:

and

l
- \ log (tan (45° - i z)

J
+ 20 X =log (tana).

1 4p
Then • • • log x = 10 - - log -g - log (cot 2m).

In both of these cases there is but one real

root.

3. When x' — px — q = 0.
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This form has two cases ; 1st. when

y\* <i; 2d, when? (§)*>!.
q \3/

In the first case, assume

2 M|-
lql =cos2; and >/tan(45 —|z)= tanu.

?\3,

Then ^vi*

In the first case assume

then

o J
=cos 2 ; and 5/tan(45°—i«)=tan u

;

i= -2 X cosec 2m.

cosec 2m.

By applying logarithms these formulas

become

3 p o
10 + g log 3 -log | = log (cos s); and

\ |
log /tan (45» - i s)W 20 | =log(tan

«

Then
4p

log a; = 10 + log -5- — log (sin 2m)

In this case there is but one real root.

?/3\§
In the second case, assume — I - 1 * =

2\p

and x will have the three following values

:

x = 2^ /r X cos 52,

2. z = - 2
'» 1

s X cos (60° 2,) and
3 v 3 "

3. 1 = /P 1

2* /| X cos(60°+ g«).

By applying logarithms, these formulas be-

come

? , ,„
3

,
P

log
g + 10 —

2
log

3
= Iog

(
cos s

) *
and

1 4p 1

1. log x = g log g- + log (cos g 2)— 10;

1 4p I 1 \
2. Ioga;=2log

3
t +log(cos(60 -g2)j-10;

1 4» / 1 \
3. Iogz=gIogy-|-logfco6(60o+ gZ)J-10.

The value of x obtained from the first for-

mula is to be taken with a positive sign

;

those from the second and third are to be

taken with a negative sign.

In this case all the roots are real.

4. "When x* — px + a = ; this form has

two cases : first, when

?(!)*< 1; second, when
^(|)

f >l.

By applying logarithms, these formulas be-

come
3 P ?

10 + - log 3 - log g = log (cos 2) ; and

3 I
log

J
tan (45°-J 2)

J
-f 20 |

= log (tan u)

;

then, — log x = 10 + log -rr — log (sin 2a).

In this case, but one of the roots is real.

In the second case, assume

?/3\4
5 1 - 1 = cos 2, and x will have the three fol-

lowing values,

1.
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.-. i = 60°.

1. 1= 2 cos 20°= 1.8793852,

2. x = — 2 cos 4.0° = — 1.5320888,

3. x = - 2 cos 80° = - 0.3472964.

Again, let it be required to find the three

roots of the equation,

Is - 3x + 1 = 0.

Here, as before,

f(|)*
= .5and_~ = 60°.

1. x = - 2 cos 20° = - 1.8793852,

2. x = 2 cos 40° = 1.5320888,

3. x = 2 cos 80° = 0.3472964.

In the last example, the roots are equal to

those of the first example, respectively, each

being taken with a contrary sign.

Besides these methods, there is still ano-

ther by means of series. In practice this

will often be found more convenient than

either of the others discussed.

The series employed depend on the form

of the equation.

1. When the equation is of the form

x" + px — q = 0.

2? f 2-5

±2

/4j)3 -27ga \ a

[CUB

4p3 -27ga'

2-5-8

2

3- 6 I 27 q"

-27?=

*)

|/2(27j
2 + ip3

) I
"

'
6

• 9

/ 27?' \ . 2-5-811 / 27 q' \*

\27? a + 4j>
3
)
+ 6-9- 12- 15 \27?

a+4p3
/

2-5-81114-17 / 27 q' \
3

1

+
6- 9- 12- 15 • 18-21 \27j a+4Py

+&c
'

j

2. When the equation is of the form

*3

-?*=F? = 0, and J>^j-
The upper sign is to be used when q is nega-
tive, and the lower one when q is positive.

-*Vfi'-A(!V)
2-5-8 /27 ?

a - 4pa
\ a

3-6-912 \ 27y j

2- 5 -8 -11 14 /27?'-4p3

y )

3 6 9- 12- 15- 18 I 27 j
2 / _&c -

j

3. When the equation is of the form

<7
a D3

I»_ i,a
. T? = and X < |_

The signs to be used as before.

+

3- 6- 9- 12

2-5-8-11-14 /4pa - 27g a\3
j

3-6-9-12-1518^ 27?a

J
~ &c

'

}

This corresponds to the irreducible case,

and the series gives one root ; if we desig-

nate this root by r, the other two may be

found by the following series :

r Vips -27qi

* = *2

4/ -27?/4y"-27?a\

[ 27?a j

9?/2>

2-5-8-11

'( 2-5

+ ;

/4p
a - 27?a\'

27?a y
""" 6-9-12-15 ( 27 ?

a j

_ 2-5-8-11-I4-17 /4y3 -27?a'

6-9- 12-15- 18- '*)V&c.}21^" 27 ?
s

The upper signs are to be used before r

when ? is negative, and the lower one when
it is positive ; the double sign before the

series is to be used as in ordinary cases, that

is, the plus sign corresponds to one root, and

the minus sign to the other.

4. When the equation is of the form

x = ±2-

x* — px^:q = 0,

2?

and
4 ^ 27

3/2(473 -27?'

27

?

a \
.
2-5-8

,{-
2-5

6-9

/ 27?" \ 2-5-8-11 / 27 q' \'

\3p* - 27?a
j
+

6 • 9 - 12 15 \4p
3- 27?

a

/
3p 3 -27q'l ' 6-9-12

2-5 8 11-14-17 / 27/ 27? a
\
a

1

(47:27?)
+ &C

J6- 9- 12- IS- 18-21 \4y
3 -27?'

This series also answers to the irreducible

case. The rule for signs is the same as

already explained.

If the root found by applying the series is

denoted by r, the other two roots will be

found by the following series :

'/.'.'. L ) . Jx=±»±

27 ?
a

ip 3 - 27 q

2-5-8-11
+

6 Zip1 — 27 oa
( 2

\ _ 2-5-8 / 27 ?
a \ a

/ 3-6-9- 12^3 -27?a

)

14 / 27 ?
a \ »

1

i • 18 \4_p
3 -^Vfq1)

~ &C
'

J

3-6-9-12-15-

The signs are to be used as in the preced-

ing case. With the aid of logarithms these
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series present little or no difficulty in their

application.

Cubic Parabola. An Algebraic curve of

the third order, whose general equation may
be reduced to the form

y = ax3 + bx* + ex + d.

If the origin of co-ordinates is taken at

the vertex of the curve, its equation is

y = ax'. The curve consists of two branches

KA and KD, infinite in extent, both of which
have their convexities turned towards the

line KL. Both are also tangent to the line

KL at K ; K is therefore a point of inflexion.

TTS

If a straight line ABC be drawn, cutting the

curve in three points, A, B, and C, and if a

straight line DE be drawn from any point

of the curve perpendicular to it, then will

DE be proportional to the parallelopipedon,

whose edges are AB, AC, AE. This is

a characteristic property of the cubic para-

bola, and it affords a method of constructing

the roots of a cubic equation of the form

xs + a'x = b3 .

The area of any portion of a cubic para-

bola is equal to three-fourths of its circum-

scribing parallelogram.

CUR'RENCY. [L. currens, from curro,

to flow or run] . In Commerce, a. term em-

ployed to express the aggregate amount of

money, bills of exchange, and other substi-

tutes for money, employed in buying, selling,

and distributing the commodities of the

various nations of the earth.

CUR'TATE CYCLOID. See Cycloid.

CURV'A-TURE. [L. curoatura, bowing,

bending]. The curvature of a plane curve,

at a point, is its tendency to depart from a

tangent drawn to the curve at that point.

In the circle, the tendency to depart from a

tangent drawn at any point is always the

same : hence, the curvature of the circle is

constant throughout. If two circles C and

10

C have a common tangent at a common
point P, then will that circle which has the

least radius, have the greatest tendency to

depart from the tangent, and consequently,

the greatest curvature. We see, therefore,

that the curvature of the circle varies in-

versely, as its radius. It is for this reason,

that the reciprocal of the radius of a circle

is assumed as the measure of its curvature.

In order to compare the curvature of dif-

ferent curves, or of the same curve at differ-

ent points, we have simply to find the ex-

pression for the radii of the osculatory circles

at the points, and then the greatest curvature

will correspond to the least radius. The
reason for this, is that the osculatory circle,

from its nature, has a greater tendency to

coincide with the curve at the point of oscu-

lation than any other circle ; and so intimate

is the relation between the curve and its os-

culatory circle, that for a small distance they

may be regarded as absolutely coincident

:

hence, they have the same curvature, and
we may take the measure of the curvature

of the osculatory circle as the measure of the

curvature of the curve.

The formula for the radius of the oscula-

tory circle, or the radius of curvature, at any

point of any curve, is

R,JM
d'y

dx2

in which x and y are the co-ordinates of the

point of osculation, which point may be any-

where on the given curve.

To apply this formula in any given case,

differentiate the equation of the given curve

twice ; from the given equation and the two

differential equations find expressions for the

first and second differential co-efficients of
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the ordinate, in terms of the abscissa ; sub-

stitute these in the formula, and the result-

ing -value of R will be the general expression

for the radius of curvature at any point.

To find the value of R at any given point,

substitute for x, in the general value of R,

the abscissa of the given point, and the re-

sulting value will be the required value of R
for the particular point.

The general value of R, found as above

explained, is a function of x, and its maxi-

mum or minimum value may be determined

by the rules for finding the maxima or mini-

ma of functions of one variable.

To illustrate, let us consider the case of

the conic sections, whose equations may be

written under the general form

y* = 2px + r"x',

the origin of co-ordinates being taken at the

principal vertex.

By differentiation and combination, we find

dy% (p + r'x)

dx>~~ ?
d'y f

and -j-5 = =-•

dx' y*

If we substitute these in the formula for

R, taking the lower sign, it gives

R = [?» + (/» + l)(2px + r'x*

r
To find those points of the curve at which

R is either a maximum or a minimum, as-

sume

u = f + (r
a + 1) (2pz + r'x 1

) ; whence,

du

Tx
= (r> + 1) (8p + 2raz) = • • • (1) ;

P
or

>
x=~ fi>

/d'u\

In the parabola r2 = 0, whence x = <x>

;

that is, the point where R is a maximum, is

at an infinite distance.

By substituting these values in R, we have

1
R = co, or ^ =0;

that is, the parabola has no curvature at an
infinite distance ; or in other words, it coin-

cides with a straight line.

In the elli

** • b'
rM = — -j> in which i» < a5 , and p = —° r a

These values give x = a, and make

d*u _ _ 2 (a2 - b')b'

dx"~
~

a*

which is negative. Hence, at the points

whose abscissas are a, the value of R is a

maximum, and the curvature a minimum,

but these points are the extremities of the

conjugate axis.

In the hyperbola,

b*
,

b'
r" — H > and p = —

i

a r a

which give x = — a ; but for x = —a, y
is imaginary, which shows that there is no

point of the curve at which the radius of

curvature is a maximum.
The form of expression (1), does riot at

once indicate the conditions which render R
a minimum ; but we have, from the differen-

tial equation tof the curve,

dx y
dy ~ p + r'x ' ' ' ' *

''

Now, if we multiply equations (1) and (3),

member by member, we have

du

J-
= 2 (r

= + \)y = ; whence y — 0, and

ld*v\
2(r2 +l),

which is always positive : hence, in all of

the conic' sections, the radius of curvature at

the principal vertex is a minimum.
From the foregoing discussion, it appears

that the curvature of the ellipse is a mini-

mum at the vertices of the conjugate axis,

and that the curvature of any conic section

is a maximum at the principal vertex.

It may be observed that the radius of cur-

vature at the principal vertex is always equal

to half the parameter. As the parameter

decreases, the curvature at the principal

vertex increases ; and when the parameter

becomes 0, the curvature is infinite. This

last supposition corresponds to the case in

which the conic sections become straight

lines. See Eccentricity, and Parameter.

Curvature of Surfaces. The curvature

of a surface at any point, is its tendency to

depart from a tangent plane to the surface at

that point.

If the tangent plane to a surface at the

point at which the curvature is to be consi-
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dered be taken as the plane XY, and the

normal to the surface at the point be taken

as the axis of Z ; then every plane through

the axis of Z will cut a section from the sur-

face, and the curvature of these sections at

the origin of co-ordinates will be different in

each. If we denote by q, q", and q', respec-

tively, what

d'z d'z d'z& **, -jydy'- and J^dxiy,

become, when x, y, and z, are made equal to

0, and by the angle which the plane of the

normal section makes with the plane XZ, we
shall have for the radius of curvature of the

normal section at the origin,

1p __
t
/|\

.

q cosa + 2j' cos (j> sin <j> + q" sina *
'

'

whence,

-5- = qcos'<j> + 2y'cos <j> sin <j> + q"sm'<ji • (2).

If we make
<f>'
= 90° + <j>, and denote what

R becomes by R', we have ,

-57- = j sin a — 2j' cos sin + q" cosa^

;

and by addition

that is, the sum of the reciprocals of the radii

of curvature of two normal sections at right

angles to each other, when taken at the point

of contact, is constant.

We see from this result, that the section

of least curvature is perpendicular to the sec-

tion of greatest curvature. If the normal to

the surface is the axis of revolution of the

surface, the values of R become equal, and

every curve of section will have the same

curvature at the point of tangency, which

will be, in that case, a vertex of the surface.

CuEVATUEE OF LlNES OF DOUBLE CuRVA-

tdee. If two curved surfaces intersect each

other, the line of intersection will, in general,

be a curve of double curvature ; and if at any

point of it, a plane be passed so as to coin-

cide with two consecutive elements of the

curve, this plane is called an osculating plane.

The radius of the osculatory circle, which

coincides with these elements, is the radius

of the curve at the assumed point.

To investigate an expression for this radius,

let us take the length of the curve, denoted

by*, as the independent variable ; in which

case, ds will be constant, and the elements of

the curve equal to each other.

A

\v
?!

at V MP"

Let ab and be, each equal to ds, be two

consecutive elements of a curve of double

curvature, and let be the centre of a circle

passing through the points u., b, and c, then

will Oa be the radius of the osculatory circle

or radius of curvature. Produce the element

ab till the prolongation SA is equal to ab, and

draw cA ; then, since the angle Abe is equal

to aOb, the triangles bAc and aOb will be

similar, and we shall have

,aO : ab : . be : Ac, or

R : ds : ds : Ac; whence,

ds'
R = Tc

If we project the several lines ab, be, bA
and Ac upon the axis of X, by perpendiculars

to that axis, we shall have

a'V = b'A' = dx,

and b'c' = d(x + dx) = dx + d'x,

which gives for AV, (the projection of Ac
upon the axis of x),

A'c' = dx + d'x — dx = d'x.

In like manner, if we project Ac upon the

axis of Y and Z, severally, we shall find the

projections equal to d'y and d'z ; hence,

whence,Ac = V(d'x)'

R =

+ (d'y)' + (d'z)*

ds'

•/JWxJ + (d'y)'

1

+ (d'z)*

*V(£)'+(?H
d*z\*

ds*)
'

If we do not regard * as the independent

variable, we may replace

d*x

ds'
by

\ds) d'y \ds)

~ds~~' ^ by ~~ds~~
:

and
d'z

dV by
'£)

ds
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whence, by performing the operations in-

dicated,

d'x
,

d'x dx d's

TT'ds''^i- becomes jp

d'y d'y dy d*s

j-T becomes J^ ~ ^ ds'

'

d'z d'z dz d's

dF becomes dJ~- dVdi'

These, in the formula above deduced, give

*
V(?)"+ (3)'+ (£)'- (S)"

a formula much used in mechanics.

CURV'A-TURE, CHORD OF. See Chard.

CURVE. [L. curvus, bent ; from curvo, to

bend]. A curve is a line which changes its

direction at every point ; that is, no three

consecutive points of which lie in the same

straight line. '

The portion of the line between two con-

secutive points, is an element of the curve.

If we denote the length of the curve by s,

the length of any element will be denoted by

ds.

Cukved Lines. Curves may be either plane

curves, or curves of double curvature. A plane

curve is one all of whose points are in the

same plane. A curve of double curvature is

one in which no more than three consecutive

points lie in the same plane.

The only curve considered as belonging to

elementary geometry, is the circle. See Circle.

In the higher branches of mathematics,

curves are classed according to the nature of

their equations.

The first division of lines is into algebraic

and transcendental. An algebraic line is one
in which the relation between the co-ordinates

of its points may be expressed by means of

the ordinary operations of algebra ; that is,

addition, subtraction, multiplication, division,

raising to powers denoted by constant exponents,

and extracting roots indicated by constant

indices.

A transcendental line is one in which the
relation between the co-ordinates of its points

cannot be thus expressed. It is to be ob-

served, that in the higher mathematics, lines

are always regarded as being defined by their

equations. If we regard a line as being
generated by a point moving according to

some fixed law, the expression of that law,

by means of the algebraic language, will be

the equation of the line, and maybe regarded

as the analytical definition of the line.

If a point moves at random, the path which

it describes is not regarded as a curve, but

simply as a crooked line. Hence, we see the

distinction between a curve and a crooked

line ; the former is generated in accordance

with a mathematical law ; the latter is gene-

rated without reference to any law. The dis-

tinction is analagous to that between music

and unmeaning noise.

In transcendental lines, the relation between

the co-ordinates of the points of the lines is

expressed either by the aid of exponential, lo-

garithmic, or trigonometric functions. In con-

sequence of the intimate connection between

these several classes of functions, it happens

that we can generally refer all these relations

to that existing between logarithmic quan-

tities.

Amongst the transcendental lines may be

mentioned the logarithmic curve, the cycloid,

the spirals, the catenary, &c.

Algebraic lines are classed into orders de-

pending upon the degree of their equations.

Lines, whose equations are of the first de-

gree, with respect to the variables, are called

lines of the first order. This order embraces

only the straight line, which, for the purpose

of classification, is often ranked as a curve.

Lines, whose equations are of the second

degree, with respect to the variables which

enter them, are called lines of the second

order. This order of lines includes what have

been called the conic sections ; that is, the

ellipse, parabola, and hyperbola, together with

their particular cases. The order does not

include any other lines.

In general, a line whose equation is of the

»th degree, with respect to the variables which

enter it, is called a line of the nth order.

The relation between the co-ordinates of

any curve, may always be expressed by

means of an equation, and if the curve lie

wholly in a plane, that equation will contain

two. and only two, variables.

Conversely, every equation between two

variables is the equation of a plane curve, as

may readily be shown : if we assume a value

for one of the variables, substitute it for that

variable in the equation, and deduce the cor-
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responding value of the other variable, the

assumed and deduced values will be the co-

ordinates of a point, which may be con-

structed by known principles ; in like manner,

any number of points may be constructed,

and the curve line drawn through them will

be that represented by the equation.

This line is often called the locus of the

equation ; it is more properly the locus of the

point, which moves in accordance with the

law expressed by the equation.

In order to construct this locus : from what

has preceded, we see that we must know the

values of the constants which enter the equa-

tion. When the constants which enter an

equation are known, in addition to the form

of the equation, the curve is completely given.

When the form of the equation only is given,

the line is said to be given in kind. The

form of the equation then determines the

kind of line, and the constants which enter

it serve to determine its extent and position

with respect to the co-ordinate axes.

Since the equation of a straight line is of

the first degree, it follows, that if we combine

the equation of a straight line with the equa-

tion of a curve of any order, we shall in

general get as many pairs of values for x and

y, as there are units in the number which

denotes the order of the curve. It may hap-

pen, however, that some of the sets of values

are imaginary, but imaginary roots go in

pairs : hence, if the curve is of an odd order,

there will always be one real point of inter-

section.

Curved Surfaces. A curved surface is

one in which, if a point be taken at pleasure,

and any number of secant planes be passed

through it, these planes will in general cut

curved lines from the surface : thus, the sur-

face ofa sphere, cone, <fcc., are curved surfaces.

Curved surfaces are classified in geometry,

into,

1. Single Curved Surfaces, which may be

generated by a right line, moving in such a

manner that any two consecutive positions

shall be in the same plane. The conic sur-

face and the cylindric surface belong to this

class. Besides these, there is a numerous fam-

ily of surfaces, which may be generated by a

straight line, moving in such a manner as to

continue tangent to' a curve of double cur-

vature.

The distinguishing characteristic of single

curved surfaces is, that they may be develop-

ed, or rolled out upon a plane.

2. Double Curved Surfaces, are those

which can only be generated by a curved

line : thus, the surface of a sphere, ellipsoid,

or paraboloid of revolution, are double curved

surfaces.

3. Warped Surfaces, are those which may
be generated by a right line, moving in such

a manner that its consecutive positions shall

not be in the same plane. The hyperbolic

paraboloid, the conoid, and the hyperboloid oi

one nappe, are examples of warped surfaces.

,

Neither double curved nor warped surfaces

are capable of being developed.

In analysis, surfaces are classed in a man-

ner entirely analogous to that employed for

classing lines. Every equation between three

variables represents a surface of some kind,

and if it is of a degree superior to the first,

it is a curved surface. Every equation of

the first degree between three variables, is

the equation of a plane. Every equation of

the second degree between three variables,

is the equation of a surface of the second

order. Surfaces of the second order com-

prise the ellipsoid, the hyperboloids and the

paraboloids, with their several varieties, and

none others.

Generally, a. surface is of the nth order,

when its equation is of the n'h degree be-

tween three variables.

Curves of Sines, Cosines, Versed Sines,

Tangents, Cotangents, Secants, and Co-

secants. Curves whose equations are re-

spectively

y = smx, y = cosi, y = ver-sin Z, y = tani,

y = cot x, y = sec x, and y = cos^c.

If we conceive a circle to roll upon a
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straight line, continuing in the same plane,

and at thepoint ofcontact perpendiculars to be

erected equal respectively to the sine, cosine,

versed sine, &c, of the arc from the origin of

the arcs to the point of contact, then will the

loci of the extremities ofthese ordinates be the

curves whose equations are given. After the

generating circle has rolled once over, if it

be again rolled over, a curve will be generated

equal in all respects to that first generated
;

and so on, every time thaj; the curve is rolled

over, even to an infinite number of times.

Denote the circumference of the genera-

ting circle by ir, and the radius by 1 . Then lay

off on a straight line the distance ab equal to

2?r, to represent the development of the cir-

cumference of the circle. The curves may
be constructed by points, from their equa-

tions, by means of a table of natural sines,

and when constructed, they will present the

appearances represented in the figures.

Curve of Sines.

Curve of Cotangents.

3>

Curve of Versed Sines.

Curve of Tangents.

10
'
IP

In the figures, the lines AA', BB', CD and
EF, are asymptotes to the infinite branches.

The curve of sines, sometimes called the

sinusoid, is entirely similar to the curve of

cosines, commencing to estimate both from
the point C: this should be the case, since,

sin x = cos (90° — x).
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By differentiating the equation of the curve

of sines, we find

dy d?y

fo
=cosx

>
and

a~?
= ~ smx = -y<

from the first of these results, we deduce the

equation of a tangent to the curve at a point

whose co-ordinates are x" and y", as follows

:

y — y" = cos x" (x — x").

If x" = 2nir, n being any whole number,

we have cos x" = 1 ; at these points the tan-

gent makes an angle of 45° with the axis

oLX.
If x" — (2m + 1) ir, cos x" = — I, and for

these points the tangent is inclined to the

axis of X in an angle of 135°.

n
If x =-f, cos x ' = 0, and at those

*

points, the tangent is parallel to the axis of

X, the ordinates at the alternate points are

alternately maxima and minima.

d'y
From the second result, -r-j- = — y, we in-

fer that the curve is always concave towards

the axis of X.

To find an expression for the area of the

sinusoid, we have the formula,

S = fydx = f-jf= = - (1 - ?Y+ C.

If we integrate between the limits y =
and y = 1, we have A = 1 ; hence the entire

area included between one branch and the

axis is equal to twice the square described

upon the radius of the generating circle.

Like discussions may be had with respect to

the other curves above considered.

CUR-VI-LIN'E-AR. [L. curvus, bent].

Appertaining to curved lines ; bounded by a

curved line or lines ; thus, a circle or an

ellipse is a curvilinear figure, so also is a

spherical triangle.

CUSP. [L. cvspis, a point]. A cusp point

of a curve.

Cusp Point. A cusp point of a curve is a

point at which two branches are tangent to

each other, so that a point generating the

curve suddenly stops at the cusp and returns

for a time in the same general direction from

which it arrived at the cusp point. A and

A' are cusp points. Cusp points are of two

kinds.

1. When the two A-
branches have
their convexities

turned in the same

direction with re-

spect to the com-

mon tangent at the

cusp point.

2. When they

have their convex-

ities turned in op-

posite directions'

with respect to the

common tangent

at the cusp point.

CYC'LO-GRAPH. [Gr. kvkKoc, a circle,

and ypa<j>u, to describe]. An instrument

employed to describe arcs of circles when the

radii are greater than can be obtained with

the dividers. It is also used in those cases

in which the dividers cannot be employed.

The most simple form of this instrument

is that employed by artificers in their work

DC and CE are two arms turning about an

axis C, capable of being set to any given

angle and clamped. At C is an arrangement

for holding a pencil or a piece of chalk. A
and B represent two nails or pins driven into

a wall or board, to show the extremities of

the arc to be described. If now the instru-

ment be set at the proper angle and moved
about so that the arms should constantly

touch A and B, then will the pencil trace the

required arc.

CYCLOID or TROCHOID [Gr. kvkIoc,

a circle, and eidoc, form]. A curve which is

generated by a point in the plane of a circle,

when the circle is rolled along a straight line,

always continuing in the same plane.

1. If the generating point is upon the cir-

cumference of the generating circle, the

curve is called the common cycloid.

%: If the generating point lies without the

circumference of the generating circle, the

curve is called the curtate cycloid.

3. If the generating point lies within the
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circumference of the generating circle, the

curve is called the prolate or inflected cycloid.

Prolate Cycloid.

1. Common Cycloid. The rolling circle is

called the generating circle. The point P
which generates the curve is called the gen-

B

observed that as regards the double sign ± , of

the radical, in both equations, the upper sign

is applicable to the portion of the branch on

the left of the axis, and the lower one to the

portion of the branch on the right of the

axis.

The following are some of the principal

properties of the common cycloid :

1. The greatest ordinate is equal to 2r and

the least one equal to ; there are no nega-

tive ordinates.

2. The ordinate 2r coincides with the axis,

and the tangent to the curve at its extremity

is parallel to the base.

3. The tangent to the curve at the point

whose ordinate is 0, is perpendicular to the

base. This point is a cusp point of the first

species, and it is also a point of concurrence

with the base.

4. If gn represents a diameter of the gen-

erating circle in one of its positions, and is

perpendicular to the base, and gpn a semicir-

A D L
crating point. The line AL is the base, and

BD the axis.

It is plain that each time the circle is rolled

over, a portion of the curve, equal to ABL,
will be described. Each of these portions

are called branches. The number of branches

is infinite.

If the origin of co-ordinates be taken at

A, and the axis of x coinciding with the base

AL, the equation of the curve is

x = ver-sin—' y — V2ry — y
2

.

This is the equation of a single branch, and

it is unnecessary to regard more than one

branch, because they are all equal to each

other in every respect ; therefore, if we
deduce the properties of one branch, they

will be common to all other branches.

The differential equation of the cycloid,

which is more used than the equation of the

eurve, is

dz
ydy

V2ry — y>

dy

J
In this and the preceding equation, r is the

radius ofthe generating circle, and ver-sin-1 y
is taken in that circle. It is also to be

A N D » T
cle described upon it, then will the tangent

to the curve, at any point P, be parallel to

the corresponding chord gp, drawn to the

upper extremity of the diameter, and the

normal PN will be parallel to the supplemen-

tary chord pn, drawn to the lower extremity

of the same diameter.

5. If two chords of the generating circle

be drawn through the upper extremity of the

diameter ng, and on opposite sides of it,

making a given angle with each other, then

will the locus of the point of intersection of

the parallel tangents be a curtate cycloid. If

a tangent be drawn to the curve at the ver-

tex, the portion of it which is intercepted

between any pair of these tangents will be

equal in length to the corresponding arc of

the generating circle ; that is, to the part

between the lower extremities of the chord

parallel to the tangents. If the tangents are

at right angles, the locus of their point of

intersection will pass through the upper ver

tices of the rectangle described upon the base

and axis of the curve.
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6. If a tangent DT be drawn to the circle

described on the axis, and the corresponding

tangent PT be drawn to the cycloid, the loevis

of their point of intersection is an involute

153

of the generating circle. The arc BP of the

cycloid is equal to twice the chord BD of the

generating circle, and the length of one

branch is equal to four times the diameter of

the generating circle.

7. If the rectangle BEPR be completed,

the area BPR is equal to the area of BDE,
in the circle, and consequently, the area

included between one branch of the curve

and the base is equal to three times the area

of the generating circle.

8. If a line PP' be drawn parallel to the

base and bisecting BC, then is the area PBP'
equal to the equilateral triangle B'DD'. If a

line CF be drawn through the centre of the

generating circle parallel to the base, the area

BCFPB is equal to the area of the triangle

B'QC, or half of the square described upon

the radius of the generating circle.

9. If two .lines, PM and P'M', be drawn

parallel to the base, so that BP' = CP, C
being the centre of the generating circle,

and the points M and M' be joined, the area

of PP'MM' is equal' to the difference between

the two triangles B'PQ and B'P'Q'. IfPM
and P'M' are on opposite sides ofthe axis, the

area is equal to the sum of the two tri-

ples.

10. If a line be drawn through P", the

middle point of CB, parallel to the base, and

B

C be joined with M" and M'", then will the

cycloidal sector M"CM'" be equivalent to the

isosceles triangle BQ"Q'".

11. The evolute AP'A' of a semi-branch

of the cycloid, is equal, in all respects* to the

other semi-branch. If, whilst the generating

circle of the cycloid rolls along the line AM,

T A'

a second circle equal to it be rolled along

X'A', the two remaining tangent to each

other on the line AM, then will the point P'

generate the evolute, and the tangent to the

evolute at P' will pass through the point of

contact of the two generating circles, and be

normal to the first cycloid.

12. The radius of curvature at any point

of the cycloid is equal to twice the normal

;

at the cusp point it is 0, and a minimum : at

the vertex of the axis it is twice the diameter

of the generating circle, and a maximum.

13. The area of the surface generated by

revolving one branch of the curve around its

base, as an axis, is equal to ^* of the area

of the generating circle ; and the volume of

die corresponding solid of revolution is 4 of

the circumscribing cylinder.

14. If any curve AmB be taken, whose tan-

gents at A and B are at right angles to the

co-ordinate axes respectively, and its evolute

BA' be taken, beginning at B ; then the evo-
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lute of this last curve A'B' be taken, begin-

ning at A.', and so on, each succeeding evo-

lute will approach in its nature a semi-cycloid,

and will ultimately coincide with it.

The cycloid possesses some remarkable

mechanical properties, the most important of

which are the following :

1. It is the curve of quickest descent from

one point to another ; that is, if two points

lie one above the other, but not in the same
vertical line, a heavy body will descend from

the highest to the lowest along an arc of an

inverted cycloid quicker than along any other

curve passing through the two points, quicker

even than along the straight line joining the

two points. See Brachystochrone.

2. It is the tautochronous curve ; that is.

if a pendulum be made to vibrate on the arc

of a cycloid, the time of vibration will always

be the same, no matter what may be the

length of the arc over which the vibration

may take place. This result can only be ap-

proximately true in practice, since the theo-

retical considerations from which it was de-

duced can only be approximately fulfilled in

any experimental operation.

CY-CLOID'AL, appertaining to a cycloid.

A cycloidal segment is a segment included

between an arc of a cycloid and its chord ; a

cycloidal sector is a portion of a cycloid

bounded by an arc of the cycloid and two
lines drawn from its extremities to the middle

of its axis.

CY-CLOM'E-TRY. [Gr. kvkXoc, a circle,

and fierpeu, to measure]. The art of measur-

ing circles.

CYL'IN-DER. [Gr. kv-

XivSpoc, from Kvkiv&u, to

roll. L. cylindrus]. In

Plane Geometry, a cylin-

der is a solid which maybe
generated by revolving a

rectangle AEFD about one

of its sides EF.

This side is the axis.

The opposite side gene-

rates a single curved surface, called the con"

vex or lateral surface of the cylinder, and the

two adjacent sides generate circles called

bases of the cylinder.

If any plane be passed through the axis, it

will cut from the cylinder a meridian section

which will be a rectangle double the generat-

ing rectangle ; any plane passed perpendicu-

lar to the axis, will cut from the cylinder a circle

equal to either base. The distance between

the bases is called the altitude of the cylinder,

and is measured by the length of the axis.

Cylinders are similar when generated by sim-

ilar rectangles revolved about their homolo-

gous sides. If the same rectangle be succes-

sively revolved about two adjacent sides, the

two cylinders generated are called conjugate

cylinders. If the rectangle becomes a square,

the conjugate cylinders are equal solids. The

area of the convex or lateral surface of a cyl-

inder is equal to the circumference of its base

multiplied by its altitude ; or, denoting the

area required by A, the altitude of the cyl-

inder by h, and the radius of the base by r,

we have the formula

A = 2w • r h.

If we include the areas of the bases, the

formula becomes

A = 2n-r(r -1- h).

By changing r into h, and h into r, we

have the formula for the area of the surface

of the conjugate cylinder,

A' = 2wh(r + h);

that is, the areas of the complete surfaces of

two conjugate cylinders are to each other as

their altitudes.

The formula for the volume of a cylinder,

denoting the volume bv V, is

r=nr*h,
and for the conjugate cylinder,

V' = ith'r;

whence we see that the volumes of conjugate

cylinders are as their altitudes, or as the radii

of their bases.

The volumes of similar cylinders are to

each other as the cubes of their altitudes, or

as the cubes of the radii of their bases.

Cylindrical Surface or Cylinder, in

higher geometry, is a surface which may be

generated by a straight line moving in such a

manner as constantly to touch a given curve
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and be continually parallel to its first posi-

tion. The moving line is called the genera-

trix ; the line along which it moves, is called

the directrix ; any position of the generatrix

is called an element of the surface. Any sec-

tion of the surface, by a plane, is called a base.

If the base has a centre, the straight line

drawn through it, and parallel to an element,

is the axis of the cylinder.

If the plane of a base is perpendicular to

the axis, or to an element, the cylinder is

right, otherwise it is oblique.

If the vertex of a cone be moved to an inj

finite distance, the base remaining fast, the

cone becomes a cylinder ; hence, all the

properties of a cylinder may be deduced as

particular cases of the corresponding prop-

erties of the cone.

If the base of a cylinder be taken in the

plane XY, its equation will be

f(x, y) = 0,

and the equation of the cylinder will be

fix — az, y — fa) = 0.

In any particular case, having given the

equation of the base or directrix, we substi-

tute in that equation for x and y the expres-

sions x — az, and y — fa ; the resulting

equation will be that of the surface, in which

a and b are respectively the tangents of the

angles which the projections of an element

upon the, planes XZ and YZ respectively

make with the axis of Z. By attributing

suitable values of a and b, the elements may
be made to take any direction.

For further properties of the cylindrical

surface, see Cone and Conic Surface.

CYL-IN'DRIC-AL. Having the properties

of a cylinder, or resembling a cylinder in

form.

CYL-IN'DRI-FORM. Having the form

of a cylinder.

CYL'IN-DROID. A right cylinder with

an elliptical base.

CYL-IN-DRO-MET'RIO. Belonging to a

scale used in measuring cylinders.

CYPHER. See Cipher.

D. The fourth letter of the English al-

phabet. In the Roman system of numeral

notation, it stands for five hundred ; with a

dash on it thus, D, it denotes five thousand.

In the varying scale of English currency,

d is used as a symbol to denote penny or

pence: thus,

£ s. d.

4 2 7,

is read, four pounds, two shillings and seven

pence.

DA'TA. [L. data, plural of datum, given or

known]. In mathematics, is a term employed

to express all the given quantities and ele-

ments of a proposition.

In a problem, the data are the given parts,

by means of which we are enabled to deter-

mine the unknown or required parts. If we
have an equation expressing a relation be-

tween several unknown quantities, and as-

sume values for all except one, these assumed

values are data for finding the remaining ono.

This one is found from the data by the appli

cation of the principles of mathematics. In

geometrical problems, the data are certain

lines, surfaces, solids, or angles.

In the demonstration of a theorem, the

data are the definitions, axioms and the con-

clusions of previous demonstrations ; that is,

such of them as may be necessary.

DATUM. The singular of data.

Datum Line. In Surveying, a line of true

level, to which the points of a vertical section

of the earth's surface are referred, for the

purpose of determining its slope or grade.

This line is principally employed in making

preliminary surveys for a line of railroad,

canal or aqueduct. The datum line is usu-

ally taken through the lowest point of the

section, or else through a point below the

lowest point, so that all the vertical ordinates,

by means of which the section is determined,

may lie on the same side of the datum line.

This arrangement is not absolutely necessary,

but is usually made for the sake of con-

venience. To conceive the position of the

datum line, let us take the case of a survey

for a line of railroad, and suppose that the

leveling is commenced at the lowest point.

Through this point imagine a surface of true

level, indefinite in extent, to be passed ; next

imagine a vertical cylinder to be passed

through the proposed route, projecting it

upon the level surface ; this projection is the

datum line, and if we conceive the projecting

cylinder to be developed or rolled upon a
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plane tangent to it along one of its elements,

the datum line (neglecting the curvature of

the earth) will be developed into a straight

:ine, and the route along the surface of the

earth will develop into a curve line, whose

ordinates at different points are the distances

of these points above the datum line.

If this curve be delineated upon paper, it

forms what is called the vertical section of

the route.

In fhe figure annexed, AB represents the

3'

datum line developed upon a plane, and

A a! V c' d' e' B' represents the vertical section

of a route leading from A to B'.

In order to find the data for making a plot

of this section, we measure, by means of a

chain or tape, the horizontal distances Aa,

ab, be, &c, between the points Aa', a'b', b'c',

&c, and by means of a level, determine the

difference of level between the points A and
a', A and b', A and c', &c, making the neces-

sary corrections for curvature.

To plot the section : Draw the straight line

AB to represent the datum line, and lay off

on it from A the measured distance Aa ; at

a erect a perpendicular, and make it equal to

the difference of level between A and a' ; lay

off on the datum line from a the measured
distance ab ; at & erect a perpendicular to it,

and make it equal to the difference of level

between A and V ; continue this operation

till we reach the extreme point B' ; then draw
a curve line through the points A, a', V, c',

&c, B', and it will be the plot of the section

required.

It is to be observed, that, as the horizontal

distances Aa, ab, be, &c, are very great in
comparison with the vertical distances aa',

W, cc', &c. it is necessary to employ two
scales in making the plot : one for the hori-

zontal distances, and the other for the verti-

cal distances. So that a line which repre-

sents a vertical distance, would represent
several times that distance if laid off on the
datum line.

DAY. A period of time which elapses

between two consecutive transits of one of

[DAY

the heavenly bodies over the meridian. As
the motion of the heavenly bodies are not all

uniform, we distinguish several kinds of

days, which differ but slightly from each

other.

1. The ordinary solar day, is the time

which elapses between two consecutive tran-

sits of the sun's centre over the meridiart of

a place. On account of the elliptical orbit

of the earth, and of the inclination of the

plane of the elliptic to that of the equator,

the length of the solar day varies slightly, at

different periods of the year. On account of

this variability, the ordinary solar day has

been found inconvenient, as a unit of time,

and astronomers employ another unit.

2. Mean Solar Day. This, as its name
indicates, is a period of time equal to the

arithmetical mean of all the ordinary solar

days in a year. The accumulated difference

between the lengths of the ordinary and

mean solar day, estimated from a common
epoch, is what is called the equation of time.

Ordinary clocks and watches are regulated

to indicate mean solar lime, and they are cor-

rected, from time to time, by means of ob-'

servations made upon the sun, and the equa-

tion of time.

3. Sidereal Day, is the period ofthe earth's

rotation upon its axis once, and is measured
by the interval of two consecutive transits of

a fixed star over the meridian of a place.

On account of the motion of the sun

amongst the stars, from west to east, the

mean solar day is somewhat longer than the

sidereal. Each day is divided into 24 equal

parts, called hours; each hour into 60 equal

parts, called minutes ; and each minute into

60 equal parts, called seconds ; and, accord-

ing to the kind of day which is thus subdi-

vided, we have mean solar, or sidereal time:

A mean solar day of 24 hours is equal to 24*.

03™. 56.5554". of sidereal time ; and a side-

real day of 24 hours, is equal to 23s. 56™.

04.0907*. of mean solar time.

4. Civil Day. This is usually counted from
one midnight to the next, though the epoch

from which it is reckoned, is different in dif-

ferent countries.

5. Astronomical Day, commences at noon
and continues till the next noon, and is

reckoned through 24 hours ; so that there is
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oftentimes a difference of date for the same
instant, when reckoned according to the one

or the other of these methods.

For example, June 10'1
, 10 A. M., by the

civil reckoning, would be June 9". 22*., by
the astronomical reckoning; but June 10**,

10, P. M., would be June 10". 10*. astronom-

ical Reckoning. In order to convert a date

in civil reckoning into the corresponding

astronomical date, if it is before noon, sub-

tract 1 from the number of the day, and add

12 to the number of hours ; but if it is af-

ternoon, the dates in both systems will be

the same.

DEAD RECKONING. In Navigation, the

estimation of a ship's place, arrived at with-

out observation of any of the heavenly bodies.

The place of the ship is estimated, or roughly

computed from the courses run determined

by the compass, the length of time run upon

each course, the rate of sailing as determined

by the log, due allowance being made for

drift, leeway, &c.

DEC'A-GON. [Gr. Seica, ten, and yuvia, a

corner]. A polygon often angles and ten sides.

If the sides are all equal, and the angles also

all equal, it is a regular decagon, and may be

inscribed in a circle. If the radius of a circle

be divided in extreme and mean ratio, that is,

so that the greater segment shall be a mean

proportional between the whole radius and

the smaller segment, then will the greater

segment be equal to one side of the regular

inscribed decagon. If we denote the radius

of the circle by r, and the side of the inscribed

decagon by s, we have

r : s : : s : r — s. or, s = |r(v5- 1).

We have also, if we denote the area of the

decagon by A,

A=s" X 7.694209.

1. To inscribe a regular decagon in a given

circle. Let O be the centre and OA the

radius of the given circle. Divide the radius

OA into extreme and mean ratios at the point

M. Take OM, the greater segment, and lay

it off from A to B ; the chord AB will be the

side of the regular decagon, and by applying

it ten times to the circumference of the circle,

the decagon will be inscribed in the circle.

To construct a regular decagon upon a

given line as a side : construct, as just

explained, a regular decagon inscribed in any

given circle, then draw a line parallel to one

side, and make it equal to the given line
;

through one extremity of this line draw a

second line parallel to the adjacent side and

make it also equal to the given line ; through

the three points, thus determined, pass a cir-

cle and apply the given line ten times as a

chord, and the resulting polygon will be the

required decagon.

DECAGRAMME. [Gr. dena, ten, and F.

gramme, a unit of weight]. A French weight

of ten grammes, each gramme being equiva-

lent to 15.438 grains Troy.

DEC'A-LI-TRE. [Gr. dsica, ten, and F.

litre, measure], A French measure of

capacity, containing ten litres or 610-28

cubic inches.

DEC-AM'E-TRE. [Gr. Sexa, ten, and

jierpov, a measure], A French measure of

length, containing ten metres, or 393.71

English inches.

A decigram, decilitre, and a decimetre, are

respectively the tenth part of a gramme, litre

and metre.

DEC'I-MAL. [L. decimus, tenth, from

decern, ten]. Any number expressed in the

scale of tens is a decimal. The system of

arithmetic in which numbers are expressed

decimally is called decimal arithmetic. But by

the term decimal, a decimal fraction is gener-

ally understood.

Decimal Fraction. A fraction whose de-

nominator is some power of ten, thus
-fa,

§¥' 1A o '
are decimal fractions. For the

sake of brevity it has been agreed, in writing

decimal fractions, to omit the denominator,
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and to place a point before the numerator in

such a manner as to indicate the number of

O's in the denominator. The above exam-

ples would be written respectively .2, .03,

.003 ; the number of places of figures which

follows the decimal point indicates the num-

ber of O's in the denominator. If there are

not a sufficient number of places of figures

in the numerator, O's are prefixed until the

whole number of places of figures in the

numerator is just equal to the number of O's

in the denominator, and then the point is

prefixed. This point is called the decimal

point. See Arithmetic and Arithmetical Scale.

DE-CLI-NA'TION. [L. declino, to slope].

A declination circle in spherical projections is

a great circle, whose plane passes through the

axis of the sphere.

Declination of the Needle, in Survey-

ing, is the same as the variation of the needle.

See Variation.

DE-CLIV'I-TY. [L. declivitas, from decli-

vis, sloping]. In Topographical Surveying, the

slope or inclination of a surface downwards.

The term is used in contrast with acclivity,

which is the inclination or slope upwards.

The measure of the declivity or acclivity of a

line may be expressed in degrees, minutes,

and seconds, but it is more often expressed

by the ratio of the base to the altitude of a

right angled triangle, constructed upon any

part of the line. Thus the slope of the line

AB, (AC being horizontal), is measured by

.
BC

the ratio j^- If BC is^ of AC, the slope

is ^j-. If through any point on the surface

of a hill any number of vertical planes be

passed, cutting out vertical sections, these

will in general have different declivities. The
line of greatest declivity, or the line sought

by running water in flowing from one level

to another, is the section cut out by that ver-

tical plane which is perpendicular to the tan-

gent plane to the surface at the point.

DE-CReASE'. [L. decresco; de, from, and

cresco, to grow]. To diminish. When a less

number is taken from a greater, the latter is

said to be decreased by the former.

Decreasino Function. In Analysis, one

quantity is a decreasing function of another,

when it decreases as the other increases.

Thus, in the equation

M
» = T'

y is a decreasing function of x, because as x

is increased y is diminished, and the reverse.

A quantity may be a decreasing function of

another between certain limits, and an in-

creasing function between other limits. Thus,

in the equation

y = a(b — x)*»,

y is a decreasing function of x between the

limits x = — co and x = b, but an increas-

ing function between the limits x = b and

x = + co-

The differential co-efficient of a decreasing

function is always negative, whilst that of an

increasing function is positive.

Decreasing Series. A series is decreas-

ing when each term is less than the preced-

ing one. Thus, a geometrical progression is

decreasing when the ratio is less than I. In

any series whatever, if the quotient obtained

by dividing any term by the preceding is

numerically less than 1, the series is de-

creasing.

DEC'RE-MENT. [L. decrementum, from

decresco, to decrease]. In Calculus, the name

given to the quantity which is subtracted from

the variable in order to find a preceding state

of any given function.

DEC'U-PLE. [L. decupulus. Qr. deita-

k\ovc~\. Tenfold, containing ten times as

many.

DE-DtrCE'. [L. deduco; de, from, and

duco, to lead or draw]. To infer something

from what precedes. To draw a conclusion

from given premises. The conclusion thus

drawn is called a deduction, and the method

of reasoning is called deductive.

DE-DUCT'. [L. deduco, to draw out from].

To take from ; to subtract.

DE-FECT'iVE. [L. defectivus, imperfect].

Wanting a marked characteristic.
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Defective Hyperbola. A curve having

two infinite branches and but one rectilinear

asymptote.

Its general equation is

xy" + ey = — ax' + ix* + ex + d.

DEF'ER-ENT. In the Ptolemaic system

of the world the planets are supposed to

move in circular orbits, the centres of which

are at the same time revolving in other circu-

lar orbits. These secondary circles are def-

erents of the first orbits, which are called

epicycles. The system of deferents and epi-

cycles was inverited to explain certain

observed phenomena, such as the eccentricity,

perigee, apogee, &c. See Epicycle.

DE-FI"CIENT. [L. deficio,to failj. Want-
ing ; incomplete.

Deficient Numbers, in Arithmetic, are

those, the sum of whose aliquot parts is less

than the number. Thus, 8 is a deficient num-

ber, for4 + 2+l = 7<8; also, 16 is a

deficient number, for8 + 4 + 2 +1 = 15 < 16.

DEF-IN-i"TION. [L. definitio ; de, from,

and.ftn.io, to limit]. A definition is such an

enumeration and description of the attributes

of an object, as serve to explain its nature

and character, and also to distinguish it from

every other thing. Definitions are of two

kinds :

First. Those in which it is only intended

to explain the meaning of ta word, or of a

term employed.

Second. Those which, besides explaining

the meaning of the word or term employed,

imply also that there exists or may exist a

thing corresponding to the word.

Definitions which do not imply the exist-

ence of corresponding things, that is, defini-

tions of names, are those usually found in

the dictionary of a language. They explain

the meaning of a term or word by giving

some equivalent expression which may hap-

pen to be better known. Definitions which

also imply the existence of things, do more

than this. For example .: "A plane triangle

is a polygon of three sides." This definition

does two things.

1st. It explains the meaning of the word

triangle.

2d. It implies that there exists, or may

exist, a polygon having three sides.

To define a word, when the definition is to

imply the existence of a thing, is to enumer-

ate its most obvious and characteristic pro-

perties ; this requires a thorough knowledge

of these properties, in order that we may
seize upon those best fitted for the purpose

of definition.

In mathematics, and indeed in all exact

sciences, names imply the existence of things

which they designate, and the definition of

those names express one or more attributes

of the things named. No correct mathemat-

ical definition can be framed which shall not

express certain of these attributes of the

thing named. Furthermore, every definition

in mathematics is a tacit assumption of some

proposition which is expressed in the defini-

tion, and it is this circumstance which ren-

ders these definitions of so much importance.

All reasoning in mathematics which ap-

pears to rest ultimately upon definitions, does,

in fact, rest upon the intuitive inference that

things corresponding to the words defined

have a conceivable existence as subjects of

thought, and do, or may have, proximately, an

actual existence.

The following rules afford the means of

testing a definition and determining upon its

value :

1. The definition must be adequate, that is,

neither too much extended nor too narrow for

the word defined.

2. The definition must in itself be plainer

than the word defined, else it would not define

it.

3. The definition should be expressed in a

convenient number of appropriate words.

4. When the definition implies the exist-

ence of a thing the certainty of that existence

must be intuitive.

DE-GREE'. [Fr. degre", a steep, a grade].

In Algebra the degree of a term is the num-

ber of literal factors which enter it, and is

denoted by the sum of the exponents of all

the literal factor's of the term. Thus a?b* is

of the 5th degree.

The degree of a power is the number of

equal factors which are taken to form the

power.

The degree of a radical is the number of

times which the radical must be taken as a

factor to produce the quantity under the radi
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cal sign. The degree of a radical is indicated

by its index.

The degree of an equation containing but

one unknown quantity, is the greatest num-

ber of times which the unknown quantity

enters any term as a factor ; thus,

ox* + bx" + ex = d,

is an equation of the fourth degree. The de-

gree is always indicated by the highest expo-

nent of the unknown quantity in any term.

The degree of an equation containing more

than one unknown quantity, is denoted by

the greatest sum of the exponents of the un-

known quantities in any term ; thus,

mx'y + nyx = q,

is an equation of the third degree.

In trigonometry, a degree is the 360th part

of the circumference of a circle. The degree

serves as a unit of comparison for angles
;

for, on account of the uniform curvature of

the circumference of a circle, the same length

of arc in equal circles corresponds to equal

angles at the centre ; and in different circles,

similar arcs correspond to equal angles at the

centre. If with the vertex of an angle as

a centre, and with any radius whatever, a

circle be described, and if the entire cir-

cumference be divided into 360 equal parts,

beginning at one side of the angle, the num-
ber of parts which fall between the sides will

be the measure of the angle. This number

will be entirely independent of the length of

the radius employed.

In the French decimal system of measures,

it was proposed to divide the entire circum-

ference of the circle into 400 equal parts, to

be called degrees, each of which was to be

divided into 100 equal parts or minutes, and

hese again were to be subdivided into 100

parts or seconds. In this method, each se-

cond of arc would be equal to the millionth

part of a quadrant.

This arrangement was adopted by Laplace

in his Mecanique Celeste, and by some other

distinguished writers at the time it was pro-

posed, but it seems to be nearly abandoned.

If we call the radius of the circle 1, the

length of a degree of the circumference, or

the 360th part of the circumference, is

0.00872665. In the French system it is

0.0078535.

Degree of Latitude. On the surface of

the earth is the length of a portion of a me-

ridian between two points, whose latitudes

differ from each other by one degree. In

consequence of the spheroidal figure of the

earth, it happens that the length of a degree

of latitude is different at different distances

from the equator. By measuring the lengths

of a degree of latitude at different points on

the earth's surface, a knowledge of the true

form and real dimensions of our globe may

be determined.

The operation is one of great nicety^ and

its successful execution has drawn largely

upon the resources of science. A general

idea, however, of the method of proceeding

is by no means difficult to conceive. In the

first place, in order to obviate the effects of

superficial irregularities, we refer all measure-

ments to the level of the sea ; that is, we
conceive the surface of the ocean to be ex-

tended beneath the continents, and to this

surface we conceive every operation to be re-

duced. This being understood, let two sta-

tions be selected on the same meridian, or as

nearly so as possible, and let the distance be-

tween them be measured with the greatest

accuracy. This distance should be as great

as possible, because any error in the mea-

surements would be less felt in
1

a long line

than in a short one : the latitudes of the two

stations are next determined, astronomically,

with the utmost precision. The difference of

the latitudes in* degrees, together with the

measured distance in yards, will make known

the average length of a degree of latitude be-

tween the assumed stations. A long series

of observations is necessary to find the true

latitude of 'a point, and, since an error of a

single second in arc corresponds to about 100

feet, we see the necessity of making the dis-

tance between the assumed stations as great

as possible. The direct measurement of the

distance between two points, might be effect'

ed by means of the base apparatus in a

country favorable to its use, but it has gene-

rally been found more convenient to proceed

by means of a system of triangulation.

Let A and B represent the selected points

between which the distance is to be deter-

mined. A level space CD is selected, upon

which the length of a base line CD is mea-

sured by the base apparatus used in geodeti-

cal surveys. Suitable points, E, F, G, H, &c.,
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are selected and marked by signals, so that
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lines joining them may form a system of tri-

angles as nearly equilateral as may be ; these

are taken in such a manner that the vertices

of the extreme triangles shall fall at the points

A and B. The angles of these triangles are

next carefully measured by a theodolite, and,

after the proper reductions are made, these

measurements give the necessary data for de-

termining the length of the line AB. The
very operations which are requisite in deter-

mining the length of AB, require a knowledge

of the form and dimensions of the earth ; but

each succeeding operation gives us these ele-

ments with greater accuracy, and the mea-

surements already made give them with suffi-

cient accuracy for making the necessary

reductions.

The first measurement of a degree of lati-

tude, undertaken on correct principles, was
undertaken by Eratosthenes, who lived during

the third century before Christ. He deter-

mined the distance between Alexandria in

Lower Egypt, andSyene inUpper Egypt. The

result of this measurement gave for the length

of a degree of latitude, 694J stadia ; but

from our want of knowledge of the exact

length of the ancient stadium, no very pre-

cise idea can be formed as to the accuracy of

the result.

About the middle of the 16th century,

Fernel made a rough measurement between

Paris and Amiens, and deduced the length of

a degree of latitude 364,960 English feet.

In 1635, Norwood measured the distance be-

tween London and York, and found the length

of a degree to be 367,176 feet. In 1735, the

Academy of Sciences at Paris, in order to de-

cide upon the true figure of the earth, re-

solved to have two arcs of the meridian mea-

sured with all the accuracy ofmodem science.

The one of these arcs was to be taken as near

the equator, and the other as near the pole,

as possible. The site of the former arc was

chosen in Peru, and its measurement was

committed to the charge of Boguer, Godin,

and Oohdamine. After many difficulties and

11

hardships, the operations were completed at

the end of about ten years, and the result

of the measurement gave for the length of a

degree of latitude at the equator 362,912 Eng-

lish feet. The other arc was located in Lap-

land, and its measurement was undertaken

by Maupertius, Clairaut, and Lemonnier. This

party was more fortunate, and accomplished

their mission in about sixteen months, and

as a result gave for the length of a degree of

latitude at the parallel of 66° 20' 11", 365,697

English feet.

Since these expeditions, several arcs of

meridians have been measured, varying in

length from a single degree up to nearly six-

teen degrees, and all the results go to show-

that the figure of the earth is that of an ob-

late spheroid, whose shorter axis coincides

with the axis of rotation, which agrees with

the form pointed out by theory. If the ma-

terial of the earth had been originally fluid,

analysis shows that under the action of

gravity and the centrifugal force, the surface

would differ only in a small degree from that

which repeated measurements show to be its

actual shape.

Besides the measurements already pointed

out, there are some others which seem worthy

of a particular mention.

Lacaille, in 1751, measured an arc at the

Cape of Good Hope, and in the same year

Maire and Boscovich measured one in the

Roman States. In 1762, Leisganig mea-

sured one in Hungary, and in 1764 one was

measured in the United States by Mason and

Dixon.

In 1762, the measurement of an arc, ex-

tending through the whole of France, from

Dunkirk to Barcelona, was undertaken by

Mechain and Delambre, for the purpose of de-

termining a basis for a decimal system of

weights and measures. This operation was

completed with every precaution that science

could suggest, and, in point of accuracy, its

results stand unrivalled by those of any simi-

lar undertaking.

In 1790, the measurement of an English

arc was commenced under the direction of

the Board of Ordinance ; with the advantage

of most excellent instruments, and the aid of

refined theory, it was pushed from Dunnore

in the Isle of Wight to Burleigh Moor in

Yorkshire, nearly four degrees.
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Two arcs of the meridian have been mea-

sured under English superintendence in India.

The first extended only about one degree and

a half. The second extends about 16 de-

grees ; it was commenced, and about 10 de-

grees finished by Col. Lambton ; the remain-

ing 6 degrees were completed by Capt. Everest.

Besides these, several minor arcs have been

measured at subsequent periods in different

portions of the world.

For convenience of, reference, the follow-

ing table is inserted, showing the results ob-

tained from* some of the most important

measurements, and giving the latitude of the

middle point of each arc measured, as well

as the authority on which the measurement

depends. These results are taken princi-

pally from an article in Brande's Encyclo-

pedia.
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lowing formula is used for finding the length

of a degree of latitude, at any point of the

earth's surface, viz.

:

ft. ft.

D = 364,575.579 - 1,831.008 cos 22

ft. ft.

+ 3.906 cos 42 + 0.006 cos 6/

;

in which D denotes the length of a degree,

and 2 the latitude of the middle point of the

degree.

The following table exhibits the length of a

degree of latitude at various points on the

surface of the earth

:

Lat. of mid-
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By integration,

l{v+V -ly)=-' / — 1 ; whence,

(8).

„ + v^_ ly =e*v-' ....(3).

The constant to be added is 0, because

when i = 0, y = 0.

Substituting for v and y their values, we

have

cosz + V — 1 sinx =eVrr
• • (4)

;

or:
since the formula is general, for i write mi.

cos mi + V — 1 sin mi = «"" V-1 • • • • (5).

Now, if both members of equation (4) be

raised to the mli power, we have

(cosi +V~^Tsmx)m = e"*-/^ • (6).

Equating the first members of equations

(5) and (6), we have the formula sought, viz

:

(cos i + V — 1 sin x)m = cos mi

+ V — I sin mi (7)-

This formula may be made the basis of a

system of analytical trigonometry.

Assume the equations,

cos i + V — 1 sin x = e'V—t
\

cosy + V — 1 sin y = e^V-1 J

Multiplying these, member by member, we

find

cos i cos y — sin I sin y

+

(sin x cos y+ sin ycos x)V^-l =e Wrr/3 . (9).

But, from Demoivre's formula,

cos(i+y)+sin (z+y)v/^T=e<'-ti*/=r-(10),

and, since the second members of (9) and

(10) are the same, the first members must be

equal ; hence,

cos i cos y — sin x sin y

+ (sin i cos y+ sin y cos i)i/ — 1

=cos(i+y)+sin(i+y)-/ — 1 • (11).

In order that equation (11) may be satis-

fied, the real terms and the imaginary terms

in the two members must be separately equal

to each other ; hence,

cos (i + y) = cos x cos y — sin i sin y (12),

sin (i + y) = sin x cos y + sin y cos i • (13).

From these formulas, all of the formulas

of trigonometry may be deduced analytically.

This is but a single application of the for-

mula ; many others might be given. It may
not be inappropriate to call the attention of

the reader to the fact, that formulas (12) and

(13) have been deduced from reasonings based

wholly on imaginary expressions. The re-

sulting formulas are rigorously true, as may

be shown by direct reasoning upon the lines

themselves. The results being true, the ques-

tion arises as to the logic of the demonstra-

tion made use of. The only answer that can

be given to that question is, that imaginary

expressions do represent quantities, that they

do admit of logical interpretation, and that

the name imaginary ejs applied to them is

erroneous, if understood to mean that they

have no existence, and is calculated to de-

ceive the reader with respect to their true

logical interpretation.

DEM-.ON-STR3/TION. [L. de, from, and

monstro, to show]. A demonstration is a

course of reasoning brought to a conclusion.

The object of a demonstration is always to

show that a certain result is the necessary

consequences of assumed premises.

In every mathematical demonstration, the

assumed premises are definitions, axioms, and

previously established propositions; besides

these, hypotheses are often made, which aid

in the reasonings employed. The arguments

are the links which connect the premises

logically with the conclusion or ultimate truth

to be proved.

The nature of a demonstration is the same

in all branches of mathematics. Two kinds

of demonstration are, however, distinguished,

which differ as to the method of reaching the

conclusion—the direct and the indirect—the

latter of which involves what is usually styled

the reduetio ad absurdum. These are also

sometimes called positive and negative demon-

strations.

In the direct method of demonstration, the

premises are definitions, axioms, and pre-

viously established propositions. In this

method, by a process of logical argumenta-

tion, the quantifies, of which something is to

be proved, are shown to have the marks of

that something ; that is, they are shown to

fall under some definition, axiom, or propo-

sition, already proved.

The indirect method consists in assuming

an hypothesis .of such a nature that either it

or its opposite must be true. The assumed

hypothesis is then made a premise and com-

pared, by a process of logical reasoning, with

definitions, axioms, and established propori-
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tions, and the reasoning continued until a

conclusion is arrived at, which either agrees

or disagrees with some known truth. Now,
if the conclusion agrees with a known truth,

the hypothesis is said to be established or

proved, but if it disagrees with a known truth,

the hypothesis is disproved, and its contrary

is "necessarily established. Many of the de-

monstrations of geometry, and a large share

of those of algebra, belong to the latter

class.

The demonstrations in mathematics afford

examples of the most perfect application of

the principles of pure reason to the develop-

ment of truth. The ideas employed are

clearly denned by a fixed, certain, and de-

finite language ; the only axioms assumed, are

those which are universally true, and to which

the mind necessarily assents from its very

constitution ; in the course of the reasoning,

every link in the chain of argument is clearly

connected with some well established truth,

by the infallible rules of logic, and the con-

clusions deduced are irresistible.

We shall give an illustration of the two

methods of demonstration, chosen from the

simplest propositions of elementary geometry.

1st. As an example of the direct method,

let us take the first proposition in Legendre's

Geometry :

" If one straight line meet another straight

line, the sum of the two adjacent angles will be

equal to two right angles."

Let the straight line DC (next figure) meet

the straight line AB in the point C ; then

will the sum of the adjacent angles, DCA
and DCB, be equal to two right angles.

To prove this proposition, we assume the

definition of a 'right angle, viz :

" If a straight line meets another straight

line, making the adjacent angles equal to each

other, each angle is called a right angle, and the

first line is perpendicular to the second."

We also assume the following axioms :

1. Things which are equal to the same or

to equal things, are equal to each other.

2. A whole is equal to the sum of all its

3. If the same or equal things he added to

equals, the sums will be equal.

We also assume the postulate,

That a perpendicular can always be drawn to

a given straight line at a given point.

Let a perpendicu-

lar CE be drawn to

the line AB at the

point C ; then from

the definition both

ECA and ECB are

right angles. From
the second axiom ACD is equal to ACE plus

ECD ; and from the third axiom, ACD plus

DCB is equal to ACE plus ECD plus DCB ;

but ECD plus DCB is, from the second axiom,

equal to ECB ; and from the first axiom we
finally have ACD plus DCB equal to ACE
plus ECB ; that is, equal to two right angles,

which agrees with the enunciation of the

proposition.

In this demonstration the premises are

axioms, a definition and a postulate ;
' the final

conclusion is reached by a course of direct

reasoning.

As an example of the indirect method of

demonstration, we shall select the second

proposition of Legendre.
' Two straight lines which have two points

in common, coincide throughout their whole

extent, and form one and the same straight

line."

To prove this proposition, we shall assume
in addition to the axioms, definition, and pos-

tulate already employed, the result of the

preceding demonstration and the additional

axioms.

4. Between two given points only one straight

line can be drawn.

5. If the same or equal things be subtracted

from equals, the remainders will be equal.

Let A and B be common points of the two
given straight lines.

In the first place, from axiom fourth, the

two lines must coincide between the given

points A and B.

J8-

A B

Let us suppose that beyond B they begin

to separate at some point, as C, and that the

first line takes the direction CD and the

second one the direction CE. At C let CF
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be drawn perpendicular to AC. Since ACE

is a straight line, and since the line FC meets

it at C. from the preceding proposition we

have ACF + FCE, equal to two right angles.

Since ACD is a straight line, and the line

FC meets it at C, we have from the preceding

proposition,

ACF + FCD,

equal to two right angles. From the first

axiom,

ACF + FCE = ACF + FCD.

Now from the fifth axiom we have

FCE = FCD,

which is manifestly absurd, since a part can

never be equal to the whole. Hence, the

hypothesis made that the lines begin to sepa-

rate at a point, is untrue ; but if they do not

begin to separate at a point they must coin-

cide throughout their whole extent, which

proves the proposition. In this method of

demonstration we introduced the hypothesis

that the lines did actually begin to separate

at a point, and this led to a conclusion which

was absurd, because contrary to a known

truth. This is called the reductio ad absurdum.

DEN'A-RY SCALE. A uniform scale

whose ratio is ten. See Arithmetical Scale.

DE-NOM'IN-iTE. [de, from, and nomino,

to name]. ' That which may be named or

specified. A denominate quantity is one

whose unit of measure is a concrete quantity,

as 7 feet, 8 pounds, &c. Or it is one in

which the value of the unit of the quantity

is named. The term is opposed to abstract

quantity. Thus 7 lbs. and 10 feet are denomi-

nate numbers ; n feet of m pounds are

denominate quantities ; whilst 7 and 10, n

and m are, respectively, abstract numbers or

quantities.

DE-NOM'IN-I-TOR, in Arithmetic and

Algebra, is that term of the fraction which

indicates the value of the fractional unit. In

the fraction ^, 7 is the denominator, and indi-

cates that the fractional unit is 1 ; in all cases

1 divided by the denominator is the unit of

the fraction. In its primitive signification,

the denominator is what we have defined it

above, but in generalizing the language of

algebra the term denominator is applied to

that part of any expression under a frac-

tional form, which lies below the horizontal

line, signifying division. In this sense the

denominator is not necessarily a number, but

may be any expression, either positive or

negative, real or imaginary.

The denominator of a decimal fraction is

generally suppressed, and its value is indi-

cated by means of the decimal point, and is

always equal to 1 followed by as many 0's as

there are places of figures immediately fol-

lowing the decimal point ; thus, the denomi-

nator of the decimal fraction .0076 is 10,000.

See Decimal.

DE-PIRT'URE. [L. de, from, and parti^

to separate]. In Surveying, the departure of

a course is the distance between two meridi-

ans drawn through, its extremities. Thus, if

AB represent a course, NS and BE meridi-

N
c
G

H
-fir

\

ans drawn through

its extremities, then

is AE equal to the

departure. In plane

surveying, on ac- \\p — - !-g

count of the short-

ness of the courses

in comparison with

the radius of the C
earth, we may re-

gard the two meridians NS and BE as par-

allel. If we designate the bearing NAB of

the course AB, by (j>, the length AB by I,

and the departure by d, we shall have from

the right angled triangle ABE, the formula

d = I sin (ji.

This formula may be used in computing a

table of latitudes and departures. See Trav-

erse Table. The departure of a course is

always equal to the double meridian distance

of the middle point of the course when

referred to the meridian through the extrem-

ity. If the course makes Easting, the depar-

ture is regarded as •positive ; if Westing, it is

negative.

Departure of a Coukse, in Navigation, is

the distance between the meridians through

the extremities of the course, expressed in

degrees. Let P represent the Pole of the

earth, EQ an arc of the Equator, AB a course

supposed to be an arc of a great circle, PB

and PE meridians through its extremity

;

then is EQ the departure expressed in degrees.

In thi6 case the departure is equal to the

difference of longitude of the extreme points
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of the course. In

the spherical triangle

BPA, it is plain that

from the latitudes of

the points A and B,

and their difference

of longitude, we may
compute the length

AB of the course. If

we know their lati-

tudes and the length

of the course, we may compute their difference

of longitudes. For a more complete discus-

sion of this subject, see Navigation.

DE-PRES'SION. [L. de, from, and premo,

to press]. Depression of equations in alge-

bra is the operation of reducing the degree

of an equation. This is effected by dividing

both members by a divisor that will divide

them without a remainder, and the operation

depends upon the principle that if a is a root

of an equation, the second member of which

is 0, then will the first member be divisible by

the unknown quantity minus a. If we know
one or more roots of an equation, its degree

may be diminished by as many units as there

are known roots, by continually dividing both

members by the corresponding binomial

factors.

An equation may always be depressed to

one of a lower degree in either of the follow-

ing crises.

1st. When the equation contains equal

roots ; for the manner of effecting the opera-

tion in this case, see Equal Roots.

2. When two of the roots are numerically

equal, with contrary signs, as + a and — a.

Let us suppose that we know that the

equation

x* - 3xl - 17x3 + 27za + 52z - 60 = (1)

has two roots equal with contrary signs.

Then, we may, without destroying the equal-

ity, change + x into — x, which gives the

equation

- x* - 3z* + Ux3 + 27x' - 52z - 60 = ;

or,

x' + 3x* - 17z3 - 27x» +52i + 60 = (2).

If we apply the process for finding the

greatest common divisor to the first members

of equations (1) and (2), we shall find that

they have one, x' — 4, which, placed equal

to 0, gives x = + 2, and x = — 2 ; if

we divide both members of the given equation

by x' — 4, we shall find for the depressed

equation
rs - 31" - 3x + 15 = 0.

In like manner, any equation of this kind

may be depressed.

3. A reciprocal equation, that is, one in

which one root is the reciprocal of another,

may be depressed.
l

Every reciprocal equation may be reduced

to the form

if + Px<^l+ Qx<^' + -- +Qx' + Px + l= 0,

in which the co-efficients of terms equally dis-

tant from the extremes of the first member,

are numerically equal. Conversely, every

equation of this form, or which can be re-

duced to this form, is a reciprocal equation.

In the first place, if m is odd and the last

term is + 1 or — 1, it may be reduced to a

reciprocal equation of an even degree by di-

viding both members by x + 1 or x — 1, as

the case may be.

If m is even and equal to 2n, we first divide

both members by x", and then substitute for

1

a; -I—, a new unknown quantity y, the re-

sulting equation in y will be of the nth degree

only.

For example, let the reciprocal equation be

z5 - 6a:* + 5x* + 5x" - 6x + 1 = 0.

Dividing both members of the equation by

x + 1, we have the reciprocal equation

x* - 7x* + IZx* - 7x + 1 = 0.

Dividing both members of the last equation

by x', and arranging,

*' + & ~ 7 \* + -) + 12 = 0,

in which, if we substitute y for x + -, and
x

reduce, we shall find

y
% - 7y + 10 = 0,

which may be solved ; therefore, all the roots

of the given equation of the fifth degree may
be determined.

Depression of the Visible Horizon : or,

Dip of the Horizon. The angle of depres-

sion included between a horizontal line and a

line drawn through tho eye, tangent to the

surface of the earth.

Let PQ represent a vertical section of the

earth's surface, E the position of the eye,



168 MATHEMATICAL DICTIONABY AND fD EE

EH a horizontal Une, and ED a line through

the eye, tangent to PQ ; then is the angle of

depression, DEH, called the depression or dip

of the horizon. This angle will evidently

depend for its value upon the radius OP of

the earth, and the height ER of the eye

above the earth's surface. In the right-

angled triangle EOP, since EO is perpen-

dicular to EH, and OP perpendicular to ED,

the angle EOP is equal to the dip.

Designating the height of the eye above

the surface of the earth by h, and the radius

by R, we have the hypothenuse OE equal to

R + h, and from the principles for solving

right-angled triangles, we have the following

formula

:

cos EOP =^,
from which, by substituting for R its constant

valne, and for h different values from 1 foot

upwards, a table may be computed. The fol-

lowing table exhibits the dip for different

heights of the eye from 1 to 100 feet.

3S
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ceding, in accordance with a fixed law, that

remains the same whatever may be the na-

ture of the expressions a, x and m.

Another principle is, that all symbols of

operation are distributive ; that is, when an

expression is to be operated upon by several

different processes, it is entirely immaterial

in what order the operations are to be per-

formed. As a familiar example of this prin-

ciple, we may instance the fact that if a given

expression x is to be multiplied by m, and the

result divided by n, it is entirely immaterial

whether we multiply the expression x by m,

and divide the result by n, or we divide the

expression by n and multiply the result by m,

or finally conceive both operations to be per-

formed together.

In the Calculus many instances of this

distributive nature of symbols of operation

occur.

Thus, if an expression has to be differen-

tiated, and the integral of the result taken,

the same effect may be produced by integra-

ting the expression and then taking the differ-

ential of the result.

Also, if an expression is to be differentia-

ted, first with respect to one variable, and

that result differentiated with respect to a

second variable, we may, without affecting the

final result, differentiate first with respect to

the second variable, and then differentiate the

result with respect to the first variable ; thus,

d
(*)_'(=)
dx dy

Instances of this principle occur in every

branch of mathematics ; indeed, every com-

bination of symbols of pure operation must
necessarily be distributive.

One great advantage of Arbogast's method

of development, is the system of notation

employed. In this respect he has extended

and generalized the methods before employed

in particular cases. As an example of his

system of notation, we may instance his indi-

cated method of developing the expression

(a + x)m . Now whatever operation may be

indicated by m, that is, whether m is positive,

negative, entire, fractional, real or imaginary,

the form of the resulting development will be

the same. The terms of the series will in-

volve the successive integral powers of x

;

commencing at the power, the first term of

the series is always am , and the second term

is always of the form max™-1
; the co-efficient

of the second term is found by multiplying

the first term by the exponent of a in that

term, and then diminishing the exponent of

a by 1 in the product. Let D be assumed to

denote this operation ; then will Dam denote

ma"—1
. Da"—1 will denote (m — l)am~l

, Dor*
will denote —na.-"-1

, and so on. D'a'" de-

notes that the operation is to be performed

twice in succession upon am, or

D"am = m{m — l)a"-s ,

and in like manner

DV> = m(m — 1) (m — a)a"-a
,

and generally,

D»am=m(m— l)(m— 2)- • -(m—n+IJa"-*.

The formula for development will then be-

(a + if =

D"am
+ -

D'am
am + Damx -\—r-g- x'

D"am
• + &c.

1.2.3 *
' L2.3.M

By means of this system of notation M.
Arbogast deduces a general formula for the

development of

f(a + bx + ex' + • • + ra" + • • •),

in which / denotes any function whatever.

When the indicated operations are actually

to be performed, he shows how to deduce the

co-efficients in a simple manner, in terms of

the constants which enter the given func-

tions.

He next deduces the general form of the

development of any functions of two or more
polynomials arranged with reference to the

ascending powers of a single variable, and

consequently deduces a method of finding

the form of the product of two or more series

arranged with reference to the same variable.

He finally shows the form of the develop-

ment of any function of two or more poly-

nomials arranged with reference to the as-

cending powers of two or more variables.

The application of these principles serves

to simplify the investigations to be made in

discussing the theory of equations, the form

and nature of series, the doctrine of chance,

of multiple arcs, the reversion of series, &c.

DE-RIVED' POLYNOMIAL. In Alge>
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bra, a polynomial which is derived from a

given polynomial which is a function of one

unknown quantity, as x, by multiplying each

term by the exponent of the unknown quantity

in that term, diminishing the exponent of the

unknown quantity in the product by 1, and

taking the algebraic sum of the results.

Thus, the derived polynomial of

x? + 4z* + 3x' + 2z + 1 is

5z* + 16i3 + 6x + 2

It is plain that derived polynomials are

nothing else than differential co-efficients, as

explained in Calculus. In Algebra, the only

polynomials considered, are those which are

entire functions of x ; that is, those in which

the exponent of the unknown quantity in

each term is a whole number.

The second derived polynomial of a given

polynomial, is the derived polynomial of the

first derived polynomial.

The third derived polynomial, is the derived

polynomial of the second derived polynomial,

and so on.

The derived polynomials, taken in their

order, are called successive derived polynomials.

Their number is equal to the highest expo-

nent of the unknown quantity in any one

term.

In the case already considered, we have

the successive derived polynomials as follows

:

xh + 4a:
4 + 3x' + 2z + 1 . . given polynomial.

5i* + lfix3 + 6x + 3 1st derived polynomial.

20z3 + iSx* + 6 ... 2d

60za + QHx 3d " "

120* + 96 4th " "

120 5th " "

When the co-efficient of the highest power
of the unknown quantity is 1, the last de-

rived polynomial consists of but a single

term, and is equal to the continued product

of the natural numbers from 1 up to this

exponent inclusively. In the case taken, we
have 120 = 1 • 2 3 • 4 • 5, as is evident.

If the given polynomial is placed equal to

0, and then resolved into its binomial factors

of the first degree with respect to the un-
known quantity, then will the first derived

polynomial be equal to the algebraic sum of
the quotients obtained by dividing the given

polynomial by each of these factors : that is,

if we designate the given polynomial by X,

DICTIONARY AND [DES

its binomial factors, supposed to be m in

number, by x — a, x — b, x — c . . . x — I,

and the successive derived polynomials by Y,

Z, W, V, &.c, we shall have

Y =
: — a x — b

.++
c ' ' x — I

The second derived polynomial divided by

1-2, is equal to the sum of the quotients

obtained by dividing the given polynomial by

all the different products of the binomial fac-

tors, taken in sets of 2 ; that is,

Z X X
T^2

. + ;

{x — a) {x — b) {x — a) (x — c)

X
.

X
+ ••+T (x- b)(x-c) (x-k)(x-l)

In like manner, we shall have the equations

W X
1-2-3 {x - a) {x - b) (i - c)

X X

+

. + • + (x-h)(,x-k)[x-l)<(x—a)(x—b)(x—d)

and so on for the remaining successive de-

rived polynomials.

DE-SCEND'ING SERIES. [L. de, from,

and scando. to climb]. A series is descending,

when each term is numerically less than the

preceding one : thus, the progression

8:4 2:1: &c,

is a descending series.

DE-SCRIBE'. [L. de, from, and scribo, to

write]. To delineate or mark the form of a

figure In Geometry, the term describe is

used as nearly synonymous with construct

:

thus, to describe a circle, is the same as to

construct a circle, and so on.

DE-SCRiB'ENT. In Geometry, is the

same as the generatrix. In case of a line,

the describent is a point ; and of a surface,

it is a line. See Generatrix.

DE-SCRIP'TIVE GEOMETRY. That

branch of geometry which has for its object

the graphic solution of all problems involving

three dimensions, by means of projections

upon auxiliary planes. Two auxiliary planes

are usually employed, called planes of projec-

tion. The one is taken horizontal, and is

called the horizontal plane of 'projection ; the

other is for convenience taken vertical, and

called the vertical plane of projection ; the
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intersection of these planes is called the

ground line. By their intersection, the planes

of projection form four diedral angles, which

are numbered as follows : the first lies above

the horizontal, and in front of the vertical

plane ; the second lies above the horizontal,

and behind the vertical plane ; the third lies

directly below the second ; and the fourth di-

rectly below the first.

In making a drawing upon a sheet of

paper, according to the method of descriptive

geometry, we take the plane of the paper to

coincide with the horizontal plane of projec-

tion, and conceive that the vertical plane has

been revolved about the ground line until

that part which lies above the horizontal plane

shall have coincided with the part of the

horizontal plane beyond the ground line.

Then the projections of all points upon the

vertical plane which fall above the horizontal

plane will, in the revolved position, be found

above the ground line, and the reverse.

In this system, points, lines and surfaces

are given by their projections, two of which

are, in general, sufficient to fix the position

of these elements in space.

The projection of a point upon a plane, is

the foot of the perpendicular drawn from the

point to the plane ; the perpendicular is called

the projecting line of the point. If the pro-

jection is made upon the vertical plane, it is

called the vertical projection; if upon the

horizontal plane, the horizontal projection of

the point , the projecting lines receive cor-

responding names. To show that the two

projections of a point upon the planes of pro-

jection determine the position of the point

with respect to the planes of projection : Let

a perpendicular to the* horizontal plane be

erected through the horizontal projection ; it

will contain the point from the definition of

a projection ; again let a perpendicular to the

vertical plane be erected through the vertical

projection of the point ; this will also, for a

like reason, contain the point, and since the

two straight lines both contain the point, it

must be found at their point of intersection

;

and since they can intersect in but one point,

this point will be completely determined with

respect to the two planes. If now we pass

a plane through the two projecting lines, it

will be perpendicular to both planes of pro-

jection, and to their common intersection,

the ground line. Its intersection with the

horizontal plane will also be perpendicular

to the ground line, and when the vertical

plane is revolved about this line, to coincide

with the horizonal plane, the vertical projec-

tion of the point will continue in this plane

;

and after the revolution, the vertical and

horizontal projections of the point will both

be found in the same straight line perpen-

dicular to the ground line.

The projections of a line are made up of

the projections of all its points, and since

the projecting lines of these points, with

respect to each plane, are parallel, they make
up the surface of a plane when the given

line is straight, and of a cylinder when it is

curved. Hence, the projection of a line upon

any plane, is the intersection of the plane

with a cylindrical surface passed through the

line, and having its elements perpendicular

to the plane. If the projection is made upon

the horizontal plane, it is called the horizon-

tal, if upon the vertical plane, it is called

the vertical projection of the line.

Since the projections of a point determine

the position of the point, it follows that the

projections of a line determine its position

with respect to the planes of projection.

A surface may be represented in projection

in two ways—either by the projection of

some of its principal elements, or by passing

a cylinder tangent to or enveloping the sur-

face, and whose elements shall be perpendi-

cular to the plane of projection ; in this case,

the intersection of the cylindrical surface with

the plane of projection gives the contour of

the projection upon the plane : the enclosed

area is the projection, and is named from the

plane upon which it is made.

By the aid of these simple conventional

principles, a great variety of problems may
be solved, which are immediately applicable

in architecture, sculpture, painting, civil and

military engineering, fortification, &c.

With reference to the projections of a

point, it is to be observed, that when the

point occupies different positions in space,

with respect to the planes of projection, its

projections will also have different positions

with respect to the ground line.

If the point is in the first angle, its hori-

zontal projection will be in front, and its

vertical projection behind the ground line ; as



172 MATHEMATICAL DICTIONARY AND [D ES

(A, A'), A denoting the horizontal, and A' the

vertical projection of the point (1).

U

*A
JL

in.

(1) © « ©
If the point is in the second angle, its pro-

jections will be situated as in (2). If the

point is in the third or fourth angle, its pro-

jections will be situated as represented in

(3) and (4). If it is in the horizontal plane,

it will be its own horizontal projection, and

its vertical projection will be in the ground

line. If it is in the vertical plane, it will be

its own vertical projection, and its horizontal

projection will be in the ground line. If it

is in the ground line, both projections coin-

cide with the point itself.

With respect to lines, it is to be remarked :

1st. Both projections of a straight line are

straight lines : if a given straight line be

parallel to either plane of projection, its pro-

jection on that plane will be parallel to the

line itself, and its projection in the other plane

will be parallel to the ground line. If a

given straight line is perpendicular to either

plane of projection, its projection on that

plane will be a point, and its projection on

the other plane will be perpendicular to the

ground line. If a straight line is parallel to

the ground line, both projections will be pa-

rallel to the ground line : the projection of a

limited straight line upon either plane, will

be equal to the line itself when the line is

parallel to the plane of projection ; in all

other cases, it will be less than the line.

2d. A curve line will be projected into

an equal curve when it is in a plane parallel

to the plane of projection, and the other pro-

jection of the line will be parallel to the

ground line. The projection of a plane curve

will be a straight line when the plane of the

curve is perpendicular to the plane of projec-

tion, and both projections of a plane curve

will be straight lines when the plane of the

curve is perpendicular to the ground line ; in

that case, the projections of the line do not

determine its position, since all curves in

such a plane are projected into the same

straight line perpendicular to the ground line.

The art of descriptive geometry, having for

its object nothing more than the application

of the principles of mathematics to the solu-

tion of a particular class of practical prob-

lems, a sufficient degree of accuracy may be

attained by regarding curved lines as poly-

gons having a great many sides, which are

very small, these polygons being inscribed in

the curves considered. The greater the num-

ber of points taken, the nearer will these

polygons approach to a coincidence with the

curves. If the number of points be greater

than any assignable number, the polygons

will differ from the curves in no sensible de-

gree. In like manner, curved surfaces are

regarded as inscribed polyhedral surfaces,

which approximate more or less closely to

the surface in question, as the number of

faces is increased. If the number of faces

be regarded as infinite, the polyhedral sur-

faces will differ from the one considered in no

sensible degree.

In this point of view, we regard the pro-

longation of one of the sides of the polygon

as a tangent to the line, and the prolongation

of one of the plane faces of the polyhedral

surface as a tangent plane to the surface.

For the purposes of definition, we regard

the points in the former case as very near to

each other, and in the latter case we consider

the polyhedral faces very small.

Hence the following definitions : A tangent

line to a curve is a straight line, which passes

through two consecutive points of the curve.

A tangent plane to a surface is a plane which

has at least one point in common with the sur-

face, through which, if any secant planes be

passed, the straight line cut from the plane will

be tangent to the curve cut from the surface.

If a curve is in a plane, the tangent at any

point of it will lie wholly in that plane. If

two curves have two consecutive points in

common, they are tangent to each other at

the first point ; for, a straight line through

these consecutive points is tangent to both at

the common point. If two lines are tangent,

their projections are tangent ; for, the pro-

jections of the common consecutive points

will be consecutive, and will be found at the
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lame time in the projections of both curves.

In descriptive geometry, lines are divided

into three classes.

1st. Straight lines!" which do not change

their directions between any two of their

points.

2d. Curves of single curvature, or curves

all of whose points lie in the same plane ; and,

3d. Curves of double curvature, or curves

all of whose points do not lie in the same

plane. In a curve of double curvature, a

plane may be passed through any three points,

whether consecutive or not, but four con-

secutive points cannot lie in the same plane.

Curves are regarded as being generated by

points, moving according to some fixed law,

or as resulting from the intersection of sur-

faces which are generated by a line, either

straight or curved, moving according to some

fixed law.

In generating a surface, by moving a lin'e,

several cases may occur ; this gives rise to

the classification of surfaces as follows :

1st. Plane Surfaces, which may be gen-

erated by a straight line, moving in such a

manner as to touch a given straight line, and

continue parallel to its first position.

2d. Single Curved Surfaces, which may
be generated by a straight line, moving in

such a manner that its consecutive positions

shall lie in the same plane.

3d. Double Curved Surfaces, which can

only be generated by a curved line ; and,

4th. Warped Surfaces, which may be

generated by a straight line, moving in such

a manner that its consecutive positions shall

not lie in the same plane.

In the generation of surfaces, the moving

line is called the generatrix, the lines which

it constantly touches are called directrices,

and any position of the moving line is called

an element of the snrfaCe.

The problems usually referred to descrip-

tive geometry, may be included under one of

the following heads :

1st. To pass a plane tangent to a surface,

or to draw a tangent to a curve.

2d. To find the line of intersection of two

surfaces ; and,

3d. To develop a surface upon a plane.

The general problem of passing a plane

tangent to a given surface, at a given point,

may be solved as follows :

Through the given point pass two planes,

which shall cut from the surface two lines in-

tersecting each other at the given point

;

draw straight lines tangent to the curves of

intersection at the given point, and through

them pass a plane : it will be the tangent

plane required. The tangent lines may be

constructed by any of the methods described

in practical geometry.

. To find the line of intersection of two sur-

faces, we pass auxiliary surfaces intersecting

the given surfaces ; each auxiliary surface

will cut the given surfaces in lines, and the,

points in which these lines intersect, will be

points of the required curve. The auxiliary

surfaces are to be chosen in such a manner,

that the lines cut from the given surfaces

shall be the simplest elements possible. The
right line is the simplest element, then the

circle, and after these the conic sections.

If it is required to draw a tangent line to

the curve of intersection of two surfaces, at

any point, it may be done as follows :

Pass two planes, one tangent to each sur-

face at the common point ; their intersection

will be tangent to the line of intersection at

the given point.

To develop any surface on a plane : No
surface can be developed on a plane, unless

it belong to the class of single curved sur-

faces ; for, if it is a warped surface, we
know, by definition, that no two consecutive

elements can be made to lie in the same
plane : therefore, it cannot be developed or

rolled out upon a plane surface. If a double

curved surface be laid upon a plane, it will

only touch it in a point, as in the case of a

sphere ; and if it be rolled along the succes-

sive points of contact, will trace out a line

upon the plane. In the case of a single

curved surface, however, if it be laid upon a

plane, two consecutive elements will lie in the

plane ; and if the surface be rolled along as

each preceding element is lifted out from the

plane, a succeeding one is brought into it,

and so On. Finally, after every element of

the surface to be developed has touched the

plane, the portion of the plane touched is

equal in area to the surface, and is called the

development of the surface.

The surfaces which can be developed in

this way are conical surfaces, cylindrical sur-

faces, and a third class of single curved sur-
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faces, which may he generated by moving a

straight line in such a manner as to remain

constantly tangent to a curve of double curv-

ature.

To develop a conic surface, we first sup-

pose a sphere to he described, whose centre

is at the vertex of the cone : then, if the

cone be laid upon a plane, the intersection of

the sphere and cone will develop into a circle

whose radius is equal to that of the sphere :

the points in which any element of the cone

intersects this in development, may he easily

found, and therefore, the developed position

' of that element drawn ; having its position,

its length is next found and laid off; the line

uniting the extremities A, E, F, G, D, of

these lines is the development of the base,

and the area OCD is the development of the

surface.

In order to develop the surface of a cylin

der, we conceive it to be intersected by a

plane perpendicular to its elements : then, if

the cylinder be laid upon a plane, and rolled

over, the intersection of the cutting plane

and cylinder will develop into a straight line

AB, and the point in which it cuts any ele-

ment may be found. Through this point

draw a straight line, and on it measure a dis-

tance, each way equal to the distance from the

point to each base : the line thus constructed

will be the developed position of one element.

Having found a sufficient number of devel-

oped elements, draw the lines CD and EF
through their extremities, and these, together

with the extreme elements, will limit the de-

velopment of the surface. The development

of the third class of single curved surfaces is

more difficult and of less practical importance

than those which we have considered. See

Development of Surfaces.

The principles of Descriptive Geometry

are of immediate application in the subjects

of Shades, Shadows and Perspective, Spheri-

cal Projections, and Stone-cutting,—which

see.

DE-SlGN'. [L. de, from, and signo, to seal

or stamp]. A term which is sometimes,

though improperly, used as synonymous with

drawing. Design is the mental concep-

tion of the artist of any particular subject,

and an expression of the conception may take

place through the medium of a drawing, of

a piece of statuary, or in any other work of

art.

The arts which are generally called arts of

design, are painting, sculpture, and architec-

ture.

DE-TERM'IN-ATE. [L. determinatus,

limited]. That which has limits. In opposi-

tion to that which is without limits.

Determinate Equation. One which ad-

mits of a finite number of solutions. Every

equation which contains but one unknown

quantity, and which is not identical, is deter-

minate.

If a group of equations be independent of

each other, and equal in number to the num-

ber of unknown quantities which they con-

tain, the group is determinate, and there will

be but a finite number of sets of values for

the unknown quantities.

Determinate Geometry. That branch of

geometry which has for its object the solu-

tion of determinate problems. The solution

is usually effected by means of algebraical

analysis. See Analytical Geometry.

Determinate Problems. Those which ad-

mit of a finite number of solutions. In every

determinate problem, the given conditions de-

termine the number, and afford the means of

finding the required parts.

Determinate problems may usually t e solved

analytically by the following rule :
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Conceive the problem solved, and draw a

figiire whose parts shall respectively represent

the given and required parts of the problem.

Draw such other lines as may be required to

establish the relations between the known and

required parts ; denote the known parts by the

leading letters of the alphabet, and the required

parts by the final letters ; consider the relations

between the known and unknown parts, and ex-

press these relations by means of equations, of

which there must be as many as there are re-

quired parts ; combine the equations, and find

the values of the unknown quantities ; construct

these values, and the problem is solved. See

Application of Algebra to Geometry.

Determinate Quantity. One which ad-

mits of but a finite number of values.

Thus, in an equation containing but one un-

known quantity, that quantity is said to be

determinate.

DE-VEL'OP. [Fr. developper, to unfold].

In algebraic language, to develop an expres-

sion is to change its form by the execution

of certain indicated operations, without chang-

ing the value of the expression. Thus, in

the equation,

(i + af_= x* + 3ax* + 3a?x + a3
;

the first member is the indicated cube of

x + a, and the second member is its develop-

ment.

The term development often implies that

the equivalent expression is a series having

an infinite number of terms ; in this case a

finite number of terms can only approximate

to the true development.

Development op an Expression. An
equivalent expression, in which certain indi-

cated operations have been performed.

The form of the development will depend

in a great measure upon the nature of the

indicated operation, and it may be finite, or it

may be infinite in extent. By far the greater

part of algebraical developments have an in-

finite number of terms, in which case a few

of the leading terms, together with the law

of the development, are sufficient to deter-

mine the series to any desired extent.

A great many developments may be made

by means of Taylor's and McLaurin's for-

mulas, which see.

Development op a Surface. If a single

curved surface be rolled upon a plane till

every element comes in contact with the

plane, that portion of it which is touched is

called the development of the curved surface.

See Descriptive Geometry.

Di-A-CAUS'TIO CURVE. [Qr. dtanaia,

to burn or inflame].

IfAB represent a section of the surface ofa

refracting medium, R the radiant point, RA,
R.C, RD, &c, rays of light incident upon the

surface, and AE, CF , DG, &c, refracted

rays, then is the curve which is tangent to

all the refracted rays a diacaustic curve. The
section is supposed to be taken through the

radiant and the centre of the deviating sur-

face.

Dl-AG'O-NAL. [Gr. Stayovtoc, from Sta,

and yavia, a corner]. In Geometry, a diago-

nal is a straight line joining the vertices of

two angles of a polygon, which are not ad-

jacent. In the poly-

gonABODE, the lines

AC and AD are dia-.E

gonals. If two sides

which are not adja-

cent be prolonged till

they meet, and their

point of intersection

be joined with a vertex not adjacent, this line

is often called a diagonal, for it is found to

possess all the mathematical properties of a

diagonal.

Diagonals of quadrilaterals

:

1. In any quadrilateral the sum of the

squares of the two JJ_
diagonals is equi-

valent to the sum
of the squares of

the four sides di-

minished by four

times the square -"- J3

of the line joining the middle points of Jm
that is,

AC + BDa=o AB a + BC S + CDJ

+ DA! - 4EF".
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If the quadrilateral is a parallelogram, the

last term is equal to zero.

2. In any qua- B
drilateral inscrib-

ed in a circle, the

rectangle of the

two diagonals is

equivalent to the

sum of the rec-

tangle of the op-

posite sides taken

two and two ; that is,

AC x BDoAB x DC + AD x BC.

If the quadrilateral is a parallelogram, it

must necessarily be -• rectangle ; the diago-

nals will be equal, .and we shall have the

square of either diagonal equal to the sum of

the squares of either two adjacent sides.

3. In any parallelogram, either diagonal

divides the figure into two equal triangles,

and the two diagonals mutually bisect each

other.

4. In any parallelogram, a straight line

through the middle point of either diagonal, di-

vides the parallelogram into two equal parts.

5. If through any point E of the diagonal

of a parallelogram AC, parallels be drawn to

the sides of the parallelogram, forming the

two parallelograms P and Q, these are called

• complementary parallelograms about the diago-

nal, and are always equivalent to each other.

6. The diagonal of a square is incommen-

surable with its side.

7. In any trapezoid the sum of the squares

of the two diagonals is twice the sum of the

squares of the lines which bisect the opposite

sides, taken two and two.

A diagonal of a polyhedron is any straight

line joining the vertices of any two polyhe-

dral angles, which do not lie in the same

face.

In perspective, a diagonal -is any horizontal

line which makes an angle of 45° with the

perspective plane. Two diagonals may be

drawn through any point in space, and, on

account of the ease with which their per-

spectives may be constructed, they are of

much use in finding the perspective of points.

See Perspective.

Diagonal Scale. See Scale.

DiA-GRAM. [Gi. Siaypa/t/id]. A drawing

or pictorial delineation, made for the purpose

of demonstrating or illustrating some pro-

perty of a geometrical figure.

DiAL. [L. dies, a. day]. An instrument

for determining the hour of the day, by means

of a shadow cast by the sun.

In the construction of a sun-dial, the ob-

ject is to find the angular distance of the sun

from the meridian of the place at any in-

stant, and thence to determine the hour.

In the construction of dials, the sun's ap-

parent motion is supposed to be uniform

throughout the day, and to take place in a

circle whose plane is parallel to the equator

:

neither of these suppositions is strictly cor-

rect ; but for all the purposes of dialing, they

are both sufficiently so, as they afford results

sufficiently accurate for ordinary purposes.

The surfaces upon which dials are con-

structed, may vary infinitely in shape and

position, giving rise to a great number of

constructions, but the same geometrical prin-

ciple runs through them all.

If a dial is constructed upon a horizontal

plane, it is called a horizontal dial. Such a

dial shows the hours from sunrise to sunset.

If it is constructed upon the plane- of the

prime vertical, that is, on a vertical plane per-

pendicular to the meridian, it is called an

erect vertical dial, and shows the hours from

6 o'clock in the morning to 6 o'clock in the

evening.

If it is constructed upon any other vertical

plane, it is called a vertical declined dial, and

the limits between which it shows the hours

will depend upon its inclination to the meri-

dian. If it coincides with the plane of the

meridian and faces the east, it is called an

east dial, and shows the hours from sunrise

to 12 o'clock. If it faces the west, it is

called a west dial, and shows the hours from

12 o'clock till sunset.

If the dial is constructed upon a plane

which is perpendicular to the plane of the

meridian, but not vertical, it is called an in-

dined dial.
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If it is constructed upon a plane which is

neither perpendicular to the meridian nor to

the horizon, it is said to be deinclined. Such

dials are rare, and of very little importance.

Amongst inclined dials may be distinguish-

ed the polar dial, whose plane is parallel to

the axis.

We shall only indicate some of the moat

useful constructions, referring the reader to

more extended treatises for a complete ac-

count of the art of dialing.

If we conceive twelve, planes to be passed

through the axis of the earth, making equal

angles with each other, they will divide the

surface into twenty-four equal Iunes. The
curves of intersection of these planes with

the surface of the earth, are called hour cir-

cles, for the sun occupies just an hour in

passing over the space between each two.

We shall consider one of these circles as

passing through the place where the dial is

to be constructed, and suppose the meridians

or hour circles starting from this one, and

going around towards the west, and num-

bered 1, 2, 3, &c, up to 12, which will cor-

respond to the lower meridian of the place
;

commencing again at this meridian, and num-

bering as before, 1, 2, 3, &c, to 12, we shall

arrive at the meridian from which we set out.

If now we conceive -«- plane to be passed

through the centre of the earth parallel to the

sensible horizon of the place, it will intersect

the meridian planes in 24 straight lines con-

curring at the centre, each of which must

bear the same number as the corresponding

hour circle. If now the upper half of the

•sphere be removed, the axis, supposed a ma-

terial line, only remaining, it is evident that

the shadow of this axis will be successively

projected upon the lines marked 1, 2, 3, &c,
at the hours of the day corresponding to the

respective numbers. This is, then, a sun-

dial placed at the centre of the earth ; the

axis, in this case, is called the style, and the

lines are hoar-lines.

Now, the dimensions of the earth are so

small in comparison with the distance of the

sun from it, that they may be disregarded.

If, therefore, through the place on the earth's

surface, we erect a style parallel to the axis,

and draw lines parallel to the hour-lines

already considered, we shall have a horizontal

dial.

12

It is evident from the same considerations,

that a sun-dial may be transported to any

point of the same meridian, provided all its

parts are disposed in positions parallel to

their primitive positions.

In this case, the dial will, for every other

point of the meridian, be an inclined dial.

We may also revolve the whole dial about the

axis of the earth as an axis without change
;

hence, all dials of equal inclination are the

same for every point in the same parallel of

latitude. It is to be observed that the con-

struction explained will fail at the equator.

In that position the style is horizontal, and the

hour-lines are parallel to it. At the poles,

the style of a horizontal dial is vertical, and

the hour-lines make equal angles with each

other.

If it is desirable to construct a dial upon

any oblique plane, we conceive <t parallel

plane through the centre of the earth, cut-

ting the meridian planes instead of the hori-

zontal plane first passed, and proceed as be-

fore. If we wish to construct a dial upon a

curved surface, we conceive a curved surface

passing through the centre of the earth con-

centric with the given surface ; the auxiliary

hour-lines will be curved, and the correspond-

ing hour-lines upon the dial must be drawn

concentric with them.

It is sufficient to remark, that, if we wish

the dial to indicate half-hours, quarter-hours,

&c, the number of meridian planes consi-

dered must be doubled, quadrupled, &c.

Hour-planes are distant from each other 15°
;

hence, half-hour planes are at a distance from

each other of 7° 30', and quarter-hour planes

at a distance of 3° 45', &c.

The style which is employed may be a

slender metallic rod, or it may consist of a

thin plate of metal, generally of s> triangular

shape, and terminating .at one edge in a

smooth and sharply defined line. If a dial is

to be constructed on a horizontal plane, the

line indicating 12 o'clock must coincide ex-

actly with the meridian. If the dial is to be

constructed upon a vertical wall, the 12 o'clock

line will be vertical.

To inyestigate a formula which shall indi-

cate the method of constructing a horizontal

dial.

Let SE represent the style, SA the 12

o'clock line, ASV the plane of the dial, and
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SV the shadow cast upon the dial-plate by

the style any number of hours before or after

twelve o'clock. If S be assumed as the cen-

tre of a sphere whose radius is 1, the several

planes ASE, ASV, and SEV, will cut from

the surface a spherical triangle EVA, in

which we know the side EA equal to the

latitude of the place ; the angle VEA equal

to the hour-angle from 12 o'clock, expressed

in degrees at the rate of 15° to an hour

;

and the right angle EAV. If now we de-

note the latitude by I, the hour-angle by p
and the required arc AV, which measures

the angle ASV, by x, we shall have from the

rules for solving spherical triangles

tan x = sin I ta.np • • (1).

To find the angle x corresponding to 1 o'clock

or 11 o'clock, make p = 15° and e equal to

the latitude of the place. If now we succes-

sively attribute to p different values cor-

responding to different hours from up to 7,

8, or any other limit, the corresponding

angles may be computed by the formula, and

being laid off and numbered as in the dia-

gram, the dial-plate will be constructed.

This is to be

placed perfectly

horizontal, and so

that the line NS
may be exactly in

the meridian ; the

style is to be .at-

tached so as to

pass through the

point 0, and making with the line US an

angle equal to the latitude of the place, being

at the same time in a vertical plane through NS.

If it be required A
to construct a dial

upon a vertical

wall, perpendicu-

lar to the meridian,

fonnula(l) will re-

duce to

tan x = tan p cos?,

and the several

hoar-lines may be constructed as already ex-
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place. Through e, d, c, &c, draw the lines

ee', dd', &c, perpendicular to OP. Lay off

the distances eg = Oa', dh = Ob', ck = Oc',

bl = Od' and am = Oe' ; through draw Og-,

OA, OA, 01, and Om ; on the other side

of OF draw symmetrical lines, and they will

he the hour-lines of a horizontal dial.

If it had been required to construct half

hour or quarter hour lines, we should have

divided the arc PO into parts of 7-J° or 3f°,

and the construction would have been the

same.

In order to construct the hour-lines upon

a vertical dial, whose plane is perpendicular

to the meridian, we have only to change the

latitude into its complement, and the con-

struction will be the same as that already

described.

It has been observed that at the equator

the hour-lines upon a horizontal dial will be

. parallel to each other ; this, with the excep-

tion of the horizontal dial at the pole, pre-

sents the simplest case of construction. The
style being parallel to the dial plate, the hour-

lines are at distances from the 12 o'clock line,

which are proportional to the tangents of the

hour angles.

Draw two straight lines at right angles to

each other, intersecting at the point where

the style is to pierce the dial-plate. With O
as a centre, and any radius OQ, describe a

semicircle PaQ, and from the point a in which

it cuts the perpendicular Oa, lay off arcs ah,

ac, ad, &c, equal, respectively, to 15°, 30°,

45°, &c. ; through the point a draw a tangent

to the circle, and through the points of divi-

sion and the centre draw lines till they inter-

sect the tangent in the points V, c' , d', &c.

;

through the last points draw straight lines

parallel to Oa, and they will be the hour-

lines. The hour-lines gradually become more

and more distant from each other, till finally

the hour-line of 6 o'clock will be at an infi-

nite distance from Oa ; this dial, therefore,

can only be used for three or four hours

before and after noon.

The horizontal dial at the pole presents no

difficulty. The style is vertical, and the

hour-lines make angles of 15° with each

other.

To deduce formulas for constructing the

hour-lines upon a vertical declined dial

:

Let SC represent the style g
parallel to the axis ofthe earth,

piercing the dial plane at S
;

SA the intersection of the

dial plane and the meridian

plane, which will be a vertical

line; SB the projection of

the style upon the dial plane,

and called the substyle ; SN
the shadow of the style upon the dial plane

at any hour corresponding to the hour angle

p. Conceive a. sphere with its centre at S,

and a radius 1, to be described ; its intersec-

tions with the several planes CSA, CSB,
CSN, and ASN, will give the right angled

spherical triangles CAB and CBN. Denote
the side AB by s ; the side BN by z ; the

side CA by 90° - I ; the side BC by 6 ; the

angle CAB by a ; the angle ACB .by u ; and
the angle ACN by p. The rules for solving

spherical triangles will give from the triangle

ACB,
tan s = cot I cos a (I), sin $ = cos I sin a (2).

Since I is the latitude of the place, and a

the angle which the plane of the meridian

makes with the dial plane, both of which are

supposed known, equation (1) will determine

the angle which the substyle makes with the

vertical SA, and equation (2) will, with equa-

tion (1), fix the position of the style in space.

When the plane of the dial inclines towards

the east, the substyle will be on the left of

the vertical SA, and when it inclines to the

west it will be on the right, the vertical de-

clined dial being supposed to face the south

;

if it faces the north the reverse will obtain.
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To show the method of tracing the hour

lines, we have, from the triangle ABC
cot u = sin I tan a (3)

In the triangle BCN, right angled at B, we

have, since the angle at C is equal to p — u,

tan 2 = sin tan (p — u) • (4)

Then, to find the hour-line corresponding

to the hour angle p, we first find the constant

angle u, from equation (3), and by substitu-

ting in (4), we get the value of z, which

determines the hour-line.

We have supposed SN situated on the

right of the substyle ; if this line falls in the

angle ASB, we .shall have u > p, and z will

be negative. Finally, if SN falls to the left

of SA, u will be negative, and equation (4)

takes the form

tan z = sin 6 tan {p + u) (5)

It is to be observed that if p = u, s will be

equal to 0, and the shadow will fall upon SA.

By giving suitable values to a, I and p, all

the hour-lines may be found from the above

equations.

The following method of tracing the hour-

lines of a vertical declined dial, is given by

Delambre. In the spherical triangle ACN,
(last figure), let the side AC = 90° — I, the

angle A = a, and ACN = p ; denote, also,

AN by i, CN by y ; whence,

cos x = sin I cos y + cos I sin y cos p ;

cos y = sin I cos x + cos I sin x cos a ;

from which we deduce, by eliminating cos y,

cos x(l — Bin' 1) = sin I cos I sin x cos a

+ cos I sin y cos p
We have, also,

sin y sin p = sin a

einx (7)

Eliminating sin y, yu

between equa-
tions (6) and (7),

and dividing both

members of the re-

sulting equation

by sin x cosa
I, we

have

cot x = tan I cos a
sin a cot p

From equation

(8) we deduce the

following construction

Draw a horizontal line IX', and through

S, its middle point, draw-a vertical line SA

;

SA will lie in the meridian plane. Denote

the parts SL and SL' each by m, and draw

through L and L' the lines LA and L'A', par-

allel to SA ; also draw any horizontal line e'g

below LL'.

Let Sb be any hour-line ; then the angle

ASb = x ; the triangle SLB gives

Lb = SL cot x

;

whence,

m sin a cotp

cos I
Lb = m tan I cos a + • (9)

Now, for the hour-line of 6 o'clock, p = 90°,

and

La = a = n tan I cos a.

The line Sa is the hour-line of 6 o'clock in

the evening, and its prolongation So' is the

hour-line of 6 o'clock in the morning. Since

the first term of Lb, is a ; the second term

will express the lengths of ab, ac, ad, &c, or

the distances from the point a to the points

in which the hour-lines cut the vertical Lk
Denoting the general value of these distances

by <p, we shall have

m sin o cotp

By means of formula (10), the different

values of f are computed and laid off" from

a on LA ; then, since for tliB corresponding

hours in the morning the value of p will be

equal to its value in the evening, we shall

have ab = a'b', ac = a'c', &c, from which

the hour lines may be constructed.

By a proper combination of the preceding I

principles, every variety of dial upon a plane

surface may easily be constructed.

Sometimes, instead of a style, a disk of

metal is employed, pierced by a hole, through

which the light falls upon the dial plane. In

this case, we conceive a straight line to be

drawn through the centre of the hole parallel

to the axis of the earth ; the point in which

it pierces the dial plane is the centre of the

dial, and the hour lines arc to be constructed

about this point as though this imaginary

line were the style.

Sometimes a narrow slit is made in a plate,

so that the light shining through it may fall

upon the dial plane ; in this case, the slit is

to be placed parallel to the axis of the earth,

and regarded as a style in all respects.

To construct the meridian line upon any
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horizontal plane. Assume one point through

which it is to pass, and with that point as a

centre, describe several concentric circles,

and erect a vertical pin of such length that

the shadow of its top may at noon fall within

some of the concentric circles, and at evening

fall without them. In the morning, mark
the points c, a, in

which the end of

the shadow crosses

each circle, and in

the afternoon mark

the points b, d, in

which the end of

the shadow crosses the same circles. Join

these points with the centre, and bisect the

angles formed by joining the points in which
the shadow crosses the semi-circle and the

centre
; the bisecting lines of all these angles

ought to coincide with each other and the

meridian.

By repeating the operation from day to

day, great accuracy may be reached.

It is to be observed, that the time given by

a sun-dial is true, or solar time, and only

agrees with mean time at four different days

of the year. At any other period, time indi-

cated by a dial must be reduced to clock, or

mean time, by applying a small correction

called the equation of time. See Equation

of Time.

Dial-Plate. The plate on which the hour

lines of a dial are drawn.

DiAL-ING SCALE. A scale constructed

according to the principles explained under

the head of dial, and of some use in con-

structing dials. See Dial.

Di-AM'E-T£R. [Gr. 6ia/ieTPoc, Sia,

through, and /icrpov, measure] A straight

line which bisects a system of parallel chords

drawn in a curve.

If a plane curve, given by its equation,

has a diameter, the co-ordinate axes may be

so taken that one of them, the axis of X, for

example, shall coincide with this diameter,

and the other be parallel to the chords which

if bisects. For this position of the co-ordi-

nate axes, the equation must be of such a

form, that for any assumed value of x there

will be two corresponding values of y, equal

with contrary signs. The two values, taken

together, when real, correspond to one of

the bisected chords.

Suppose that AC is a di-

ameter of the curve c'b' be,

that the axis of X coin-

cides with it, and that the

axs of Y is parallel to the

chords lib', cc', which it bi-

sects : for the assumed value

of x = AB, the two corresponding values of

y must represent, respectively, the distances

Bi and Bfc', which together make up the chord

W ; and in like manner, for any other assumed

value of x, which corresponds to points of

the curve.

We have, then, the following rule for as-

certaining whether any plane curve, given by

its equation, has a diameter.

Substitute for x and y, in the given equa-

tion, their values taken from the formulas

for passing from the given system to any

rectilineal system in the same plane, and see

if such values can be given to the arbitrary

constants which enter the new equation, as

to place it under such a form, that for every

value of x, the corresponding values of y shall

be equal with contrary signs. If any such

values exist, the curve will have a diameter,

and the number of sets of such values will

determine the number of diameters.

To illustrate, let it be required to ascertain

whether the curves of the second order, that

is, the conic sections, have any diameters,

and if so, how many.

The general equation of the conic sec-

tions is

ax' + bxy + ex' + dy + ex +/= (1).

in which the axes may be considered at right

angles with each other. The formulas for

passing from a rectangular system of co-ordi-

nates to any rectilineal system in the same

plane, are

x = a" + x' cos a + y' cos a' • (2), and

y = 4" + x' sin a + y' sin a' • (3).

Substituting these values for x and y, in

equation (1), and dropping the accents, we
find an equation of the form

a'y* +b'xy + c'x> + d'y+ e'x+f'=0 • • (4).

in which

V — [2a tan a tan a! + b (tan a + tan a')

+ 2c] cos a cos a'.
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d' = [(2flS" + ba" + d) tan a' +
(2ca" +M".+ e)]cosa'.

Equation (4) will be of the required form, if

b' = 0, and d' = 0, or

ia tan a tan a'+b (tan a-Han a')+2c=0 (5).

(2ai" + ba" + <Q tana' + (2ca" + **"

+e) = (6).

Equations (5) and (6) are equations of con-

dition that must be satisfied, in order that

the conic sections may admit of a diameter.

In these equations, a", b", a and a', are ar-

bitrary constants. These equations can, in

general, be satisfied for an infinite number of

sets of values of a and a'.

From equations (5) and (6), we deduce

2ai" + ba" + d
tana' = —

tan a =

2ca" + bb" + e

2c + b tan a'

2a tan a' + b

(7),

(8).

Any assumed values of a" and b", will

give, in equation (7), a value for tan a', and

this in equation (8), will give a corresponding

value for tan a ; and since there are an infi-

nite number of sets of values that may be

assumed for a" and b", it follows that there

are an infinite number of positions of the co-

ordinate axes, such that the axis of X shall

be a diameter of a curve, and the axis of Y
parallel to the chords which it bisects. The

conic sections have, therefore, an infinite

number of diameters.

If we suppose

b'
b' — iac = or 2c = r->

equation (8) becomes

tan a = —

b1

z—\- b tan a!
2a

2a tan a + b

b ji + 2a tan-I - 1
a'i 2a

'

2a (J + 2a tan

which, since tan a is constant, that is, entire-

ly independent of a', shows that all diameters

in the parabola are parallel to each other.

If in equation (6), we assume any value

for tan a', there will be an infinite number
of sets of values for a" and b", which will

satisfy it ; if we then regard a" and b" as

variables, equation (6) must be the equation

•f a straight line, and the origin may be any-

where on this line, but the origin is neces

sarily upon the diameter, which is assumed

as the axis of X ; hence, equation (6) is the

equation of the diameter which coincides

with the axis of X.

Now, equation (6) will be satisfied, if we

make a" and b" equal to the co-ordinates of

the centre ; hence, every diameter of a conic

section passes through the centre.

If we suppose the origin of co-ordinates

to be placed at the centre, which may always

be done, except in the case already consi-

dered, in which V — iac = 0, we shall have

2ae — bd
and b" = -

2cd — be

" _
b' - iac- b* - iac

for the co-ordinates of the centre. These

values of a" and b" being substituted in equa-

tion (7), reduce it to

tan a' =
;

• (9);

which shows that there is an infinite number

of diameters, all passing through the centre,

and also that any straight line through the

centre is a diameter.

Furthermore, from the form of (5), from

which equation (7) was deduced, it is evident

that if we assume any value of tan a', and

deduce the corresponding value of tan a, and

then make tan a' equal to this value, and

again find the corresponding value of tan a,

this last value will be the same as the

value originally assumed for tan a'. This

shows that, if one of the co-ordinate axes is a

diameter, and the other axis parallel to the

chords which it bisects,—the second co-ordi-

nate axis will also be a diameter, and the first

one parallel to the chords which it bisects.

Such diameters are called conjugate diameters

;

and since tan a' may have any value, it fol-

lows : 1st, that there is an infinite number

of pairs of conjugate diameters in the ellipse

and hyperbola ; and 2d, that entry diameter

has a conjugate.

Equation (5), or (7), is the equation of con-

dition for conjugate diameters, for the ellipse

and hyperbola. The preceding considerations

show that the parabola has no conjugate dia-

meters.

In like manner, we may discuss the equa-

tion of any given curve with respect to its

diameters.

If a diameter is perpendicular to the chords

which it bisects, it is called an axis. The
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parabola has one axis, and each of the other

conic sections two axes. The circle has an

infinite number of axes, every diameter be-

ing an axis.

DiAM'E-TRAL CURVE. A curved line

which bisects a system of parallel chords

drawn m any given curve.

If a given curve has a diametral curve, the

co-ordinate axes may be taken in such a

manner that the axis of y shall be parallel to

the bisected chords, and then, if the equation

be solved with respect to y, it will be of the

form

y=f(z)±i/flx> ••(1);

in which, y = f{x\ (2), is the equation of the

diametral curve. This is plain; for if we
assume any value of x, the corresponding

values of y in equation (1) will be equal to

the corresponding value of y in equation (2),

increased and diminished by the correspond-

ing value of the radical. If then we con-

struct the curve whose equation is y = f(x),

it will bisect all the chords of the given

curve, which are parallel to the axis of y.

For example, the curve whose equation is

y = ax1 ± Vx sin ix,

has a diametral curve whose equation is

V = ax' ; that is, the diametral curve is a

parabola OAC. On the right of the origin,

there is a succession of closed branches, OA,

AB, BC, the consecutive ones having com-

mon tangents parallel to the axis of y. On
the left of the origin, the diametral curve ex-

ists ; but the oval branches are reduced to a

system of conjugate or isolated points, A',

B', C, &c, corresponding to the values of

z, which make sin ix = 0.

To ascertain whether any given curve has

a diametral curve, we have to see whether

the co-ordinate axes can be so placed that the

resulting equation will be of the form of

equation (1). If they cannot, the curve has

no diametral curve.

It may be observed that the diameters of

conic sections, discussed in the last article,

are only particular cases of diametral curves.

Diametral Plane. A plane which bisects

a system of parallel chords drawn in a sur-

face. By a discussion entirely analogous to

that relating to diameters, it may be shown
that every surface of the second order has an

infinite number of diametral planes. If a

diametral plane is perpendicular to the chords

which it bisects, it is called a principal plane

of the surface : every surface of the second

order has at least one principal plane, and

may have three.

Three diametral planes are said to be con-

jugate, when each one bisects a system of

chords parallel to the intersection of the other

two. Whenever a surface of the second

order has a centre, there is always an infinite

number of sets of conjugate planes. Every

diametral plane passes through the centre,

when the surface has a centre ; and con-

versely, every plane through the centre is a

diametral plane.

In a surface of the second order, we may
find the equation of a diametral plane, which

bisects a system of chords parallel to the axis

of z. The method of proceeding indicated in

the discussion of diameters may, with some

modification, be applied to diametral planes.

Diametral Surface is a curved surface,

which bisects a system of parallel chords

drawn in the surface, a particular case of

which is the diametral plane.

Whenever the equation of the surface can

be placed under the form

2 = ax" + iy" + e ± Vf{x),

it admits of a diametral surface whose eaua-

tion is

2 = aa?" -f- by" + c.

The reason is evident. The discussion is

entirely analogous to that for diametral

curves.

Di-E'DRAL ANGLE. The angular space

included between two planes which meet each

other in a common straight line ; the planes

are called faces, and the straight line is the

edge of the angle. The measure of a diedral

angle is the angle included between two

straight lines, one in each face, and both per-

pendicular to the edge at the same point.

DIF'FER-ENCE. [L. dis, and fero, to

bear or move apart]. The result obtained by
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subtracting one quantity from another. When
it is not specified which quantity is to be

taken from the other, it is generally under-

stood that the less is to be taken from the

greater, so that the difference is positive. As

far as the numerical value of the difference

is concerned, it makes no difference which is

taken for the subtrahend or which for the

minuend.

Differences, method of. The name given

to a method of finding an expression for the

sum of any number of terms of a series.

Let a, 6, c, d, &a. represent the successive

terms of a series formed according to any

law ; then, if each term be subtracted from

the succeeding one, the remainders will form

a second series, called the first order of differ-

ences If we again subtract each term of

this series from the succeeding one, we shall

form another series called the second order of

differences, and so on, as exhibited in the

annexed table

:

SERIES OF DIFFERENCES.

a , b , e , d , e

b — a , c — b , d — c , e — d , 1st.

e—26+a,<2—2c+6,e—2d+c 2d.

d-3c+36— a , e—3d+3c—

b

3d.

e - U + 6c - 4b + a , 4th.

&c. &c.

If we designate the first terms of the 1st

2d, 3d, &c, order of differences by dj, d°, ds ,

&c, we shall have

d\ = b — a; whence,

b = a + d\.

di = c — 26 + a
;

whence,

c = a + Hdt + d .

d' = d — 3c + 34 — a ; whence,

d = a + 3di + 'ilk + <k.

d* = e — id + 6c — 46 + a; whence,

e = a + 4di + 6A2 + 4da + dt .

&c. &c. &c. etc.

And' if we designate the term of the series

which has n terms before it, by T, we shall

find by continuing the above process,

T=a+ndy +

+

1 -3

rc(tt-l)(rc-2)(tt-3)

1-2-3-4

(n— 1) n{n— l)(n—

S

-<>*+
,. 2 . 3

-

dt + &c. (1)

from which we may find any term of a seriei

when we know the number of preceding

terms, and the first terms of the successive

orders of differences.

To deduce a formula for the sum of n terms

of the series a, 6, c, &c, assume the auxiliary

series,

0, a, a + b, a + b + c, a + b + c + d, &c.

The first order of differences is evidently a,

b, c, d, &c, in the given series.

Now it is obvious that the sum of n terms

of the given series is equal to the (n + l)1*

term of the auxiliary series. But the (« + l)tt

term of the auxiliary series may be deduced

from formula (1) if we observe that the first

term of the first order of differences is a, the

first term of the second order of differences

di, the first term of the third order of differ-

ences d-2, and so on.

Hence, making these changes in formula

(1), and denoting the sum of n terms of the

series by S, we have the formula

c ,

n-(n-l) tt(n-l)(tt-2)
,S = na + —

t g «i H
1 2 3 di

,
»(»-l)(n-8)(»-8) ,

H 1,2,3,4 l + '

'( '

When all of the terms of any order of differ-

ences become equal, the terms of all the suc-

ceeding orders of differences are 0, and for-

mulas (1) and (2) give exact results. When
there are no orders of differences whose terms

are all equal, the formulas do not give exact

results, but approximations more or less

accurate, according to the number of terms

of the formulas employed.

Formula (1) will be referred to hereafter, in

connection with the subjects of Interpolation

and Summation.

To show the application of formula (2), let

it be required to determine the number of

cannon balls in a pile having a square base,

and terminating in an apex of 1 ball.

Commencing at the top, the first layer con-

tains 1 ball, the second layer 2X2 balls, the

third layer 3x3 balls, and so on, the «th layer

containing n x n balls. It is therefore re-
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the sum of n terms of the

• • n' or

• &e. • • series.

• • 1st order of differences.

• 2d order of differences.

• • 3d order of differences.

Hence, d\ = 3, d* = 2, d% = 0, d\ = 0, &c.
and a = 1.

Substituting these values in formula (2),

we get

quired
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j-j-, stands for the result obtained by differ-

entiating the function first with respect to x,

and then that result with respect to y ;
the

symbol -j-t is the symbol which indicates

that the given function has been differentia-

ted first with respect to y, and the result with

respect to x ; and, finally, -r-j shows that both

differentiations have been performed with re-

spect to y. If a function of x and y be dif-

ferentiated first with respect to y, and then

with respect to x, or, if it be first differen-

tiated with respect to x, and then with re-

spect to y, the final result will be the same
;

cPu
that is, the symbol -3—3- dxdy is equivalent to

dhi
, ,

the symbol -3-5- dydx : this agrees completely

with what was said in regard to the distribu-

tive character of all pure symbols of operation.

This principle also enables us to place for-

mula (1) under the form,

d'u d'u d?u

dx2

we have also the formulas

d?u d?u
d?u= ŝdx>+Z^dxHydx*dy

,
d*u

dxdy2

d3u d?u
'r'-T^idxdy'+^a

dht d*u

-d^^ + i a^dy^dy

+*&&***!?
d*u

+ i
dxdf

dxdy°
dH

+jf
dy*

and so on, for the differentials of a higher

order.

Similar results might be obtained, though

more complicated, by considering the higher

order of differentials of functions of three or

more variables.

The formulas for differentiating all func-

tions of a single variable, have been given

under the head of Calculus Differential,

and their application to functions of two or

more variables, presents no difficulty.

Differential Calculus. See Calculus

Differential,

Differential Co-efficient. The differen-

tial co-efficient of a function of one variable

I

is a function whose form depends upon that

of the given function, and which may be de-

rived from it by a fixed law called the law of

differentiation. It is often called a derived

function, and may always be obtained as

follows

:

Give to the variable a variable increment,

and find the new state of the function ; from

this subtract the primitive stale, and divide the

remainder by the increment ; pass to the limit

of this ratio by making the increment equal to

0, and the result will be the differential co-effi-

cient required.

In most cases, the differential co-efficient

may be more easily obtained, but the "above

law, which is applicable in all cases, pos-

sesses the advantage of showing the nature

of the relation which exists between the

function and its differential co-efficient. We
also see that the differential co-efficient is en-

tirely independent of every consideration with

respect to the method of arriving at it ; so

that, whether we regard the differential cal-

culus as establishing relations between in-

finitely small elements, as did Leibnitz ; or

whether we adopt with Newton the theory

of fluents and fluxions, or the method of

limits ; or, finally, whether we adopt La-

grange's theory of derived functions, the fun-

damental conception is always the same.

The processes may differ in form, but the

final results must be rigorously identical.

With respect to the mathematical character

of the differential co-efficient, it is the cha-

racteristic mark of a class of functions which

only differ from each other by a constant

quantity having the sign plus or minus. It

is, found in the applications of mathematics

to science, that results may be more easily

arrived at by Operating upon these marks of

the functions than upon the functions them-

selves ; and it is this circumstance which has

contributed so largely to the development

and progress of the calculus. As in the

practical operations upon numbers, we use

their marks or logarithms for the purpose of

facilitating arithmetical processes, and as we

are able to pass at any instant to the num-

bers whose characteristics we are making use

of, so in the analytical processes of science

we may reason upon the relations existing

between the differential co-efficients of func-

tions, being able at any time to return to the
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functions themselves by the aid of the inte-

gral calculus. The analogy between the use

of logarithms and differentials is not perfect,

but it serves to give a slight idea of the use

of the calculus.

There is, however, a great advantage that

the calculus possesses, which is, that we are

often enabled to find the relations between

the differentials of functions, and thence to

find relations between the functions them-

selves that could have been discovered in no
other way. For example, the relation be-

tween the differential of the length of a

curve and the differentials of the co-ordinates

of its points, can always be deduced, and
from it the length of an arc may easily be

found in terms of these co-ordinates, by the

aid of the calculus, whilst in many cases the

attempt to deduce this last relation by any
other process, would prove futile. The prin-

cipal applications of the calculus are to the

higher geometry, the theory of equations and

the investigations of philosophy, mechanics,

machines, engineering, &c.

Differential Equations. Equations which
express the relations between variables and
their differentials.

In every single equation involving two or

more variables, values may be assumed at

pleasure for all the variables, except one, and

the corresponding value of that one will be

made known by the equation ; whence it ap-

pears that in every such equation we may
regard all the variables, except one, as inde-

pendent variables, and that one as a function

of them all.

If, therefore, we differentiate both members
of an equation, regarding one variable as a

function of the remaining ones, and then

place the two results equal to each other, the

resulting equation will be a differential equa-

tion of the first order, and is called an imme-

diate differential equation. An immediate dif-

ferential equation is one which is obtained,

\yithout transformation, from a given integral

equation ; all other differential equations are

called mediate differential equations.

If we have a group of simultaneous equa-

tions containing more variables than there

are equations, we may, by combination and

elimination, reduce them to a single equation

whose differential equation may be found as

just explained. Or, we may regard some

one variable as the function, and after differ-

entiating each equation separately, we may
combine the resulting equations and the given

equations in accordance with the rules for

treating the differentials of implicit functions,

and thus deduce a mediate differential equa-

tion which will be the same as that obtained

by the former method. For example, if we
have the equations,

y
a = 2pz . . . (1), z 3 = 3ax . . . (2),

we might deduce from (1) and (2) the equa-

tion

y
e = %iap'x,

from which, by the rule, we should obtain

6y'dy = 24ap'dx, or -j- = ~-
;

or we might, from (1) and (2), derive, by dif-

ferentiation, the equations,

lydy = Zpdz, and ZzHz = 3adx, or

dy p dz a

but

y

dy

dx

dy _ dy dz ap lap*

dx ~ dz' dx ~ yz* ~ y*
'

A mediate differential equation may also

be derived from a single equation, by forming

its differential equation, and then combining

this with the given equation and eliminating

some one quantity, usually a constant.

If a differential equation be differentiated,

and its differential equation found, this is

called a differential equation of the second

order. The differential equation of a differ-

ential equation of the second order, is one of

the third order, and so on.

A mediate differential equation can always

be found from any equation which shall be

entirely independent of the constants that

enter the given equation, as follows : Differ-

entiate the given equation as many times as

there are constants, and combine the resulting

equations with the given equation, eliminating

all the constants ; the resulting equation

will be a mediate differential eq\tation, and will

express a relation between the variables and

their differentials of the different orders.

A partial differential equation, is one which

expresses the relation between the variables

and their partial differentials. Such equa-

tions are entirely independent of the form of

the function. As an illustration, let us take

the equation
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<p = F(x + at)+f(x-at),

in which F and /denote any arbitrary func-

tions.

If we differentiate the equation twice with

respect to x, and twice with respect to t, we

shall have

^ = F(x + at)+f'(x-at),

^ = aF(x-\-at) + af'(x - at),

j^ = F'(x + at)+f'(.x-at),

d'A

jjt = a' F' {x + at) + a*f'(x - at),

whence, by combining the last two,

a'
dx~* ~dfi '

which expresses a relation between the par-

tial differential co-efficients of (j>, taken with

respect to the two variables x and t, and is

entirely independent of the forms indicated

by/ and F.

DIGITS. [L. digitus, a finger]. In Arith-

metic, the ten characters

0, 1, 2, 3, 4, 5, 6, 7, 8, 9,

by the aid of which all numbers may be ex-

pressed.

DI-MEN'SION. [L. dimensio, dis, from, and

metior, to mete]. In Geometry, extension in

one direction. Every body is extended in

three- directions at right angles to each other,

or has three dimensions, length, breadth and

height, or thickness. A line is extended in

one direction. A surface is extended in two

directions, that is, it has length and breadth,

but no thickness. A line has but one dimen-

sion, length, without breadth or thickness.

In Algebra, a literal factor of a product or

term, is called a dimension : thus, the ex-

pression a'b has three dimensions.

The use of the term in Algebra, is due to

the fact, that we usually employ a symbol of

the first degree to represent a line or magni-

tude of one dimension, a symbol of the

second degree to denote a surface or magni-

tude of two dimensions, and one of the third

degree to denote a volume or magnitude of

three dimensions. Although a magnitude

can have but three dimensions, we have come

to' speak of terms having four or more dimen-

sions, so that the word, as adopted in Algebra,

has widely departed from its original signifi-

cation—a circumstance of frequent occur-

rence in mathematical terms.

DI-O-PHAN'TINE ANALYSIS. A branch

of Algebra which treats of the method of

solving certain kinds of indeterminate prob-

lems, relating principally to square and cube

numbers, and rational right-angled triangles.

The name is derived from Diofhantus, a

Mathematician of Alexandria, who first wrote

on the subject, about the third century of the

christian era. He solved a great number of

curious problems, and it is to his treatise

that we are at the present day indebted for

most of our knowledge on the subject. The

following problem will serve to show the na-

ture of the Diophantine analysis.

Let it be required to find a right-angled

triangle whose sides shall be commensurable

with each other.

If we denote the lengths of the three sides

by x, y and z, respectively, « denoting the

hypothenuse, we shall have

«3 = X* + if (1).

It is required to find rational numbers, which,

when substituted for x, y and 2, will satisfy

equation (1). We first substitute for z.x + u,

which gives

x' + 2xu + u* = x* + y' or y' = 2xu + u',

whence
2tt

(2).

Any rational numbers assumed for y and

u, will give a rational value for x and z. If

it is required that the sides of the triangles

shall be expressed in whole numbers, we

have simply to assume such values for y and

u, in whole numbers, as will make x a whole

number. To find what numbers will satisfy

this condition, we first find expressions for

the sides of the triangle in terms of y and u,

which are, when'cleared of fractions,

2yu, y' — v? and y' + u',

in which u cannot be equal to y and cor-

respond to any triangle. First, assume K=l,

and y = 2 ; the three sides will be 4, 3 and 5.

If we make u = 1, and y = 3, we have the

sides 6, 8 and 10. If we make u = 2, and

y = 3, the sides are 12, 5, 13, and so on.

The problem evidently admits of an infinite

number of solutions.
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In this branch of analysis, but few rules

can be laid down, the successful solution of

each case requiring some device, chiefly de-

pendent upon the nature of the particular

problem.

A few examples will further illustrate the

general method of treating Diophantine prob-

lems.

I. To separate a given square number into

two parts, both of which shall be square

numbers.

Denote the given square number by a',

and the required square numbers by x' and

and y', respectively ; then we have only to

satisfy the equation

x' + y* = a' or x" — a' — y'.

Assume
px qx

a + v = —> and a — y = —

>

q p

from which we readily deduce

2a
(f + q')x (P

>— i and 2y = — -q')x

pq
*

pq

and from these equations, finally

2j>?& , (?' - ?')« ...
x = -=—;—-> and y =—;—;—5- • (1),

p + q * p + q

in which the values for p and q may be as-

sumed at pleasure.

If a is equal to the sum of two squares,

p and q may be assumed so that p' + q' = a,

in which case the expressions for x and y
will be entire ; they will also be entire if

p" + ?
2 is equal to any factor of a, and as

many different integer, values for them may
Be found, as there are ways of resolving a, or

any of its factors, into the sum of two squares.

Resolve (65)
2 into two squares.

Here 65 = 8 2 + I
2 = T + 42

,

also 13 and 5, which are factors of 65, give

13 = 32 + 22
, and 5 = 22 + l

2
.

In the first place, assumey=8, and q= l
;

these will give

x = 16, and y = 63 ; and 16s + 632 = 652
.

In the second place, assume p — 7 and

q = 4 ; these give

x = 56, and y = 33 ; and 562 + 33 2 = 652
.

In the third place, assume p = 3, and

q = 2 ; these give

X = 60, and y = 25 ; and 602 + 252 = 652
.

In the fourth place, assume p = 2, and

{ = 1 ; these give

x = 52, and y = 39 ; and 522 + 39 a = 65s
.

There are an infinite number of fractional

solutions.

II. To resolve a number which is equal to

the sum of two given squares, into two parts

which shall be perfect squares.

Denote the given squares by a' and A2 , and

the required ones by x' and y', respectively.

From the conditions of the problem, we
have the equation

Is + J/
2 = a2 + J2 , or a2 - x' = y

2 - i2 .

Assume

a + x = p(y + b)
• and a — x —

q(y-b)

q p

whence, by combination, we deduce the

values of x and y ;

ap* + Zbpq — aq'

p*+q*

bq' + 2apq — i

and

y
• .j>

2 + ?
2

in which values may be assumed at pleasure,

for p and g. If the given sum a' + b* can

be resolved into factors which are squares of

whole numbers, it will be better to resolve it

into its factors which, in that case, will also

be sums of two perfect squares ; then their

product will give the required squares : thus, if

a2 + b' = (m2 + m2
)
(m' 2 + »'2

), then will

a2 + b'* = (mm' ± nn')' + (mn'± m'ri)*
;

and, therefore,

x = mm'± nn', and y = mn'± m'n.

1. Resolve (9
2 + 22

) into two parts which

shall be perfect squares, and also whole

numbers.

Here (9 2 + 22
) = (2

2 + I
s
) (4

2 + I');

whence,

m = 2, n — 1, m' = 4, and n' = 1

;

these give

x = 9, and x = 7 ; also y = 2, and y = 6
,

hence, 85 = 9» + 22 = 72 + 6 2
.

The first pair are the given squares, and

the second pair the required ones.

If the given number cannot be resolved

into factors of the proposed form, the problem

cannot be solved in whole numbers, but there

will be an infinite number of fractional solu-

tions.
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2. Resolve 2a + l
a into two parts which

will be perfect squares. Here a = 2 and

b = 1 ; which in the formulas first deduced,

give for the assumed values

29 , 2
p= 2 and y = 3, x = tj; and y = -jg' whence

/29\» / 2 \*
23 + 1

.

a = (r3)
+

(r3J-

III. To find three square numbers which

are in arithmetical progression.

Denote the required squares by x', y* and

z' ; then from the conditions of the problem,

x* + za = 2y
a

.

Assume x = m-\- n and z= m—n, whence

y
a = ma + n*.

Again assume m = p' + y
a and n = 2^y ;

we have,

x = p' — q' + 2py, z = ^>
a — y

a — Zpq and

V = P
a + ?

a
J

in which j> and q may be assumed at plea-

sure. If

p = 2 and y = 1 ; x' = 7s , i 3 = l
a
, f = 5a

,

and the progression is 49, 25, 1.

IV. To resolve the sum of three squares

which are in arithmetical progression into

three parts, which shall be perfect squares,

and also in arithmetical progression.

Denote the given squares by a', b", and c",

and the required squares by xa
, j/

a and sa
, re-

spectively, and take s — a' + Sa + c*. From
the conditions of the problem, we have

a' + b' + c' = x' + y' + z\

ia + 2a = 2y
a

, and evidently,

y' = S
a

; whence

x' + z' = 2Ja .

We may, as in the second problem, deduce

values of x and z in terms of the indetermi-

nate quantities p and q ; or, we may in the

formulas there deduced, make a = b and

change y into z, whence

_ (p
a + %yq - ?

a
)Z>

and z =

p
a + y

a

(?
3 + 2p? -

y = °,

P
a
)j

?
a + y

a

in which values for p and y may be assumed

at pleasure.

1. Find three squares in arithmetical pro-

gression, whose sums shall be equal to

l
a + 5s + V = 75.

Here, a = 1, 5 = 5 and c = 7.

/85V
1st. If p=3, and y=2, then ia= I j-3 1 >

/35\ a

y> = 5a
, and *a = f j^\ j

The required progression is

If 2> = 4 and y = 3, the progression is

(?)' - (¥)'

If j) = 5 and y = 4, the progression is

/245\ a .„ /155\ a

(ir)'
5

' («)
dec., dec dec, &c.

If it were required to find the values of z,

y, and «, so that they would be whole num-

bers, it would be necessary to assume the

given progression such that b' would be equal

to the sum of two integral squares. This

will always be the case when b is equal to

the product of any number of prime factors,

each of which is of the form in + 1, n being

a whole number.

Thus, if b — (4 + 1) (12 + 1) = 65, we
have the following progressions,

13a + 65a +"91 a = 12675.

23a + 65a + 89 a = 12675,

35 2 + 65a + 85 2 = 12675,

47a + 65a + 79 a = 12675.

DI-RECT'. [L. directus,'from dirigo, to

make straight].

Dikect Demonstration, in contradistinc-

tion to the indirect demonstration, or the

reductio ad absurdum. In the direct demon-

stration the premises employed in each step

of the reasoning, are either axioms, defini-

tions, or truths, previously demonstrated. In

the indireet demonstration, the premises in

some of the steps may depend upon one or

more hypotheses. See Demonstration.

DI-RECT'ER PLANE. In the first class

ofwarped surfaces, the plane to which all of the

right lined elements are parallel, is called the

plane directcr of the surfaces. Since an infi-

nite number of planes can be passed which

shall "be parallel to any plane directer, either

one may be assumed as the plane directer of

the surface ; in fact, when the plane directer
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is pointed out, its direction only is intended.

See Warped Surfaces.

, DI-RECT'LY PROPORTIONAL. A term

used in contradistinction to the term inversely

proportional. Two quantities are directly

proportional when they both increase or de-

crease together, and in such a manner that

their ratio shall be constant.

DI-RECT'RIX of a conic section, is a

straight line, such that the ratio obtained by
dividing the distance from any point of the

curve to it, by the distance from the same

point to the focus, shall be constant; If PA
represent a conic section, whose directrix is

CD, and focus F, then will

PC
-pp == c, a constant quantity.

If PC > PF, the curve will be an ellipse ; if

c
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line limited towards its centre AT = 0, 01 the

directrix passes through the principal vertex

When c = ro, which corresponds to the case

in which the hyperbola becomes two parallel

straight lines perpendicular to the transverse

axis AT = — a, or the directrix passes

through the centre of the curve. For all other

values the directrix will lie between these

extreme positions.

In the parabola, as we have already seen,

the distance from the focus to the vertex of

the curve is always equal to the distance from

the vertex to the point in which the directrix

cuts the axis. ' If a = 0, which corresponds

to the case in which the ellipse becomes a

point, and the hyperbola two straight lines

which intersect each other, we shall have for

both lines AT = 0, which shows that the

directrix passes through the centre.

In Descriptive Geometry, a directrix is a

line along which the generatrix moves in gen-

erating a warped or single curved surface.

DIS-CON-TIN'U-OUS. Broken off, inter-

rupted, gaping.

Discontinuous Function is a function

which does not vary continuously as the va-

riable increases uniformly.

The function, - Vx* — a1
, is a discon-

tinuous function ; for, if we suppose x to in-

crease uniformly from — to, the function

will decrease to the value x = a, when it

becomes 0. From x — — a to x = + a,

the corresponding values of the function are

imaginary ; and from x = a to x = to,

the function increases.

The function, tan x, is always an increas-

ing function
; but it changes its sign by pass-

ing from + to to — ro, and' the reverse for

x = 90°, and x = 270°.

DIS'COUNT. An allowance made by the

creditor for the payment of money before it

is due. The actual amount to be paid is

called the present value of the bill or note,

and the difference between the amount spe-

cified in the bill and the present value, is the

discount.

If A gives a note to B for 106 dollars pay-
able in one year, the present value of the note

at 6 per cent is 100 dollars ; because, if 100
dollars be placed at interest for one year, at

6 per cent, the amount at the end of the

year will be just 106 dollars.

In any case, the true present value of a

note, payable at some future day, is the sum
which, being placed at interest for the given

period, and at the given rate per cent, will

at the end of the time amount to the sum
specified in the note, or what is called the

face of the note. The following rule will

serve to determine the present value of a

note.

Add to 1 dollar its interest for the given

time at the given rate, and divide the face of

the note by this sum ; the quotient will be the

present value. Subtract this from the face

of the note, and the remainder will be the dis-

count.

When the payments are to be made in in-

stallments at different times, -find, by the

above rule, the discount on each payment,

and the sum . of these will be the total dis-

count.

Bank Discount. Bankers adopt a differ-

ent rule for reckoning discount, and one

which is much more favorable to them than

the one just explained. This kind of dis-

count is called Bank Discount, is always paid

in advance, and is estimated as follows :

Compute the interest on the face of the note,

for the given time, at the given rale per cent

;

this is the bank discount ; and being taken

from the face of the note, leaves what is paid

to the holder.

The bank discount on a note of 106 dollars

for one year, at 6 per cent, is $6,36, and the

present value is therefore $99,64, instead of

$100, as given by the first rule.

The discount on notes is usually taken

from tables, prepared for the purpose, from

which the discount may easily be found for

any sum, at any rate per cent, and for any

given period of time.

DIS-CReTE'. [L. discretus, separate, dis-

tinct].

Discrete Proportion is one in which the

ratio of the first term to the second is equal

to that of the third to the fourth, but not

equal to that of the second to the third : thus,

3 : 6 : : 8 : 16. The proportion 3 : 6 : : 12 : 24

is not a discrete but a continued proportion,

or a geometrical progression. A discrete

quantity is one which is discontinuous in its

parts.
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DIS-CUSS'. [L. discutio, to debate, to ex-

amine].

DIS-CUS'SION of a problem or of an

equation, is the operation of assigning every

reasonable value to the arbitrary quantities

which enter the equation, and interpreting

the results. An example of the discussion

of an equation may be seen under the head

of Eccentricity, where the equation express-

ing the eccentricity of a conic section is

fully discussed.

DIS'TANCE. [L. distantia, dis, from, and

sto, to stand apart]. The distance between

two points is the length of a line joining the

two points, expressed in terms of some line

which is assumed as the unit of length. The
numerical value of the distance is the ratio

of the unit of measure to the distance to be

measured or expressed. When not other-

wise specified, the distance between two

points is understood to mean the shortest dis-

tance, or the distance estimated on a straight

line joining the points.

In Surveying, distances are distinguished

as vertical distances or heights ; horizontal

distances, or those estimated in a horizontal

plane ; and oblique distances, which are nei-

ther horizontal nor vertical.

We shall only consider horizontal dis

tances ; these may be classed into accessible

and inaccessible.

1. Accessible distances are those which

may be measured by the direct application

of some linear unit of measure.

This class of distances requires no further

consideration than the mere statement, that

they are ascertained by the repeated applica-

tion of some convenient scale, which may be

a chain, tape, or measuring-rod. In field-

surveying, the unit of measure is Gunter's

chain, which is 66 feet in length, and is sub-

divided into hundredths, called links. Tapes

and measuring-rods, when employed, may be

of any convenient length, and may be subdi-

vided into links, or into feet and parts of a

foot.

In all cases, when a horizontal distance is

to be measured, care should be taken to keep

the chain or rod truly horizontal. The accu-

racy of the measurement will depend upon

the care exercised, and upon the nature of

the apparatus employed. When great accu-

13

racy is necessary, the base apparatus, already

spoken of, is most to be relied upon.

2. Inaccessible distances are those which

either cannot be reached, or which are incon-

venient to reach, so as to apply to them the

linear unit. Such distances are determined

by measuring an auxiliary distance and cer-

tain auxiliary angles. From these data the

required distances are computed by the rules

of Trigonometry. They may also be deter-

mined, approximately, by various methods,

employing the simple principles of Elemen-

tary Geometry. There is still a third method,

by means of the known velocity of sound

through the atmosphere. We shall consider

these methods separately.

I. By Triangulation. There are several

cases :

1. To determine the distance from a given

point to an inaccessible point.

Let C be the inaccessible point, A the

given point, and let it be required to deter-

mine the distance AC. Select some point B,

from which both A and C are distinctly visi-

ble, and measure the distance AB, the angle

CAB, and the angle CBA. Then, in the tri-

angle CAB, there will be known a sufficient

number of parts to determine the remaining

ones. From the known angles A and B, the

third angle C may be found, and then we
shall have the proportion

sin C sin B : : AB : AC
,

sin B
• AC = AB -^-s.

sin C

2. To find the distance between two ob

jects, when there is an intervening obstacle

Let A and B (next Figure) represent tht

objects between which the distance is re

quired. Select some point C, from whicl

both A and B are visible, and measure the

distances between AC, BC, and the angle C.
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We have, to determine the two angles at A
and B, the following proportion,
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ble, and a station F from which A and C are

M
Jfl-^

AC + BC : AC - BC : : tan |(A + B) :

tani(A-B),

from which the angles may he found, and the

side AB of the triangle ABC, may then be

found by the method given in the first casei

3. To determine the horizontal distance

between two inaccessible objects.

Let E and W be the objects. Select two

stations,, A and B, from which both objects

may be distinctly seen, and which are visible

from each other.

Measure the distance AB, the angles EBW,
EBA, EAW, and WAB.
From the given parts of the triangle EAB,

the side EB may be determined, as in the

first example. Also, from the triangle ABW,
the side BW may be determined by the same
rule ; then in the triangle EBW there will be

known the sides EB, BW, and their included

angle, from which EW may be found, as in

the second case.

4. To determine the distance between two
points which are inaccessible, and such that

no station can be found from which both are

visible at the same time.

Let A and B represent the objects ; select

two points, C and D, which can be seen from
each other, and such that the object B is visi-

ble from D, and the object A from C ; select

also a station E from which B and D are visi-

visible. Measure the distances FC, CD, DE,
and the angles CFA, ACF, ACD, BDC,
BDE and BED. In the figure draw an aux-

iliary line CB.

From the two triangles AFC and BDE, the

sides AC and BD nfay be computed, as already

explained in problem first. In the triangle

BCD we shall then know two sides, and their

included angle ; we may, as in problem

second, determine the side BC and the angle

BCD ; subtracting the angle BCD from

ACD gives ACB, and in the triangle ACB we

shall therefore know two sides and the in-

cluded angle from which the third side AB
may be found as before.

5. To find the distance of an* object from

either of three points whose relative positions

are known. Let P denote the object and let

A, B, and C denote the fixed points, and

suppose that we know the distances AB, BC,

and CA, also the angles ABC, ACB, and

BAC. From P measure the angles APC and

BPC.

£>'-

In the figure draw AO, making the angle

OAB equal to OPB and BO, and making the

angle ABO equal to the angle APO. In the

auxiliary triangle AOB, we know the side

AB, and the angles at A and B, and we com-

pute the side AO and the angle OAB ; the

angle OAB taken from CAB gives OAC, and
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we shall then know the angle OAG, and the

sides OA and CA, from which the angle ACP
may be computed ; then in the triangle ACP
we shall have given the side AC, the angles

ACP and APC, and consequently the third

angle PAC ; the sides AP and PC may then

be computed. In like manner the side BP
may be found. For a more complete discus-

sion of this problem in its different cases, see

Problem of Three Points.

A judicious combination of the various

cases just discussed, will be amply sufficient

to determine any inaccessible distance.

II. To determine the distance between two

points without instruments for measuring

angles, by the aid of the principles of Ele-

mentary Geometry.

I. To determine the horizontal distance

from a given point to an inaccessible object.

First method.

Let A be the inaccessible object, and E
the point from which the distance EA is to

A

C,--
B

D F E
be determined. At E, lay off a right angle

AED, and select a station at any point D of

the line ED. Range a flag-staff between D
and A, at some point as C, and lay off a line

CF perpendicular to DE ; measure the dis-

tances DF, CF and DE ; then, from similar

FC X DE
DF : FC : : DE : AE ; .\ EA =

'

DF

Second Method.

Let A be the inac-

cessible object, and

B the given point.

Select a station at

some suitable point

C
;
and then range

the flag D in the line

AB, and the flag E
onthelineAC. Mea-

sure the distances D
BC, CE, BE, BD,

and DC.

In the triangle BCE all the sides are

known, and the angle BCE may be found

from the formulas given in plane trigonome-

try. From this we can find its supplement,

which will be the angle ACB. In like man-

ner we can find the angle ABC, and then in

the triangle ABC we shall know two angles

and the included sides, from which to find

the side BA, the required distance.

2. To find the distance between two inac-

cessible objects.

Let Q and R be the positions of the ob-

jects. Assume some convenient point as B,

and measure off in the lines BR and BQ,
equal distances BC and BA ; then find a

point D such that PD and CD shall be equal

to AB and BC. Plant flags at and P, the

former at the intersection ofAD and CQ, and

the latter at the point of intersection of CD
and AR ; then will the auxiliary triangle

ODP be similar to the triangle BQR. Mea-

sure the distances OD, OP, and PD : then

will

OP x BA°
RQ ~ orTx DP '

for, from similar triangles,

PD : DA : : AB : BR
AB»

BR = -pg-' and

OD : OP : : BR : RQ .'. RQ =
AB 2 OP
OD DP'

3. To find the distance from a point to any

distant object, by means of a micrometer

attached to a telescope.

Instruments of this kind have been con-

structed, by means of which very small

angles can be measured. In employing them

for measuring distances, all that is necessary

to know is the angle subtended by an object

of known dimensions, placed either horizon-

tally or vertically at the remote extremity of

the distance which we wish to measure. Ap-

proximate results may be obtained if there is
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a house at that extremity built of bricks of

the ordinary size, by regarding four courses

in height as equal to one foot, or four in length

as equal to one yard. Distances thus found

will be tolerably accurate, if care is taken to

make the line whose subtended angle is mea-

sured, exactly at right angles with the teles-

cope. The best method, when practicable, is

to plant a staff at one extremity of the dis-

tance, of known length, and exactly vertical,

whilst the observer, with his micrometer,

stands at the other. If h denote the height

of the object, a the angle subtended, and D
the distance, then will

D — % h cot ^ a ; or, D = h cot a.

The first formula is used when the angle

is a large one, and the eye opposite the middle

of the object whose angle is measured ; the

latter one will apply when the eye is opposite

one extremity of the line whose angle is

measured, or when the angle is very small.

When a table of natural tangents is not at

hand, a very close approximation for all angles

less than a half degree, and a tolerable one

for all angles up to a degree, will be furnished

by the following rule

:

If the distant object whose subtended

angle is measured, is equal to one foot, and

if «' denote the number of minutes, or n"

the number of seconds in the measured

angle, the distance will be given by the for-

mulas

D = n' X 3437", and D = n" X 206264".

If the distant object be 3, 6, 9, &c, feet,

multiply the values thus obtained by 3, 6, 9,

&c, respectively.

III. By the Velocity of Sound. It is found

both by theory and experiment that at the

same temperature, the velocity of sound
through the atmosphere is constant, and at a

standard temperature of 32° is equal to

1089/- 42 per second. For any other tem-

perature, the velocity is given by the formula,

V = 1089/.42V 1 + (t - 32°) X 0.00208,

in which V denotes the velocity, and t the

number of degrees indicated by a Fahrenheit

thermometer.

To use this formula to compute distances,

let a gun be fired at the remote station, and
by the aid of a watch, which beats half or

quarter seconds, note the length of time

which elapses between seeing the flash and

hearing the report ; note also the tempera-

ture, thus obtaining the value of t. The in-

terval expressed in seconds multiplied by

1089/.42t/ 1 + {t - 32°) X 0.00208,

will give the distance required in feet. When
the data have been noted carefully, the for-

mula gives a very close approximation to the

true distance.

When it is not desirable to attain great

accuracy, the following rule will be suffi-

ciently accurate':

Assume the velocity at 32° equal to 1090

feet, and add a half foot for each degree

above 32°, or subtract a half foot for each

degree below 32°
; multiply this by the in-

terval in seconds, and the product will be the

distance required in feet.

DI-VERG'ING. Receding, separating.

Diverging Series is a series in which each

term is numerically greater than the pre-

ceding one, as

1:3 9 . 87 : 81 Ac.

DI-VlDE'. [L. divido, to part]. To resolve

or separate into parts or factors. One quan-

tity is said to be divisible by another, when it

can be resolved into two entire factors, one

of which is the first quantity or divisor.

When divisible is used, it implies the second

factor is an entire quantity, or sometimes

that it is a commensurable quantity. This

is the elementary idea, but by extension, the

term has lost much of its original significa-

tion, and we say that one quantity can be

divided by another, when a third quantity can

be found, which, multiplied by the first, will

produce the second. The first and third

quantities are called factors.

In Topography, a divide is a ridge of land

which separates the affluents of one stream

from another. It is an irregular line, and

the crest, of the dividing ridge. The divide

between any two' streams, may be traced

upon a map by drawing a line so that it shall

head all of the affluents of both streams.

DIV'I-DEND. A quantity which is to be

divided by another, called the divisor.

DI-ViD'ERS. A mathematical instrument

used in laying off distances, and describing

circles in drawing.
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It is made of steel, or of a combination of

steel and other metals, and consists essen-

tially of two legs ab and cb, which turn about

a hinge at b. The legs are terminated in

sharp points, and are sometimes so con-

structed as to admit of one or both legs being

removed, so as to be replaced by a pencil or

pen. The use of the instrument is apparent.

Dividing Land. In Surveying, is the ope-

ration of marking out upon a field lines, so

that the portions thus marked out, may con-

tain either certain given areas, or may bear

fixed ratios to the whole tract to be divided.

Fields are so differently shaped, that it is dif-

ficult to give any system of rules that will

apply in all cases of the division of estates.

The following principles, when judicio'usly

combined, will serve to guide the surveyor in

most cases.

I. To run a line from the vertex of a tri-

angular field, that shall divide it into two

parts, which shall have to each other the

ratio of m to n.

Let ABC be a

plot of the field,

and A the vertex

of the angle from

which the divid- B D C
ing line is to be run. Measure the side BC,

and divide it into two parts, which shall bear

to each other the ratio of m to n. Let D be

the point of division. In the field, measure

off the distance BD equal to its value found,

and at D plant a staff ; then will the line run

from A to D be the dividing line required.

II. To run a line parallel to one of the

sides of a triangular field, so as to divide it

into parts, which are to each other as m is

to n.

Let ABC be a

plot of the field,

and let it be re-

quired to run the

dividing line pa-

rallel to the side

AC, so that the

part BEF shall

be to the part

EFAC, as m is to n. On CB, as a diameter,

describe a semi-circle. Divide the side BC
into two segments at D, such that

BD : DC : : m : n;

at D erect the perpendicular DG, cutting the

circle in G ; draw the chord GB, and with B
as a centre, and with GB as a radius, de-

scribe the arc GE, cutting the side in E
;

through E draw the line EF parallel to CA,
and it will be the dividing line required. For,

BD • DC : : m : n ; whence,

BD : BD + DC : : m : m + n(l),

but from a known property of the circle, we
have

GBa or BEa
• BC2

:
• BD . BD+DE,

or BE3
. BC* : m : m + n .

But the triangles BEF and BCA, being simi

lar, give the proportion,

BEF : BCA : : BE" . BCa
: : m . m+n,

whence, by division,

BEF • BCA -BEF :• m : »,

which agrees with the construction.

The distance BE may be computed from

the above data, and the distance BF may
be found from the proportion

BE : BC . BF : BA,
BE X BA

BF = BC
Measure off, in the field, on the side BC the

distance BE, and plant a staff at E ; in like

manner, measure off the distance BF, in the

line BA, and plant a staff at F ; then will

the line run from one staff to the other be

the dividing line required.

III. To run a line from a point in the

boundary of a polygonal field, so as to cut off

from the field a given area.

Let ABCD ... A be a plot of the field, ob-

tained according to the rules laid down for

field surveying, and let it be required to

run a line from a point A, so that the portion

ABCHA cut off, shall be equal to a given

area S.

We may> find, by examining the plot, or

by a rough computation of the area by

the aid of the dividers and a scale of

equal parts, the angular point of the field

nearest to which the dividing line will termi-

nate. Suppose this point to be C. Draw

the line AC ; this is called the first closing

line. From the field notes the bearing and

length of the course CA may be determined,
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mi then the area ABC may be computed as

though it were a separate field. Suppose

that the area thus found is less than S, and

pendicular to CD ; know-

ing the bearings of AC
and CD, we can find the

angle ACG, and the sine

of this angle multiplied

by the distance CA, will

give the length of the

perpendicular AG, which

denote by h ; then will

the line CH be equal to

the area of the triangle

ACH divided by halfofits

S -S'
altitude, orCH = —r-,—

t«

Measure off in the field, upon the side CD,

the distance CH, and plant a staff at H ; then

will the line run from A to H be the dividing

line required. If S' > S, the point H will

fall upon the side CB, and we shall then

have to use the angle BCA, and a perpen-

dicular to the side BC. The process will

be entirely analogous to that already con-

sidered.

If the point from which the dividing line

is to be run, is not at an angular point of the

field, but on a side, we may regard the side

upon which it is situated as two separate

courses, meeting at that point, both having

the same bearing.

DI-Vi"SION,< Is the operation of finding

from two quantities a third, which multiplied

by the first shall produce the second. The first

is called the divisor, the second the dividend, and

the third the quotient. Both divjsor and quo-

tient are factors of the dividend. Division

might then be defined to be the operation of

finding the second factor of a given quantity,

knowing the first.

We shall consider in their order, 1st. Arith-

metical division, and second, Algebraical divi-

sion.

I. Arithmetical Division.

1. When the numbers are expressed in the

scale of tens.

Write down the dividend, and on its left

write the divisor, separating them by a line.

Beginning with the highest order of units of

the dividend, pass on to the lower orders

until the fewest number of figures is found

denote it by S'. It now remains to find the

point H, such that the triangle ACH will be

equal to S — S'. In the plot draw AG per-

that will contain the dividend ; see how many
times the divisor is contained in these figures

and write the number on the left for the first

figure of the quotient ; the unit of this figure

will be the same as the lowest unit used in

the dividend. Multiply the divisor by this

figure of the quotient, and place the product

under the figures of the dividend used ; sub

tract this from the figures used, and to the

remainder bring down the next figure of the

dividend ; see how often the divisor is con-

tained in this result, and write the number as

the second figure of the quotient
;
proceed as

before and continue the operation until all

the figures of the dividend have been used

;

the final result will be the quotient sought.

If the final remainder is 0, the division is

said to be exact, or the dividend contains the

divisor an exact number of times ; if the re-

mainder is not 0, the division is not exact, and

the quotient is true to within less than 1.

The operation may be verified by multiplying

the quotient obtained by the divisor, and add-

ing to the product the remainder, if theTe is

one ; this last result should be the same as

the dividend, if the operation has been per-

formed correctly.

2. When the numbers are expressed in vary-

ing scales.

There may be several cases, according as

the numbers are expressed in terms of ordi-

nary fractional units, or in some of the vary-

ing scales of commerce.

If the numbers to be divided are fractions,

they will be either vulgar or decimal.
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1st. Division of vulgar fractions.

Reduce both dividend and divisor to the

form of simple fractions, if one or both are

mixed fractions ; invert the terms of the divi-

sor and multiply the dividend by the resulting

fraction ; the product will be the fractional

quotient, which should be reduced to its low-

est terms, or sometimes to a whole number

by the rules for the transformation of frac-

tions.

1. Divide 5|by2^; 5f = ^ and 2| = If,

hence the quotient is equal to

43 X 7 _ 301

8 X 15
=

120'

which cannot be reduced to lower terms.

If one of the numbers is a whole number,

it may be regarded as a vulgar fraction whose

denominator is 1.

2d. Division of decimal fractions.

Both dividend or divisor, or either one may
be a mixed decimal, but the rule applies to

all.

Write down the dividend and divisor as in

whole numbers, annexing as many 0's to the

dividend as may be necessary ;
perform the

division as in whole numbers, continuing the

process to any desirable extent, or till a re-

mainder is found equal to ; then point off

from the right hand as many decimal places

as the number of decimal places in the divi-

dend exceeds that in the divisor ; if there are

not so many in the quotient, prefix 0's till the

requisite number is obtained ; the result will

be the quotient.

When the numbers are expressed in any

of the varying commercial scales, as founds,

shillings, and pence, or in any other of the

irregularly varying scales, there may arise

two cases ; 1st. when the dividend is ex-

pressed in the varying scale, and the divisor

in the scale of tens ; and 2d. when both

dividend and divisor are expressed in varying

scales.

1st. When the divisor is expressed in the

scale of tens.

In this case the quotient will be expressed

in the same scale as the dividend.

Divide the number of units of the highest

order in the dividend by the divisor, the quo-

tient will be the number of units of the same

order in the quotient sought. Multiply the

remainder by the number of units of the next

lower order which make one of this order,

and to the product add the number of units

of the next lower order in the given number
;

divide this sum by the divisor and the quotient

will be the number of units of this order in

the quotient sought ; continue this operation

till the lowest order of the scale is reached,

and the result will be the quotient sought.

1. Let it be required to divide £25 8s. 6d.,

by 3. The operation is as follows :

£, s. d. £ s. d.

3)25 8 6(8 9 6

24

1

20
28"

27

1

12.

18

J£

The operation may be much simplified in

practice.

2. Wlien both dividend and divisor are express-

ed in varying scales. In this case it is neces-

sary that they should both be reduced to the

same unit, and then the quotient will be ex-

pressed in the scale of tens.

Reduce both dividend and divisor to the

same absolute unit, generally the lowest unit

of the scale ; then divide as in whole num-

bers.

1. Divide £25 10*. 9d. by 18*. lid. If

both be reduced to pence, we have

£ s. d. d. s. d\ d.

25 10 9 = 6129 and 18 11 = 227,

whence

6129

22„
= 27 the quotient required.

Or both might have been reduced to deci-

mals of a pound, thus

;£, s. d. £ s.

15 10 9 = 25.5375, 18

whence

25.5375 _
.94583

_ 27
'

the same quotient as before. These rules

will enable us to perform any case of arith-

metical division. For a method of verifica-

tion of division, see Properties of the 9's.

d. £
11 =.94583 +
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II. Aloebraical Division.

1st. Division of monomials.

Divide the co-efficient of the dividend by

the co-efficient of the divisor, for the co-effi-

cient of the quotient ; after this, write all the

letters which enter the dividend and divisor,

giving to each an exponent equal to the ex-

cess of its exponent in the dividend over that

in the divisor; the result is the quotient

sought.

If the signs of the dividend and divisor

are alike, the sign of the quotient will be plus

;

if they are unlike it will be minus.

The exact division is impossible : 1st, when

the co-efficient of the dividend is not exactly

divisible by the co-efficient of the divisor : and

2d. when the exponent of any letter in the

divisor is greater than it is in the dividend.

This last case includes that in which the divi-

sor contains a letter which does not enter the

dividend.

As to the co-efficient, if the exact division

is not possible, it may be indicated, and by

the employment of negative exponents the

remaining operation may always be indicated.

2<Z. Division of a polynomial by a monomial.

Divide each term of the polynomial by the

divisor separately, and .the algebraic sum of

the separate results will be the quotient

sought.

3d. Division of polynomials.

Arrange both dividend and divisor with

reference to the same leading letter ; divide

the first term on the left of the dividend by

the first term on the left of the divisor, and

the quotient will be the first term of the quo-

tient ; multiply the divisor by the term of the

quotient found, and subtract the product from

the dividend for the first remainder : divide

the first remainder by the first term of the

divisor for the second term of the quotient

;

multiply the divisor by this term of the quo-

tient, and subtract the product from the first

remainder for the second remainder ; con-

tinue the operation till a remainder is found

which is 0, »r till one is found whose first

term is not exactly divisible by the first term

of the divisor.

In the former case the division is exact, in

the latter the exact division cannot be per-

formed.

The following rules serve to indicate, by

inspection, certain cases in which the di-

vision cannot be exactly performed.

1st. When the term of the dividend which

contains the highest or lowest power of any

letter, is not exactly divisible by the term of

the divisor which contains the highest or

lowest power of the same letter.

2d. When the divisor contains a letter

which does not enter the dividend.

3d. When the dividend is a monomial, and

the divisor a polynomial.

If the dividend contains a letter which

does not enter the divisor, the division cannot

be performed unless the co-efficients of the

different powers of this letter are separately

divisible by the divisor. In some cases,

when the exact division is not possible, the

operation may be continued, and a result

obtained in the form of a series, having an

infinite number of terms.

The operation of the division of polyno-

mials may sometimes be shortened, by per-

forming the multiplication of each term of

the divisor by each term of the quotient, and

subtracting the product mentally from the

corresponding term of the dividend, writing

down only the last result. It may, in some

cases, be considerably abbreviated by a method

called

Synthetic Division.

This method is applicable when the divi-

dend and divisor are homogeneous, and con-

tain but two letters.

In the common method of division, each

term of the divisor is multiplied by the first

term of the quotient, and the products' sub-

tracted from the dividend ; but the subtrac-

tions are performed by first changing the

sign of the product, and then adding. If,

therefore, the signs of the terms of the divi-

sor were first changed, we should obtain the

same result by adding the products, instead

of subtracting as before, and the same for the

subsequent operations. •

By this process, the second dividend would

be the same as by the common method. But

since the second term of the quotient is found

by dividing the first term of the second divi-

dend by the first term of the divisor ; and

since the sign of the latter has been changed,

it follows that the sign of the second term of

the quotient will also be changed. To avoid

this change of sign, the sign of the first
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term of the divisor is left unchanged, and the

products of all the terms of the quotient by

the first term of the divisor are omitted, be-

cause in the usual method, the first terms in

each successive dividend are cancelled by

these products.

Having made the co-efficient of the first

term of the divisor 1, proceeding by the

method of detached co-efficients, and omit-

ting these several products, the co-efficient

of the first term of any dividend will be the

co-efficient of the succeeding term of the

quotient Hence, the co-efficients in the

quotient are, respectively, the co-efficients of

the first terms of the successive dividends.

The operation thus^ simplified, may be fur-

ther abridged by omitting the successive

additions, except so much only as may he

necessary to show the first term of each divi-

dend ; and also by writing the products of

the several terms of the quotient by the

modified divisor diagonally, instead of hori-

zontally, the first product falling under the

second terra of the dividend. The literal

part may be written immediately, since the

exponent of the leading letter will go on de-

creasing from left to right, the sum of the

exponents of both letters in any term being

constant.

We may then write the following rule

:

Divide both divisor and dividend by the co

efficient of the first term of the divisor.

Write in a horizontal line the co-efficients

of the dividend with their proper signs, and

place the co-efficients of the divisor with all

their signs changed, except the first, on the

right, observing when any term is wanting,

to supply its co-efficient by 0.

Divide the co-efficients of the dividend by

those of the divisor, after the manner of alge

braic division, except that no term of the

quotient is multiplied by the first term of the

divisor ; write the products diagonally to the

right, under the terms of the dividend to

which they correspond.

The first term of the quotient is the same

as that of the dividend ; the second term is

the sum of the numbers in the second column

;

the third term, the sum of the numbers in the

third colnmn ; and so on.

When the division can be exactly made,

columns will be found to the right, whose

gum will be : when the co-efficients are

found, annex to each the literal part, as al-

ready explained.

1. Divide

a* - 5a'x + 10a3xa - 10aV + tax* - x'

by a? — 2os + x".

OPERATION.

1-5 + 10-10 + 5-1
+ 2- 6+ 6-2

- 1 + 3-1 + 1

11, + 2-1

1-3+3-1 0, 0.

Hence, the quotient is

a3 — 3a*x + 301" — 2s .

The first term of the divisor being always

1, need not be written.

In the above operation, the first term of

the quotient is 1, which we write in the last

line under the first term of the dividend ; mul-

tiplying + 2 and — 1 by this, and placing the

results diagonally in the 2d and 3d columns,

we get +2 and — 1 ; the sum of the terms in

the second column is — 3, which we write in

the last line as the second term of the quo-

tient ; multiplying +2 and — 1, by this we get

— 6 and + 3, which are written diagonally

in the 3d, and 4th columns : the sum of the

numbers in the 3d column is + 3, which we
write in the last line, and multiply by + 2

and — 1, as before; the sum of the fourth

column is — 1 ; by continuing in this man-

ner, we find that the sum of all the remain-

ing columns are 0.

To annex the literal parts, we notice that

the literal part of the first term is a", and that

the exponents of n. must go on diminishing

by 1 in each term to the right, whilst the

exponents of x go on increasing by 1 in each

term to the right.

2. Divide

Xs - 5x* + 15z*- 241s + 27za - 13z + 5

by z1 - 2z3 + ix* - 2s + 1.

OPERATION.

1-5+15-24+27-13+5
1
1+2-4+1- 1

+2- 6+10
- 4+12-20

+ 2- 6+10
- 1+ 3-5

1-3+ 5+ 0+ 0+ 0+0.

Hence, the quotient is x' — 3x + 5.

4. Division of Radicals.
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First reduce the radicals to equivalent ones

of the same degree ; then divide the co-effi-

cient of the dividend by that of the divisor

for the co-efficient of the quotient; write

after this the common radical sign, under

which place the quotient obtained by dividing

the quantity under trie radical sign in the

dividend by that in the divisor.

5. Division by means of Logarithms.

One number may be divided by another by

means of logarithms, as follows :

Find, from a table, the logarithm of the

dividend and of the divisor ; subtract the lat-

ter from the former, and find from the table

the number corresponding to the remainder ;

it will be the quotient required.

DI-Vi'SOR. One of the factors of the

dividend ; that factor by which the dividend

is to be divided.

Divisors of a Number, are those numbers

by which it is exactly divisible ; thus, 1, 2,

3, 4, 6, and 12, are divisors of 12, because 12

may be divided by each of them without a

remainder. A prime number can only be

divided by 1 and the number itself.

1. Composite numbers admit of several

divisors. If we denote a composite number
by 2V, and its prime factors respectively by

a, b, c, &c ; and by m, n, p, &c, positive

whole numbers, we shall have

N = am b"cP

and the whole number of its divisors will be

equal to

(m + l)(n + l)(p + 1) • • • -&c.

For example, 360 = 23
. 3 a

. 51
, Here,

m = 3, h = 2, p = 1, and the whole number
of divisors of 360 is 4 X 3 X 2, or 24; that

is^theie are 24 different numbers which will

divide 360 without a remainder.

2. If required, we can find a number which
shall have any number of divisors

Denote the required number of divisors by

w, resolve w into any number of factors pos

eible, so that

w = x X y X z
;

then denote x — 1 by m, y — 1 by n, z — 1

by p &c, and we shall have

N = aa l"cf &c,

in which a, b, c, &c, may be any prime num-
bers whatever, which are not equal to each

other. For example : let it be required to

find a number which has 30 different divisors.

We have 30 = 2 . 3 . 5 ; whence, m = 1,

n = % p = 4 and N = al b' c*.

Assume a=2, b=3, c=5, we find iV=11250

' a=5, 4=3, c=2, " iV= 720

a=5, i=2, c=3 " N= 1620

&c. &c. &c. &c.

there will be an infinite number of solutions.

3. If we still suppose

JV= a.
m b»cP ....

the sum of all of the divisors of N will be

expressed by the formula

a»+i - l S«+i - 1 cr+l - 1

S = — x —7 — X — x • •

a — 1 6—1 c — 1

For example : the sum of all the divisors of

360 will be

2*- 1

S =
1 5a

X2-1 3 - 1 5-1
= 15 X 13 X 6 = 1170.

This sum includes 1 and the number itself.

4. If a number is of the form t' + u', in

which t and u are prime with respect to each

other, then will every divisor be of the same

form ; that is, of the form t" + u", in which

t' and »' are prime with respect to each

other. For example, 65 = 8s + I
s

, and its

divisors are 5 = 4a + l
a and 13 = 32 + 22

.

Also, 50 = 492 + l
a

, and its divisors are

2 = I
s
- + 1", 5 = 2s + 1», 10 = 3 s + l

a
, and

25 = 4! + 3 2
.

5. If a number is of the form I' + 2ua
,

( and u being prime with respect to each other,

its divisors will also be of the same form.

For example : 99 = l
2 + 2 . 7s

, and its

divisors are 3 = l
2 + 2 . I

2
, 9 = l

2 + 2 . 2a
,

11 = 3a + 2 . I
2 and 33 = l

2 + 2 . 4 2
• •

6. If a number is of the form f — 2aa
, its

divisors are also of the same form.

Thus, 98 = 10a - 2 . l
a

. and its divisors

are 2 = 2a - 2 . l
a

, 7 = 32 - 2 . I
s

, 14 = 4a

- 2 . I
2

, and 49 = 9 2 - 2 . 42
.

7. If a number is of the form f + 3u*,

every odd divisor of it is also of the same

form.

Thus, 133 = 5a + 3 . 62 , and its odd divi-

sors are 7 = 2a + 3.1 a
, and 19 = 42 + 3. I

s
.

8. If a number is of the form C — 5«a
,

every odd divisor of it is also of the same

form.

For example : 95 = 10a — 5 . I
s

, and its
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odd divisors are 5 = 5a — 5 . 2a and 19 = 8a

- 5 . 33
.

The above properties of divisors of num-
bers were discovered by Lagrange.

Various other properties of divisors might

be enumerated, but we shall only enunciate

some of the more useful ones, which are

employed in the theory of numbers.

1. If a is a prime number, and if x is not

divisible by a, then will a divide (a:"
-1 — 1).

2. If a is a prime number it will divide the

expression

[1 2 • 3 •• (n - 1)] + 1.

3. If a is a prime number, and of the form

in + 1, it will divide the expression

l
a

• 2a
• 3a

• m + 1.

4. If a is a prime number, and of the form

An — 1, it will divide the expression

l
a

• 2 a
• 3a

(^)T i.

5. If the sum of the digits of a number is

divisible by either 3, or 9,
% the number itself

will also be divisible by the same number, 3

or 9

6. If a number is divisible by 11, the sum
of the digits in the even places is equal to

the sum of the digits in the odd places.

7. If the number expressed by the n right

hand digits of any number is divisible by 2",

the number itself is divisible by 2™.

DO-DECA-GON. [Gr. SuSsna, twelve,

and yuvia, angle]. In Elementary Geome
try, a polygon of twelve sides or twelve

angles.

To inscribe a regular dodecagon in a circle,

apply the radius 6 times to the circumfer-

ence as a chord and the inscribed figure will

be a regular hexagon ; bisect the arcs sub

tended by each side of the hexagon, and join

each of the points of bisection with the ver-

tices of the consecutive angles ; the figure

inscribed will be a regular dodecagon.

If one side of a regular dodecagon be taken

as the unit of measure, the entire area will be

equal to 11.1961524. If it is required to find

the area of any other regular decagon, since

similar figures are to each other as the squares

hi tteir homologous sides, we have simply to

multiply the square of one side by 1 1 . 1 96 1524,

the product will be the area required.

DO-DEC-A-He'DRAL. Pertaining to a

dodecahedron. Having twelve faces.

DO-DEC-A-H£'DRON. [Gr. -jode/ca, twelve,

and eSpa, base]. A polyhedron bounded by

twelve faces. The regular dodecahedron is

bounded by twelve equal and regular penta-

gons, and is one of the five regular polyhe-

drons of geometry. The diedral angle in-

cluded between any two adjacent faces is

116° 33' 54". If we denote the length of

one of its edges by 1, the area of its surface

is 20.6457288, and its solidity 7.6631189. If

we denote the length of an edge by I, the

surface will be equal to P X 20.6457288, and

its solidity P X 7.6631189.

• If we denote by R the radius of the cir-

cumscribing sphere, we shall have the follow-

ing formulas, in which I denotes the length

of the edge, s the area of the surface, and v

the volume :

1. l = R.(^J^\

2. « = R* 10(\A~H-
3. , = r™l/* + s*.

3 V 30

In like manner, if r denote the radius of

the inscribed sphere, we have the formula

for the length of an edge,

I = r /50 - 22 -/5.

We have also, for the radius of the circum-

scribing and inscribed spheres,

V 15 + V

:

R = (±^+ZI)x and

If we have a regular dodecahedron and a

regular hexahedron, or cube, inscribed in the

same sphere, then if the edge of the cube be

divided in extreme and mean ratio, the greater

segment will be equal to the edge of the

dodecahedron.

If a line be divided in extreme and mean
ratio, and the lesser segment be taken as the

edge of a regular dodecahedron, then will the

other segment be equal to the edge of a cube
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inscribed in the same sphere. These proper-

ties are demonstrated in Button's Mensura-

tion. See Regular Polyhedron.

DOL'LAR. A silver coin of the United

States, whose value in the scale of coins

adopted is equal to 100 cents, 10 dimes or -jlj

of an eagle. See Money.

DOU'BLE. [L. duplus]. Twice as much
;

a quantity repeated once.

DOZ'EN. Twelve in number.

DRAWING. The operation of making

such a representation of an object or of ob-

jects upon a surface as to present to the eye

taken at a particular point, the same appear-

ance as that presented by the object itself.

See Perspective and Practical Geometry. The
delineation is called a drawing.

DRUM'MOND LIGHT. An intense light,

produced by directing the flame of the oxy-

hydrogen blowpipe upon a piece of quick

lime. The light thus produced rivals in in-

tensity that of the sun itself, and has been

used for photographic and other purposes

usually requiring the light of the sun.

The light was originally used by Drum-
mond for illuminating signals, so as to ren-

der them visible at a great distance, and with

such success that they might be seen at dis-

tances of 70 to 90 miles. At a distance of 7

miles, the light of Drummond cast a well

defined shadow of an opaque object upon a

screen 4 feet from the body. A pretty good
substitute for the Drummond light may be
formed by directing a stream of oxygen gas

through the flame of a spirit-lamp upon a

lump of quick lime. The Drummond light is

still used in extensive triangulations.

DU-O-DEC'I-MAL. [L. duodecim, twelve].

A system of numbers in arithmetic, whose
scale is 12 ; hence, the unit of each order is

equal to twelve times a unit of the next
lower order. This system is usually em-
ployed by artificers in estimating the super-
ficial and solid contents of their work. See
Arithmetical Scale.

Du'PLI-CaTE. [L. duplex, double]. Dou-
ble, two-fold.

Duplicate Ratio. The same as the square
of the ratio; thus, the duplicate ratio of

, . *'
a to is —r-

a*

DU-PLI-Ca'TION OF THE CUBE. The

operation of finding a cube whose volume is

equal to double that of a given cube. The

solution of this problem cannot be effected

geometrically, as it requires the construction

of two mean proportionals between two given

lines. It may be solved by higher geometry,

but its solution in this manner is rather cu-

rious than useful.

E. The fifth letter of the English alphabet

;

amongst the ancients it stood for 250. In sur-

veying, it is employed as an abbreviation for

East, one of the points of the compass.

EARTH. The name of the planet upon

which we dwell. It is the third in order

from the sun, and revolves about the sun in

an elliptical orbit, of which the centre of the

sun is one focus, in about 365J days. It

also revolves about its own axis in 24 side-

real hours, or once in each day. The plane

of the earth's orbit is called the ecliptic, and

is inclined to the plane of the equator by an

angle of about 23° 28', which angle is con-

stantly undergoing a small secular variation.

This inclination is called the obliquity of the

ecliptic, and it is to this cause that we are in-

debted for the succession of the seasons.

The figure of the earth is that of an oblate

spheroid of revolution, the polar diameter be-

ing to the equatorial diameter in the ratio of

300 to 301. The equatorial diameter is nearly

7925 English miles, and the polar diameter

about 7898 miles. The entire surface of the

earth contains more than 197£ millions of

square miles.

The knowledge of the true figure of the

earth has been obtained from the combined

results of mathematical theory, actual mea-

surements of the lengths of arcs of the me-

ridian, and careful experiments with the se-

conds pendulum, made at different points on

the earth's surface. As a great portion of

the earth's surface is covered by the ocean,

the general form of that surface must be such

as to conform to the principles of hydrostatic

equilibrium. If the earth were a fluid,, and

had no motion of rotation, its form would,

from the principles of mechanics, be nearly

that of a perfect snherc, but rotary motion
gives rise to a centrifugal force, one compo-
nent ot which is OfiDoscQ Ui gravity, and the

other acting tanjjentiail^, >*j« a tendency to
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heap up the matter about the equator, and to

flatten the sphere at the poles. This ten-

dency must continue until a state of equili-

brium is produced, which, according to theory,

will happen when the form assumed is that

of an ellipsoid of revolution. Such theoreti-

cal considerations as these, render the ellip-

soidal form of the earth probable, and careful

measurements and experiments of various

kinds, fully confirm the conclusion. See

Figure of the Earth.

EAST. In Surveying and Navigation, one

of the cardinal points of the compass. The
direction in which the sun appears to rise at

the equinox. If an observer stand with his

face towards the north, then will his right

hand be towards the east.

An east and west line through a point, is a

line which is perpendicular to the plane of

the meridian at that point, and a vertical plane

through this line is called the prime vertical

Since the plane of the circle of latitude is

perpendicular to the axis of the earth, it fol

lows that an east and west line does not coin

cide with a circle of latitude except for a

very small distance from a given point.

Where great accuracy is required, as in tra-

cing a parallel of latitude, correction has to

be made for the deviation, and the correction

will be an increasing function of the latitude,

and also of the length of the course run. At

the equator the prime vertical coincides

with the plane of the circle of latitude, and

the correction is 0. At the pole, the prime

vertical is perpendicular to the plane of the

circle of latitude, and the correction is a

maximum. For all intermediate stations, the

corrections may be determined by formulas

given in treatises on geodesy. For limited

portions of the earth's surface, the correction

is almost inappreciable, and may, unless great

accuracy is required, be entirely neglected.

SAS'TING. In Surveying, the perpendi

cular distance between

two meridians drawn

through the extremities

of a course.

If AD represent any

course run from A to D,

NS and DE the meri-

dians through its extre-

mities, and AE perpen-

the course. The easting is also called the

departure of the course in this case. Had
the course been run from D to A, the course

would have made westing instead of easting,

and the departure would be reckoned the

same as before, with its sign changed. See

Departure. In any field survey, the algebraic

sum of the eastings and westings of all the

courses, is equal to 0.

EC-CEN'TRIC. [L. eccentricus, deviating

from the centre]. Two circles, ellipses, spheres,

or spheroids, are said to be eccentric, when
one lies within the other, but has not the

same centre. The term stands opposed, in

signification, to concentric, which signifies

that one lies within the other, and that the

two have a common centre.

Two magnitudes are not properly spoken

of as concentric or eccentric, unless they are

similar.

In machinery, a circle is said to be an ec-

centric when it revolves on an axis which
does not pass through its centre. Such an

arrangement is often made for the purpose

of converting rotary into reciprocating motion.

EC-CEN-TRIC'ITY of a conic section, is

the ratio of the semi-transverse axis to the dis-

tance from the centre to the focus. If the semi-

transverse axis be taken as 1, the eccentricity

becomes equal to the distance from the centre

to the focus ; under this supposition, it forms

a very important element in astronomical

computations.

In order to find an expression for the eccen-

tricity, let us take the general equation of the

conic sections

y' = r*x* + 2px,

in which the axis of abscissas coincides with

the principal axis of the curve, the origin of

co-ordinates being at the principal vertex.

If, in this equation, we make y = 0, the cor-

2b
responding values of i, are and ^-, the

arithmetical mean of which gives for the

V
semi-transverse axis v If we again make

y = p, and deduce the corresponding values

of x, we have

P V
+ i;

if we subtract the first of these values from

diculars to NS ; then is AE the easting of I the second, and divide the result by 2, we
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shall have, for the distance from the centre to

the focus,

P

If now we divide this last distance by that

previously found, and denote the eccentricity

by e, we shall have the formula

Vi 2 + 1.

= 0, whenceFor the parabola r" = 0, whence e = 1 ;

that is, the eccentricity of the ordinary para-

bola is always equal to 1.

b

For the ellipse, r* —., in which a and b

are positive, and represent the semi-axes, a

being always greater than b for the real

ellipse. Making the substitution, and re-

ducing, the formula becomes

Va* - b"
e = .

a

If a = b, the ellipse becomes a circle, and

we find e = ; that is, the eccentricity of a

circle is equal to 0. If we suppose b > a, the

ellipse becomes imaginary, and the expres-

sion for the eccentricity also becomes imagin-

ary ; that is, the eccentricity of the imaginary

ellipse is imaginary. For every value of

b < a, the expression for the eccentricity is

less than 1, and greater than ; that is, the

eccentricity of the ordinary ellipse is always

found between and 1. If b = 0, the ellipse

reduces to a limited straight line equal to the

transverse axis, the foci being at the extremi-

ties ; in this case, also, we have e = 1 ; that

is, the eccentricity of the limited straight line

is 1.

b
If the ratio - remains constant, whilst a and

b decrease, the value of e will remain con-

stant, Which shows that the eccentricity of

similar ellipses is always the same. If a and

b go on decreasing, but retaining a constant

ratio to each other, they will both become
together ; the ellipse will become a point, and

its eccentricity will be the same as that of an

ellipse cut out of the right cone, with a circular

base, by a plane parallel to the plane through

the vertex which cuts out the point. If b is in-

finite, a being finite, we have the extreme

case of the imaginary ellipse, which corre-

sponds to the two imaginary parallel lines of

the parabola ; in this case, the value of e be-

comes V — <x>', which is imaginary ; hence,

the eccentricity of the imaginary parabola is,

like that of the imaginary ellipse, imaginary.

If we make a infinite, b being finite, we
have another extreme case of the ellipse,

which also coincides with an extreme case of

the parabola ; that is, we have two parallel

straight lines drawn through the extremities

of the conjugate axis, and parallel to the trans-

verse axis. In this case, since b' is infinitely

small in comparison with a', the numerator

will be exactly equal to the denominator, and

we shall again have e = 1' If a still con-

tinues infinite, and b goes on diminishing,

the straight lines approach each other, till

finally, when 6 = 0, they coincide, and we
have another case of the ellipse coincident

with another extreme case of the parabola,

in which the eccentricity is likewise equal

to 1.

We see, then, that for the eccentricity of

the extreme cases of the parabola, we have

for that of the imaginary parallels, an imagin-

ary expression, and for the other particular

cases, 1.

b1

For the hyperbola, ra = + -5, in which a

and b are the semi-axes, and may have any

ratio to each other. Substituting this value,

the formula gives

Va' + ¥
a

which can never be less than 1.

For b = 0, the hyperbola becomes a straight

line, limited towards the centre, the foci being

at the limiting points, and the line extending

from these points outwards, indefinitely. In

this case, e = 1 ; that is, the eccentricity of a

straight line limited towards the centre, is 1.

For all values of b greater than and less

than a, the hyperbola is acute and the eccen-

tricity is between 1 and 1/2. When b = a,

the hyperbola is equilateral, and the eccentri-

city is equal to rt
For all values of { greater than a the

hyperbola is obtuse, and eccentricity is greater

than 1/2, until we come to the value b = 03,

when the hyperbola passes to its extreme case

and becomes two straight lines parallel to the

conjugate axis, and drawn through the ex-

tremities of the transverse axis. In this case

the eccentricity is infinite. If whilst 4 re-
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mains infinite, a, diminishes, the lines will

approach each other, and when a = they

will coincide, and the eccentricity is still infi-

nite. Hence, the eccentricity of two straight

lines, or of one straight line perpendicular to

the transverse axis, is infinite.

If 4 remains constant and of any infinite

value whilst u. diminishes till it becomes 0,

the hyperbola approaches a straight line and

finally coincides with the conjugate axis, and

the eccentricity is again infinite.

If a and b vary together so that the ratio

- is constant, as a and b diminish the hyper-
a

bola approaches its asymptotes, and finally

when a and b become 0, which they will to-

gether, we shall have the particular case of

two straight lines intersecting, and theeccen-

tricity is the same as that of the similar

hyperbolas which have these lines for asymp-

totes.

By changing b into a and a into b, and

denoting the eccentricity of the conjugate

hyperbola by e' we get

Vb* + a'

and by comparison,

of the equator is constantly undergoing a

slight secular change. See Spherical Projec-

tions.

EDGE of an Angle, in Geometry, the line

in which two faces of a polyedral angle meet

each other. An edge of a polyhedron, is the

line in which two adjacent faces meet each

other. In speaking of the edge of a polyhe-

dron, the line is supposed to be limited to that

portion which lies between the vertices of the

two polyhedral angles which it joins.

EiDO'-GRAPH. A mathematical instru-

ment, invented by Wallace, and like the pan-

tograph, serves to copy plans and drawing?

on the same or on different scales.

that is, the eccentricities of conjugate hyper-

bolas are inversely as their transverse axes.

From the preceding discussion we infer that

the eccentricity of the circle is : passing

through the ordinary ellipse as it becomes

elongated, the eccentricity increases till at the

limit it becomes 1 ; passing through the para-

bola where it is 1, it continues to increase

through the acute hyperbola till at the equi-

lateral hyperbola it becomes equal to t/3~;

still continuing to increase, it finally, in the

last case, become infinite. It may be inferred, in

general, that the eccentricity of a conic section

is the measure of its departure from the circle.

It is also evident, that the value of the eccen-

tricity determines the kind of conic section.

E-CLIP'TIG. [Gr. cultim/coc ; L. Eclip-

ticus]. In spherical projections, a great circle

whose plane makes an angle of about 23° 28'

with the plane of the equator. ' The plane of

the ecliptic is the plane of the earth's orbit

about the sun, and its inclination to the plane

A rod or beam of brass AB, 30 inches long

and -| of an inch square, and made hollow for

the sake of being light, slides freely through

a hollow rectangular socket C, whose length

is 4J inches. From the lower surface of this

socket projects a steel pin, of a conical shape,

serving as an axis ; the pin entering into a

tube of a corresponding form which stands

vertically on a cylindrical mass of metal, D.

The mass serves as a base for the whole in-

strument ; and whilst the beam AB may
slide horizontally in the socket C, it is capa-

ble of turning with the socket upon the ver-

tical axis in the tube. Each end of the beam

AB carries a short tube, in a vertical position,

and through this passes the conical axis of a

wheel or pully E, F, which is placed below

the beam ; these wheels are precisely equal

in diameter, and are capable of turning freely

on their axes in a horizontal plane. The

edges of these wheels are grooved so as to

receive a piece of very thin watch spring

aE b, cTd; and the ends a and c, b and d, are

connected by a steel wire ; the pieces of

watch spring are made fast near E and F to
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the circumferences of the wheels, in order to

prevent them from slipping on those circum

ferenccs, a small movement for the purpose

of adjustment only being allowed. Small

screws at c and d serve to tighten and relax

the band as may be necessary. Under each

of the wheels E, F, are two rectangular

sockets similar to C, and in these slide, hori

zontally, the rectangular arms GH, KL, each

of which is 27£ inches long. These arms,

which turn with the wheels E and F, are

adjusted by means of the screws at c and d,

so as to be always parallel to each other. At
L is fixed • tracing point, like that of the

pantograph ; at G, a pencil in a socket or

tube ; the tracer and pencil are to be always

in a straight line, passing through the com-

mon axis of the mass D, and of the socket C
The pencil is made to press gently upon the

paper by weights, but it is capable of being

raised from it by means of a lever, one end

of which is connected with the socket which

carries it, and to the other is attacked a string

which is to be pulled by the operator when
necessary : this movement of the pencil car-

rier is facilitated by the aid of small friction

rollers.

The beam AB is graduated on its upper

surface into 100 or 1000 equal parts, and

divisions equal to them are made on the upper

face of each of the arms GH and KL. By
these divisions, the distances of A and B
from the axis D may be made to have any
given ratio to one another, and AG, BL, may
be made respectively equal to the last distan-

ces. Thus the isoceles triangles GAD, DBL,
will always be similar, and the figure describ-

ed by the movement of the pencil at G will

be similar to that over which the tracer at L
is made to pass.

E-LAS'TIC CURVE. [Gr. eXaarpeo, to

impel]. The curve taken by an elastic fila-

ment, fixed horizontally at one end, and loaded

with a weight applied to it.

Let the filament

MN be fixed at the

point M, so that

the direction of

the tangent at M
shall be horizontal in whatever manner the
filament may be bent, and let it be acted upon
by a weight at its extremity. The plane of
curvature will be vertical, and the plane of

the co-ordinate axes OMN may be assumed

as coinciding with it.

Denote by P the weight ; its line of direc-

tion will be parallel to OM, supposed vertical

;

denote the distance of the point of application

of this force from the axis OM, by p. At
any point m of the curve, an equilibrium will

exist between the force P which tends to

turn the curve about m, and the elasticity

which acts in a perpendicular to the tangent

MT, and which resists this tendency. If we
denote by E the moment of elasticity, and

call the abscissa of the point m, aj, we shall

have

V(p- x) = E.

It is generally assumed that the E varies so

as to be proportional to the tension, or in-

versely as the radius of curvature at any

point : denoting the radius of curvature by r,

and the elasticity at the point when the

radius of curvature is 1 by e, the equation of

the elastic curve will be

P (p—x) = ' or since, r -

('+&
d'y

da'

V(p-x) = e:

d'y

dx*

If the curvature is very small (-r-1 will

be very small in comparison with 1, and may
be neglected ; whence,

d'v
P(p-x) = eJ,

and by integrating twice,

P
y -t = 2^Ti <«*-*'),

k being constant and equal to OM. The

elastic curve is the same as that assumed by

a spider's web, when fixed at its extremities

and blown by a uniform breeze ; or, it is the

curve assumed by a perfectly flexible and

hollow line, fastened at its extremities and

filled by a fluid filling its entire cavity.

EL'E-MENT. [L. elemenlum, element].

If we suppose a surface to be generated by a

right line moving according to some fixed

law, every position of the moving line is
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called an element. Thus, a conic surface is

one which may be generated by a straight

line moving in such a manner as to pass

through a fixed point, and constantly touch a

given curve. Any position of the moving line

is an element of the surface.

To find an element of a conical surface

;

draw a straight line from the vertex to any

point of the base or directrix, and it will be an

element. To find an element of a cylindrical

surface, draw a straight line through any

point of the base, or directrix, parallel to the

axis ; it will be an element.

To find an element of a warped surface of

the first kind ; pass a plane parallel to the

plane director, and find the points in which

itcuts the directrices ; the straight line through

these points is an element.

To find an element of a. warped surface of

the second kind ; assume any point of the

first directrix as the vertex of a conic surface,

and take the second directrix as its base

;

join the point in which the conic surface cuts

the third directrix by a straight line, and it

will be an element of the surface.

If the surface is generated by a curved line,

every position of the generatrix is a curvi-

linear element.

In the application of Calculus to Geometry,

the term element is often used as synony-

mous with differential. Thus, the differen-

tial of a plane area is often called an element

of the area, or an elementary area. It is the

infinitely small space included between the

axis of abscissas, the curve and two ordinates,

whose distance from each other is equal to

the differential of x.

The element of a solid of revolution, or

the elementary solid, is that portion of the

solid included between two planes, both per-

pendicular to the axis of revolution, and

which are distant from each other equal to

the differential of x. The surface included

between the same two planes is an elemen-

tary surface, and so on.

In this latter sense of the term, an element

is the same as an infinitely small particle of

the same nature as the entire magnitude con-

sidered.

EL-E-Va'TION. [L. elevatio, lifting up].

In Descriptive Geometry, the same as Verti-

cal Projection.

14

Elevation, Angle op. In Surveying, a

vertical angle, one of whose sides is hori-

zontal, the inclined side lying above the

horizontal one.

In Shades and Shadows, and in Architec-

ture, the elevation of a body is the same as

its orthographic projection upon a vertical

plane.

E-LIM-I-Nl'TION. [L. e, from, and limen,

threshold]. In Analysis, the operation of

combining several equations containing sev-

eral unknown quantities, so as to deduce

there'from a less number of equations, con-

taining a less number of unknown quantities

,

There are several different processes of

elimination: we shall consider first, those

which are applicable chiefly to equations of

the first degree, supposing all the unknown
terms to be in the first member.

1. The Method by Addition or Subtraction.

Find the least common multiple of the co-

efficients of the quantity to be eliminated in

the two equations ; multiply every term of

each equation by the quotient found by divi-

ding this multiple by the co-efficient of the

quantity to be eliminated in that equation

:

If the signs of the terms containing this

quantity in the two equations are alike, sub-

tract one equation from the other, member

from member ; if they are unlike, add them

member to member ; the resulting equation

will be independent of that quantity.

1. Eliminate y between the equations

3x + 8y = 25

5x + 6y = 13.

The least common multiple of 6 and 8 is

24 ; multiply both members of the first equa-

tion by 3, and of the second by 4, and sub-

tracting, we shall have

9x + 24y = 75

20z + 24y = 52

Hi = - 23,

which does not contain y.

2. The Method by Substitution.

Find, from one of the equations, the value

of the quantity which we wish to eliminate,

in terms of the other, and substitute this for

that quantity in the second equation ; the re-

sulting equation will be independent of that

quantity.
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1. Eliminate y between the equations

ix — 2y = 6

5a; + by — 14.

From the first we fin 1 y = 2z — 3, and

this, substituted for y in the second equation,

gives

5x + 10a; - 15 = 14, or 15a; = 39,

which does not contain y.

3. The Method by Comparison.

Find, from each equation, the value of the

quantity which we wish to eliminate, in terms

of the other, and place these values equal to

each other ; the resulting equation will be

independent of that quantity.

1. Eliminate y between the equations

3x + 2y = 5 • • • (1),

4x-7y = 11 (2).

From the first we find

5 -3x9~~

ix -11
whence

and from the second

5 -3a: 4i-ll
y - 7 , —™«. 2 ~ 7

or, 29a: = 13, which is independent of y. .

4. The Method of Arbitrary Multipliers.

Multiply both members of the first equa-

tion by an arbitrary quantity, and add the

resulting equation to the second, member to

member
; place the co-efficient of the quan-

tity which we wish to eliminate equal to 0,

and deduce from this the value of the arbi-

trary multiplier ; substitute this value for the

arbitrary quantity in the preceding equation,

and the resulting equation will be independ-

ent of the quantity to be eliminated.

1. Eliminate y between the equations

3a: + 2y = 5 • • (1),

4a: — by = 10 • • (2).

Multiplying both members of the first by p,

Spx + 2py = 5p-- (3),

and adding to the second

(4 + 3p) x + (2p - 5)y = 10 + bp (4),

placing 2ij — 5 = 0, we find

5
p = g' this substituted in (4) gives

K)- :10 + -

25

which is independent of y.

Either of these methods may be employed,

and the equations will indicate which is most

convenient : by repeated applications of the

rules, a number of quantities may be elim-

inated from a group of simultaneous equa

tions, equal to the number of equations in

the group, diminished by 1

.

When the equations are of a higher degrea

than the first, the preceding methods will in

general be inapplicable. Other methods must

then be resorted to.

I. When there are two equations contain-

ing two unknown quantities, both being of

the second degree and homogeneous with

respect to these quantities, one of them may
be eliminated as follows :

Substitute, in the two equations, for one of

the unknown quantities, a new unknown quan-

tity multiplied by the other ; from the resulting

equations find the value of the auxiliary un-

known quantity, and substitute this- value, in

either the third or fourth equation, for this

quantity ; the resulting equation will be inde-

pendent of the quantity to be eliminated.

1. Eliminate y between the equations

x' + xy - y' = 5 • • • (1),

3a:
a - %xy — ty" = 6 • • (2).

Substitute for y, in (1) and (2), px ; ther

will result

x' + px' — p'x' = 5 • (3),

3a;
2 - 2px* - 2p*x* = 6 • • (4).

Finding the values of x' in terms of ]

from (3) and (4), and placing them equal h

each other, we get

5 6

1 + p — p'

or, by reduction,

3 - 2p - 2p'

p>+ ip = -, from which

P = 9 and V2
and P=~2'

The first value of p in equation (3), gives

1 1\*(i+5-!) = 6;

and the second value of p in the same equa-

tion, gives

/ 9 81 \
*°( l -2 + T)= 5

>

both of which are independent of y.

2. When t>sre are two equations of ar«y



ell] CYCLOPEDIA OP MATHEMATICAL SCIENCE. 211

degree whatever betweeniwo unkpown quan-

tities. The most usual method is

The Method of the greatest Common Divisor.

In the first place, suppose all the terms

in both equations to have been transposed to

the first members ; they may be written under

the form

/(*,y)=0. and /'(z,y) = 0.

It is to be observed, that if the equations

admit of a finite number of solutions, their

first members cannot have a common divisor

which is a function of both x and y, or which

is a function of either of them. If they

have a common divisor which does not depend

upon either x or y, we will suppose that both

members of each equation have been divided

by it.

Having made this preliminary preparation,

and arranged both with respect to the quantity

which we wish to eliminate, apply to the first

members of the given equations the rule for

finding their greatest common divisor, and con-

tinue the operation till a remainder is found

which is independent of the leading letter;

place this remainder equal to 0, and it will he

the required equation, which will be independ-

ent of the leading letter.

This equation is called the final equation,

and the values of the unknown quantity

deduced from it are" called compatible values.

The objection to this method of elimination

is, that the final equation may give values

which do not correspond to roots of the given

equations. This arises from the circumstance

that during the operation for finding the

greatest common divisor, it may be necessary

to multiply one of the polynomials by a func-

tion of that unknown quantity which enters

the final equation, and this operation may
introduce extraneous values. As these val-

ues may be tested, however, it does not make
much difference in a practical point of view.

In like manner, if we strike out any factor

which is a function of that unknown quan-

tity, it may happen that the final equation

will not give all the compatible values.

Example of elimination by the method of the

greatest common divisor.

Having given the equations

x>-Zyx*-r{3y*-y+\)x-ya+y*-Zy=0,

and x' — 2yz + y' — y = 0,

to find the final equation in y :

First operation.

x*— 3yg'-t-(3«3—y+l)s—y'+y*—2y |

t3—2«r'+ (y
'—yVc

-yz»+(iSy, -t-l)z-y,+ya -Sy
-yx'+iy'x —y'+y'

x—'ly

j x'—ixy-j-y*- -
y

Second operation.

Zxy 4- y' -" y j
I x

Zxy
j

i

Sy

y-y
Hence, y

a — y = 0, is the equation sought.

EL-LIPSE'. [Gr. ehheiipie, an omissio*

or defect]. One of the conic sections, and

including its particular case, the circle, by fai

the most important curve considered in analy-

sis. The ellipse may be cut from a right

cone with a circular base, by a plane which

makes with the plane of the base an angle

less than that made with the same plane by

one of the elements. All the elements are

cut in one nappe, and therefore the curve

returns upon itself, or is a closed curve. It is

of an oval form, and has but one branch. By
giving the cutting plane different positions,

so as to satisfy the conditions for cutting oat

the ellipse, and by varying the angle of the

cone, every variety of the curve may be found

If the cutting plane is parallel to the bast

of the cone, the section is a circle ; hence the

circle is a particular case of the ellipse. If

the cutting plane is passed through the ver-

tex, satisfying the conditions for cutting the

ellipse, the section reduces to a point, which

is therefore regarded as a particular case of

the ellipse. If a plane be passed cutting out

an ellipse, all parallel planes will cut similar

ellipses.

If we regard an oblique cone, with a circu-

lar base, any plane which cuts all the ele-

ments will cut out an ellipse. If we suppose

the vertex to approach !he plane of the base,

and finally to reach that plane, falling with-

out the base, the cone will reduce to a por-

tion of a plane determined by drawing two

lines tangent to the base.

In this case, if the cutting plane cuts all

of the elements, it wil^ cut out a limited

straight line, which is therefore another par-

ticular case of the ellipse.

Although the ellipse was first suggested to

geometers from considering the sections of
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right cone, it may be defined in various ways,

and all its properties deduced without any

reference whatever to the cone.

• It may be denned from some one of its

characteristic properties, or it may be defined

by its equation.

We shall enumerate some of the definitions

of the curve, and then proceed to mention its

most remarkable properties.

1. One of the most common definitions of

the ellipse is the following : An ellipse is a

plane curve, such that the sum of the dis-

tances from any point to two fixed points is

equal to a given distance. The fixed points

are called foci, and the given distance is equal

to that portion of the straight line through

the foci which is included within the curve.

This definition gives rise to the following

method of constructing the curve by a con-

tinuous motion

:

Lei F and F' represent the foci, and AB
any given distance, greater than the distance

between F and F'. Take a string equal in

length to AB and fasten one extremity at F
and the other extremity at F'

;
press a pencil

against the string, so as to stretch it and
move it about F and F' ; the point of the

pencil will describe the curve, for in any
position we shall have PF + PF' = AB,
which is a characteristic property of the

curve.

The same property also enables us to con-

struct the curve by points. Let F and F' be

the foci, AB the given distance FB being

equal to F'A. Assume any point on FF' as

D ; with either focus as a centre, and with a

radius equal to the segment AD describe an

arc of a circle ; with the remaining segment

DB as a radius, and with the other focus as a

centre, describe an arc, cutting the first in the

points p and q ; these will be points of the

ellipse. In like manner any number of

points may be constructed, and having a suf-

ficient number, a curve drawn through them

will be the curve required. The reason for

this construction is evident.

2. A second definition of the ellipse is as

follows :

If F be a given point, MN a given straight

line, and if we suppose a point P to move in

the same plane, so that the ratio of its dis-

tances PF and PE from the fixed point and

the fixed line shall be constant, PF being

always less than PE, the point will describe

an ellipse. The fixed point is called the

focus, the straight line MN the directrix, and

the moving point is the generatrix. It is to

be observed that this definition only corres-

ponds to one half of the curve. In order to

generate the other half we must take the

other focus and another directrix win. at the

same distance from F' that MN is from F.

The distance from the centre C to the direc-

trix is a third proportional to CF and CA,
that is CF : CA : : CA : CG.

3. If two straight lines AB and DE inter-

sect each other at C, and a limited straight
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line GH be ra.jved so that its extremities G
and H shall lie always in these two lines

respectively, then will any point P of the

moving line describe an ellipse whose centre

is at C.

If the lines AB and DE are at right angles,

the axes of the ellipse will coincide with

them, and the part PH will be equal to the

semi-conjugate, and PG will be equal to the

semi-transverse axis, when PH < PG, and
the reverse when PH > PG. It is to be

observed that the point P may lie either be-

tween the two points G and H, or it may lie

anywhere on the prolongation of GH. It is

in accordance with this property of the ellipse

that instruments for describing ellipses and
lathes for turning ovals, are constructed. One
of the instruments for describing ellipses is

called the elliptical compasses or the trammel.

It consists of two rulers framed at right

angles to each other, in which dovetail grooves

CD and AB are cut. A third rule FG carries

three movable slides, F, E and G, which may
be set at any points of the ruler ; the slides

F and E carry pins with dovetail heads, which

fit accurately into the grooves AB and CD, and

the third slide carries a pencil. Each slide

may be made fast to the ruler by a clamp

screw. To use this instrument for describing

an ellipse, we lay the cross upon the paper,

so the direction of the groove AB shall coin-

cide with the transverse axis, the groove CD
with the conjugate axis. The slides are next

set so that the distance GF shall be equal to

the semi-transverse, and the distance GE
equal to the semi-conjugate axes ofthe ellipse,

and all three are clamped. Now if the rule

be moved in such a manner that the pins

shall slide in the grooves, the pencil will trace

an ellipse.

4. If a circle roll upon the concave arc of

a second circle in the same plane, if the radius

of the first is half that of the second, any

point in the plane of the moving circle will

generate an ellipse. The fixed circle is called

the directing circle, the moving circle the gen-

erating circle, and the point the generatrix.

This property of the circle gives rise to a very

ingenious instrument for describing ellipses,

invented by Prof. Wallace of Edinburgh.

"A and B are two wheels, the axes of

which turn in two holes OC, near the ends

of the connecting bar OC. The diameter of

one of the wheels B is just half that of the

other wheel A, which may be of any size,

and a band EF goes round them outside ; one

arm CP is attached to the wheel B, and ad-

mits of being lengthened or shortened by

sliding along its surface in a socket which

may be anywhere on the wheel. Suppose

now that the wheel A is fixed or kept from

turning, and that the bar OC is turned around

the centre 0, carrying at its other extremity

the wheel B ; the action of the band EF will

then turn this wheel around its centre C, and

while the bar makes one revolution round the

centre of the fixed wheel, the other wheel

will make two revolutions around its centre,

and the point P will trace an ellipse."

5. The ellipse may be defined by any one

of its equations ; of these we shall only men-

tion the two most commonly employed.

First. When the curve is referred to its

centre and axes, its equation is

a'y' + bV = a'b*,

in which a and b are the semi-axes, and x and

y the co-ordinates of any point of the curve.

Second. The ellipse is the path described

by the planets in their revolutions about the

sun, and its properties enter into almost

every investigation of physical astronomy.

In these investigations, it has been found

most convenient to define the curve by its

polar equation, which is

_ a(l - e
a
)

~
1 + e cos ^

'
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the pole is taken at one focus : r denotes the

radius vector or distance from any point of

the curve to the focus, is the angle which

the radius vector makes with the transverse

axis, a is the semi-transverse axis, and e is

the eccentricity of the curve. The angle <p

is sometimes called the anomaly.

Properties of the Ellipse and useful con-

structions. The following definitions will be

found useful : some that have been given are

here repeated, so as to bring them all to-

gether.

1. The ellipse is a curve, such that the

sum of the distances from any point to two

fixed points is constantly equal to a given

distance. The fixed points are called foci.

and the given distance is equal to the length

of the transverse axis.

2. The point midway between the foci, on

the straight line joining them, is the centre.

The centre bisects all the diameters.

3. Any straight line which bisects a sys-

tem of parallel chords, is a diameter. Every

diameter passes through the centre. If the

diameter is perpendicular to the chords which

it bisects, it is an axis of the curve ; there

are two axes, the one which passes through

the foci is the transverse axis, the one which

is perpendicular to it, is the conjugate axis.

The transverse axis is the longest diameter

of the curve, and the conjugate axis is the

shortest.

4. Two diameters are conjugate, when each

bisects a system of chords parallel to the other.

There are an infinite number of pairs of con-

jugate diameters in the ellipse ; every diame-

ter has one conjugate, and has but one.

5. The points in which a diameter meets

the curve, are called vertices of the diameter.

The left hand vertex of the transverse axis is

called the principal vertex of the curve.

6. The parameter of any diameter is a third

proportional to that diameter and its conju-

gate. The parameter of the transverse axis

is called the parameter of the curve, and is

equal to the double ordinate through the

focus.

6. If a chord be drawn through a focus

perpendicular to the transverse axis, and a
tangent be drawn to the curve at the point in

which it cuts the curve, this tangent is called

the focal tangent.

.7. If a perpendicular be erected to the

transverse axis produced, at the point in

which the focal tangent intersects it, this line

is
(
the directrix.

8. If any point be assumed in the plane

of the curve, and chords be drawn through

it, each cutting the curve in two points, then

will the tangents to the curve at the extremi-

ties of each chord intersect each other upon

a straight line called the polar line of the

point ; the point is called the pole of the line.

The directrix is the polar line of the focus.

9. An ordinate to a diameter is a straight

line drawn from any point of the diameter

to the curve, and parallel to the conjugate of

the diameter. The ordinates to the axes are

perpendicular to them.

10. A tangent to the curve at any point, is

the limit of all secants drawn through the

point. If a secant be drawn, cutting the

curve in two points, arid then be revolved

about one of the points till the points of

secancy unite in one, the secant passes to its

limit and becomes a tangent, and the two

coincident points become the point of contact.

A subtangent on any diameter, is that por-

tion of the diameter included between the

point in which the tangent cuts the diameter,

and the foot of the ordinate to the diameter

through the point of contact.

11. A normal to the curve, at any point, is

a straight line perpendicular to the tangent

at the point of contact.

A subnormal on any diameter, is that por-

tion of the diameter included between the

point in which the normal cuts the diameter,

and the foot of the ordinate to the diameter

through the point of contact.

12. Supplementary Chords are chords drawn

through the vertices of any diameter, and

meeting each other on the curve.

13. The two points into which any ordi-

nate to a diameter divides the diameter, are

called segments, and sometimes abscissas of

the diameter.

14. The eccentricity of the ellipse is the

distance from a focus'to the centre, expressed

in terms of the semi-transverse axis as the

unit of measure, or /it is the distance from

one focus to the centre divided by the semi

transverse axis.

15. Two ellipses aTe conjugate with each

other when the transverse axis of the one is

the conjugate axis of the other, and the reverse.
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The manner of constructing the curve,

when its foci and transverse axes are given,

has already been explained. The following

constructions will serve to determine these

elements of the curve in certain cases :

1. When the two axes are given. Let AB
represent the transverse axis and CD the

semi-conjugate axis. With D as a centre,

and CB as a radius, describe an arc cutting

the transverse axis, in the two points F and

F' ; these will be the foci.

2. When the foci and conjugate axis are

given. Through the foci draw an indefinite

straight line AB (last figure) ; lay off from

the point C in which it cuts the conjugate

axis the distances CA and CB, each equal to

the distance DF ; then will AB be the trans-

verse axis.

3. When the curve is traced upon a plane

to find the axis. Draw any two parallel chords,

and bisect them by a straight line RM ; this

will be a diameter ; bisect RM in C, and C
will be the centre ; on RM as a diameter,

describe a semi-circle cutting the ellipse in

H ; draw the supplementary chords RH and

HM ; they will be at right angles to each

other, and two straight lines through 0, pa-

rallel to them, will be the axes.

The foci may be found as before. The

diameter parallel to the chords first drawn, is

conjugate with KM.
4. When the foci and one point of the

curve are given, the curve mavbe constructed.

Through the foci draw a straight line indefi-

nite in extent ; the point of this line mid-
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is to the semi-conjugate axis. Upon this pro-

perty the construction of the trammel de-

pends ; it may also be used to construct the

••urve by points.

Let AB and CD be the axes. On these

lines as diameters describe two circles ; as-

sume any abscissa as OE, and at E erect a

perpendicular to AB, prolonging it till it

meets the outer circle in K
;
join K and ;

through L, where this line intersects the inner

circle, draw a line parallel to AB, cutting EK
in P ; the point P will be a point of the

ellipse ; find a sufficient number of points in

this manner, and draw a curve through them,

it will be the required ellipse.

2. The squares of the ordinates to any

diameter are to each other as the rectangles

of the segments into which they divide the

diameter. This property enables us to con-

struct the curve, when any pair of conjugate

diameters is given, and the angle which they

make with each other is known.

Let AB and ED be any pair of conjugate

diameters. Revolve ED about C till it be-

comes perpendicular to AB ; on AB and E'D'

as axes, construct an ellipse AD'BE'. Take

any double ordinate to the axis AB, as HK,
and revolve it about F till it becomes parallel to

DE ; then will its extremities H' and H" be

points of the required ellipse : having found

a a ifficicnt number of points, draw a curve

through them, and it will be the required

ellipse.

3. The subtangent upon the transverse

axis of an ellipse, is entirely independent of

the length of the conjugate axis. If, therefore,

any number of ellipses be
v

constructed, having

a common transverse axis, and if points be

taken on the same ordinate to the transverse

axis, and tangents be drawn to the ellipses,

these tangents will all pass through the same

point on the transverse axis produced.

This property gives rise to a useful method

of drawing a tangent to an ellipse, at a given

point.
,

"~"\.P'

Let APB be an ellipse, and P any point

upon it ; on AB, as a diameter, describe a

semi-circle ; through P draw an ordinate to

the transverse axis, and produce it till it cuts

the semi-circle in P' ; at P' draw a tangent,

cutting the line AB at T ; unite P and T by

a straight line : it will be the tangent re-

quired. This construction follows, because a

circle is a particular case of the ellipse.

The same result might have been reached

by the following course of reasoning : The

orthographic projection of a circle is an el-

lipse; if, therefore, the semi-circle A P'B and

its tangent P'T be revolved about the line

AB as an axis, the circle will constantly be

projected into an ellipse, and the tangent into

a line tangent to the ellipse, at a point on the

line P'P, and constantly passing through T,

which agrees with the above construction.

This last view of the case suggests the fol-

lowing method of drawing a tangent to an

ellipse, through a point without the curve.

Let AB be the ellipse, and P a point with-

out the curve. On AB, as a diameter, de-

scribe a circle ARB : through P draw PC to

the centre of the ellipse, cutting the curve in

L, and through L draw a straight line

LM, perpendicular 1 1 the transverse axis, cut-

ting the circumsc/ibing circle in M ; draw
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CM, and produce it till it intersects a perpen-

dicular to the transverse axis, through P, in

the point P'. From P' draw P'R tangent to

the circle at R, and through R draw a per-

pendicular to the transverse axis, cutting the

ellipse in R' ; then will PR' be tangent to the

ellipse : two such tangents can always be

drawn, when the point P lies without the

curve ; one. when it lies upon the curve

;

none, when it falls within the curve.

4. If, at any point of an ellipse, a tangent

be drawn to the curve, and two straight lines

to the foci, then will these lines make equal

angles with the tangent.

This property gives rise to the following

constructions :

First. To draw a tangent to the curve, at a

given point.

Let AHB be the given ellipse, P the given

point, and F, F', the foci. Draw the lines

PF and PF'
;
produce PF' till F'M is equal

to the transverse axis ; draw MF, and through

P draw PT perpendicular to MF : it will be

the tangent required.

Had we, in like manner, prolonged FP till

it was equal to the transverse axis, and drawn

through M and its extremities a straight line,

cutting AB in T ; then would the* straight

line PT have been the tangent required.

Second. To draw « tangent to the curve,

through a point without the curve.

~V=—-»_ Nil

\
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to the centre ; through A draw the chord AG
parallel to PC, and also its supplement GB ;

through P draw a straight line parallel to GB,

and it will be the tangent required.

Second. To draw a line parallel to a given

line, and tangent to the ellipse. Let M be

the given line. Draw a chord BG parallel to

M, and draw its supplement AG ; draw the

diameter PP' parallel to AG, and at its ex-

tremities draw lines parallel to M ;
they will

be the tangents required.

6. The tangent to an ellipse is parallel to

the chords which the diameter through the

point of contact bisects.

We may, therefore, draw a tangent to an

ellipse, and parallel to a given line, as follows :

Draw two chords parallel to the given line,

and bisect them by a straight line ; through

the points in which this line cuts the curve,

draw lines parallel to the given line, and they

will be tangent to the ellipse, and therefore

the lines required. In any of the preceding

constructions, a normal may be constructed

by drawing a straight line perpendicular to

the tangent at the point of contact.

The following properties are useful in an-

alytical investigations :

1. The angle included between two conju-

gate diameters can never be less than a right

angle. The least angle made by conjugate

diameters, is that included between the axes,

which is equal to a right angle.

The greatest angle made by any pair of

conjugate diameters, is that included by the

two which coincide with the diagonals of the

rectangle described upon the axes. The tan-

gent of half this angle is equal to —, in which

a and 6 are the semi-axes ; the conjugate

diameters, which make with each other the

maximum angle, are equal to each other, and

they are the only conjugate diameters which

are equal, except in the circle, where every

diameter is equal and perpendicular to its

conjugate.

2. The parallelogram described upon any
pair of conjugate diameters, is equal to the

rectangle of the axes.

3. The sum of the squares of any pair of

conjugate diameters, is equal to the sum of

the squares of the axes.

4. If perpendiculars be drawn from the foci

to any tangent to the curve, they will inter-

sect it upon the circumference of the circle

described upon the transverse axis as a di-

ameter.

The rectangles of the two perpendiculars

upon the same tangent, are equal to the

square of the semi-conjugate axis.

s

Let AB represent an ellipse, F, F' its foci,

PT a tangent at any point, FK, F'K per-

pendiculars to the tangent, and ALKB a

semi-circle described on AB as a diameter

;

then will the points K and L fall upon the

circumference of the circle, and

LI" X KF = CO1
.

The perpendiculars are also to each other

as the focal distances of the point of contact,

that is

LF' KF :
• PF' : PF.

The rectangle of the focal distances of any

point, is equal to the square of half of the

diameter which is conjugate with the diam-

eter through the point of contact, or

FP X F'P = OH!
.

5. If two tangents be drawn, one at the

principal vertex, and the other at the vertex

of any other diameter, each meeting the other

diameter produced, the tangential triangles

so formed will be equivalent. Let ALB be

the ellipse [see last figure], B the vertex, BS

and PT the tangents ; then are the triangles

OBS and OPT equal in area, or equivalent.

6. The area of an ellipse is equal to it ah,

in which tt = 3.1416, a and b being the semi-

axes. It is also equal to vra'i' sin a, in which

k = 3.1416, a', b', any pair of semi-conju-

gate diameters, and a the angle which these

diameters make with each other.

7. The length of the entire circumference

of an ellipse is given by the formula

/ 1 l
a -3 I

s
• 3a

- 5 .

» l».3»-5'.7

2= . 4a
• 6" 8"

feci;
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in which I denotes the length, n = 3.1416,

e the eccentricity, the semi-transverse axis

being equal to 1

.

If e = 0, the ellipse becomes the circle,

and I =2tt.

8. The rectangle of two conjugate diame-

ters is a maximum, when they are equal ; it

is a minimum, when the difference between

them is the greatest ; that is, the rectangle

of the axes is the least possible rectangle of

any pair of conjugate diameters. The sum
of the equal conjugate diameters is greater,

and the sum of the axes less than the sum
of any other pair of conjugate diameters.

The following analytical expressions are

much used.

Let us denote by x and y, the co-ordinates

of any point of the curve ; by X" and y", the

co-ordinates of the point of contact ; by a,

the semi-transverse axis ; by 4, the semi-con-

jugate axis ; by a' and V, any pair of semi-

conjugate diameters ; by e, the eccentricity.

1. The equation of the curve referred to

its centre and axes, is

ay + bV = a*4?

The equation of the cufve referred to any

pair of conjugate diameters, is

a'V + b"x' = a"b".

2. The equation of the curve referred to

the transverse axis, and a tangent at the

principal vertex, is

b'

The equation of the curve referred to any

diameter, and the tangent at its vertex, is

b"

3. The equation of a tangent to the curve,

referred to the centre and axes, is

a'yy" + b'xxh = a'b'.

The equation of a tangent referred to any

pair of conjugate diameters, is

a"yy" + b"xx" = a"b".

The expression for the subtangent upon

the axis of X is, in the first case,

a" — x"2

sub-tan = n—

;

x

and, in the second case,

a''-x"»
sub-tan = ——r,

—

•

4. The equation of a normal to the curve

at any point x", y", when referred to the

axes, is

y-y = ~^x
7T<-x

~ x )'

and to any pair of conjugate diameters, it is

y-y
a"v"

4'V

The expression for the sub-normal upon

the, axis of X, in the first case, is

b'x"
sub-nor = —;- i

a'

and, in the second case,

5. The equation of condition for conjugate

diameters, is

4a

tan a tan a' = ;

;

a"

in which a and ".' denote the angles which

the conjugate diameters make with the trans-

verse axis. The same equation is also the

equation of condition for supplementary

chords drawn from the extremities of the

transverse axis. If they are drawn from the

extremities of any diameter whose length is

2a', the equation of condition is

" = ~ 7''

in which c and c' are respectively the ratios

of the sines of the angles which the chords

make with the conjugate diameters.

6. Any equation of the form

ay' + bxy + ex' + dy + ex +/= 0,

will represent an ellipse, whenever

4s - 4ac < 0.

The co-ordinates of its centre, are

2ae — bd 2cd — be

x^b'-iae' and
*
= VTZ1Z

7. The polar equation of the ellipse, when
the pole is taken at the right hand focus, is

a(I-ei')
~

1 + e cos <p
'

in which r denotes the radius vector, and

the angle which it makes with the transverse

axis.

EL-LIP'SO-GRAPH. [Gr. cUei^ic, and
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yoa$a~\. An instrument for describing an

ellipse by a continuous movement.

EL-LIP'SOID. [Gr. elteifcc, and etdof,

form]. A solid, all of whose plane sections

are ellipses. Any plane which bisects a sys-

tem of parallel chords is called a diametral

plane. If the chords which it bisects are

perpendicular to it, it is a principal plane.

The ellipsoid has three principal planes at

right angles to each other, whose lines of

intersection are called axes of the ellipsoid.

If we denote the lengths of the semi-axes

in their order of magnitude by a, b and c,

respectively; the co-ordinates of any point

of the surface referred to the axes by x, y and

*, the equation of the surface is

a' b* z* + a' c* f + b' c' x' = a' b> c'.

If b = c, the equation reduces to

a'z 1 + a*y2 + b2 x* = a2 b',

which is the equation of an ellipsoid of revo-

lution, which may be generated by revolving

an ellipse about its transverse axis. Such an

ellipsoid is called a prolate spheroid.

If b = a, the equation is that of an ellip

soid of revolution which may be generated by

revolving an ellipse about its conjugate axis.

Such an ellipsoid- is called an oblate spheroid.

If a = b = c the equation becomes

x' + y' + 2 s = a',

which is the equation of a sphere.

The ellipsoid is a solid of much importance,

on account of its being the form assumed by

the bodies of the planetary system.

Elliptical. Appertaining to the ellipse.

Elliptical Aec, a portion of the circum-

ference of an ellipse.

Elliptical Compasses. See Compasses.

Elliptical Segment. A portion of the

area of an ellipse, lying between an elliptical

arc and its chord.

Elliptical Spindle. A solid generated by
revolving an elliptical segment around its

chord as an axis.

EL-LIP-TICI-TY, of an oblate spheroid,

like the earth, is the difference between its

equatorial and polar semi-diameters, divided

by the equatorial semi-diameter ; or, regarding

the equatorial semi-diameter as 1, it is the

difference of these two semi-diameters.

If we denote the ellipticity by E, we shall

have
-4

E = :

very nearly.

The value of the ellipticity of the earth's

meridian, as assumed by the United States

Topographical Engineers, is
^J-j,

the eccen-

tricity being 0.0816967.

E-LON"Ga'TION. [L. from elongo}. Of

a star, an astronomical term used in Common

and Geodesic Surveying. It is the angle

included between the meridian plane and a

vertical plane through the star's place. See

Azimuth and Variation of the Needle.

EN'NE-A-GON. [Gr. evvea, nine, yuvia,

angle]. A polygon of nine sides or angles,

commonly called a nonagon.

E-Nu'MER-aTE. [L. enumero ; e and no-

mero, numerus, number]. To count, to tell by

numbers, to number.

E-NUN'CI-aTE. [enuncio; e, ani nuncio,

to tell]. To utter, to relate.

E-NUN-CI-a'TION. A concise statement

of what is to be^proved in a proposition,

which is often made before commencing the

demonstration.

EP'1-Cy-CLE. [Gr. em, and nviiKoc, a cir-

cle], A small circle, whose centre is on the

circumference of a greater circle ; or a small

orb, which being fixed in the deferent of a

planet, is carried along with it, and yet by its

own peculiar motion carries the body of the

planet fastened to it around its proper centre.

A term employed by Ptolemy.

EP-1-Cy'CLOID. [Gr. emKVKXoetSn; ; em,

ctkAoc, and eiSoc, form]. If a circle be con-

ceived to roll upon the circumference of

another circle in the same plane, either inter-

nally or externally, any point of the first cir-

cumference will generate a curve called an

epicycloid. At the same time any point not

in the circumference, but lying in the same

plane, will generate a curve called an epitro-

choid.

The rolling circle is called the generating

circle ; the point which generates the curve

is called the generatrix ; and the circle upon

which the generating circle rolls, is called

the directing circle or the directrix. That por-

tion of the directrix, or as it is sometimes
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called, the fundamental circle, which lies

between two successive points of concurrence

of the fundamental circle and the curve, is

called a base, and is equal in length to the

circumference of the generating circle. When
the generating circle rolls on the convex side

of the directrix, the name of the generated

curve is properly epicycloid, but when it rolls

on the concave side, it is called a hypocycloid.

When the generating circle has rolled once

over, so that every point shall have been in

contact with the directrix, the portion gener-

ated is called a branch.

Let AEC be an arc of the directing circle,

S its centre, OQ the generating circle, and P

the generatrix, then is the arc AEC a base,

ABC a branch, and the line SEB, which

bisects the base, is an axis of the branch.

ADC is a branch of a hypocycloid.

[f the ratio of the lengths of the genera-

ting circle and the directing circle can be

expressed in exact parts of 1, there will be a

finite number of branches, and although the

generating circle may continue to roll, the

generatrix will, at regular intervals, only

repeat the portion already generated. For

example, if the generating circumference is

contained n times in that of the directing

circle, there will be n, and only n, branches

of the epicycloid, and « branches of the hy-

pocycloid. If the circumference of the gen-

m
erating circle is the -th part of that of the

m
directing circle, - being an irreducible frac-

tion, then after the generating circle has

rolled over run times, the generatrix will have

arrived at the point from which it started, and

then it will continue to repeat the curve

already described indefinitely.

When the circumference of the generating

circle is an aliquot part of that of the direct-

ing circle, the epicycloid is always an alge-

braic curve.

If the ratio of the circumferences cannot

be expressed in exact parts of 1, the number

of branches' is infinite, and the curve is then

transcendental.

To construct the point of the epicycloid or

hypocycloid, corresponding to any position of

the generating circle : Let S, last figure, be

the centre of the directing circle, AEC a por-

tion of its circumference, and suppose the

point A to be the point from which the gen-

eratrix started ; let be the point of contact

of the generating and directing circles, cor-

responding to which the point is required.

Draw SO, and make OE and OE' each equal

to the radius of the generating circle, and

suppose that the circles which generated the

epicycloid and hypocycloid are equal. In this

position, from the nature of the curve, the

arc AO is equal to the arc OP, and the angles

at the centre will be to each other inversely

as the radii. Hence, construct the angles

OEFandOE'Fso that

OE'P' or OEP : OSA : : SO : OE or OE'

;

then will the points P and P' be the points

required. This construction can always be

made geometrically when the radii SB and

OE' are commensurable. If the chord OP'

or OP' be drawn, it will be normal to the

curve, and a line perpendicular to it through

P or P' will be a tangent to the curve.

If the radius of the generating circle is an

aliquot part, as -th of the radius of the direct-

ing circle, then will the length of one branch

In + 1\
of the epicycloid be equal to 81 ^—— I

times the length of the radius of the genera-

ting circle. Also the length of one branch

of the corresponding hypocycloid will bem times the radius.

The area of one branch of the epicycloid,

that is, the area between one branch and its

3n + 2
base, will be equal to - times the area

of the generating circle, and the area of the

corresponding branch of the hypocycloid

3n — 2 , ,

will be equal to times the area of the

generating circle.
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If n = 1, the epicycloid becomes the cardi-

oid AQO ; its length is 16 times the radius

SA, and the area between it and the directing

circumference, is 2J times that of the gener-

ating circle. The hypocycloid in this case

reduces to a point. Let a circle OP'L, whose

radius is equal to SO, or three times that of

the generating circle, and whose centre is S,

be described, and the radius AS be produced

till it meets the circumference in ; draw

any chord OP', and the radius SP', and make
the angle SP'T = SP'O ; then will PT be

tangent to the cardioid. Hence the cardioid

is the caustic curve of rays proceeding from

R and reflected from the circle RPQ.
If n = 2, the length of the epicycloid is 12

times the radius of the generating circle, and

its area is equal to 4 times that of the gener-

ating circle. In this case let S represent the

centre of the directing circle, S B its radius

GAB half of the circumference, and ADC
ATE, respectively, halves ofthe two branches

of the epicycloid. With S as a centre, and a

radius SC = 2SB, describe a semi-circumfer
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concave side of the arc, it is called a hypo-

trochoid.

If the generating circle roll upon the arc

of an ellipse, parabola, &c, either upon the

convex arc, or the concave arc. points in the

plane of the generating curve generate ellip-

cal, parabolic, &c, epicycloids, hypocycloids,

epitrochoids, and hypotrochoids.

If an ellipse roll upon the circumference of

an ellipse, analogous curves could be gene

rated. These conditions may be infinitely

varied.

EP-I-Cr-CLOID'AL. Pertaining to the

epicycloid.

EP-I-PE-DOM'E-TRY. [Gr. from em,

KovQ,fiETpov"\. The operation of measuring

figures standing on the same base.

EP-I-TRO'CHOID. See Epicycloid.

E-QUAL. [L. cequalis]. In Geometry, two

magnitudes are equal when they are so relat-

ed that if they be properly placed, the one

upon the other, they coincide throughout

their whole extent. This is the fundamental

meaning of the word equal in Mathematics.

Besides this kind of equality, there is another

kind in which two magnitudes are such that

they may be arranged with respect to a given

plane, so that for every point of one magni-

tude on one side of this plane, there will be a

corresponding point of the other magnitude

at an equal distance on the other side. Such

magnitudes, when they cannot be placed so

as to coincide, are called equal by symmetry.

Thus, in the two spherical triangles ABC and

ABD, if AD = AC, BD = BC, and AB
common, the two triangles are equal by sym-

metry but cannot be applied, the one to the

other, so as to coincide.

In Algebra, two quantities are equal when

their measures are equal, that is, when both

contain the same unit taken the same

number of times. The idea of equality in

Algebra, is the same as that of equivalency in

Geometry.

The following are some of the tests of

equality between two quantities :

1. Things which are equal to the same or

to equal things, are equal to each other.

2. If equals be added to equals the sums

will be equal.

3. If equals be subtracted from equals the

remainders will be equal.

4. Like parts of equal things are equal.

5. Like powers and like roots of equals are

equal.

E-QUAL'I-TY. [L. aqualitas, equality].

The attribute of exact agreement of two things

with respect to their quantity. In Mathema-

tics, the symbol employed to denote this

relation is = ; thus, a = x, implies that a

contains the same number of units of mea-
sure of a certain kind, that x does.

Equal Roots. An equation involving but

one unknown quantity, is said to have equal

roots when the second member being 0, its

first member has two or more equal factors of

the first degree, with respect to the unknown
quantities.

When this is the case, the derived polyno-

mial of the first member, which is the sum
of the products of the m binomial factors of

the first member taken in sets of (m — 1),

contains a factor which is also a factor of the

first member of the given equation : hence,

There must be a common divisor between the

first member of the proposed equation and its

first derived polynomial.

Let the given equation be

X = 0,

and suppose that its first member contains n

factors equal to x — a, n' factors equal to

x — b, n" factors equal to x — c, &c, and

the simple factors x — k, x — I, &c. Then

will the equation be of the form

(x-aY(x-bY'(x-cy (z-£)(z-Z) • • =0,

and the derived polynomial of the first mem-
ber will be

riX. n'X b"X+
1 +x— a x—b

X X

By comparing this with the first member of
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the given equation, it is apparent that their i Which cannot be solved directly, but by ap-

greatest common divisor is,

(i - a )-' (z -A)"'- 1 (x- c)""- 1

that is, it is equal to the product of the factors

which enter two or more times into the first

member of the given equation, each raised to

a power whose exponent is one less than in

the given equation.

In order, therefore, to discover whether a

given equation, X = 0, has any equal roots,

form the first derived polynomial of X and

call it Y ; then see if X and Y have any

common divisor in terms of the unknown
quantity ; if they have one, the given equa-

tion contains equal roots ; if they have no

common divisor, the given equation has no

equal roots.

Having found the greatest common divisor

of X and Y, place it equal to : then will

every single root of this new equation be

twice a root of the given equation, every

double root will be three times a root of the

given equation, and so on. When the result-

ing equation cannot be solved, the given

equation may be freed of its equal roots by
dividing both members by the greatest com-

mon divisor already found. When the equa-

tion can be solved, the degree of the equation

may be still further reduced.

Denote the greatest common divisor by D :

then if D is of the form of (x — A) a
, there

will be three roots equal to A, and the equa-

tion will be freed of them by dividing both

members by (x — A)3 . If D is of the form
(i — A) (i — A'), there will be two roots

equal to h, and two equal to h', and the equa-

tion may be freed of them by dividing both

members by (x — hf (x — h'f, and so on.

Should the equation D = contain equal

roots, the same principles may be applied to

it as to the given equation, and thus equa-

tions of a very high degree may often be
solved.

Let us take the equation,

x1 + 5x* + 6zs - 6i6 - 15i3 - 3x'

+ 8z + 4 = (1).

Its first derived polynomial is

7z6 + 3<hr> + 30x* - 361s - 451" - 6x + 8.

The greatest common divisor between this

land the first member of the given equation,

placed equal to 0, gives

x* + 3z3 + x* - 3x - 2 = (2).

plying the principle of equal roots to it, that

is, by seeking a common divisor between the

first member and its first derived polynomial,

we find that they have one equal to x + 1.

The first member of equation (2) has there-

fore a factor equal to {x + l)a ; and by fac-

toring, it may be reduced to

(x + 1)' (x - 1) (x + 2) = 0.

Hence, the first member of equation (1) may

be reduced to the form

(x + If [x - l)
2 (x + 2)

a = 0.

It has three roots equal to — 1, two equal to

+ 1 and two equal to — 2.

E-QUi'TION. [L. cequatio, from aquo, to

make equal]. In Analysis, an equation is the

algebraic expression of equality between two

quantities ; thus,

x = a + b,

is an equation, and denotes that the quantity

represented by x is equal to the sum of the

quantities denoted by a and t. Every equa-

tion is composed of two parts, connected by

the sign of equality. The part on the left of

the-sign of equality, is called the first member,

that on the right, the second member. The

second member is often 0.

Equations are divided into two grand divi-

sions

—

Algebraic and Transcendental.

Algebraic Equations are those in which

the relation between the quantities which enter

them, are expressed by the ordinary opera-

tions of algebra ; that is, addition, subtrac-

tion, multiplication, division, raising to powers

denoted by constant exponents, and extraction

of roots indicated by constant indices.

Transcendental EQUATioNS,-are those in

which the relations between the quantities

cannot be expressed by the ordinary opera-

tions of algebra, but are expressed by trans-

cendental relations, that is, by the aid of loga-

rithmic, trigonometrical, or exponential symbols.

Algebraic Equations may involve one, or

more than one unknown quantity, and are

classified into orders depending upon the de-

gree of the equation.

If the equation contains but one unknown
quantity, its degree is denoted by the highest

exponent of the unknown quantity in any term.

If it contains more than one unknown quan-

tity, the degree is indicated by the greatest
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sum of the exponents of the unknown quantities

in any term.

EXAMPLES

ax + 4 = ex + d

ax + 3by + iz =

ax'+2bx+c = o \

!

First Degree.

f=0 )

z=d f Third Degree,
cx>+dx'+ex+f=0
4axy+5

and so on.

Transcendental Equations are divided

into exponential, logarithmic, trigonometrical

and mixed.

An Exponential Equation is one in which

the unknown quantity enters an exponent ; as,

a" = b, o6+» + c> = d.

A Logarithmic Equation is one in which

the unknown quantities enter a logarithm ; as,

log(c+ax)=d, \og(c+x)—log(y—cz')=a.

Trigonometrical Equations are those in

which the unknown quantities enter into some

one or more of the trigonometrical elements

;

as,

tan (x + y) = sin (x — y) + sin z,

a + c cos x = d + e sin y.

Mixed Equations are those in which the

unknown quantities enter two or more of the

transcendental expressions, or when it enters

algebraically into some terms, and transcen-

dent-ally into others ; as,

log x + sin y = d, ax + b" = c.

Algebraic or transcendental equations may
be either numerical or literal.

Numerical Equations are those in which

all of the known quantities are expressed by

numbers ; as,

2z + 3y = 4, 2 + 3 logi = 6.

Literal Equations are those in which all

or a part of the unknown quantities are ex-

pressed by letters ; as,

ax + by + c = 0, a + log x + cy = 0.

Identical Equations are those in which

the second member is a repetition of the

first, or in which the second member is the

result of certain operations indicated in the

first, this result being either expressed or

indicated ; as,

ax + b = ax + i, (a + x)* = a' + 2ax + Is
,

log(l+y)=M ŷ
is

1 Vs V* V
s 1

It is a characteristic property of identical

equations, that they are true for all values of

the unknown quantity or quantities which

enter them.

The solution of an equation, or group of

equations, is the operation of finding such

values for the unknown quantity or quanti-

ties which enter them, as when substituted

for the unknown quantity or quantities will

satisfy the equation or equations. These

values are called roots of the equation.

We shall briefly explain the method of

solving some of the principal algebraic equa-

tions which are met with in analysis ; and

first, it may be observed, that every equation

containing but one unknown quantity, has at

least one root, for if the two members are

equal, they must be so for at least one value

of the unknown quantity, either real or ima-

ginary ; this value is a root.

1. Equations of the first degree, containing

but one unknown quantity.

These may be solved by the following

method

:

Perform all of the algebraic operations in-

dicated ; transpose all the known terms to

the second member, and the unknown terms

to the first member ; resolve the first mem-

ber into two factors, one of which shall b»

the unknown quantity, the other will be the

algebraic sum of its co-efficients ; divide both

members by the co-efficient of the unknown
quantity ; the second member will be the

value of the unknown quantity.

1. Find the value of x in the equation,

ax + b — ex = d — fie.

Transposing and factoring, *

(a — c + f)x = d — b.

Dividing both members,

d-b
a — c +J

2. Groups of equations of the first degree,

containing more than one unknown quantity.

If the number of equations is less than

the number of unknown quantities, the group

is indeterminate. If the number of inde-

pendent equations is greater than the num-

ber of the unknown quantities, the group is

impossible. Hence, in order that the group

may be determinate, the number of inde-

pendent equations must be just equal to the

number of unknown quantities. In this
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the values of the unknown quantities ;
Required the values of .. y, and ,. in the

may be found by the following rule :

Combine one of the m equations of the

group with each of the m - 1 others, elimi-

nating the same unknown quantity; there

will result a new group of m — 1 equations,

containing m — I unknown quantities.

Combine one of the m — 1 equations with

each of the m — 2 others, eliminating a se-

cond unknown quantity ; there will result a

new group of m — 2 equations, containing

m — 2 unknown quantities.

Continue this operation of combination

and elimination until a single equation con-

taining a single unknown quantity is ob-

tained; find from k. the value of this un-

known quantity, and substitute it in either of

the two equations containing two unknown

quantities, and find therefrom the value of a

second unknown quantity ; substitute the

values of these two in either of the three

equations containing three unknown quan-

tities, and find the value of a third unknown
quantity ; continue this operation of succes-

sive substitution till the values of all the un-

known quantities are determined.

If any or all the constants which enter the

equations are arbitrary, it may happen that

values assigned to them will reduce one or

more of the roots to -jj-. If such values are

assigned in an equation containing but one

unknown quantity, they will render it iden-

tical, and the value
fy

will truly represent the

value of the unknown quantity. If such

values be assigned in a group as to reduce

the roots to the form £, they will cause some

of the equations to depend upon the others,

and thus render the group indeterminate, in

which case the roots ought to be indeter-

minate.

If there are more equations than there are

unknown quantities, and the constants are

arbitrary, we may combine them so as to

eliminate all the unknown quantities, and
the resulting equations will be so many equa-

tions of condition, which will express the re-

lations that must exist between the constants,

in order that the group may be determinate.

In this case, some of the equations will

become dependent upon the others.

The following example will illustrate the

operation of solving a group of equations.

equations

5x — 6y + 4z = 15 (i).

7x + iy - 3z = 19 (2).

2« + y + 6z = 46 (3).

Eliminating z between equations (1) and

(2), and between equations (2) and (3), there

results

43x - 2y = 121 (4).

16:r + 9y = 84 (5>.

Eliminating y between equations (4) and

(5), we have
419i = 1257 (6);

whence x = 3.

This value of x substituted in equation (5),

gives y = 4, and these values being substituted

in equation (1), give z = 6. Hence,

i = 3, y = 4 and z = 6.

The principles here explained for solving a

group of equations containing several un-

known quantities, will apply, wnatever may

be the degree of the equations. The elimi-

nation is to be performed in accordance with

the rules laid down under the head of Elimi-

nation. We shall, therefore, only discuss the

rules for solving single equations containing

one unknown quantity, in what is to follow.

3. Equations of the second degree.

Every equation of the second degree, con-

taining but one unknown quantity, can

always be reduced to the general form

X* + 2px = q,

by the following rule.

Perform all the algebraic operations indi-

cated ; transpose all the known terms to the

second member, and the unknown terms to

the first member.

Resolve the terms, containing x', into two

factors, one of which shall be x*
t
the other

will be the algebraic sum of its co-efficients

;

resolve the terms containing x, into two fac-

tors, one of which will be x ; then divide

both members of the equation by the co-effi-

cient of x*, and the resulting equation will

be of the required form,

x2 + 2px — q.

Having reduced the equation to the above

form, its two roots may be written by the fol-

lowing rule.

The first root is equal to half the co-effi-

cient of the second term taken with its sign
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49 11
/u +

f6 = -<r-

changed, plus the square root of the second

member increased by the square root of half

the co-efficient of the second term.

The second root is equal to half the co-effi-

cient of the second term with its sign

changed, minus the square root of the second

member increased by the square of half the

co-efficient of the second term.

These rules, expressed algebraically, give

x = — p + V q + p', 1st root.

x = — p — Vq + p', 2d root.

1. Find the values of x in the equation

2z + 2 = 24 - bx - 2za
.

Reducing to the required form,

z3 + 2* = 11

;

whence, by the rule,

7 I ~49
x — — -g +* /H + jg

= 2, and

The following relations exist between con-

stants entering an equation of the form

x' + %px = q,

and its roots

:

1st. The algebraic sum of the two roots is

equal to the co-efficient of the second term

with its sign changed.

2d. The product of the two roots is equal

to the second member with its sign changed.

3d. The greatest possible value of the pro-

duct of the two roots, is equal to the square

of half the co-efficient of the second term.

These principles make known all the cir-

cumstances attending a change in the values

of the constants, p and q.

With respect to the signs of p and q : they

may both be positive ; they may have con-

trary signs ; or they may both be negative.

These suppositions, with respect to signs, give

rise to four forms :

1. x* + 2px = q, \

2. z2 — 2p'x = q, I

3. x' + 2px = -q,f FouE FoEMS -

4. Is — Ipx = —
q, J

Besides these suppositions, we may suppose

P
a > ?. p' = ? f < q ;

we may suppose p and q, separately, equal

to 0, and that both are equal to together.

From the 1st and 2d principles, above

enunciated, we see that both roots in the first

and second forms are always real, and that

they have contrary signs. In the first form,

the negative root is numerically the greatest,

and in the second form, the positive root is

numerically the greatest.

In the third and fourth forms, the roots

have the same sign in each, being both nega-

tive in the third, and both positive in the

fourth.

In the third and fourth forms, if p' > q,

the roots are real : if p
s = q the roots are

equal in each form ; if p' < q, the roots are

imaginary.

If p = 0, the equation is incomplete, and in

each form the roots are equal with contrary

signs, real in the first and second, and imagi-

nary in the third and fourth.

If q -— 0, one root reduces to in each

form, and the equation may be reduced to

one of the first degree by dividing both mem-
bers by x.

If both p and q are equal to 0, all the roots

in the four forms are 0.

Any supposition which reduces one root to

ro, reduces the equation to one of the first

degree.

4. Trinomial equations.

Trinomial equations are those which involve

but three kinds of terms, viz ; terms contain-

ing two different powers of the unknown
quantity and known terms By a method

entirely analogous to that employed in reduc-

ing equations of the second degree, every

trinomial equation may be reduced to the

form
xm + 2^i» = y,

Such equations can always be solved when
m = 2n, in which case the above form becomes

ar» +2px» = q, (1)

and its roots are

x = »*/— P ± Vq + y
3

;

Hence, to solve a trinomial equation in the

case specified

Reduce it to the form of equation (1) ; then

will its roots le found by extracting the n'* root

of half the co-efficient of the second term with

its sign changed, plus and minus tlie square

root of the second member, increased by the

square of half the co-efficient of the second term.

1. Find the values of x, in the equation

3* - 25zs = - 144.
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By the rule,

x=±
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v/fV-
625

144+-r-=±,
4 V 2

Hence,

x = + 4, x = - 4, I = + 3, and x = - 3.

5. Cuitc equations, or equations of the third

degree.

The method of solving cubic equations is

given under the head of cubic equations,

which see.

6. Equations of the fourth degree.

Every equation of the fourth degree may

be reduced to the form,

x* + kz' + lx'+mx+n = 0, (1)

and making the second term disappear by

a transformation about to be explained, it may

be still further reduced to the form,

x* + px* + qx + r = 0. (2)

Assume
x = a + b + c :

then by squaring both members and trans-

posing,

x' - (a' + V + c
a
) = 2 (ab + ac + be),

and squaring both members of the last equa

tion,

i* - 2(a" +b' + c
s)i' + (a» + b' + c')'

= 2 (.a'b
2 + a*c* + bV) + 8abc (a+b+c)

;

transposing and replacing the factor (a+b+c)
by x, we have finally

x* -2(aa +Sa +c')x' - Sabcx )

+(aHSHtI)*-4(«'i,+«V-|-i¥) I

_0 - (3)

By comparing equations (3) and (2,) we see

that they will be the same if

p = -2(a' + b'+c')

q = — Sabc,

r = (a? + b* + c
a
)
a

- 4(aaSa + aV + bV) )

Now, from the manner in which equation (3)

was derived, it is evident that its roots are

equal to (a + b + c).

In order to determine the values of a b

and c, let us regard a', b', c', as the roots

of a cubic equation. The co-efficients of the

different powers of the unknown quantity

may then be found by the rule for the com-

position of equations, and if we denote the

unknown quantity by z, we shall have the

co-efficient of z* equal to 1 ; the co-efficient

of z" equal to - (oa + b1 + c') which is

P
equal from equations (4) to -„ > the co-effi-

cient of 2 is equal to aaJ
a + a'c* + b*c', or,

pi _4r
from (4) equal to te

—
i and the abso-

tt
a
i
aca , or from (4), - -jr^-lute term is

Hence, the auxiliary equation is,

V V
+ irz' + — 4r

16 fi
= 0,-(6)

(4)

in which the co-efficients are known from

equation (2).

If now, we solve equation (5) by the rules

for solving cubic equations, and denote its

three roots by «', z", and »'", we shall have

a = ± V7, b = ± Z?7
, c = ± •/7rr.

In combining these terms to find the roots of

the given equation, such signs must be given

to a, b, and c, as to make their product nega-

q
five, since from equation (4) abc = — g--

Only four such combinations can be made,

and each combination corresponds to a root

of the given equation. Denoting the four

roots by x', x", x'", and x"", we have,

x' = + t/P + -/T7 - V7!r
,

x"=±V7-V*7 + V771
,

x>" = - VT1 + -Z?7'+ V^r,

and x"" = -/?- i/F7 - -/T77:

Analysts have been unable to solve, in a

general manner, any equation of a higher

degree than the fourth, except in some very

particular cases, as in trinomial equations of

a certain form, and binomial equations.

7. Equations of a higher degree.

Every equation of the mth degree may be

reduced to the form

xm+Pxm-1+ Qxm~1 +Rxm-*+ +Tx+U=0,

in which P, Q, R, T, &c, are co-efficients in

the most general sense of the term, that is,

positive or negative, real or imaginary, entire

or fractional, m being any positive whole

number.

In speaking of equations of the m"1 degree,

we shall hereafter suppose them reduced to

the preceding form.

When one or more of the co-efficients P,
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Q, E, &c, is equal to 0, the equation is said

to be incomplete, otherwise it is complete.

Although no rales have been deduced for

solving equations which are of a higher de-

gree than the fourth, many useful transfor-

mations have been discovered, which often

lead to the solution of particular cases, and

are otherwise of importance in analytical in-

vestigations. Rules have also been demon-

strated for solving either- exactly or approxi-

mately numerical equations of any degree.

We shall enumerate some of the most im-

portant principles employed in transforming

equations, and then give some of the methods

of solving numerical equations.

Transformations, Properties, <$<;.

1. If a is a root of an equation, % — g,

will divide the first member ; and conversely,

if x — a will exactly divide the first member,

then is a a root of the equation.

2. Every equation has as many roots as

there are units in the number which expresses

the degree of the equation and no more.

As a consequence of these two properties

it follows that the first member of every equa-

tion has m different divisors of the first

degree with respect to x, of the form

(x — a), (x — b), {x — c), &c. •

If these divisors be multiplied together

in sets of two, three, &c, there will be

formed as many different divisors of the se-

cond degree as there are different combina-

tions of m letters taken in sets of 2, or

there will be as many different divisors of the

third degree as there are combinations of m
letters taken in sets of 3, or

m — 1 m — 2

2
- ; and so on.

into one of the general form, in which the

co-efficients are all whole numbers.

Assume the equation

x" + iV- 1 + Qi™-» + + Tx +U= 0,

some of the co-efficients being fractional, and

V
for x substitute t> in which y is unknown

and k arbitrary. After multiplying both mem-
bers by km, there will result

y" + Pky*- 1 + Qk*ym —~' + •

+ Tk»- 1 x+ Uk" = 0.

Assign to k such a value that its powers

in the different terms shall contain the prime

factors of the denominators in those terms,

each raised to a power at least as great as

that which enters the denominator. The re-

sulting equation will be of the form required.

5
3 _5_ a __7_ J3_

6
s +

12
xa_

150* ~ 9000

The transformed equation is

5. . . 5 .. .
7 13

1. x* = 0.

y
»__V + _iy__^__ 4*=a

On these principles also depends the rule

for the composition of equations. See Com-

position of Equations.

3. If the co-efficients of the different pow-

ers, of the unknown quantity are all whole

numbers, all the commensurable roots of the

equation are also whole numbers.

4. Every equation in which some of the

-^-efficients are fractions, can be transformed

Make k = 2 X 3 X 5, and reducing these <

results,

y
1 - 25y> + 375i/a - 1260y - 1170 = 0.

5. Imaginary roots and surd roots enter

by pairs ; that is, if there is a root of the

form

a + b V — 1, or a + \/b,

there will be a second root of the form

a — b V — 1, or a —V~b.

Hence, every equation whose roots are all

of the above forms, must be of an even degree.

A pair of roots of either of the above forms

are called conjugate roots.

6. Every equation can be transformed into

another, in which the second term shall be

wanting, as follows

:

Substitute for the unknown quantity, another

unknown quantity minus the co-efficient of the

second term divided by the number which ex-

presses the degree of the equation.

The transformation may also be made by
the method of synthetic division, as will be

explained presently.

7. Every equation may he transformed into

another, in which the roots are greater or

less than those of the given equation by a

constant quantity, by the aid of the derived

polynomials of the first member.



230 MATHEMATICAL DICTIONARY AND [E Q

The derived polynomial of a given poly-

nomial, is the result obtained by multiplying

every term of the given polynomial by the

exponent of the unknown quantity in that

term, and then diminishing the exponent of

the unknown quantity by 1. The second

derived polynomial is the derived polynomial

of the first. The third derived polynomial is

the derived polynomial of the second, and so

on. These, taken in their order, are called

successive derived polynomials.

Let it be required to transform the equa-

tion

x>' + Px*- 1 + Qx™-*+- + Tx+U = 0,

into one whose roots shall be less than in the

given equation by a. If we denote the un-

known quantity by u, the transformed equa-

tion, will be

Y' Z' V
X' + — u +

x
"2"a + I^3 l

OPERATION.

1-3-15+49-12

+3+ 0-45+12

0-15+ 4,

3+ 9-18

|
i,+a

3- 6,-14

3+ 18

6,+ 12

3

+ . . . +r/>» = 0:

in which X' is what the first member of the

given equation becomes when a is substituted

fori; Y' is what the first derived polyno-

*mial of the first member becomes under the

same supposition ; Z' is what the third de-

rived polynomial becomes, &c.

This method of transformation is some-

what tedious, and it may be replaced by a

method depending upon the following prin-

ciple :

If it is required to transform a given equa-

tion to another, whose roots shall be less

than fliose of the given equation by r, divide

the first member by x — r; the remainder

will be the absolute term of the transformed

equation : divide the first quotient by x — r,

and the remainder will be the co-efficient of

the first power of the unknown quantity in

the transformed equation : divide the second

quotient by x — t, and the remainder will be

the co-efficient of the second power of the

unknown quantity, and so on. By continu-

ing the operation, we may find all the co-

efficients of the transformed equations in an

inverse order.

By the method of synthetic division, this

operation becomes a very simple one, as is

shown by the following example : Let it be

required to transform the equation

x* — 3x* - 15z" + 49x - 12 =0,

into one whose roots shall be less by 3 than

in the given equation.

1 + 9+ 12-14+0.

Hence, the transformed equation is

y* + 9y
3 + 12y

3 - 14y = 0.

8. The following are some of the proper-

ties of numerical equations :

If two numbers p and g, substituted for I,

in succession, in the first member, give re-

sults affected with contrary signs, the pro-

posed equation has at least one real root

comprised between these numbers.

9. When an uneven number of real roots

is comprised between two numbers p and q,

the results obtained by substituting them in

succession for x in the first member, will be

affected with contrary signs ; but if they

comprise an even number, the results will be

affected with the same sign.

10. If the signs of the alternate terms of

an equation be changed, the signs of the

roots will be changed.

11. Every equation in which the signs of

all the terms are plus, must have all its real

roots negative.

12. Every complete equation having the

signs of its terms alternately plus and minus,,

must have all of its real roots positive. The

same principle holds in incomplete equations

if we take care to supply the wanting terms

byO.

13. Every equation of an odd degree,

whose co-efficients are real, has at least one

root affected with a sign contrary to that of

the last term.

14. Every equation of an even degree, the

co-efficients being real, and the sign of the

last term minus, has at least two real roots,

one positive and the other negative.

15. When the last term of an equation is

positive, the number of its real positive roots

is even ; and when it is negative, the num-

ber of such roots is uneven.

16. Descarte's Rule. When the roots
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of an equation are all real, the number of

positive roots is equal to the number of vari-

ations of sign, and the number of negative

roots is equal to the number of permanences

of sign.

A variation is a change of sign in passing

along the equation ;
", permanence' is when

two consecutive terms have the same sign.

17. Sturm's Rule. Suppose an equation

to have been freed of its equal roots, and

then denote its first member by X, its derived

polynomial by Xi, and then apply to X and

Xi the process of finding their greatest com-

mon divisor, differing only in this respect,

that instead of using the successive remain-

ders, as at first obtained, we change their

signs, and take care also, in preparing for

the operation, neither to intro'duce nor reject

any factor except a positive one.

Denoting the successive remainders after

their signs have been changed, by

Xi, X3 , &c, to X„,

which will be independent of x, and writing

the expressions in their order, we shall have

X, Xi, X^, Xz X„. \

Suppose a number p to be substituted for x

in each of the expressions, and the signs of the

resulting quantities, together with the sign

of Xn , to be arranged in aline ; also suppose

another number q greater than p, to be sub-

stituted for x in the expressions, and the signs

of the results to be arranged in like manner,

then will the number of variations of signs

in the first line, diminished by the number of

variations of signs in the second, be equal to

the number of real roots comprised between

p and q. If p = — to, and q = + to, the

rule will give the whole number of real roots

of the equation, from which, and from the

degree of the equation, the number of imagi-

nary roots may be inferred.

By substituting for p and q successive

numbers, we may determine the limits be-

tween which the individual roots are found.

It is to be observed that if we find any expres-

sion as X, which retains the same sign for

all values of x, the expressions after it may
be neglected.'

As an application of Sturm's rule, let it be

required to find the number and places of the

real roots of the equation

Sx3 - 6x - 1 = 0,

We shall find, in accordance with the rule,

the following expressions

:

X = Sx3 -6x-l, X: = 4z>-1,

Xi = ix + 1, and Xz — + 3,

Making x = — to, the resulting signs are

— + — + , 3 variations.

Making x = + to , the resulting signs are

+ + + +,0 variations.

There are then three real roots. To find

their places :

For x = — 1 the signs are 1 h,

3 variations.

For x = 0, the signs are 1- +,
1 variation.

For x = + 1, the signs are ++++,
variation.

Hence, two of the roots are between and

— 1, and the other root between and + 1.

18. Hoenee's Method. This rule only

applies to finding the values of positive roots,

but if negative roots are to be determined, we

have only to change the signs of the alternate ,

terms, when the corresponding roots of the

transformed equation will be positive, and

may thence be determined, and when taken

with their signs changed will be the negative

roots sought.

Horner's process consists in a succession

of transformations of one equation into

another, each transformed equation having its

roots less than those of the given equation,

by the difference between the true value of

the root and that part of the value expressed

by the figures already found, which are called

the initial figures.

The transformations may be made by the

method of synthetic division.

When the difference between the true

value of the root and that part of it already

found, is very small, the first figure of this

difference is equal to the quotient obtained

by dividing the absolute term by the co-effi-

cient of the preceding term.

H«rner's rule is as follows :

Find the number and places of the real

roots by Sturm's rule, and set the negative

roots aside. Consider only the positive roots.

Transform the given equation into another

whose roots shall be less than those of the

given equation, by the initial figure or figures
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already found ; then by Sturm's rule find the

places of the roots of this new equation, and

the first figure of each will be the first deci-

mal figure in the required root.

Divide the absolute term of the transformed

equation by the co-efficient of the preceding

term, and the first figure of the quotient will

be the second decimal figure of the required

root.

Transform the last equation into another

whose roots shall be less than those of the

previous equation by the figure last found,

and operate as before, until the root is found

to any desirable degree of accuracy.

This method is only one of approximation,

and it may happen that the second decimal

figure obtained may not be correct. It will,

therefore, be well to find by Sturm's theorem,

the first two decimal figures, after which the

method of division may be resorted to with-

out danger of error.

19. Newton's Method. The principle of

Newton's method is, that after obtaining an

approximate value of the root, the error is

nearly equal to the quotient obtained by
dividing the first member of the given equa-

tion by its derived polynomial, and in the

result making x equal to the approximate

value of the root found. The modification

consists in combining with it Sturm's method
and the method of transformation by syn-

thetic division. The modified rule is as

follows :

Find by Sturm's rule the number and
places of the real roots, and set the negative

roots aside.

Transform the given equation by the method
of synthetic division, into another, in which
the roots are diminished by the initial figures

already found.

Form a fraction whose numerator is the
first member of the given equation, and
whose denominator is its first derived polyno-
mial, and in it substitute for x the initial fig-

ures already found; the result will be the
first correction.

Apply the correction found, and in the
•ame fraction substitute for x the corrected
value of the root ; the result will be the second
correction. Apply this as before, and con-
tinue the operation till the desired degree of
accuracy is obtained.

This rule will in most cases give a rapidly

approximating value for the root ; but Fourier

has shown that for the complete success of

the rule in all cases, the following conditions

must be satisfied

:

1st. 'There must be no value of x between

the limits within which the root is known to

lie, that will make either the first member of

the given equation, or its first or second

derived polynomial, equal to 0.

2. The approximation must be commenced
and continued from that limit which makes
the first member and its second derived poly-

nomial have the same sign.

We can ascertain whether these conditions

are satisfied by means of Sturm's rule.

Equations, Differential. See Differen-

tial Equations.

Equations, Integral. See Integration of

Differential Equations.

Equation of a Curve, is an Equation

which expresses the relation between the

co-ordinates of every point of the curve. If

the curve is referred to rectilinear axes, the

equation is called rectilinear ; if to a polar

system, it is called the polar equation. See

Analytical Geometry.

Equation of Condition. An equation

of condition is one which must be satisfied

in order that a given condition may be ful-

filled. In any given case, as many reasonable

conditions may be imposed as there are dis-

posable arbitrary constants entering the prob-

lem, and consequently as many equations of

condition may be satisfied.

For example : the equation of condition

that two straight lines shall be at right angles

to each other is

1 + aa' = 0,

in which a and a' are the tangents of the

angles which the lines make with the axis of

X. If a and a' are both arbitrary constants,

the equation is indeterminate, and may be

satisfied in an infinite number of ways. If,

however, a value for one of them be assumed,

it is equivalent to assuming a. second equa-

tion of condition,.and the value of the other

constant may be at once determined.

An equation of condition may also indicate

a relation which must exist in order that

some analytical operation may be performed.

Thus, in order that a differential equation of

the form

Fix + Qdy — 0,
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may be susceptible of direct integration, it

is necessary that the equation of condition

dP _ dQ
dy ~ dx'

should be satisfied.

No device of analysis is more fruitful in

results than the proper use and management
of equations of condition.

Equation op Payments. The name of a

rule of arithmetic, the object of which is to

find the mean time of payment of several

sums due at different times. The rule is as

follows :

Multiply each payment by the time before

it becomes due, and divide the sum of these

products by the sum of the payments : the

quotient will be the mean time.

Let it be required to find the mean time of

payment of a sum of $200 due in two months,

$200 due in four months, and $100 due in

eight months.

Here, 200 X 2 = 400

200 X 4 = 800

100 X 8 = 800

500) 2000 (4 months.

E-QUa'TOR. [L. aquo, to make equal].

A great circle of the sphere, whose plane is

perpendicular to the axis of revolution. Lon-

gitude is reckoned upon the equator, and lati-

tude upon meridians perpendicular to it.

The equator is sometimes called the equinoc-

tial.

E-QUI-AN"GU-LAR. [L. aquus, equal,

and angulus, an angle]. Having equal an-

gles. In Geometry, a polygon is equiangular

when all its angles are equal to each other.

Thus, a square is equiangular. Two poly-

gons are equiangular, or mutually equiangu-

lar, when all the angles of the one are equal

to all the angles of the other, each to each

;

that is, when taken in the same order, the

first angle of the one is equal to the first an-

gle of the other, the second angle of the one

equal to the second angle of the other, and so

on. A polyhedron is equiangular, when all

its polyhedral angles are equal, each to each,

as in the cube. Two polyhedrons are equi-

angular, or mutually equiangular, when the

polyhedral angles of the one are equal to the

polyhedral angles of the other, each to each.

That two polygons or polyhedrons may be

equiangular, it is not necessary that each be

equiangular of itself; but the term simply

implies that they are so, as compared with

each other.

_ E-QUI-CRtJ'RAL. [L. aquus, equal, and

crus, a leg]. Having equal legs or sides.

Thus, an isosceles triangle is equicrural.

E-QUI-DIF'FER-EN,T. Having equal dif-

ferences. Thus, the terms of an arithmetical

progression are equidifferent.

E-QUI-DIS'TANT. [L. aquus, equal, and

distorts, distant]. Two or more points are

equidistant from a given point, when their'

distances from it are equal to each other. In

a series, three or more terms are said to be

equidistant, when there exists the same num-
ber of terms between each pair of consecu-

tive terms. Thus, in the series of natural

numbers, I, 2, 3, 4, &c, the numbers, 1, 5,

9, 13, &c, are equidistant terms. These

constitute a new series.

E-QUI-LAT'ER-AL. [L. aquus, equal,

and lotus, <x side]. Having equal sides. In

Geometry, a polygon is equilateral, when all

its sides are equal to each other. Two poly-

gons are equilateral, or mutually equilateral,

when all the sides of the one are equal to all

the sides of the other, each to each, and taken

in the same order. Equilateral polygons, in-

scribed in circles, are necessarily equiangu-

lar ; but the converse is not necessarily true.

When the number of sides is odd, an in-

scribed equiangular polygon is also equilat-

eral ; but when the number of sides is even,

the inscribed equiangular polygon may have

all its sides equal, or the alternate sides may
be respectively equal to each other, the two

sets not being equal.

For example, an inscribed rectangle may
have all its sides equal to each other, in

which case it is a square, or the opposite

sides may be equal to each Other in pairs.

Similarly, for any inscribed equiangular poly-

gon, having an even number of sides.

Equilateral Hyperbola. One whose

axes are equal. Its equation, when referred

to the centre and axes, is

y' — x' = - a',

in which a denotes the length of either semi-

axis. In this curve, the asymptotes are at

right angles to each other, and the curve is
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equal to its conjugate. Any pair of conju-

gate diameters are equal to each other, and

make equal angles with the asymptotes.

To cut the curve from the cone, requires

that the cone be cither rectangular or obtuse.

Pass a plane through the vertex, cutting out

two elements at right angles to each other
;

then will any plane, passed parallel to this,

cut out an equilateral hyperbola. If the

curve be referred to its asymptotes, and the

abscissa of the principal vertex be regarded as

1 ; then will the area between this ordinate,

the curve, the axis of X, and any other ordi-

nate whatever, be equal to the Naperian loga-

rithm of the abscissa. ' Hence, this curve is

often called the logarithmic hyperbola.

E-QUl-MUL'TI-PLE. [L. aquus, equal,

and multiplico, to increase]. The products

obtained by multiplying two quantities by the

same quantity, are equimultiples of the given

quantities. Thus, ma and mb are equimulti-

ples of a and b.

Equimultiples of two quantities are to each

other as the quantities themselves : thus,

u, b : : ma . mb
;

in which, m may be any quantity whatever.

E-QUI-NOC'TIAL. [L. aquus, equal, and

nox, night]. Belonging to the equinoxes :

denoting an equal length of day and night.

Equinoctial Colure. The meridian which

passes through the equinoctial points.

Equinoctial Points. The points in which

the equator intersects the ecliptic. The equi-

noctial points in the heavens do not. retain a

constant position with respect to the fixed

stars, but have a slow motion from west to

east amounting to about 50 seconds yearly.

This motion is called the precession of the

equinoxes.

E-QUIV'A-LENT. [L. aquus, equal, and

valens, to be worth]. Equal in value ; in

power, or force, or effect.

Equivalent Magnitudes, in Geometry, arc

those whose measures are equal but which do

not admit of superposition. Thus, a rectan-

gle is equivalent to a triangle having the

same base and double the altitude of the

rectangle. To express the idea of equiva-

lency, or equality of measure, the symbol =o=
has been adopted. Thus, in the right-angled

triangles ABC, '

BC"o AC2 + AB a

:

this expression is read,

the square of the side BC
is equivalent to the sum of

the squares of AC and AB.

E-RECT'. [L. eriso, to set upright]. To
erect a perpendicular to a given line or plane

at any point, is the same as to construct a

straight line perpendicular to the line or

plane at that point.

ER'ROR, [From erro, to wander]. The

difference between the true result of any

operation of arithmetic or algebra, and an

approximate result. This term is particularly

employed in the rule of double position. See

Position Double.

ES-SEN'TIAL. [L. essentia, the essence,

or substance]. Necessary to the existence

of a thing.

Essential Sign of a quantity, the sign

resulting from the combination of the sign of

the expression with the sign of operation
;

thus, in the expression

a — {b — c),

the essential sign of J is — , whilst that of

c is +, resulting from the combination of

the two negative signs, the one preceding the

expression (i — c), and the other preceding

the quantity c.

E'VEN NUMBER. A number divisible

by 2; as 6, 8, 10, &c.

EV'O-LUTE OF A CURVE. [L. e, from,

and volvo, to unfold]. The locus of the cen-

tres of all of the circles which are osculatory

to the curve.

If at different

points of a given

curve, normals

be drawn to the

curve and dis-

tances be laid off

upon these nor-

mals, in the con-

cave side of the arc, each equal to the radius

of curvature, then a curve drawn through the

extremities c, c', &c, of these lines will be

the evolute of the curve. The giveta curve,

with respect to the evolute, is called the invo-

lute.
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It is a property of the radius of curvature

that it is normal to the involute, and tangent

to the evolute. This property enables us to

construct the evolute of a curve, approxi-

mately, as follows :

Draw any num-
ber of normals to

the given curve at

points P, P', P",

&c; draw a curve

tangent to these

several normals

and it will be the

evolute required,

and will be more

or less accurate

according as the

normals are more

or less numerous.

This property, taken in connection with the

property that any arc of the evolute is equal

to the difference of the radii of curvature of

the involute through its extremities, enables

us to construct the involute when the evolute

and one point are given. Let A be the given

point. Wrap a string about the evolute and

stretch it so that it will pass through A ; at

A attach a pencil and unwind the string,

keeping it stretched ; the pencil will describe

the involute. It is plain, that since each point

of the thread, as it unwinds, describes a

curve, that the same evolute has an infinite

number of involutes ; but any involute has

only a single evolute.

To find the equation of the evolute of any

curve, let us assume two of the equations of

condition for osculatory circles, which are

dx' + dy

y-P = -
d'y

(1), and

x- a = -fx (y-(3);-.m.
In these, a and /? are the co-ordinates of

the osculatory circle drawn to the involute at

a point whose co-ordinates are x and y. If,

in addition to these two equations, we assume

the equation of the involute and its differen-

tial equations of the first and second orders,

we shall have, in all, five equations contain-

ing the six quantities, a, p, x, y, dy, and

d'y. By combining these equations, the

quantities x, y, dy, d'y, may be eliminated,

leaving an equation between a and /3.

This resulting equation, expresses a relation

between u, /?, and constants, and is entirely

independent of x and y. It is the equation

of the evolute.

For example, the equation of the parabola

and its differential equations of the first and

second order are, respectively,

y'=2px~(2), ydy-pdx-{i), yd'y+dy'=0(5).

If now, equations (1), (2), (3), (4) and (5),

be combined so as to eliminate x, dx, y, dy,

and d'y, the resulting equation will be

^

=

wP (° - py>

which is the equation of the evolute.

Hence, the

evolute of the

commonpara-

bola is a cubic

parabola, hav-

ing its origin

at the point

C, on the axis

of the curve,

and at a dis-

tance from
the vertex

equal to half

the parame-

ter of the curve.

In like manner, it may be shown, that the

evolute of the cycloid is an equal cycloid.

The evolute of any algebraic curve is always

rectifiable.

Evolute Imperfect. If tangent's be drawn

to a curve at every point, and at the points of

contact instead of normals oblique, lines be

drawn, making a given angle with the tan-

gents ; then will a' curve tangent to all

these oblique lines be what has been called

an imperfect evolute It is of little practical

importance in a mathematical point of view.

EV-O-LU'TION. [L. evolutio, unrolling].

In Arithmetic, is the same as the extraction

of a root, and stands opposed to the term in-

volution, which is the operation of raising a

quantity to a power. See Extraction ofRoots.

E-VOLV'ENT, The same as Involute,

which see.

EX-AM'PLE. [L. exemplum, an example].

A particular application of a general principle
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or rule, generally given to illustrate the nature

of the rule or its mode of application.

EX-CEN'TRIC, EX-CEN-TRIC'I-TY. See

Eccentric, Eccentricity.

EX-CESS'. [L. excessus, from excedo, to go

beyond]. That which goes beyond. See

Properly of9's.

Excess Spherical. The excess of the sum

of the three angles of a spherical triangle

over two right angles, or 180°, is called the

spherical excess. This element is of much
importance in geodesical surveying, where

extensive triangles upon the surface of the

earth are considered. Any triangle employed

in a geodesic survey is necessarily a very

small portion of the surface of the entire

globe, and consequently the spherical excess

is small, but not so small as to be insensible

to the accurate instruments now employed

upon such surveys.

Legendre has shown that when the area of

a spherical triangle is very small, compared

with the entire surface of the sphere, it is

sensibly equal in area to a plane triangle,

whose sides are respectively equal in length

to those of the spherical triangle, and whose

angles are equal, respectively, to those of the

spherical triangle, each diminished by one-

third of the spherical excess.

If it is assumed that the three angles of a

spherical triangle have been measured with

equal accuracy, it is not necessary to know
the spherical excess in order to compute the

parts of the triangle ; but it is important to

determine the excess for the purpose of esti-

mating the accuracy of the observations.

The formula for computing the spherical

excess, is

ra sin 1

in which E denotes the excess, S the area of

the spherical triangle, in square yards, and T

the radius of the earth, in yards.

The area S is determined by taking the

sum of the three angles, and subtracting from

it 180°, and then taking one third of this

from each of the measured angles ; with the

angles thus obtained the area may be com-

puted when the length of one side is known,

in accordance with Legendre's principles, the

triangle being regarded as plane.

The value of the logarithm of r, the mean

radius of the earth, as adopted by the Topo-

graphical Bureau, is 6.8427917.

Having computed the spherical excess by

the formula given, the difference between

this and the excess found.from the measured

angles is due to error in observation, and

ought to be distributed equally amongst the

angles. When this error exceeds 3" in any

triangle, the measurements ought to be re-

jected, where great accuracy is required, par-

ticularly where there is a long succession of

triangles dependent one upon another. This

limit is the one adopted on the United States

Coast Survey.

In order to illustrate the preceding princi-

ciples, let us suppose that in a geodesic

spherical triangle ABC, the side c is known,

and that the angles found by measurement

are respectively

B = 49° 17' 23".24

C = 64° 08' 37".78

A = 66° 34' 04".80

5".82

observed spherical excess.

Subtracting one third of this, or 1".94, from

each, we have the corresponding angles of the

plane triangle,

B' = 49° 17' 21".30

C = 64° 08' 35".84

A' = 66° 34' 02".86

The several parts may then be found from

the formulas

sin B' sin A' he sin A'

sin C sin 2

Substituting the value of S in the formula

for the spherical excess,

E ~ r» sin
1"'

we find E = 5".67. Hence the measured

excess exceeds the true excess by 0".15, and

this is the measure of the error committed.
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Subtracting one third of this error from each of

the measured angles, the corrected angles are

B = 49° 17' 23".19

G = 64° 08' 37".73

A = 66° 34' 04".75

5".67,true excess.

for places whose latitudes are between

25° and 45°, which includes a great portion

of the United States, the spherical excess is

about 1" for every 75.5 square miles of area.

Hence, if the area of the triangle, in square

milss, be known, a good approximation to

the excess in seconds may be found by divid-

ing this area by 75.5 square miles.

EX-CHANGE'. [Fr. echanger]. To barter.

A rule in Arithmetic. The operation of find-

the value of one commodity or denomination

of money, in terms of another. When a

unit of each denomination is fixed upon in

terms of some assumed standard, the practi-

cal operations in this arithmetical rule become

simple applications of the principles of pro-

portion.

In commerce, exchange is a mercantile

operation, by means of which debts due to

individuals at a distance are paid without the

transmission of money. This operation is

effected by means of what are called bills of

exchange.

A bill of exchange is an order addressed to

some person, directing him to pay to a cer-

tain other person a specified sum. There are

always three parties to a. bill of exchange,

and sometimes more.

1. He who writes or draws the order is

called the drawer or maker of the bill.

2. The person to whom it is directed is

called the drawee.

3. The person to whom the money is

ordered to be paid is called the payee.

4. Any person who buys a bill is called

the buyer or remitter.

5. The payee and other persons into whose

hands the bill may pass previous to its being

paid, and who write their names upon the

back of it, are termed indorsers.

6. The person in whose possession the bill

is at any given period, is termed the holder

or possessor.

7. When the bill is presented to the drawee,

if he agrees to pay it at the time specified, he

signifies the same by writing accepted, and

signing his name across the face of the bill.

He is then called the acceptor, and the bill is

said to be accepted.

The drawee does not become responsible

till the bill is accepted. If on presentation

he does not accept, the holder should give

notice of the refusal to the drawer, and to all

the indorsers. This notice is called a protest,

and is given by a notary or notary public, an

officer appointed for that purpose.

If the drawee accepts the bill, but fails to

make payment at the time, the parties must
be notified as before, and this is called pro-

testing for non-payment. If the indorsers are

not notified in proper time, they cease to be

holden for the amount of the bill.

Days of Grace are a. certain number of

days granted to the person who pays the bill,

after the time named in the bill has expired.

In ascertaining the time when a bill, which

is payable so many days after sight, actually

falls due, the day of presentment or the day

of the date is not reckoned. When the

time is reckoned in months, calendar months

are always understood.

When the month in which a bill is due is

shorter than the one in which it is dated, it is

customary not to go on into the next month.

Thus, a bill drawn on the 29th, 30th, or 31st

of December, payable two months after date,

would fall due on the last day of February,

except for the days of grace, and would

actually be due on the 3d of March.

Bills of exchange are the true money of

commerce. When the drawer and drawee

both reside in the same country, the bill is

said to be inland, and when they reside in

different countries, it is a. foreign bill.

Par of Exchange. The par of exchange

between two countries, is the equality in value

of a certain amount of currency in one coun-

try with a certain amount in the other. Thus,

according to the mint regulations of Great

Britain and France, a pound sterling of the

former country is equivalent to 25.20 francs

of the latter, and the exchange between the

two countries is said to be at par when a bill

of 25.20 francs drawn in London on Paris is

worth £1 in London, and when a bill of £1

drawn on London is worth 25.20 francs in

Paris. When £1 in London buys a bill on

Paris for more than 25.20 francs, the exchange

is said to be in favor of London, and against
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Paris. When it takes more than j£1 to buy

a bill of 25.20 francs, the exchange is against

the former and in favor of the latter.

The Commercial pah of Exchange de-

pends upon the market value of the currency

of the two countries, and may fluctuate from

time to time. Thus the market value of an

English sovereign in New York varies from

$4.83 to $4.85, and it is this varying value

which determines the commercial par.

The Course of Exchange is the variation

of price paid at one place for bills drawn upon

another. This variation may arise from two

different circumstances. First, from a dis-

crepancy between the intrinsic value of coins

and their value as established by the mint

regulations ; and secondly, from any sudden

increase or diminution in the amount of bills

drawn in one place upon the other.

The exchange value of the pound sterling

of Great Britain in the United States, is

$4,444, and it is upon this basis that bills of

exchange are drawn in this country ; but this

is much below both the intrinsic and commer-

cial values ; hence, the amount of exchange

on Great Britain has to be increased to make
up the deficiency. The commercial value of

the pound sterling exceeds the exchange

value by nearly 9 per cent ; thus,

The exchange value • • $4,444

Add 9 per cent • • ;399

"Which gives $4,844,

and this is very near the average commercial

value of the pound sterling. When, there-

fore, the exchange is at a premium of 9 per

cent on the assumed unit, it is at commercial

jiar, and it would stand at this rate between
Great Britain and this country, were it not

for fluctuations of trade and other accidental

circumstances.

When the nominal exchange from this

country to Great Britain is more than 9 per

cent, it is above par ; when less, it is below
par

EX-HAUST'IONS. [L. ex, from, and
haurio, to draw]. A method of demonstration

much employed by the ancient geometers,

nearly equivalent to the modern method of

limits, and involving the principle of the

reductio ad absurdum. •

The principle of the method of exhaus-

tions might be enunciated as follows : If a

certain magnitude is less than a second, and

greater than a third magnitude, whilst the

difference between the second and third mag-

nitudes may be made less than any assigna-

ble quantity, then will the three magnitudes

ultimately become equal.

For example, if a regular polygon be in-

scribed within a circle, and a similar polygon

be inscribed about the circle, the number of

sides of these polygons may be taken so

great that their difference will be less than

any given area. By continually increasing

the number of sides, this difference is con-

tinually diminished or exhausted, and as the

two polygons approach each other in area,

they both approach the circle in area. If,

therefore, we commence the computation by

finding the area of the circumscribed and in-

scribed square, and then from these the cir-

cumscribed and inscribed regular octagon,

then figures of 16, 32, 64, &c, sides, as may
easily be done, we shall ultimately arrive at

two areas, one of the circumscribed, and, the

other of the inscribed polygon, which differ

very little from each other, and as far as the

expressions are the same, either one may be

taken as the approximate expression for the

area of the circle. In this manner, the area

of the circle is arrived at in plane geometry.

In like manner, the ancients applied the

method of exhaustions to a great variety of

propositions appertaining to rectifications and

quadratures, but which are of comparatively

little importance since the introduction of the

calculus.

EX-PAN'SION. [L. expansio, dilation,

extension]. A term sometimes employed to

denote the result of an indicated operation.

Thus, the indicated cube of a + b is (a + b)',

and its expansion is .

a3 + 3a"b + 3ab* + S3 .

Expansion in this sense is nearly synony-

mous with development.

EX-PECT-a'TION. [L. expectatio, an

awaiting]. In the theory of chances, the

value of any chance which depends upon

some contingent event. Thus, if a person

is to receive the sum of $100 upon the occur-

rence of an event which has an equal chance

of happening or failing, the expectation of

the sum is worth $50. In like manner, if

there are three chances of the event's failing,
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and only one of its happening, the expecta-

tion is worth only $25.

Expectation of Life. The average dura-

tion of life after any given age as determined

by the tables of mortality. If it is found
from a great number of recorded examples,

that of all the individuals who reach the age 1

of 25, the average remaining period of ex-

istence is 37.86 years, then is the expecta-

tion of life at that age 37.86 years.

The mathematical principles involved in

computing the ' expectation of life are the

following :

Let the probabilities that an individual of

a given age will live,

1, 2, 3, 4, .... n years, be denoted by
?' P" P'" P"° P"'> respectively

; then

the probabilities that life will fail at the end of

the Mth year, are p"'- 1 — p
n '.

In computing the expectation of life for

any future year, as the na , two contingen-

cies are to be considered :
,

>

1st. He may live through that year, the

value of which contingency is p". 2d. He

may die in the course of that year ; and as he

may die at any part of that year, we must

regard his death as happening at the middle

of the year ; the value of this contingency is

therefore

' i(P*'-
1 ~ ?"')•

Adding these contingencies, we find for the

total value of the expectation of life, with re-

spect to the «lh year from the time considered,

If we denote the sum of the expectations

by E, and substitute, in succession, for

«', 1, 2, 3, 4, &c, in order to find the ex-

pectation for each succeeding year up to the

last age in the table, we shall have

E.= i + p' + p" + p'" + &c. for^» = 1.

Hence the true value of the expectation

of life, is equal to £ plus the sum of the

probabilities of the life enduring through 1,

2, 3, &c, years, up to the limiting age of the

table of mortality.

The following table shows the expectation

of life for every age, from to 100, compu
ted from the Carlisle tables of mortality.

Age.
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written to the right, and above a quantity, to

show how many times it is to be taken as a

factor : thus, in the expression a3
, the num-

ber 3 is an exponent, and shows that a is to

be taken three times as a factor. The ex-

pression a3 is equivalent to a X a X a, and

is read, a cube. The exponent is properly the

exponent of the power, but for simplicity, it

is often called the exponent of the quantity a.

Such is the fundamental idea of the term

exponent; but custom and the advance of

algebraical science have generalized the idea,

and the term exponent, is now applied to

any quantity written on the right, and above

another quantity, whether it be entire or

fractional, positive or negative, constant or

variable, real or imaginary : thus, in the

expressions

o3
, a* ,

»—
*, a1, aP and aV—^,

3> i>
— 5, b, x, and V — 1, are all called ex-

ponents. The reason for this generalization

of the term lies in the fact that the result

obtained by performing the operation indica-

ted by an exponent, is entirely independent

of the nature of the exponent. The quantity

to which the exponent is annexed is called

the base, and when the base is the same, two

exponential quantities may be multiplied to-

gether by simply adding their exponents

;

thus,

aX X a* — a"+\-

One may be divided by the other by sub-

tracting their exponents : thus,

A quantity may be raised to any power by

multiplying its exponent by the exponent of

the power : thus,

(«-»)-» = aW.

Any root of a quantity may be extracted

by dividing the exponent by the index of the

root : thus,

equivalent to

/a" = a3
.

In accordance with these principles, the

rules for the transformation of radicalSijottay

be reduced to those for simple multiplication

and division. The following examples of
equivalent expressions show the application

of these principles in some of the simplest

cases.

1

i/aJT

/a

1

v^

3
Fractional exponents denote that roots are

to be extracted ; negative exponents indicate

reciprocals.

EX-PO-NEN'TIAL. Involving variable

exponents. An exponential function is one

in which the variable enters an exponent

;

thus, in the equations,

y = a" and y" — bx-° + c"
3 = 0,

y is an exponential function of x.

Exponential Equation. A name given to

equations, in which the unknown quantity

enters an exponent ; thus, a" = b is an ex-

ponential equation. Every exponential equa-

tion of the simple form a" = b, may be solved.

There are two principle methods of solving

exponential equations
; first, by means of

continued fractions ; and, secondly, by the

aid of logarithms.

1st. By means of continued fractions

:

Let it be required to solve the equation,

2" = 6 . . . . (1).

We see by inspection that 2 < x < 3 ; then

make

Substituting this in the given equation, we

have

•*** = 6, or 2s X 2? = 6 ; whence,

I 3
2*' = 2' 2 = 2 .(2).

We see by inspecting equation (2) that

1 < i'< 2 ; making

1

x"

and substituting in equation (2), we have,

- 1 = 2 ; whence, by reduction,
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r •(3).

We see by inspecting equation (3) that

1 < x" < 2 ; making

a" = 1 + -ja

and substituting in equation (3), we have,

after reduction,

M"" 4

from which 2 < a" < 3 ; making
1

*" = * + -*:

and, proceeding as before, we find

2 < a* < 3, &c.

If, now, we substitute these values suc-

cessively in an inverse order in the preceding

equations, we shall find

x = 2 +——
1 + 1

1 + 1

2 + 1

2 + &c,
a continued fraction.

The first approximating fraction of the

fractional part of x is >
-

; the second, £ ; the

third, -| ; the fourth, ^, which is the true

value to within less than -j^j ; hence, the

value of x is 2^, to within less than yjj.

Other examples may be solved in the same

manner.

2d. By means of Logarithms

Let us take the same example 2" = 6 . (1).

Taking the logarithms of both members,

x log 2 = log 6 ; whence,

_ log_6 0.778151
I_

log2
• = 2.584,

0.301030

which differs from the value already found

by jJqq . The latter value is more accurate

and more easily obtained.

The advantage of the method by logarithms

will be rendered still more apparent by con-

sidering a more complicated example.

Let it be required to solve the equation

(af = o.

Make i» = y ; whence, a? = c; and hy the

preceding method,

logc logy
y = i , we have also x = :—

r

* log a log 4

and, by substitution, we have, finally,

16

log
/logc\

log*'
which may be reduced by logarithms.

There are again other complicated cases

which can only be solved by trial and ap-

proximation. The methods already given in-

volve all principles necessary to such exam-

ples as arise in practice. There is, also,

a method of approximating to the value of

x by means of the rule of double position.

In exponential equations of the form 3*=S,

we can only arrive at the value of x by the

method of trial and error, or the method of

position. In every equation of the form

x" = a, if a is greater than 1, there is but

one real value of x, but if a is less than 1,

there are at least two values of x, which are

functions of each other. If x" is one root,

and r be found from the equation

r
;n _

x,.

then will rx' be another root of the equation.

The minimum value of the expression is.

«• = <#.
in which e is the base of the Naperian sys-

system of logarithms, or 2.71828.

EX-PRtfS'SION. In Algebra, the repre-

sentative of a quantity written in algebraic

language ; that is, by the aid of symbols.

Thus, 9x* + 3y, is the expression of the sum
of the two quantities denoted by 9 times x',

and 3 times y. In general, any quantity or

relation denoted by algebraic symbols is an

algebraic expression. We say that an equa-

tion expresses the relation existing between

the quantities which enter it, by which we
mean that this relation is written out in the

algebraic language. If a rule is translated

into algebraic language, the resulting expres-

sion is called a. formula, and conversely if a

formula is translated into common language,

the result is a rule. Here the only differ-

ence is in the mode of expression, the method

of algebra being usually more concise.

There is the same distinction between alge-

braic expressions that there is between ex-

pressions in ordinary language. Thus, a'

may express the area of a square, one side

of which is equal in length to some line de*-

noted by a ; this expression is called a term,

or is the algebraic expression of a term.
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Again, the combination of symbols,

a? = be, a' > be, a' < be,

may express the fact that a square is equal

to, greater than, less than a rectangle, whose

adjacent sides are respectively denoted by

b and c. Such forms of expression are equi-

valent to propositions in ordinary language,

and in algebraic language are termed equa-

tions or inequations. In these cases the

terms are a' and be, the copula being the

symbol = or >, or <.

EX-TEN'SION. [L. extermo, a stretching

out]. In Geometry, that property of a body

by virtue of which it occupies a limited por-

tion of space. Extension has three attri-

butes—length, breadth, and height, or thick-

ness, and in order that anything may properly

be termed a body, it must possess them all.

These dimensions of extension are supposed

to be estimated in lines, each of which is

perpendicular to the plane of the other two.

There are magnitudes which may be regarded

as having but two or even one of the attri-

butes of extension. Thus, a surface has

length and breadth by no thickness ; a line

has length, but neither breadth or thickness.

A line or surface cannot be called a body,

but each has, nevertheless, magnitude, for it

may be added to, subtracted from, and mea-

sured. We are accustomed to speak of them

as extending to certain limits. They are,

strictly speaking, the limits of bodies, and

have no real existence except in the mind.

EX-TE'RIOR. [From extents, foreign].

External, outward.

Exterior Angle op a Polygon. The an-

gle included between any side of a polygon,

and the prolongation of the adjacent one.

Thus, in the triangleABC,
if the side AC be pro-

longed to D, then is the

angle BAD an exterior

angle. If all of the sides

of a salient polygon be C
prolonged in the same direction, the sum of

the exterior angles formed, is equal to four

right angles.

In a triangle, an exterior angle is equal to

the sum of the opposite interior angle ; thus,

BAD = ABC -1- ACB.

If two parallel lines AB and CD are met

by a third straight

formed eight angles.

Those which lie

without the parallel

lines, and on the

same side of the se-

cant line, are called

line IG,

A-

c-

[E XT

there will be

7*
G

exterior angles on the same side ; as IFB and

DHG.
Those which lie without the parallels and

on opposite sides of the secant, are called

alternate exterior angles', as AFI and DHG.

EX-TERM-IN-A'TION. [From ex and ter-

minus, literally to drive from within the limits].

The same as elimination. See Elimination.

EX-TERN'AL ANGLES. See Exterior

Angles.

EX-TRACTION OF ROOTS. [L. ex-

traho, to draw out] . The operation of finding

a quantity, which being taken as a factor a

certain number of times, will produce a given

quantity. For the processes, see Square

Root, Cube Root, $c.

Besides the processes laid down under the

headings referred to, there is a general method

of extracting roots of numbers of any degree

depending upon the principles of logarithms.

The rule is as follows :

To extract the nlh root of a number, find

from a table the logarithm of the number and

divide it by n, the index of the root ; find

from a table the number corresponding to the

quotient, and this will be the root required.

The following method of extracting then"1

root of any number approximately, is due to

Hutton. Let N designate any number, and

R its nearest m"1 root, already found : denote

the true root by R' ; then will the following

formula express an approximate value of R'

;

(n + 1)N + (n - 1) R"

(n - I)N + (n + 1) R"
'

Suppose it were required to extract the cube

root of 2. Here, N = 2, n = 3, R = 1

;

substituting in the formula, we have

8 + 2
£'=4 + 4 = 135

-

for the first approximation. Using this value

and substituting in the formula, we again

obtain

R'-- XR.

R =
8 + 2(1.25)

s

X 1.25 = 1.259921,
4 + 4(1.25)8

which is true to the very last figure.
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EX-TReME' AND MEAN RATIO. In

Geometry, a straight line is said to be divided

in extreme and mean raatio, when the greater

segment is a mean proportional between the

whole line and the lesser segment.

The operation is effected geometrically, as

follows •

Let AB be the given line ; at B erect the

perpendicular BO and make it equal to one-

half of AB ; with C as a centre, and with a

radius CB describe an arc BD cutting AC in

D ; with A as a centre, and with AD as a

radius, describe the arc DF ; then will F be

the point of division, and we shall have

AB : AF : : AF : FB.

EX-TRfiME'. [L. exlremus, last], The first

and' last terms of a proportion are called ex-

tremes, the remaining two being means. If

the proportion has but three different terms,

the middle one is a geometrical mean, or a

mean proportional between the extremes. In

the proportion

a : b : : c . d,

a and d are extremes, also in the proportion

a : b : : b : c

a and c are extremes, and A is a mean pro-

portional between them. In a limited pro-

gression, either arithmetrical or geometrical,

the first and last terms are called extremes,

and the remaining terms are means—arith-

metical means in the first case, and geome-

trical means in the second.

In an arithmetical progression, the sum of

the extremes is equal to the sum of any pair

of terms which are situated at equal distances

from the extremes. The sum of the progres-

sion is equal to the half sum of the extremes

multiplied by the number of terms.

In a. geometrical progression, the product

of the two extremes is equal to the product

of any two means equally distant from the

extremes.

In a geometrical progression, any term is a

mean proportional between the preceding and

succeeding term, and if there is an odd num-

ber of terms, the middle one is a mean pro-

portional between the extremes.

F, the sixth letter of the English alphabet.

As a numeral, it has been employed to denote

40, with a dash over it, thus, f , it denoted

40,000. In the calculus, it is employed as an

abbreviation for the term function. For ex-

ample, the symbols, / (x), F (x, y), are em-

ployed to denote functions of x, and of x and y
respectively.

FaCE. [L. fades, the face]. The plane

surface of a solid.

Face op a Polyhedron. One of the bound-

ing polygons of the solid. See Polyhedron.

FACTOR. [L. factor, from facio, a maker,

or doer]. If two quantities are multiplied

together, each is called & factor, and the result

obtained is called a product. The term factor

is used also in the same sense as divisor, so

that any quantity which will divide another,

is a factor of it. The entire factors of 12 are

1, 2, 3, 4, and 6. Taken in pairs, the factors

are 1 X 12, 2 X 6, 3 X 4, &c. To resolve

a quantity into its factors, is to find two or

more quantities, which when multiplied to-

gether, will produce the given quantity. This

may often be effected in a variety of ways, as

in the example above given. When a quan-

tity is given, and also one of its factors, the

remaining one may be found by dividing the

quantity by the given factor. The prime

factors of a quantity, are those factors which

cannot be exactly divided by any other quan-

tity except 1. Every member has 1 for a

prime factor. The prime factors of 12 are 1,

2, and 3. The operation of resolving a quan-

tity into its factors, is called factoring. In

the processes of the Diophantine analysis,

the theory of numbers, the investigation of

the nature and property of equations, in short,

in almost every branch of analysis, the opera-

tion of factoring is of constant use. A single

example in algebraic multiplication will serve

to illustrate its utility. Let it be required to

find the product of

x* - b* , x - b
and

x' - 2te + Sa x* + bx
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by factoring and indicating the operation, we
have

(x' + b')(x + b){x-b)(x-b) _ x' + b'

x (x + b)(x-b)(x-b)~ x
'

by striking out the factors common to the

two terms of the fraction. This result might

have been obtained by performing the multi-

plication, and then reducing, but the process

would have been much more tedious.

No definite rules can be laid down for fac-

toring algebraic expressions. The following

cases will be found useful in practice,

a— J is a factor of am— J™, for all entire values

of m.

a+b '• am—bm, when m is even.

a+b " am+b*>, when m is odd.

a— I " am— a", for all entire values

of m and n.

tt+1 " an— <P, when (ra-Ji) is even.

a+1 " aa+an
, when (m-n) is odd.

a is a numerical factor of r"—r, for all entire

numerical values of r, when a is a

prime number.

a is a factor of [ 1 . 2 .3 . 4. . . (a — 1)] + 1

when a is a prime number,

o is a numerical factor of r"-1— 1, when a is

prime with respect to r.

Imaginary factors of the second degree can

always be reduced to the form

a + bV^T,
and if any real quantity has a factor of the

form

a + bV^T,
it has also a factor of the form

a — b V — 1,

and these factors, from the fact of their being

always united, are called conjugate factors.

FaIL'ING CASE of a rule or formula.

A case, in which the rule or formula does not

apply, though included amongst those to

which it is in general applicable. Thus,

McLaurin's formula fails to develop a function

of one variable into a series, when that func-

tion, or any of its successive differential co-

efficients becomes infinite, when the variable

is made equal to 0.

FEL'LOW-SHIP. A rule of Arithmetic,

co called from its being employed in adjust-

ing the accounts of merchants and partners

in trade. The object of the rule is, to ex-

plain the method of assigning to each part-

ner his gain or loss, in accordance with any

agreed conditions,—usually in proportion to

the amount of capital contributed by each

partner, and the time which it has been em-

ployed, or the risks to which it has been sub-

jected.

The entire amount of money employed, is

called the capital stock. The gain or loss to

be shared, is called the dividend.

There may be two cases : 1st, when the

stock of all the partners has been employed

for the same length of time ; and 2d, when
the different partners put in stock for unequal

periods of time. These two cases give rise

to the two rules, Single Fellowship, and Double

or Compound Fellowship.

Single Fellowship.

In this case, it is plain that the whole stock

is to each man's share, as is the whole gain

or loss to each man's share of the gain or

loss.

1. A and 5 purchase goods to the amount

of $160, of which A contributes $90, and B
$70 ; they gain by the purchase $32 : what

is each one's share of the profit 1

$160 : $90 : : 32 : x = $18 for A's share.

$160 : $70 : : 32 : y = $14 for B's share.

Double Fellowship.

In this case, each partner's share of the

gain or loss is proportional to the product of

his stock by the time which it is invested

:

hence,

Multiply each partner's stock by the time

which it continues in trade, and take the sum

of the products. Then will the sum of the

products be to each product, as the whole

loss or gain is to each partner's share of the

loss or gain.

1. In an operation, A puts in $840 for

4 months, and B puts in $650 for 6 months,

and they gain $300 : what is the share of

each in the profit 1

840 X 4 = 3360

650 X 6 = 3900

7260 : 3360 : : 300 : x

$138.8418 A's share

7260 : 3900 : : 300 : y
$161.1582 B's share.
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FIeLD. In Surveying, a tract of ground

to be surveyed, usually bounded by some
well defined limit, as a fence, hedge, stream,

or other boundary.

FIELD-BOOK. In Surveying, a book in

which are entered the notes of a survey as

they are made on the field. The method of

entering the field-notes in the field-book de-

pends upon the nature of the survey, and

also upon the surveyor himself, every sur-

veyor having some peculiarity of his own.

See Field-Surveying and Leveling.

FIELD'SUR-VEY-ING. The operation

of finding the area of any portion of the

earth's surface. The name is generally ap-

plied to those operations which are of limited

extent, as in finding the number of acres in

a farm or in a township. See Surveying.

FIG'U-RATE NUMBERS, or Figurate

Series. [L. figuratus]. In Arithmetic, a se-

ries of numbers, the general term of each se-

ries being
;

n (n + 1) (n + 2) (n + m)

12-3-4 (m + 1) '

in which m determines the nature of the se-

ries, and n is dependent upon the place of the

required term of the series.

Figurate series are divided into orders :

when m = 0, the series is of the 1st order

;

when m = 1, the series is of the 2d order

;

when m = 2, the series is of the 3d order

;

and so on.

The figurate series of the first order, is the

series of natural numbers, 1, 2, 3, 4, 5, &c,

«, &c.

The figurate series of the second order has,

, . ,. n(n + 1) , .,

for its general term, —-—5— ; and the sev-
1 it

eral terms are deduced from this, by making,

in succession, n equal to 1, 2, 3, 4, 5, &c.

The resulting series is

1, 3, 6, 10, 15, 21, 28, 36, &c, " y ' <fcc.

The numbers of this series are called trian-

gular numbers, because they express the

numbers of points which may be arranged in

triangles, as in the annexed Figure.

• • •
• • • • • .

The figurate series of the third order has,

for its general term,

n (b + 1) (« + 2)
;

1-2-3

and the terms of the series may be deduced

from it by making, in succession, n equal to

1, 2, 3, 4, &c. The series is

1, 4, 10, 20, &c.
n(»+ 1)(k + 2)

1-2-3 &c.

The figurate series of the fourth order is

1, 5, 15, 35, &c. l-a-3-4 ' " &c "

&c. &c. &c.

One of the most remarkable properties of

these series is that if the nlh term of a series

of any given order be added to the {n + iy*

term of the series of the preceding order, the

sum will be equal to the (n + l)a term of the

series of the given order.

Take the two series of the 3d and 4th

orders,

1, 4. 10, 20, 35, &c.

1, 5, 15, 35, 70, &c.

Here, if we add to any term in the upper

series, that term in the lower series which

stands one place to the left, the sum is the

next term in the lower series. Starting with

a series of l's, all of the series of figurate

numbers may be deduced in succession by

the aid of this principle :

ORDERS OF FIGURATE SERIES.

Series of Vs.

1.1. 1. 1. 1. 1, 1.1, 11
1". 1,8, 3, 4, 5, 6, 7, 8, 9 &e.
8*. 1,3, 6, 10, 15, 21, 28, 36, 45 &c.
3<*. 1,4.10, 20, 35, 56, 84, 120,165 &c.

4<*. 1,5,15, 35, 70, 126, 210, 330, 495 &c.
5*. 1,6,21, 56,126,252,462
6<*. 1,7,28, 84,210,462
7«. 1,8,36,120,330

8a . 1,9,45,165

It will be perceived, on inspecting the pre-

ceding table, that the numbers, read diago-

nally upwards, are the numerical co-efEcients

of the terms in the developments of x + a,

with an exponent corresponding to the order

of the series. It was this fact which first gave

rise to a complete investigation of the subject

of figurative numbers.

Other series may be deduced in a manner

similar to that employed for deducing the

figurate series, which in this respect resem-

ble the latter.
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For example : if we assume the arithmeti-

cal progression of odd numbers, the figuratc

series deduced will be the series of squares.

Thus,

Assumed series 1,3,5, 7, 9, 11, 13, Ac.

Deduced series 1, 4, 9, 16, 25, 36, 49, &c. (1)

In like manner,

Assumed series 1,4, 7, 10, 13, 16, &c.

Deduced series 1, 5, 12, 22, 35. 51, &c. (2)

Also,

Assumed series 1,5, 9, 13, 17, 21, &c.

Deduced series 1, 6, 15, 28, 45, 66, &c. (3)

The series (1) is the series of square num-

bers, (2) the series of pentagonal numbers,

(3) of hexagonal numbers, so named on

account of certain analogies existing between

the relations of the numbers in these series,

and the relations existing between the poly-

gons whose names they bear. If points be

arranged in squares, pentagons, hexagons,

&c, their numbers will be expressed by terms

of these series, as explained in triangular

numbers.

FIG'URE. In Arithmetic, a character em-

ployed in representing numbers. The Arabic

figures are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, and by

proper combination these are sufficient to

represent every possible number.

When the scale of tens is adopted for ex-

pressing numbers, 10 separate figures are

needed, but were we to adopt any other scale,

a greater or less number would be required,

according to the nature of the scale. In the

duodecimal scale, in addition to the ordinary

figures employed, the Greek characters and

k are used, the former to denote 11 and the

latter 12. See Notation.

Figure in Geometry. A diagram or draw-

ing, made to represent a magnitude upon a

plane surface. Thus, the diagram ABC is

made to represent a tri-

angle, and is called a

figure. Sometimes the

figure is accurately con-

structed, so that its parts

bear to each other the

same relative propor-

tion as the parts of the

magnitude represented,

but more usually it is B C
only a rough representation, intended to facil-

itate the reasoning of a proposition or to

illustrate the application of mathematical

principles in the solution of a problem. When
the magnitude has three dimensions, the exact

representation of it on a plane is impossible,

and in this case several different conventional

methods have been resorted to, each of which

has its advantages in its own particular

sphere of application. Some of the methods

of representation are, by means of the princi-

pies of perspective, see Perspective ; of iso-

metrical perspective, see Isometrical Perspec-

tive ; and of projections, see Projections and

Descriptive Geometry.

Besides these methods, there is a rude con-

ventional method of drawing figures, used

generally in plane geometry, which cannot

be referred to either of these methods, nor

can it be reduced to any rules. A glance at

any work on solid geometry will sufficiently

show the nature of this kind of representa-

tion. It approaches more nearly to ortho-

graphic projection than to any other system-

atic method.

Figure ov the Earth. The result of

numerous measurements of arcs of the merid-

ian and experiments with the pendulum,

together with the deductions of analytical

mechanics, show that the figure of the earth

is that of an oblate spheroid of revolution,

the axis of which coincides with the axis of

the earth. The terrestrial elements as

adopted by the United States corps of Topo-

graphical Engineers are as follows :

Equatorial radius '6377397. 15 metres, de-

noted by a.

Polar radius, 6356078.96 metres, denoted

by J

Eccentricity of meridian, 0.0816967, de-

noted by e.

Any radius = a ^1
-

x _ e
, sin, L

]

in which L denotes the latitude of the

place.

The metre employed in these elements is

taken equal to 39.36850154 American stand-

ard inches as determined by Hassler in 1832.

These elements are those at present used upon

the coast survey.

Reducing the elements to yards, and em-

ploying the same notation as before, we

have,
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a = 6974532.339 yards.

b = 6951218.059 yards.

e = 0.0816967

P 1

299.66 '

fa which E denotes the ellipticity.

The following are the elements of the

earth's figure, as given by Bessell and Airy

:

Eq. radius, a
Polar " I

Diff. diam.

)

2a-26 )
Ellipt'y I

°—6=*
a i

Bessell.

feet miles
20923596=3962.S02
20853662=3949.557

139868= 20.490

feet miles
20923713=3962.824
20853S10=3949.585

139S06= 26.478

The following terms are employed in the

discussion of the figure of the earth

:

1. The axis is that line about which the

earth revolves.

2. The equator is a circle whose plane is

perpendicular to the polar axis at its middle

point. It is the largest plane curve that can

be drawn upon the surface of the spheroid.

3. The sensible horizon of a place of the

earth's surface is a tangent plane to the sur-

face at the place. The rational horizon is a

plane parallel to the sensible horizon, and

passing through the centre of the earth

4. The meridian of a place is a section cut

out by a plane through the place and the axis

of the earth. All normals to the surface of

the earth intersect the axis. The rational

meridian of a place is the intersection of the

rational horizon with the meridian plane of

the places.

5. The geographic latitude of a place is the

angle included between the normal to the

earth's surface at the place and' the' plane of

- the equator. . This angle is expressed in

degrees, and were the earth a perfect sphere,

it would be equal to the angular distance of

the place from the equator, measured in the

meridian through the place.

The geocentric latitude of a place on the

surface of the earth, is the angle included

between the radius of the earth through the

place and the plane of the equator.

The geocentric latitude is always a little

less than the geographic latitude. The great-

est difference between these at any place on

the earth's surface, is at those places whose

latitude is 45°, either north or south. Here
it is about 11' 30" of arc.

Tables are constructed, by means of which
either kind of latitude may be converted into

the other by simple subtraction.

6. Parallels of latitude are small circles

whose planes are perpendicular to the axis.

7. The longitude of a place is the angle

included between the meridian -of the place

and the meridian of some other place agreed

upon as the origin of longitudes. The places

from which longitude is reckoned are different

in different countries. In England, the lon-

gitude is reckoned from the observatory at

Greenwich. In France, longitude is reckoned

from Paris. In this country it is sometimes
reckoned from Greenwich, and sometimes
from Washington. It is probable that it will

eventually be reckoned from the latter place

altogether.

Longitude is reckoned in hours, minutes,

and seconds (h., mini, sec), or in degrees,

minutes, and seconds (°,
', "). Each hour

of longitude is equivalent to 15° of arc, each

minute of longitude in time to 15' in arc,

each second in time to 15" in arc ; so that

either may be readily converted into the other.

This is usually effected by means of tables

for the purpose.

The following principles are extensively

used in investigating the figure of the earth,

and also in the operations of geodesic sur-

veys :

1. Comparison of Azimuthal angles on a

sphere and spheroid.

Let C -be the centre of the spheroid, CP
and CE its polar and equatorial radii, PE and

PF any two meridians, B and O two stations,

having given latitudes on these meridians, and

sufficiently elevated above the surface to be
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visible, each from the other ; OB the straight

line joining the two stations; draw the nor-

mals BR and OS, meeting the axis in R and

S, and from thence drawRH and SK respect-

ively parallel to SO and RB.

Let C be the centre of » sphere on which

the points b and o have the same latitudes and

the same difference of longitudes, as the

points B and on the spheroid ; draw the

radii Ci, Co, and the arc bo.

B draw BG perpendicular to OS, and BL
perpendicular to the plane KOS; from

draw OM perpendicular to BR, and ON per-

Now the azimuth of the point O as seen

from B, is the angle included between the

planes OBR and PBR ; the azimuth of B, as

seen from 0, is the angle included between

the planes POS and BOS. Let it be required

to ascertain in what respect these azimuths

differ from the azimuths on the surface of the

sphere formed by the inclination of the planes

obG, pbC, and poG, boC. Since each of the

planes HBR, OKS, is parallel to obC, PBR
and pbC are in the same plane, and POS and

PoC are also in the same plane ; it follows

that the inclination of the planes POS, KOS,
is equal to the angle pob, and the inclination

of the planes PBR, HBR, is equal to the

angle pbo ; and therefore, the azimuthal angle

at O is less than that at o, by the inclination

of the planes BOS, KOS, and the azimuthal

augle at B greater than that at b by the incli-

nation of the planes OBR, HBR.
If, therefore, the inclination of BOS, KOS,

be equal to the inclination of OBR, HBR,
the sum of the azimuthal angles at B and

will be equal to the sum of those at b and o.

This happens when R coincides with S,

that is, when the surface is spherical, or

when the latitudes of the two points on the

spheroid are equal. It also happens when
the reciprocals of the tangents of the depres-

uons at the two stations are equal : for from

pendicular to the plane HBR
;
join 6L and

MN. Then the tangent of the inclination of

OBR, HBR, is equal to

ON
MN'

and the tangent of the inclination of BOS,

KOS, is

BL
GL''

now, the numerators ON and BL are equal

to each other, being the distances between

the same parallel planes; let us ascertain

under what circumstances the denominators

will also be equal. Project the figure on the

plane HRB, then the lines MN, GL, will be

equal if OT and BT are equal, or when the

angle BOT is equal to the angle OBT. If

the stations are unequally elevated, the error

in the assertion that the inclinations of OBR,

HBR, and BOS, KOS are equal, arises from

the fact that a perpendicular to the horizon

at does not appear vertical when viewed

from B, but the effect is quite insensible, so

that for all practical purposes of Geodesy^

the sum of the azimuthal angles on the

spheroid, may be considered equal to the

sum of the azimuthal angles on a sphere,

even when the stations are not equally ele-

vated above the surface of the sea.

It has been shown analytically that when

m and n represent the number of degrees in

the differences of latitude and longitude of

the two stations, the excess of the sum of the

spheroidal over the sum of the spherical

azimuths is less than .000012" x m'n, when

the stations are equally elevated; and that
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when these are unequal, and p represents the

difference of elevation in miles, this excess

is less than .173" X sin'A X cos'L Xp, in

which A denotes the azimuth, and L the

middle latitude.

The sums of these differences will be less

than the probable errors of observation, and

not large enough to be taken into account.

Hence, we conclude, that the spheroidal

excess in a spheroidal triangle, is the same
as the spherical excess in a spherical triangle

whose vertices have the same geographic lati-

tudes, and the same difference of longitude.

Radius of Parallel.

Let CP, CE be the semi-axes of a meridian

section of the earth, AN a normal at A, AM
and AL perpendiculars from A on the axes.

Denote the semi-axes by a and i, and make

a = b (1 + e). Then, from the expressions

for a sub-normal in an ellipse,

b*MN=OMx ta*
Denote the geographic latitude ofA by L,

equal to the angle ANE. We have

b*

AM= NM tan L = ~i CM tan L, and

4*

AM* =~i CM* • tan' L; but

b*
AM* = ^ (a* - CM*) ; hence,

b>

'

b*

-r (a* - CM*) = -i CM* tan' L ; whence,
a* a*

a* = (a* + 4' tan' L) CM*, or

a* a* cos'L
CM* =

a* + i'tan'L a'cos*L+4'sin'L

And, by reduction,

a* cos'L
CM* ~

a' cos'L + b* (1 - cos'L)

a* cos'

L

4» + (a»-i») cos'L '
whence,

CM = -

a* cosL
Vb* + (a*-b*)cos'L

Substituting for a its value 4(l+e), we have

4»(l + 2e + e») cos'LCM=— . .!

b V 1 + [(1 + 2e + e*) - 1] cos'L

(1 + 2e + e*) cos L

V 1 + (2e + e*) cos" L
'

But c being a small fraction, its square

may be neglected in comparison with 2c.

Neglecting e', and denoting the radius of the

parallel by R, we have

_ 4(l+2e)cosL
it = . „ =4cosL(l+e-|-esin'L)

/l+2e cos'L

If P denotes the difference of longitude

of two places on the same parallel of latitude,

and X denote the length of the parallel be-

tween the two places, we shall have

A = b cos L (l+e+ e sin' L) —.
180

Radius of Curvature of the Meridian.

Retain the same notation as before, and

denote the radius of curvature at the point

A by p. The general formula for the radius

of curvature for a plane curve, is

R = -H£)l
d'y"

dx"*

(1).

The equation of the curve is a*y* + b'x*

= a*b* ; whence, by differentiation, we have

dy^

dx"'

b*x" d'y" _ b*

a*y" ;
and

dx"*~ ay3
'

Substituting and reducing, we have, after

omitting the accents,

P = a*b*
(2).

But, fromwhat has just been shown, we have

o* cos* L
CM*

b' sin' L + <z' cos'L
and

4*

AM* = y* = -r CM* tan' L
' a*

J* a* cos" L tan" L
a* b' sin' L

+

a* cos*L
&*sin'L

b* sin'L + a* cos' L
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Substituting these in (2), and reducing,

we find

_ a'b'

9 ~
(ia sina X + a* cos2 X)$ (

3')-

= >«+» + *) ^
[l + (2e+ea)cos2Xp

If we neglect the square of e in compari-

son with 2e, (3) reduces to

p =J(1 +2«- 3ecosa X)

= i(l-e + 3esina X). (4).

Length of Normal on Transverse Axis.

Denoting the normal by N, we have

*=*/i + <&"• (5).

dy"
Substituting for -j-77 its value deduced

above, and in that result the values of x"*

and y"', as just found, and reducing, we
have, after reduction,

6
s

N =
Vb' sina L + a' cos 2 X

•(6).

Normal on Conjugate Axis, or the Radius of

Curvature of a Section perpendicular

to the Meridian.

If we take the normal on the conjugate

axis, and denote its length by p', we have

CM a2

"'- MN X N~ V b* sin*!, + a^SPZ ' (7) '

If we denote the eccentricity by e, that is,

make

Va> - b'
e = ; whence b' = a? (1 — e

a
),

the preceding formulas may be simplified.

Substituting and reducing, we have from

equation (2'), for the radius of curvature of

the meridian,

g(l-e')
P_

(l -ea sinaX)t ' '

' (8) '

From equation (6) for the normal on trans-

verse axis,

a(l-e')
N =

Vl-e* sin^X (9)

From equation (7), for the normal on conju-

gate axis,

V 1 — e
2 sin2 X (10)

To find the Radius of a Spheroid.

Denote the radius through the point A by

.

r ; then we shall have

. — . a4 cos 2 X-r-l*sina X ,, ,.

Substituting for b its value in terms of the

eccentricity, we have

a4 (cos2 X + sin" X) - a4sinaX(2ea - t«)

r'~ aa (l-£2 sin2 X)

whence, by reduction,

/l - (2ea -e4)sin2 X
r = a V T^Fsin'L (12).

or,

r = a[(l -i£a sina i)

+K sin2 X (4- 5 sina L) &c] • (13).

If we assume

sin <p = e sin X,

whence,

cos = V 1 — e5 sina X,

we shall have for the radius of the parallel,

a cos X
R = -r- (13)

cos s '

For normal ending at transverse axis,

N=-—^-r = p' (1 - *') • (14).
a cos^ r -

For normal ending at conjugate axis, or

radius of curvature of a section perpendicu-

lar to the meridian,

a
P = cos <p

(15).

For radius of curvature of meridian,

' = £, (1 - fl • (16)-
' a cos3

$

For the radius of the spheroid,

a
, = —r V 1 - (2ea - «4) sin

2 X
COS v '

= p' Vl - (2ea - e1) sina X (17).

For the normal ending at transverse axis,

JV = ---^r = p'(l-a--(18).
a cos <j>

r

In like manner the following formulas may

be deduced

:

For the tangent to meridian, ending at

conjugate axis,

t = p' cot X = —^v cot X • • • (19).r cos 9
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For the tangent ending at transverse axis,

„ ** 1
r=p'(l-Ea

) tan L= tani • (20).
a cos v

'

For the distance on the conjugate axis be-

tween the points of intersection of two nor-

mals p', p", at points whose latitudes are L
and L',

D —
(
p" sin L'-p' sin X) ea ^

= /smL;_sinZA 1(2!)
I COS COS

<f>
I )

If p'" denote the radius of curvature of any

section making an angle 6 with the meridian,

we shall have

p
« = ££l_

v p sina 8 + p' cosa
• • (22)

FI'NiTE. [L. finitus, from finio, to finish,

and _^m's, a limit]. Having a limit or bound,

in contradistinction to infinite, which has no

limit. See Infinite.

FLEX'URE [L.flcxura, a bending]. Flex-

ure of a curve, its bending towards or from a

straight line.

Flexure, Point of Contrary, or Point

of Inflexion. In the analysis ofcurved lines,

a point at which a curve ceases to be concave

and becomes convex, or the reverse, with

respect to a given straight line not passing

through the point.

Q

Thus S is a point of contrary flexure, or

point of inflexion, in the curve PSQ. The
analytical characteristic of a point of inflex-

ion is, that the second differential co-efficient

changes its sign at the point. This affords a

means of ascertaining whether a given curve

has any points of inflexion.

Differentiate the equation of the curve

twice, and from the differential equation and

the equation of the curve, find an expression

for the second differential co-efficient of the

ordinate in terms of the abscissa and con-

stants : place this equal to and co, and

solve the resulting equations ; the roots found,

will be all the values of the abscissa that can

possibly correspond to points of inflexion.

To see which of these roots correspond to

points of inflexion, each must be tested sepa-

rately, as follows : Substitute first, one of the

roots plus an infinitely small quantity, then

minus an infinitely small quantity for x in

the second differential co-efficient of the ordi-

nate ; if the results thus obtained have con-

trary signs, the point corresponding to this

value of x will be a point of contrary flexure,

or point of inflexion. If the results obtained

have the same signs, there will be no corres-

ponding point of inflexion.

At a point of inflexion, the radius of curva-

ture changes its sign by passing through in-

finity, as a general thing, though there are

cases in which it changes sign by passing

through 0.

FLU'ENTS AND FLUX'IONS. [L.jfao,

to flow]. These two terms are so connected

that they can best be defined together. The
fluent, or flowing quantity as the term signi-

fies, is the same as that which, in the modern

calculus, is called the function, and the flux-

ion is its differential. In this connection, the

fluxion indicates the law of increase of the

fluent, under the supposition, that the motion

which generates the fluent is uniform.

The idea of fluids and fluxions was first

presented by Newton, and was based upon

the idea of motion. According to his view,

a plane curve or line may be conceived as

generated by a point moving uniformly in the

direction of some fixed line, and having at

the same time a lateral motion with respect

to this line, which is governed by some law

dependent upon the nature of the curve gene-

rated. The part of the curve generated at

any instant of time, is called the fluent, and

that infinitely Small element generated during

the next infinitely small and constant period

of time, is called its fluxion.

Let us suppose that C is the position of

the generating point at any instant of time,

that DE is the line in the direction of which

the motion of C is uniform, and suppose that

DE is the distance over which the point C
moves in the direction of the line DE, in

an infinitely small portion of time ; suppose

also, during the same space of time, that the
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point has a transverse motion at right angles

to DE, measured

by FM, then will

M be the position

of the generating

point, and CM is

the fluxion of the

line BM. For an

infinitely short

space, the line CM
may be regarded

as a straight line,

and is equal to

V MF' + CF>.

Although the spaces passed over in the direc-

tion of DE, in equal small intervals of time

are equal, the spaces passed over in lateral

direction are unequal in case of curves, and

will always depend upon the nature of the

curve : conversely, if we know the law of

variation of these last spaces, the nature of

the curve may be determined. It is upon this

fact that the science of fluents and fluxions rest.

If in addition to the two motions already

explained, we conceive the point to have a

third motion at right angles to the plane of

the other two, and also regulated by a law

which must depend upon the nature of the

curve, the generating point will describe a

curve in space which may be either a plane

curve, or one of double curvature.

It is easy to conceive, that by suitably regu-

lating the laws of motion of the generating

point, any curve whatever may be described

;

it is also plain, that from the law of relation

between the fluxions of the elements, the

nature of the curve may be made known.

Recurring to the figure already employed,

the line OD is the abscissa of the point C,

CD its ordinate, and during the motion each of

these varies by infinitely small increments,

which are the fluxions of these elements.

DE is the fluxion of the abscissa, and is con-

stant, under the supposition made, and MF
is the fluxion of the ordinate.

If we suppose the ordinate of the curve to

move with the generating point, a plane area

will be generated bounded by the curve, the

axis of X, and by two ordinates perpendicu-

lar to this axis. The infinitely small area

included between the two ordinates CD and

EM, is the fluxion of this plane area. If we
suppose the plane YAX to turn around the

axis of X as an axis, the line BM will gen-

erate a surface, and the area BCD a volume

of revolution ; at the same time, the fluxion

CM will generate the fluxion of the surface

of revolution, and the area DCME will gen-

erate the fluxion of the solid of revolution.

In general, if we suppose any line which

may vary according to some law, to move

according to any fixed law, it will generate a

surface, and the portion generated during an

infinitely small portion of time, will be the

fluxion of the surface, and the portion gen-

erated will be the fluent.

In like manner, if a plane arc move in any

direction, the area being supposed to vary by a

fixed law, then will the infinitely small vo-

lume generated in an infinitely small portion

of time be the fluxion of the solid, and the

portion generated will be the fluent.

In this system, any magnitude may be re-

garded as flowing ultimately from a point,

for the point in its motion may generate any

line, a line in its motion may be made to

generate any surface, and a surface may be

made to generate any volume.

The system of fluents and fluxions was

exceedingly ingenious, and for conveying an

idea of the nature of the operations of cal-

culus, has had no superior. It has, however,

been superseded by the method of integrall

and differentials ; which method, on account

of its wider range, and of its dispensing with

the foreign idea of time, has been found

more convenient in practice.

The principal advantage of the system of

differentials, consists in its more convenient

and elegant system of notation.

As the notation of fluxions is often met

with in works of science, a short account of

it is here appended.

The variables are denoted by the final let-

ters of the alphabet; as, x, y, z, &c, and

their fluxions are indicated by the same let-

ters with a dot over them. Thus, x, y, and z,

are symbols for the fluxions of x, y, and t.

If the fluxions are variable, they may be re-

garded as fluents, whose fluxions may be

taken, and then are denoted by the same

letters with two or more dots over them, ac-

cording to the order of the fluxion. Thus,

y; y, y, &c, denote fluxions of y of the »«•

cond, third, fourth, &c, orders.
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If the fluent is » radical, as Vx — y, its

fluxion is denoted by placing the radical in a

parenthesis, and writing a dot over it and to

the right, as (Vx — y)-. Also, the fluent of

a fraction is written in a similar manner

;

thus, the fluent of-, is written I -1
y \y)

Sometimes the fluxion is indicated by the

letter F, and the fluent by the letter/. Thus,

F(Vx — y), is the same as

(Vx — y)- and F

Also, the expression,

f(zVT+b*) and /(j^p),
denote the fluents of

£)•

xV a + bx3 and
bx

i + x*>
respectively.

This notation is exceedingly cumbrous, par-

ticularly in the higher branches of analysis,

and for this reason, principally, the method

of fluxions has gone into disuse.

FLUX'ION-A-RY. Pertaining to fluxions,

as the fluxionary calculus, or analysis.

Fluxionary Analysis. All operations in-

volving fluxions and fluents. See Fluents and

Fluxions.

FLUX'ION-IST. One skilled in the Flux-

ionary Analysis.

Fo'CAL. Pertaining to the focus. A focal

tangent to a conic section is the tangent

drawn to the curve at the extremity of the

ordinate through the focus.

Fo'CUS. [L. focus, fire, the hearth]. A
point in which rays of light meet after devia-

tion by a lens or mirror.

Focus op a Conic Section. A point on the

principal axis, such that the double ordinate

to the axis through the point shall be equal

to the parameter of the curve. The most im-

portant property of the focus has been adopt-

ed as a suitable definition, though its name

might indicate a very different definition. This

method of defining elements of a curve by

describing some characteristic property of

them, is very common in mathematics. Such

are the definitions of the parabola, ellipse and

hyperbola.

The equation of the conic sections, referred

to the principal vertex, and the principal

axis, is

y* = ipx + t*x*,

in which 2p is the parameter of the curve.

In the ellipse r' is negative, in the hyperbola

it is positive, and in the parabola it is 0. In

order to find the number and positions of the

foci in the conic sections, we have only to

substitute p for y in the equation of the curve,

and deduce the corresponding values of x
;

these will be the abscissas of the foci.

Making the substitution, and reducing, we
have

Zpx p*
x* + -f = ~r; whence,

V7*X= —~T ±

-p(l±Vr*+l)
or x= p

1. In the parabola, r' = : this reduces

the first value of x to <x>, and the second one

to $. The last value is, for rs = 0, a vanish-

ing fraction. Finding its value by the rule

for finding the value of a vanishing fraction,

which we do by taking the differentials of

both terms, and then making ra = in th

results, we have

/^p(i-V^TT\

rdr
/r2=

_(pVr> + 1
J

_|>

This shows that the parabola has but one fo-

cus at a finite distance, and that it is situated

on the axis at a distance from the vertex

equal to one-fourth of the parameter.

2. In the ellipse, r' < 0, and is always

numerically less than 1. Both values of x

are, in this case, real, and both positive. The

half sum of the two values of x is equal to

V
2r"

which is the abscissa of the centre.

Hence, in the ellipse, there are two foci,

which are equally distant from the centre.

The distance from the centre to either

focus is

±prVT+7».

In the ellipse

?=+, and
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which reduces this distance to

± vV - 4».

3. In the hyperbola r" > ; hence, the

two values of x are always real, the one be-

ing positive, and the other negative. This

shows that the hyperbola has two foci on op-

posite sides of the principal vertex. If we
take the half sum of the two values of x,

Vwe shall find — —„ which is the abscissa of
2r"

the centre. Hence, in this case, the foci lie

at equal distances from the centre. The dis-

tance from the centre to either focus is

in the hyperbola,

b' b'p=— and r' = -j;r a ar

hence, this distance becomes

±v7TF.
In all the conic sections, the foci possess

the remarkable property of being the only

points in the plane of the curves, from which

the distances to every point of the curve can

be expressed rationally in terms of the ab-

scissas of the points.

The name focus was originally given to the

points just discussed, on account of the pro-

perty, that when rays of light proceeding

from one focus are reflected from the curve,

the reflected rays all pass through the other

focus.

In the ellipse, rays proceeding from one

focus, and reflected at the curve, pass directly

to the other focus. In the parabola, rays

proceeding parallel to the axis, and reflected

at the curve, pass directly to the focus. In

the hyperbola, rays proceeding towards one

focus, and reflected at the curve, go to the

other focus.

Fe'LI-ATE CURVE. [L. folialus, leaf-

shaped]. A species of curve of the third

order, whose general equation is

Xs + y
s = axy.

It consists of two infinite branches which

have a common asymptote, and which inter-

sect each other, forming a leaf-shaped branch,

—whence the name of the curve.

FOOT. A linear measure whose length

differs in different countries. The English

foot, and the foot of the United States, is

twelve inches in length, the inch being deter-

mined as follows

:

The length of a simple pendulum, which

beats seconds in the Tower of London, is

taken as the unit, and an inch is^ -A . . ..

of this ; so that an English foot is
8
-* fl^mr

of the length of a simple seconds pendulum

in the Tower of London. This is equal to

TTvi?±it °^ a surlple ^seconds pendulum in

the City Hall of New York. The length of

the seconds pendulum serves in Great Britain

and the United States, as the basis of a sys-

tem of weights and measures. See Weights

and Measures.

Foot of a Perpendicular. In Geometry,

the point in which a perpendicular meets the

line or plane to which it is drawn.

FoRE'SIGHT. In Leveling, any reading

of the leveling-rod, after the first, taken at a

given station.

The first reading is called a lack-sight, and

serves to connect the observations at the new
station with those of the former station.

Any number of foresights may be taken at

a single station. In Topographical Survey-

ing, it is customary to take as many in every

direction as can be reached by the instru-

ments employed.

The excess of the back-sight, taken at a

given station, over any foresight, is equal to

the height of the point at which the foresight

is taken, over that of the point at which the

back-sight is taken. If the back-sight is less

than the foresight, the first point is lower

than the second.

FORE'STAFF. An instrument formerly

used for taking altitudes of the heavenly

bodies. It is so named, because the observer

turned his face to the object, instead of turn-

ing his back, as in the case of the back-staff.

Neither of these instruments is now in use.

FORM. [L. forma, a form]. In Geometry,

the shape of an object. In Analysis, the

mode of algebraic expression. Two expres-

sions are said to be of the same form, when
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they indicate the same relation between the

quantities which enter them. Thus, ( a+ J)*

and (c + d)n are of the same form. The form

of an expression can often be changed with-

out altering its value ; thus,

( x+ a)1 = Is + 2ax + a'.

In the first member, the form indicates an

operation to be performed ; in the second, the

operation is performed, but the value of the

expression is unchanged. A large portion

of the operations of analysis consists in

changing the form of expressions, without

altering their value.

FORM'U-LA. [L. formula, a form, or

model]. The algebraic expression of a gene

ral rule or principle. If a rule or principle be

translated into algebraic language, the result

is a formula; conversely, if a formula is

translated into ordinary language, the result

is a rule, or principle.

For example, the equation

(a + b) (a - b) = a" - b',

is a formula, being the algebraic expression

of the fact, that the sum of two quantities

multiplied by their difference, is equal to the

difference of their squares. This is true,

whatever may be the nature of the quantities

;

that is, the form of the expression does not

depend at all upon the nature of the quan-

tities which enter it ; hence, the nameformula.

In Algebra, the binomial formula holds a

prominent place on account of its frequent

use in all branches of analysis.

In the Differential Calculus, there are three

formulas which, from the universality of their

application, require particular notice. In-

deed, by the aid of one or the other of these

formulas, most of the developments of analy-

sis are effected.

1. McLaurin's Formula.

The object of McLaurin's formula is, to de-

velop a function of a single variable into a

series, arranged according to the ascending

powers of that variable, with constant co-effi-

cients. The formula is as follows :

A" A

made equal to 0; A', A", A'", &c. A"',

&c, are respectively what the first, second,

third, &c, Mth , &c. differential co-efficients of

the function become, when x is made equal

to in them.

If the function to be developed, or if any

of its successive differential co-efficients be-

comes infinite, when the variable is made

equal to 0, the formula fails and the function

cannot be developed according to the proposed

law. It is to be observed that the formula

holds good until the term is reached which is

infinite and here the law of the series changes.

2. Taylor's Formula.

The' object of Taylor's formula is to develop

any function of the Algebraic sum of two

variables into a series arranged according to

the ascending powers of one of the variables

with co-efficients which are functions of the

other. It is

du d*u

f^ + y) = ^ + ^y + d̂ i^y'
d3 u d*u

f(x)=A + A'x + Yr2 x* + 1-2-3 x3 + -

+
A"

-z* + -

1-2-3

In which the first member is any function of

x ; A is what that function becomes when x is

+
dx>-l-2-3

y"+--+ dz»l-2-3-«
x*+

Tn which the first member is any function

of the sum of two variables ; u is what the

function becomes when the leading variable

is made equal to ;

du dHi d*u

dx dx1 '' dx"

are the successive differential co-efficients of

the first term of the development. If the first

term of the development, or any of its suc-

cessive differential co-efficients become infi-

nite for any particular value of the variable

which enters them, the formula fails for that

particular value from the term which becomes

infinite. The law of the series changes at

this term, as explained under McLaurin's

formula.

3. Lagrange's Formula.

The object of this formula is to develop

any function of two variables into a series

arranged according to the ascending powers

of the two variables. It is as follows

:

f{x, y) = A + (Bx + B'yl

+ l72(Cia -|-2C'iy+ C"y>)

+ j-g-jjC-D*
3 + 3DVy + 3D"xf

+ D'"y') + &c.
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The first member is any function of two

variables ; A is what that function becomes

when both variables are made equal to ;

B and B' what the partial differential co-effi-

cients of the first order become under the

same supposition; C, 0', C" are what the

partial differential co-efficients of the second

order become under the same supposition

;

D, D', D", D'" are what the partial differen-

tial co-efficients of the third order become,

under the same supposition, and so on.

If the given function, or any of its partial

differential co-efficients become infinite, when

both variables are made equal to 0, the for-

mula fails ; that is, the function cannot, in

such a case, be developed according to the

proposed law.

In the Integral Calculus there are several

formulas which aid in performing the integra-

tion of differentials, some of which will be

given. We have already, under the head of

Calculus Integral, given some of the most

useful formulas for integration ; those now
to be given are only used as auxiliary means

of reducing differentials to more simple forms

1. Formula for integrating by parts.

fudv = uv — fvdu.

Wherever fvdu is more simple than fudv,

this can be used with advantage. To apply

it we resolve the given differential into two

factors, one of which is integral, and which

we denote by u ; the other is differential, and

is denoted by dv. We then differentiate the

first and integrate the second, and substitute

the results in the formula. The same for-

mula may be again employed to simplify the

second term of the second member, and so

on.

From this formula result several formulas

for simplifying binomial differentials which it

will be sufficient to write out, their form indi-

cating sufficiently the manner and circum-

stances under which they are to be applied.

2. Formula A.

fjp-* dx (a + ba?)e =
i»-" (a

+

bx»)P+1— a(m—n)/*"-*-1dx(a+ bx*)i>

b (jm + m)

3. Formula B.

/V-1 dx(a + Si")? =
^(a+bs^P+pnafx^-'dxia+lx^P-1

pn + m

4. Formula C.

/ar-"-1 dx (a + bz*)r =
p+l -m+n-l

irm (a+bx") —b(n—m+np)fx dx(a+bx»).

5. Formula D.

/a*-1 dx (a + bx»yr =
-p+l n-l -jH-I

i"(o+ii") —{m+n—mp)fx dx(a+bx")

6. Formula E.

xidx

f

'- (P - 1)

x*—' V 2cx — x*

V2cx — x'

(2g-l)c

/
x3-L dx

V2cx — a*

The following formulas are of use in recti-

fications and quadratures

:

7. Differential of plane arc,

dz = Vdx* + dy'.

8. Differential of plane area,

ds — ydx.

9. Differential of surface of revolution,

du — %iry Vdx' + dy'.

10. Differential of solid of revolution,

dv = Try
1 dx.

See Calculus, Radius of Curvature, &c,

&c.

FRACTION. [L. fractio, from frango,

fractus, to break]. A collection of equal parts

of 1. The term collection is technical, and

embraces the case in which there is but one

part considered. One of the equal parts of

the collection is called the fractional unit.

For example,

3 8a
4> g> ji '"5, &C.,

are fractions. In the first case, the collection

consists of 3 parts of 1, each equal to J;

and the fractional unit is £. In the fraction

a
-r, each of the equal parts collected is equal

tor, and there are a of them collected or

taken. In the fraction .05, the fractional

unit is jfo, or .01.

Fractions are usually divided into two

kinds, Vulgar and Decimal. Vulgar frac-

tions are those in which the denominator is
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expressed, and may be any quantity. Deci-,

mal fractions are those in which the denomi-

nator is not expressed, and is always some
power of ten.

I. Vulgar Fractions.

A vulgar fraction is generally written under

the form -, which denotes that the quantity
b

1
.

r is taken a times. In this case, the frac-

tional unit is r The parts a and b are

called terms of the fraction ; the one lying

above the horizontal line is the numerator, the

one below is the denominator. Hence the

denominator shows into how many • equal

parts the unit 1 is divided to form the frac-

tional unit, and the numerator shows how
many of these are collected or taken. Vul-

gar fractions are proper and improper. A
proper fraction is one in which the numerator

is less than the denominator-; an improper

fraction is one in which the numerator is

greater than the denominator. Thus, f is a

proper fraction, and -| is an improper fraction.

A mixed fraction is an expression composed

of two parts, one of which is entire and the

other fractional. Thus, a + _, or 5^-, are
d

mixed fractions. Every entire quantity can

be reduced to a fractional form, having a

given fractional unit, by multiplying it by

the denominator of the fractional unit and

then writing the result over the denominator.

Thus, c may be reduced to the form —,-'—,J
b /'

and so on. Conversely, if there is a common
factor in both terms of the fraction, it may be

stricken out without changing the value of

be
the fraction, since , = c.

Upon the following principles depend all

the rules for transforming fractions ; that is,

changing their forms without altering their

values :

1. If the numerator a of any fraction

be multiplied by any quantity q, the resulting

fraction will be q times as great as the given

fraction. Hence, multiplying the numerator

of a fraction is equivalent to multiplying the

fraction by the same quantity. Also, dividing

17

the numerator of a fraction is equivalent to

dividing the fraction by the same quantity.

2. Multiplying the denominator of any

fraction by a given quantity, is equivalent to

dividing the fraction by the same quantity.

Also dividing the denominator of a fraction

by any quantity, is equivalent to multiplying

the fraction by the same quantity.

3. If both terms of a fraction be multiplied

or divided by the same quantity, the value of

the fraction will be unchanged.

Transformation of Fractions.

The transformation of a fraction, is the

operation of changing its form, without alter-

ing its value.

1. To reduce a fraction to its simplest form.

Resolve both terms of the fraction into

their simplest factors ; then suppress all the

factors common to the numerator and denomi-

nator, and the fraction will be in its simplest

form. Thus,

3ab + 6ac _ 3s(i + 2c) _b+ 2c

3ad + 1.2a
—

3*(d + 4a)
—

d + 4a'

Also,

36 a.a.s.3

48 ""S.S.S.2.3;
- *-

2. To reduce a mixed fraction to an equiva-

lent vulgar fraction.

Multiply the entire part by the denomina-

tor of the fractional part, and add to the pro-

duct the numerator of the fractional part

;

write the sum over the denominator of the

fractional part, and the result will be the

equivalent fraction required. Thus,

9
also, 2i = T-

b ac + b
a + - = :

c c '

The result in the last case is an improper

fraction.

3. To reduce an improper fraction to an

equivalent mixed fraction.

Apply the rule for dividing the numerator

by the denominator, and continue the opera-

tion till a remainder is found less than the

denominator ; write this over the denomina-

tor and add the fraction thus formed to the

quotient obtained ; the result will be the

equivalent mixed fraction. Thus.

25

When the fraction is expressed in algebraic
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language, continue the division as long as

possible, and proceed as before. Thus,

a tt

4. To reduce fractions having different frac-

tional units to equivalent ones, having a com-

mon fractional unit.

Find the least common dividend of all the

denominators, this will be the common de-

nominator of the required fractions ; divide

this dividend by the denominator of each

fraction, and multiply the results by the

numerators of the several fractions ; these

products will be the respective numerators of

the required fractions. Thus,

\, \, and ^y, are respectively equal to

M> •&> and !&
This operation is called, reducing the frac-

tions to a common unit, or common denominator.

5. To convert a decimal fraction into an

equivalent vulgar fraction.

Omit the decimal point, and the resulting

number is the numerator of the required

fraction, under which write the number 1,

followed by as many O's as there are decimal

places, and the result is the denominator of

the required fraction. Thus,

56
.0056 =

10000

The preceding transformations apply to deci-

mal fractions, after they have been converted

into vulgar fractions.

6. To add fractions.

Reduce them to a common fractional unit

(4) ; add the numerators together, the sum is

the numerator of the required sum ; write

this over the common denominator, and the

result is the sum required. Thus,

1_ 1 _ 3 2 _ 5

2
+ 3~6 + 6~6~'

7. To subtract one fraction from another.

Reduce the fractions to a common unit,

subtract the numerator of the subtrahend

from that of the minuend ; the difference is

the numerator of the remainder ; write this

over the common denominator and the result

is the difference required. Thus,

5 2 25 14 11 ,- — — = - = — , also,
7 6 35 35 35

b d

ad he ad — he

bd bd bd

5 2 _
7 * 3 ~ 2l'

a c ac
x

d
=

Td'

8. To multiply one fraction by another.

Multiply their numerators together, and

the product is the numerator of the required

product ; multiply the denominators together,

and the product is the denominator of the

required product. Thus,

10
. ill M.>..

b

9. To divide one fraction by another.

Invert the terms of the divisor, and multi-

ply the*dividlnd by the resulting fraction, the

product is the required quotient. Thus,

6
:

9
_

6
X

2
_

12
_

4
= !^i,

, „ a c a d ad
also, : = _ x _ — .

b ' d b c he

Whole numbers may be regarded as fractions

whose denominations are equal to 1, and the

above transformations then become applicable

to them.

In applying the above rules, it will be

found useful to reduce the fractions to their

simplest form. Further simplifications may

be made by the operation of factoring in cer-

tain cases : that is, by striking out common

factors which would otherwise enter both

terms of the result.

Thus, let it be required to find the con-

tinued product of £, -|, ^ : indicating the

operation and resolving into factors, we have,

a s » _ i_

•a x -a
x
x x 4

x
id
_
47

and striking out the common factors, 3, 3,

and 2. and performing the indicated operation,

there results Jj..

II. Decimal Fractions.

Decimal fractions may be transformed into

equivalent vulgar fractions, and then be treat-

ed by the rules already laid down, but it is

found more convenient, in most cases, to

operate upon them by separate rules. The

following are the principles upon which the

transformation of decimal fractions depend.

1st. Annexing O's to a decimal fraction

does not alter its value.

2d. Prefixing O's to a decimal, removes

the point to the left, and is equivalent to divid-
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ing the, fraction by that power of ten whose

index is equal to the number of O's prefixed.

The rules for addition and subtraction, are

the same as in whole numbers. The rules

for multiplication and division differ only in

the method of pointing off the result.

1. To multiply decimal fractions together.

Neglecting the consideration of the deci-

mal points, multiply as in whole numbers
;

point off from the right of the product as

many decimal places as there are in both

factors together, prefixing O's if necessary,

the result is the product required. Thus,

2 . 5 X 4 . 16 = 10.400. •

2. To divide one decimal fraction by another.

Make the number of places of figures after

the decimal point the same in both, by an-

nexing O's to one, if necessary ; neglecting

the decimal points, divide as in whole num-

bers, the quotient will be the quotient sought.

By this rule the quotient will often appear as

a vulgar fraction, which may be converted

into a decimal by the usual process, or after

having obtained the entire part ofthe quotient,

the decimal part may be found by annexing

O's to the last remainder, and continuing the

operation.

The above rule is equivalent to the follow-

ing :

Annex as many O's to the dividend as may
be necessary ; divide as in whole numbers,

and point off from the right hand of the

result, as many places of decimals
l

as the

number of decimal places in the dividend ex-

ceeds the number of decimal places in the

divisor, prefixing O's, if necessary, to make

the requisite number. Thus,

1.38483 -f- 60.21 = .023.

3. To convert a vulgar, into an equivalent

decimal fraction.

Annex a sufficient number of O's to the

numerator, considering them decimal places,

and divide the result by the denominator

;

point off in the quotient as in the division of

one decimal fraction by another ; the result

is the equivalent decimal fraction required.

Thus,

- = .75; also, ^ = .0416.

There are two kinds of decimal fractions re-

sulting from the conversion of a vulgar frac-

tion ; first, those which can be expressed by

means of a limited number of places of deci-

mals, and second, those whose expression

would require an infinite number of places.

1. In the first place, if the denominator

contains, as prime factors, the numbers 2 and

5, and does not contain any other factors, the

resulting decimal fraction will be expressed

by a finite number of places of decimals.

For, let — be a vulgar fraction, which we

suppose reduced to its simplest form ; sup-

pose also a < o. Now, if b contains only the

powers of 2 and 5, the fraction may be

written — . If m > n, multiply the nu-
2m X 5" r '

merator by 10""
; or, if n >m, multiply the

numerator by 10", then will the resulting

product necessarily be divisible by 2™ • 5",

and the resulting decimal will, in the first

case, contain m places of figures, and in the

second place, it will contain n places of

figures ; since, multiplying by 10™ or by 10",

is equivalent to annexing m or n, O's. Hence,

in order to determine the number of places

of decimals in a fraction of the kind consi

dered, "resolve the denominator into its prim*

factors 2 and 5 ; then will the number of de-

cimal places be indicated by the highest ex-

ponent of the factors 2 or 5. Either m, or n

may be 0.

2. In the second place, suppose that the de-

nominator of a proper vulgar fraction, re-

duced to its lowest terms, does not contain

either of the factors 2 or 5, or that it con-

tains any other factors :

It is a property of numbers, that if a num-

ber divides the product of two given numbers,

and does not divide one of them, it. must di-

vide the other. Now, by hypothesis, in the

a
given fraction -, a is prime with respect to

b, and is therefore not divisible by it. Now,

to annex O's to a, is equivalent to multiply-

ing it by some power of 10.

Since the only prime factors of 10 are 5

and 2, it follows that no power of 10 can be

divided by 1 ; hence, in accordance with the

principle above enunciated, the fraction can

not be expressed decimally by a finite num-

ber of places of figures.

Every vulgar fraction, that cannot be ex-

pressed by a finite number of places of

figures, gives rise to a circulating decimaL
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Let — be a vulgar fraction in its lowest

terms, in which i is prime with respect to 10,

or which does not contain cither of the fac-

tors 2 or 5. By the rule for converting it into

an equivalent decimal fraction, we multiply

a by some power of 10, or annex a certain

number of O's, and then divide by the deno-

minator. If we denote the first digit by d',

the second by d", the third by d' ', and so on,

we shall eventually reach some digit d"', ex-

actly equal to some preceding one ; and then,

since the remainders will be the same as in

the preceding case, the following digits will

be the same as before, and be repeated in the

same order ; consequently, the decimal will

be circulating, as enunciated.

Those decimal fractions which are ex-

pressed by a finite number of places of

figures, are called terminating decimals.

A terminating decimal may be transformed

into an equivalent vulgar fraction by the fol-

lowing rule :

Omit the decimal point, and write the de-

cimal fraction for the numerator of the vulgar

fraction, and the denominator will be equal to

1, followed by as many O's as there are places

of figures in the decimal fraction. Thus,

25 99
.25 = 7^ ; also, .099 = rnr^n ; and so on

100' 1000'

For the method of converting circulating

decimals into equivalent vulgar fractions, and

also for performing other transformations

upon them, see Circulating Decimals.

Fractions Continued. See Continued

Fractions.

Fraction Rational. A rational fraction,

in analysis, is one in which the variable is not

affected with any fractional exponents. The
co-efficients may be irrational, but that does

not prevent the fraction's being considered as

a rational fraction. Every rational fraction,

which is a function of one variable, may be

reduced to the form of

Axm + Bx™-1 + Cx^' -\ + K
A'if1 + H'z"-1 + + L'

"

If m > n, the operation of division may be

applied and continued till the highest power
of x in the remainder is, at least, one less

than in the denominator, when the fraction

will take the form

X + A"x*-1 + B"x«-* H + M'
A'x" + iJV-1 + +L' '

in which the entire part is a rational function

of x, and the remaining part a rational frac-

tion, having its numerator of a lower degree,

with respect to x, than the denominator.

Every such fraction can be separated into

partial fractions ; that is, into parts, so that

their sum will equal the given fraction. This

separation is of great use, in the Integral Cal-

culus, for integrating rational fractions which

are differentials of a single variable. We
shall point out some of the methods of sepa-

rating fractions into their component parts.

The theory of separation depends upon the

possibility of resolving the denominator into

factors of the first degree. We shall suppose

this always possible. There will be two

cases : first, when the factors of the denomi-

nators are all real ; second, when some of

them are imaginary.

1. When the factors of the denominators

are all real.

Write the given fraction equal to the sum

of as many partial fractions as there are units

in the highest exponent of the variable in the

denominator, the numerators of which are

constants to be determined, and the denomi-

nators the different powers of the factors of

the first degree from the mlh to the 1" inclu-

sive, m being the number of times any factor

enters ; then clear the equation of denomina-

tors, and equate the co-efficients of the like

powers of the variable in the two members

;

from these equations find the values of the

constants, and substitute them for the con-

stants in the partial fractions : the resulting

fractions will be the fractions required. Thus,

let it be required to separate the fraction

x" + X* + 2

xb — 2x" + x

into partial fractions. The factors of the de-

nominator are

*•, (x + 1)' and (x - l)3
,

hence by the rule,

B . C . D
xt-2x>+x~x (z+1) <

+
xTi

+
(x-iy x-i'

which cleared of denominators gives the

equation,

x1 + x" + 2 = A (xa - 1)» + Bx(x - 1)"

+ Cx(x+ 1) (x - If + Dx {x + 1)»

+ Ex (x + l)a (x - 1).
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Developing and equating the co-efficients of

like powers of x, we obtain a system of equa-

tions from which we find,

A=2.B=~l, C=-f, D=l and£=-i,
hence,

Is + x* + 2 2 1 a,

x 2(z + 1)
2 4(a + l)x* — 2x3 + I

+ _J !_.
(z-1)2 4(1-1)

2. When the factors of the denominator

are all imaginary, we suppose the denomina-

tor to be resolved into factors of the second

degree, each of which set equal to 0, will

give two imaginary roots. Then write the

fraction equal to the sum of as many partial

fractions as there are single factors of the

second degree in the denominator, the nume-

rators being of the form Mx + JV, M and JV

being constants to be determined, and the

denominators being the different powers of

the factors of the second degree from the m"
to the 1st inclusive, m being the number of

times any factor is taken. Then proceed as

before. Thus,

. m
(z2 + 2ax + a2 + b") » (z2 + 2cz2 + a2 + /

2

M + Nx
,

M'+N'x
i + 7~(z2 +2fflz+a2+6a )'>
T

(z2+2aa;+a2+J2
)*
1-1

Mm' + N^x
+ &c- +!» + Zcz + Ci +p
For the method of integrating rational frac-

tions, see Integral Calculus.

The following simple rule serves to separate

a given rational fraction into partial fractions,

when the denominator can be separated into

real factors of the first degree, no two of

which are alike.

U
LeJ the fraction be -yi in which U and V

are entire functions of x.

1st. Let

£_ N L
V -x~~^~a,

+ Q
to find JV ; P and Q being entire functions,

reducing to common denominator, we have,

U- NQ
U = NQ + P(x~a) :.P =

x _ a \

since P is an entire function of x, U— NQ
must be divisible by (x — a) ; hence

(€)„*- N(Q)„a=0, or JV = ^=?-

Hence, to find the partial fraction corres-

ponding to any factor of the 1st degree of the

denominator :

Substitute the corresponding value of x in

the numerator of the given fraction, and also

in the continued product of all the remaining

factors of the denominator. Divide the first

result by the second, and this quotient will

be the numerator of the required partial frac-

tion, and its denominator will be the binomial

factor of the 1st degree.

2* + 3
Example. ,•_«._ a, '

x = 0, x = 2, x = — 1 ;

(*/)«_„= (2r + 3)*_ = 3,

(<?)_,= (s2 - x - 2)_=- 2 /. JV = -f

,

(Z7)«_
a=7, (Q)_= 6 A JV' = £;

(10— i = 1, (<?)—, = 3 .'. JV = 1

;

2i + 3

'2i
+

6(i-2)
+ :

0!
a — i» — 2z 2a: ' 6(i-2) ' 3(z+ l)

Fractions, Vanishing. A vanishing frac-

tion is one that reduces to the form of A for

a particular value of the arbitrary quantity

which enters it, in consequence of the exist-

ence of a common factor in both terms of the

fraction, which factor reduces to under the

particular supposition made upon the arbitrary

quantity. Thus,
x'-a*
xs — a3

is a vanishing fraction for x = a, in conse-

quence of the existence of the factor (x — a)

in both terms of the fraction which reduces

to when x = a. The fraction may be

written

x — a x + a
X '

x — a x' +ax + a'

which, on suppressing or canceling the com-
mon factor, and then making x = a, reduces

to

?! _A
3a2

_
3a '

this is the true value of the fraction under
the particular hypothesis.

Every vanishing fraction may be consider-

ed a particular case of the fraction

M(x — a)"

N(x — a)"'
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in which M and N are functions of x, and

which always takes the form of # when

i = a. Now there may be three cases.

1st. When m > n ; in this case the frac-

tion takes the form of

M
N (i — «)'"-"

'

which for x = a becomes co.

2d. When m = n ; in this case the fraction

M
takes the form of -^> which for x = a reduces

A
-jT> a finite quantity.

in this case the fraction

- a)"-"

to (#)...=

3d. When m<.n;
takes the form

M(x
N

which for x — a reduces to 0.

These are the only cases that can ever

arise ; hence, the true value of a vanishing

fraction for that value of the variable which

causes it to reduce to the form $, is always

infinite, finite, or zero.

If a fraction reduces to $ for a particular

value of the arbitrary quantity which enters

it, we should first examine carefully whether

the result is due to the existence of a com

mon factor in the terms of the fraction which

becomes 0, for the particular supposition

made, if not, the expression is truly indeter-

minate ; but if so, then the true value may be

found by either of the following rules :

1. Seek the common factor which reduces

to 0, under the particular supposition, and

strike out the highest power of it which is

common to both terms of the fraction, after

which, make the particular supposition, and

the result obtained will be the required value.

2. Substitute for the arbitrary quantity

that value of it which reduces the common
factor to 0, plus a variable quantity : reduce

the result to its simplest form and then make
the variable equal to ; the result will be the

true value of the fraction under the particular

supposition.

3. Differentiate both numerator and de-

nominator of the fraction with respect to the

arbitrary quantity, and in these results make
the particular supposition ; if both do not

reduce to or co, what the first becomes

divided by what the last becomes, is the true

value ; if both reduce to 0, find the second

differentials of the terms and make the same

supposition : continue this operation till two

differentials are found of the same order both

of which do not reduce to or to, for the

particular value of the arbitrary quantity in

question ; then what the first becomes divided

by what the last becomes, is the true value

of the fraction for the particular value of the

arbitrary quantity.

The first and second rules are perfectly

general, but cannot always be so easily ap-

plied as the third one, which fails in a certain

case, viz. : when the exponents of the com-

mon factors in both terms are fractional, and

lie between two consecutive whole numbers.

The reason of this failure is, that by a con-

tinued application of the rule, we must at

length arrive at two differentials of the same

order which both become co, for the particu-

lar value of the arbitrary quantity, and in all

subsequent applications the same results are

obtained. In this case, we have to fall back

upon the preceding rules.

Let it be required to find the value of

1 -x
when x = l. By the first rule, we have

x (1 - x) (1 + x + x' + xa
)

1- x

which after striking out the common factor

gives

z(l + x + x'+x')

and this, for x = 1, becomes 4.

By the second rule making x = 1 + h, we

have

1 + A - (1 + 5A + 10A' + 10ft' + S/t« +¥)
1 - (1 + A)

and reducing

4 + 10A + 10Aa + 5A3 + A* ;

this, by making h = 0, reduces to 4.

By the third rule,

d(x-xi)=dx-6xidx and d(l-x)=~dx;

making x = 1, the first becomes — 4<k, and

the second — dx, and the quotient obtained

is 4. The results of these three rules agree,

as they ought.

There are several other expressions, which

for particular values ofthe arbitrary quantity,

may be reduced to the form of vanishing
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fractions, andtreated accordingly. The prin-

ciple ones are the following :

V
1st. Let • be an expression in which

p, q, r and s, are functions of x, such that

for x = o both q and * reduce to : then

will the expression become co — co. To
reduce this to the form of a vanishing frac-

tion, let the fractions be reduced to a com-

mon denominator, then will the expression

ps — rq,

have the form which, for x = a,

becomes $, ~ vanishing fraction.

V
Again, let there be the fraction -, which

for x = a, reduces to — . To reduce this to
CO

the form of » vanishing fraction, let it be

(-1)
placed under the form 7-p- which for x = a

\p)
reduces to £, a vanishing fraction.

Also, let there be the expression, pq, in

which for x = a, p reduces to 0, and q to

infinity, then to reduce it to the form of a

P
vanishing fraction, let it be written / i\

which, for x = a, becomes $, a vanishing

fraction.

FRAC'TION-AL. Pertaining to fractions

;

as, fractional numbers, fractional exponents,

&c.

FRUS'TUM. [From frusto, to break]. A
piece or part of a solid separated from the rest.

Frustum op a Pyramid or Cone. In Ge-

ometry, the part contained between the base

and a plane parallel to the base between it

and the vertex. In general, the frustum of

any solid body is that portion of the body

lying between any two parallel planes which

intersect the body. A frustum of a sphere

is often called a segment. A middle frustum,

or segment of a sphere, is that frustum whose

bases, or plane sections, are equal circles.

To find the volume of the frustum of a

cone or pyramid, add to the sum of the areas

of the upper and lower bases a mean propor-

tional between them, and multiply the sum

by one-third of the altitude ; the product will

be the volume required. Or, denoting the

upper base by A, the lower base by B, the

altitude by h, and the volume by »,

v=$h(A + B+VAB)...
The volume of a spherical frustum may be

found by adding together the squares of the

radii of the parallel bases, £ of the square of

its altitude, and multiplying the sum by \n,

the formula is

v =
(
r» + r" + \V)^.

In general, the volume of any frustum of

a solid of revolution may be found by adding

together the area of its two parallel basest

and four times the area of the middle section,

and multiplying this sum by one-sixth of the

altitude of the frustum. The formula is

v = (A + B + AC) X ih,

in which A and B denote the areas of the

two bases, C the area of the middle section,

and h the altitude of the frustum.

FUNCTION. [L.functio, from, fungor, to

perform]. One quantity is said to be a func-

tion of another, when it is so connected with

it, that no change can be made in the latter

without producing a corresponding change in

the former. Thus, in the equation

y' = R'- x',

y is a function ofx, and x is also a function of

y, a general relation of dependency of value,

that may be expressed by the symbols

y=f{x), or x=f'(y), or $[x,y) = Q.

These symbols are called functional, the first

indicating that yis a function of x, the second

that x is a function of y, and the third that

x and y are functions of each other.

A quantity is a function of two or more

quantities, when it is so connected with them,

that no change can be made in either of

the latter without producing a corresponding

change in the former ; thus, in the equation,

y
1 = 2x + 3z + b,

y is a function of x and z, z is also a func

tion of x and y, and x is a function of z and

y, relations that may be expressed thus,

y=/(z,z), z=f'(y,x).

x=f'"(y,z), or 0(z. y, 2,) = 0.

The symbols used to denote functions, are

generally the letter /, with dashes, if neces-

sary, and the Greek letters, <j>, ip, it, &c.

The term function implies variability, or

that two or more quantities vary together in

accordance with some mathematical law. All

the quantities in an equation, except one.
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may vary in any arbitrary manner ; the for

mer are called independent variables, whilst

the term function is reserved for the latter

one only. In a curve, for example, we gen-

erally suppose that the abscissa varies arbi-

trarily, whilst the ordinate varies with it to

correspond with the law expressed by the

equation of the curve. In a curved surface,

we generally suppose the horizontal co-ordi-

nates to vary arbitrarily, whilst the vertical

one varies with them to correspond to the

law expressed by the equation of the surface,

and so on for other functions.

Division of Functions. Functions are di-

vided into Algebraic and Transcendental.

Algebraic Functions are those in which
the relation between the function and the in-

dependent variables can be expressed by the

six ordinary operations of algebra ; that is,

Addition, Subtraction, Multiplication, Division,

raising to powers denoted by constant exponents,

and the extraction of roots, indicated by con-

stant indices.

Transcendental Functions are those in

which the relation between the function and
independent variables cannot be thus express-

ed. In the expressions

y* = 2px + Vyz, and y' - x3 = Rz",

y is an algebraic function of a; and z. In the

expressions

y = a', y = sin—' x, &c,

y is a transcendental function of x. Trans-
cendental functions are differently named
from the manner of expressing the relation

between the function and variable.

Logarithmic Functions are those in which
the relation is expressed by the aid of loga-
rithms, as

y = log x.

Exponential Functions are those in which
the variable enters an exponent, as y = a".

Circular Functions are those in which
the variable enters some trigonometrical ele-

ment, as

y — sin z, x = cos- 'y, &c.

Functions are explicit and implicit. Expli-
cit, when the value of the function is directly
expressed in terms of the independent va-
riable, as

y = Va' — x', y = sin z, &c.

Implicit, when the relation is expressed im-

plicitly, or when the functional equation re

quires solution, in order to show the value of

the function in terms of the variables ; thus,

y is an implicit function of x, in the expres-

sions

y
a + 2xy + x' + b = 0, x3 sin y = 2ax cosy.

Functions are direct and inverse. These
terms are correlative. Thus, the functions

y = a' and x = logy,

are direct and inverse with respect to each

other. It is customary to consider the former

as the direct function, and the latter as its

inverse. The following are instances of di-

rect circular functions

:

y = sin x, y = cos x, y = tan x,

y = cot x, y = ver-sin x, &c.

The inverse circular functions are

x = sin—'y, x = cos-'y, x = tan-1y,
x = cot-'y, x = ver-sin—'y, &c.

The entire number of functions, is ex-

tremely small, the following table comprising

all at present known. They are arranged in

pairs, each pair being correlative, so that if

one be regarded as direct, the other is inverse

with respect to it.

= x + a. . .. Sum.

a — u . . . . Difference.

u = ax Product.

1st. pair
{:.

2d. pair
1 Quotient.

3d. pair

4th. pair

5th. pair

{.=
la::

{U = :

X — h

x™ Algeb. power.

5/u Algebraic root.

a" Exponential.

log u Logarithmic.

= sin x Direct circular.

sin _1M .... Inverse "

There are certain definite integrals, which,

from their constant use, are getting to be con-

sidered as elementary functions.

Function Derived. Same as differential

co-efficient, which see. The correlative term

of derived function, is primitive function. If

we regard 2oz! + x* as a primitive function

of x, then is lax + 3x* its derived function,

or its first derived function, and 4a + 6x is

its second derived function, and so on. If

any function is regarded as a derived func-

tion, then the primitive function may be

found by integration. In the theory of equa-

tions containing but one unknown quantity,
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after all of the terms have been transposed to

one member, that member taken by itself is

a function of the unknown quantity, which

then becomes variable, and the successive de-

rived polynomials are nothing else than suc-

cessive derived functions of it, regarded as a

primitive function. Thus, in the general

equation

Z™ + Pi"1- 1 + Qx™~* H + U= 0.

*» + Pa?"-1 + Qx™~* H + U,

is the primitive function, and

ma;"-* + (m — 1) Pa;™-'- + &c,

m(m— l)af-"-t-(m— 1) (m— Z)Px'n^', &c. &c.

are the successive derived functions.

Function Symmetrical. A symmetrical

function of the roots of an equation, is an alge-

braic expression which contains these roots

combined in the same manner, either with

each other, or with other quantities. Thus,

the sum

a + b + c + • • + i + I,

of the roots of an equation, the sum

ab + ac + ad + + il

of their products taken in sets of 2, the sum

abc + abd + &c,

of their products taken in sets of three, are

called symmetrical functions of the roots. It

is a characteristic property of these functions

that any two roots whatever may change

places throughout, without changing the value

of the function.

Since, in the most general equation con-

taining but a single unknown quantity, we
have

P= — a — b — c— &c. Q = ab+ ac + &c.

iJ = — abc — abd — &.c. &c, u = ± abed .

.

it follows that these co-efficients are symmet-

rical functions of the roots. It is susceptible

ofdemonstration, that every symmetrical func-

tion of the roots of an equation can be

expressed in terms of these co-efficients with-

out even knowing the roots themselves.

maf-1 + S, I sc"-» + S,

+ mP\ + PSl

+ Q

The most simple of the symmetric func-

tions of the roots of an equation, and those

from which all others may be formed, are the

sums of the like powers of the roots ; thus,

a + b + c + + I,

a1 + b' + c* + + P,

a" + b" + c" + • • l*.

To show that these functions may be ex-

pressed in terms of the co-efficients P, Q, R,

(fee, without knowing the value of the roots,

let us take the general equation

x" + Pi™-' + Qx™-* + + Tx + U = 0,

the roots of which are a, b, c, d, k, I.

If now the first member of the proposed

equation be successively divided by the quan-

tities x — a, x — b, x — c, <fec, the quotients

will take the forms

a?"—*+ a
'

+P

-jBI—

l

xm~"+ a'

+ Pa

+ Q

+ b
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Now the first derived polynomial of the first

member of the given equation is equal to the

sum of the quotients first obtained, and since

this derived polynomial is equal to

mi™-1+(m— 1 JPx'"-
3+ (m— 2) Qz"*-

8+ . . .+ 2'

we shall have, by equating the co-efficients

of the like powers of x, in these identical

expressions,

S
l
+mP=(m-l)P or

5,

a
+P-S

l
+mQ=(m-2)Q or

S,+J,
-S3+QS1

+mB=(m-3)iS or

S,+P=0
S,+PS1 +2Q=0
S3+PS3+QSl+3R=0 f«

£„,_,+PSm-i+ Q<Sm_3+ . . mT=T or Sm-1+PSm^+QB^+ . . +(m- l)r=0
J

am + iV»-i + Qa«^-' + Ac. + To, + U= 0.

J» + PJ—i + Qi»-2 + Ac. + T4 + U= 0.

The first of these fonnulas makes known the

value of Sy in terms ofP ; the second makes

known the value of S, in terms of P, Q and

S ; the third makes known the value of *S
3 in

terms of P, Q, R, S
1
and S„ and so on in

succession the values of S4 , Si, &c, may be

determined up to S,„—i. To extend these for-

mulas to cover the case of the sum of any

powers whatever of the roots, let us substi-

tute it, b, c, &c., for x, in the general equa-

tion, giving the results

Multiplying both members of these equations

respectively by a", S", c", &c, and adding

them member to member, we find

<s,„+„+p,s„+„_1+qs„h_„_s+ .... +ra„+I
+ USn - 0.

In this result make n = ; since

& = o° + 6° + c° &c. = m,

it reduces to Sm + P5m_l + QS,„_2 +
forn = l , Sm+i + PSm +Q&_i +
for» = 2 , B^i + PB^i + QSm +

+ TS
1
+mU=0'

+ TS,+ VS
l
=0

+ ts,+ us,= o n*>

This group of formulas is immediately

connected with the group already deduced,

and their use is the same. By inspecting

these formulas, we see that the sums of the

first m powers being known, the sums of the

following powers are consecutive terms of a

recurring series, whose scale is the m co-effi-

cients P, Q, R, &c, of the proposed equa-

tion, with their signs changed.

The same formulas are applicable to the

summation of negative powers ; for making
n = — 1, we have

Bm-i+PSm^i+QS„^+ .+ TS +U8_i =0,

from which we can find the value of S—1 in

terms of &_i, /t>V-a, &c, Slt S.

51 = -P=-l
52 = -PS1 -2Q = 1 + 14

S, = -PS,- QS
1
-3R =

«« = - PS, - QS,- RS
l
-

In like manner, making n = — 2, n = — 3,

n = — 4, &c, we can find formulas from

which the values of $_,. S_s , S_„ &c., may

be determined in succession.

From the preceding discussion we conclude

that any equation being given, we may, with-

out knowing its roots, always find the sum

of their similar powers of any degree, either

positive or negative.

As an example, let us take the equation

x* + x3 - 7x* - x + 6 = 0,

in which

P = l, Q=-7, P = -l, U=6.
By applying the preceding formulas, wo

find

= 15

-15 -7 + 3=- 19

4U = 19 + 105 - 1 - 24 = 99

S_

S-

-S, -PS,
- QSt-RSp 19-15-7+4 1 ,

V
----- -

6
_-

- S, - PS
l
- QS„- P£f_

t _ - 15 + 1 + 28 + j _ 85

V
~

6 * ~36
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and so on. The symmetrical functions con-

sidered have been supposed rational and
entire, and no others will be discussed.

Symmetrical functions are distinguished as

those of one, two, three, &c, letters. Those
already discussed, in which but a single root

enters each term, are called symmetrical

functions of one letter. Those in which two
roots enter each term, are called symmetrical

functions of two letters, as

a" bP + an cr + a," dP + &c.

Those in which three roots enter each term,

are called symmetrical functions of three let-

ters, as

a' bP a + a" bP d* + a» cP di + &c.

and so on. The method of forming symmet-

rical functions of two letters is to take all

the arrangements of the roots in sets of two,

and affect the letters of each product with

the respective exponents, n and p. To form

the symmetrical functions of three letters, form

all the arrangements of the m roots in sets

of three, and give to the letters, respectively,

the exponents n, p, and g, and so on. The

number of terms in a symmetrical function of

two letters is m (m — 1) ; the number of terms

in one of three letters is m(m — 1) (m — 2)

;

the number of terms in one of four letters is

m (m — 1) (m — 2) (m — 3) ; and so on, the

law being apparent.

For the purpose of simplifying the nota-

tion, we represent a symmetrical function by

writing a single term preceded by the symbol

2, which stands for algebraic sum.

Thus, a" + b" + C + &c, would be written

2 (a") ; a"i? + anct + andP + &c, would be

written 2 {a*bP) ; anbPc7 + a'bPdi + bncPdi

+ &c, would be written 2 {a"bPci) ; and, in

like manner, other functions are expressed.

To show how to find the values of symmetrical

functions of two or more letters in terms of the

co-efficients of the equation, let us take the

equations

a» + &» + c» + &c. = 2 (a"),

and aP + bP + cP + <fec. = 2 (aP).

Multiplying them, member by member, the

second member becomes, 2 (a") X 2 (aP). As

to the first, two cases may arise : 1st, the

terms of the multiplicand and multiplier may

have the same letter ; in which case, the par-

tial product is one of the terms of the func-

tion 2 (a"+p) ; 2d, the factors of a partial pro-

duct may have different letters ; in which

case, the product is a term of the function

2 («"&?). The first member then becomes,

2 (a"+P) + 2 (a?-bP).

Hence,

2 (a»+P) + 2 (a"bP) = 2 (a») X 2 (i?)

;

whence,

2 (a»4?) = 2 (a») X 2 (J>P) - 2 (tpJf) (3)

;

or, returning to the notation first used,

2(a»4P) = S„Sp -S^H, (4).

The functions, S„, Sp , and iSn+p, being

made known by formulas (1) and (2), we are

enabled to find the value of 2 (anbP) in terms

of P, Q, R, &c.

If, in formula (4), we suppose n = p, the

second member reduces to (S„)' — S2„. To
find what becomes of the first member, we
must recollect that

2 (anbP) = a"bP + aHP + <edP H

+b»aP + + c'aP + •

;

and when n = p, the terms of this expression

become equal, two and two ; that is, 2 (a'bP)

= 22 (aty") ; in which the number of terms

in the function, instead of being equal to the

number of arrangements of m letters, two in

a set, is equal to the number of combinations

of m letters, taken two in a set, or to

m(m — 1)

2 '

Substituting, we have finally, in the case

where n = p,

M«°S") = (—

^

(5)-

Again, let us seek to find the value of

2 (oPbP&) in terms of P, Q, R, &c. We
have the equations

anbP + ancP + andP H + b»a.P + •
= 2 {a'bP) ; and

a? + bi +d + • • = 2 (ai).

Multiplying these, member by member, we
find, for the second member,

2(a»J?)-X 2 (a?);

and, for the first member, we get three spe-

cies of terms, viz. : terms of the form a"+»4,

anbP+i, and a"bPci ; hence, we have

2 (««+?£) + 2 (a«bP+i) + 2 (a!>bPCi)

= 2.(a»bP) X £(a?);

or transposing, substituting the values of

S(a"J?), X.{a"+'bP), and S («"*?+»), taken
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from formula (4), and returning to the primi-

tive notation, we have

T,(a'bPc7) = S*SpSq
- S^.pSt

- S^,Sr
- SP^S« + 2S„+^, (6).

If p = q, we shall have, by the same course

of reasoning as before,

2 (O'bPcP)—

S»(SPY — SSg+pSp —SnSy, + 2S„-f-2P

If p = q = n, we shall have, by making the

necessary reductions,

S(a"4"c») = (S.)' - 3S„S. + 2SS ,

2-3 (8).

This operation of seeking the values of

symmetrical functions of any number of let-

ters, may be continued as already indicated,

to any extent ; hence, we may affirm, that it

is always possible to express the value of any

symmetrical function of the roots of an equa-

tion in terms of the co-efficients alone, with-

out knowing the values of the roots.

The principle of symmetrical functions has

been extensively applied in analysis, both in

developing the general properties of equa-

tions, and in elimination. We shall only in-

dicate the method of application in each case.

Let it be proposed to find an equation,

whose roots are equal to the sum of those of

the given equation, taken two and two.

Let a, b, c, &c, be the roots of the given

equation ; then will a + J, a + c . . . b + c,

b + d, &c, be those of the required equation,

and their number will be the number of dif-

ferent combinations of m letters, taken in sets

of two ; that is, the degree of the resulting

equation will be indicated by the number

m(m — 1)

2 '

From the rule for the composition of equa-

tions we shall have, for the co-efficient of the

second term,

- (a + b) - (a + c) - (a + d) . . .

.

;

an expression in which a, b, c, <fc, all enter

in the same manner, and which is conse-

quently a symmetrical function of these roots,

and may be computed by the preceding for-

mulas. In like manner, the co-efficient of the

third term,

(a + b) {a + c) + (ft + i) (i + e) + &c,

is a symmetrical functio >. and may be com-

puted by previous formulas. The same con-

clusion may be arrived at in regard to the

several remaining ..co-efficients of the new
equation. Hence we may, from the formulas

already given, find the co-efficients of the

new equation in terms of those of the given

equation, and consequently may find the new
equation.

Again, let it be required to find an equa-

tion such that its roots shall be equal to the

squares of the differences of the roots of a

given equation. If the degree of the pro-

posed equation is indicated by m, that of the

required equation will be indicated by

m(m — 1)

;

moreover, it contains only the even powers

of x , if, therefore, we make

m(m — 1)
a? = z and ~ = n,

the form of the required equation will be

2»+PV-1+ QV- a+ •• T's+I7'=0..(l).

The roots of this equation are

(a - by, (a - cf, (b - e)», &c.

From the properties of equations, we de-

duce

P'=-{a.-by-{a-cf (i-£)»-

Q'=+(a-byx(a,-c)*+(a.~b)'{b-c)»+
fi'=-(o-J)»x(a-c)»X(4-c)»- &c.

All the expressions being symmetrical func-

tions of a, b, c, &c, the values of P', Q', R',

&c, may be found by the aid .of the formulas

already given ; consequently, the equation

required becomes known.

In like manner, equations may be deduced

whose roots are of the form

a + b + kab, a, + c + kac, a + d-\- lead, &c.

k being any quantity.

The following method of applying the prin-

ciple of symmetrical functions to the opera-

tion of elimination, we translate from Bour-

don's great work on Algebra.

The following theorem is due to Eezout

:

" The degree of the final equation resulting

from the elimination of one of the unknown

quantities from two equations containing two

unknown quantities of any degree whatever,

can never be greater than the product of the

numbers expressing the degrees of the two

equations ; and it is just equal to that pro-

duct, when the proposed equations are the

most general of their respective degrees."



fun] CYCLOPEDIA OF MATHEMATICAL SCIENCE. 269

Before developing the demonstration, it is

necessary to make known the form of a com-

plete equation of the mlh degree between two

unknown quantities.

Q is a polynomial of the first degree in y ; as

R " •' « second " "

&c. &c.

T " " " (m - l)11 " " "

U "t a (( mth « « »*

Every such equation is of the form

Px» + Qx"-1+Rx"~'+ + Tx + U= 0,

in which P is a known quantity.

by + b'

cy'+ c'y + c"

&c.

Let there be two equations of this form,

Pz»+0:C»-1 +Pa?»-a
-r- • +Tz + U =0(1)

)

P'x*+Q'x»-l +R'i?>-*+ +T'x+U'=0(2) y

Let us consider the first of these equations,

solved with respect to x, although we have

not the means of effecting the operation, and

suppose that it gives the m roots a, b, c, &c.

;

a, b, c, &c, being functions of y. Each of

these m values of a; substituted for x in equa-

tion (1) ought to satisfy it, whatever the value

attributed to y after the substitution. If,

now, we substitute these values for x in the

first member of equation (2), we obtain the

expressions,

P'a" + Q'a—1 + &c, P'b" + Q'J"-», &c,
P'c* + Q'c"-1 + &c. &c. &c,

which are, in general, irrational functions of

y. Now any value of y, as y = /?, which

reduces one of these expressions to 0, is a

compatible value. Suppose, for example, that

y = /? renders the expression

P'a" + Q'a»-i + &c, 0.

Denote by a what a becomes, when for y in

it we substitute /? ; the set of values a and /3

evidently satisfy equation (1). Since, as we
have already seen, x = a, verifies that equa-

tion, whatever value may be attributed to y.

In the second place, y=@ makes the function,

P'a" + Q'a"-1 + &c.

equal to 0, or, what is the same thing, satis-

fies equation (2), after having substituted

a for x. Hence, x = a and y = /? are a set

of compatible values. Conversely, every com-

patible value of y ought to render one of the

above functions-zero, for in order that it may
be compatible, it must satisfy the two equa-

tions, at the same time with a certain value

of x. Now, all compatible values of x are

comprised amongst the values

x = a, x — b, x = c, &c,

and when
x = a, x = b, <fec.

" " " ty"-' + l'y»-» + • - •

" " " uf + uy-1 + &c-

the first member of equation (2) reduces to

one of the above functions, and ought conse-

quently to be satisfied for the value y = jS.

We conclude, therefore, that if we equate

with 0, the product of all the above functions,

the resulting equation will be the same as

the final equation that would be obtained by
eliminating x between the two given equa-

tions. This final equation is, therefore,

(P'a" + Q-'a—1 + &c.) ?<

(P>+ Q'i—i+&c.) (...).. =0... (3).

The formation of this equation seems to

depend upon the complete solution of equa-

tion (1), but in reality that operation is not

necessary. We remark that equation (3)

does not change, whatever changes we may
make between the quantities a, b, c, &c.

;

hence, the first member is a symmetric func-

tion of the roots of equation (1), when solved

with reference to x. This first member may
therefore be expressed by means of the co-

efficients P, Q. R, &c, of equation (1), and

it is possible to form equation (3) without

solving equation (1).

The operation is simple enough when the

equations are of the second degree, but when
of a higher degree, it becomes tedious. In

the latter case, however, it has the advantage

of conducting to the true final equations,

without introducing any foreign factor.

In order to determine the degree of the

final equation, it is sufficient to consider that

of any term whatever. Now, every term of

the product is formed, by multiplying a term

of the first factor by a term of the second by

a term of the third. &c. Let

Ka\ KW, K"c*". &c,

be terms taken at random, one from each of

the m factors ; the corresponding term in the

product is

KK'K" .... x aWc*"

and the total product is symmetrical with re-

ference to a, b, c, &c. ; therefore this term
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makes a part of the symmetrical functions |
ration, but on account of the great frequency

which enter into the composition of the first

member of equation (3), and this partial func-

tion may itself be represented by

KK'K" .... x £^We*" ....).

It is sufficient to determine the highest

power of y in this function. If we recall the

composition of the formulas, which give

Sv S„ S3 . &c, and if we regard the expo-

nents of y, in the co-efficients P, Q, R, &c,

of equation (1), we shall see that S lt Sa , S3 .

are of the 1st., 2d., 3d., &c, degrees, with re-

ference to y. Hence, the product

Oj X o a X o
3
....

is of a degree denoted by

h + h' + h" + •

,

and from the formulas which give the value

of any symmetrical function whatever

ZiaWc''" .,..),

is also of a degree expressed by

h + h! + h" + ,

and cannot exceed it. On the other hand,

let k, k', k", . .
.

, &c, be the exponents of

V in the co-efficients K, K', K", &c, the sum

of the exponents of the product

KK'K" .... is k + k' + k", &c.

Thus, in the function,

KK'K" . . . X(aWc*" . .
. ),

the sum of the exponent is

k + k' + k" + + h + h! + h" +

;

Dut from the composition of equation (2), we
have, at most,

k + h = n, k' + h' — n,

k" + h" = n, &c.

;

hence, the symmetrical function considered, is

at most of the degree expressed by

n + n + n + • • = mn.

FUR/LONG. A unit of linear measure,

equal to the eighth part of a mile, or 660

English feet.

G. The seventh letter of the English alpha-

bet. As a numeral, it has been used to

represent 400, and with a dash over it, g, it

represented 400,000.

GaUG'ING. In Mensuration, the opera-

tion of finding the contents of casks, barrels,

vats, &c. The operation depends upon the

same rules as the other operations of mensu-

with which these measurements have to be

made, a set of technical rules and instruments

have been arranged for determining the vol-

umes approximately. The instrument gene

rally used is called a gauging rod, by means

of which the contents of a cask are inferred

from the diagonal distance from the bung to

the extremity of the opposite stave at the

head. The gauging rod has a square section,

and on one face is marked a scale of inches for

measuring the diagonal distance, and on the

opposite face, a scale expressing the corres-

ponding contents in gallons. The results

obtained by the gauging rod are very rough,

but sufficiently accurate for the ordinary

liquids of commerce.

The following rule for obtaining an approx-

imate expression for the contents of any cask

is given by Hutton.

Add together 39 times the square of tbo

bung diameter, 25 times the square of the

head diameter, and 26 times the product of

these diameters ; multiply this sum by the

length of the cask, and divide the product by

114: this quotient divided by 231 will give

the contents in wine gallons, and by 282 will

give it in ale gallons.

The following are the formulas for the two

kinds of gallons.

wg = (39i! + 25Aa + 36Sft)m x 231
i

ag = (39S* + 25A» + 26SA) YuxTM'
GEN'E-RANT. [L. genero, to produce].

Anything generated by a generatrix, moved

according to a mathematiczl law.

GEN-ER-a'-TION. [L. from genero. to

produce]. The formation of any magnitude

by the motion of a point, or a magnitude of

an inferior order. Thus, if a point move in

accordance with any mathematical law. the

path which it traces out is said to be generat-

ed by the point, and is a mathematical line.

If a mathematical line be moved in accord-

ance with a mathematical law, the surface in

which it is always found is said to be gene-

rated by the line, and is always a mathemati-

cal surface. If a mathematical surface be

moved according to a mathematical law, the

volume swept over by it, in its motion, is said

to be generated by it, and is a mathematical
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solid or volume. If, of two straight lines

coinciding with each other, the one be revolv-

ed about some fixed point of the other, re-

maining in the same plane, the indefinite

space swept over by that part of the moving

line, lying on either side of the fixed point, is

an angle, and is said to be generated by the

revolving line. Thus we have a complete

idea of the mathematical theory of the origin

of all mathematical magnitudes.

The moving point or magnitude, is called

the generatrix, the magnitude generated, is

called the generant, and the law according to

which the motion takes place, is called the

law of generation. We subjoin an instance

of, each of the principal modes of generation.

If a point move in the same plane, in such

a manner that the sum of its distances from

two fixed points of that plane shall be equal

to a given line, the curve generated will be an

ellipse.

If a straight line be moved in such a man-

ner as to touch a given curve, not in its own
plane, and continue parallel to a given

straight line, the surface generated will be

that of a cylinder.

If a semicircle be revolved about its diame-

ter, as. an axis, the solid or volume generated,

is a sphere.

In general, the generant is measured by

the generatrix, multiplied by the path describ-

ed or generated by its centre of gravity.

GEN'ER-a-TRIX. That which generates

a line, surface or solid. See Generation.

GEN'E-SIS. A term formerly used,' mean-

ing the same as generation (see Generation).

In the genesis of figures, the moving magni-

tude or point, is called the dcscribent ; the

guiding line of the motion is called the diri-

gent.

Generation and Genesis, are terms some-

times used in fluxions, signifying the produc-

tion of the fluent according to a particular law.

GEN'ER-AL TERM of a series. That

term from which any term whatever may be

deduced, by assigning proper values to the

arbitrary constants which enter it. Thus, in

the binomial formula, the general term is,

m.(m-l)(m-2). . . (m-n+1) ^
1.2 3 .. . . 7i

'

and may be made to represent the 4th term

by making n = 3, which gives,

m (m - 1) (m - 2)^ ,

1.2.3 a *'

and, so for any other term that might be re-

quired.

It will be perceived, that the general term

is the one which has « terms preceding it.

This is true in nearly every series.

GE-O-CEN'TRIC. [Gr. yn, the earth,

and KEvrpov, centre]. Having the same cen-

tre as the earth. The geocentric latitude of

a place, is the angle made by the radius of

the earth through the place and the plane of

the equator.

GE-O-DES'IC, or. GE-O-DET'IC. Per

taming to geodesy. See Geodesy.

GE-OD'E-SY. [Gr. yn, the earth, and

data, to divide]. That branch of Surveying

in which the curvature of the earth is taken

into account. This becomes necessary in all

extensive operations, such as the survey of a

state, or of a long line of coast, as in the

United States Coast Survey.

The general operations of geodesic survey-

ing are conducted on the supposition that the

form of the earth's surface is that of an oblate

spheroid of revolution, the shorter axis coin-

ciding with the polar diameter : setting aside

the comparatively minute irregularities of

surface, repeated measurements have shown
that this supposition is sufficiently accurate

for all practical purposes.

The multiplicity of observations to be taken,

the numerous corrections to be made, the

nice calculations to be performed, together

with the great practical sagacity required in

the observer, serve to render a geodesic sur-

vey, the most difficult, as well as the most
delicate, of all the operations of applied

mathematics.

To attempt anything more than a mere
outline of the operations of such a work,

would far exceed the limits of a single article

;

we shall therefore confine our attention to a

brief synopsis of the principles employed, re-

ferring the reader, who desires a more detail-

ed account, to the voluminous works relating

to the subject, by Airy, Kater, Puissant,

Francooer, Fischer, &c.

Preliminary Reconnoissance.—The first step

in a geodesic survey consists in making a

preliminary reconnoissance of the country to
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be surveyed. The object of this reconnois-

sance is to acquire a general knowledge of

the great natural features of the country, the

direction and extent of its coasts, its moun-

tain ranges and its water courses, to select

proper stations for trigonometrical points,

and to decide upon the most suitable locality

for the measurement of a base line. Upon

the proper location of the base line, and the

judicious selection of trigonometrical points,

depends, in a great measure, the success of

subsequent operations. The base line is gen-

erally selected on o. smooth surface, as near

the level of the sea as possible, and so that

its two extremities shall conform to the gen-

eral conditions imposed upon trigonometrical

points. The triangulation points are to be

chosen in conformity with the following con-

siderations : when united by straight lines,

the triangles formed should be well condition-

ed, that is, their angle should be neither too

acute, nor too obtuse ; a rigorous analysis

has shown that there is less probability of

error, when all of the angles of each triangle

are equal, and it may be laid down as a rule,

that no triangle should, except under extra-

ordinary circumstances, be admitted, any of

whose angles are less than 30°
; the succes-

sive triangles formed, starting from the base

line, should gradually increase in size until

the lengths of their sides reach the maximum
limit, fixed by the extent of the survey, or by

the distance of distinct vision ; the several

triangulation points should be selected so

that from each, as many of the remaining

ones as possible may be distinctly visible, and

that without the necessity of raising artificial

structures.

Signals.—The triangulation points having

been selected, are to be marked by signals.

To the variety, character, and form of signals,

there is no limit ; they depend upon the

nature of the country, the distance between
stations, the accuracy of the proposed survey,

and a great variety of other circumstances.

The object, in all cases, is to mark the exact

locality of the point at which they are erect-

ed, and at the same time to admit of the

exact placing of the instrument over the cen-

tre of the station when required.

The simplest signal consists of a simple

staff, often painted of different colors, and
iurmounted by a flag, or more commonly by

a frustum of a tin cone. Such signals aro

visible at considerable distances.

When their height is considerable, they

may be braced by pieces driven obliquely into

the ground and nailed to the body of the

mast.

When larger signals are required, they are

to be constructed of frame-work of timber, or

scantling, thoroughly braced so as to stand

firm against the winds and storms ; these

usually terminate at the top in an apex,

which is directly over the centre of the

station, and are sometimes arranged in such

manner, that the instrument for measuring

angles can be planted upon a platform several

feet above the ground. The manner of form-

ing signals must depend, in a great measure,

upon the locality, the facilities for obtaining

materials, and upon the peculiar views of the

surveyor. No definite rules can be given.

Various expedients have been resorted to

for rendering distant signals visible, some of

which are as follows :

The first and most common is that already

alluded to, of fastening to the top of the sig-

nal a frustum of a tin cone ; this serves to

reflect the rays of light in all directions, and

experience has shown that they answer a

useful purpose. Another method consists in

reflecting the light from a mirror, so that the

reflected rays shall proceed directly-from the

station observed to the observer. The par-

ticular apparatus by which this is effected, is

called a heliotrope ; this obviously requires an

assistant at the station to be observed, who is

called a heliotroper. The heliotropcr, on a

given signal from the observer, so directs his

instrument, that the rays of light falling upon

the heliotrope, may enteT the telescope of the

observer.

Another contrivance, by means of which

extremely distant stations are rendered visi-

ble, consists in heating a piece of quick lime

before the oxy-hydrogen blowpipe. This

affords a brilliant light, which -has been seen

60 to 90 miles, and even at considerably

greater distances.

Parabolic reflectors, similar to those used

in light-houses, have also been employed with

advantage under certain circumstances.

Measurement of base line. The base line

is the principal line of the survey, to which

all the sides of the triangles are referred,



CYCLOPEDIA OF MATHEMATICAL SCIENCE.G E o]

and upon the accurate measurement of which

much of the final accuracy of the work is

dependent. Different instruments have been

employed at different times for measuring

base lines. Deal rods were early employed,

but were soon laid aside, in consequence of

their great liability to sudden changes in

length, due principally to thermometric and

hygrometric changes of the atmosphere.

However, for ordinary purposes, deal rods

saturated with boiling oil, and thickly coated

with varnish, are found to answer very well.

When they are employed they should be

capped at their ends with metallic cases, to

prevent wearing, and to assume a more per-

fect contact.

In some of the early English surveys, rods

of glass, furnished with caps of bell metal,

were used. It was found that hollow glass

tubes were less likely to sudden contraction

and expansion than solid glass cods.

Steel chains have also been used, and are

preferable to glass rods. The chains are of a

peculiar construction, and when used have to

be stretched, by means ofweights, to a certain

degree of tension. The chain, with the

stretching weights attached, is made to rest

upon deal trestles till a perfect level is insured,

and coincidence of the ends of the measures

is only made when the detached thermometers

disposed along its length indicate a uniform

temperature throughout. The reading of the

thermometer in each case gives the means of

correcting the measured length by reducing

it to a given standard at a given temperature.

Some French engineers made use of a

combination of rods of platina and brass, in

accordance with a suggestion made by Borda.

In this combination the mercurial thermome-

ter is dispensed with, the combination itself

acting as a sort of metallic thermometer. It

was found by experiment, that for every

degree of the centigrade thermometer, the

expansion of platina was 0.000008565 of the

entire length, whilst that of brass was

0.000017843 of the length. A rod of platina

12.78 feet in length, was overlaid by a rod

of brass about 6 inches shorter, and both

were firmly riveted together at one extremity

only. The other extremities being left free,

the different changes of temperature were

rendered manifest by the difference of expan-

sion in the two metals. This difference was
18
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measured by a delicate vernier. It was found

that changes of temperature considerably less

than a degree could be detected and noted.

More recently, compensating rods have

been introduced, and the state of perfection

to which an apparatus of this kind has been

carried by Prof. Bachk, the able head of the

United States' Coast Survey, will probably do

away with all other methods, where great

accuracy is required. The principle of the

compensating base apparatus consists in com-

bining rods of different metals so that by

their expansion the length of the combined

rod shall be as much increased by the expan-

sion of one metallic rod as it is diminished

by that of another.

The following description of a compensa-

ting rod used by Col. Colby in measuring a

base of between 7 and 8 miles in Ireland,

will serve to illustrate the principle which has

been more completely developed in this coun-

try. It may not be amiss to state that in the

long base of more than 7 miles, above referred

to, " the greatest possible error is supposed

not to exceed 2 inches." The apparatus

used is constructed as follows :
" Two bars,

one of iron, the other of brass, 10 feet long.

were placed parallel to one another, and riveted

together at their centres, it having been previ-

ously ascertained by numerous experiments,

that they expanded or contracted in their

transition from heat to cold, and the reverse,

in the proportion of 3 to 5. The brass bar

was coated with some non-conducting sub-

stance, to equalize the susceptibility of the

two metals to change of temperature. Across

each extremity of these combined bars was
fixed a tongue of iron, with a minute dot of

platina, almost invisible to the naked eye, and

so situated on this tongue, that under every

change of contraction or expansion, the dots

at each extremity always remained at the

constant distance of 10 feet.

*£
joh

-A

Let A be the iron bar, the expansion of

which is represented by 3 ; B the brass bar,

the expansion of which is 5, the two being

riveted together at C ; D and d are two iron

tongues pinned on the bar, so as to admit of

their expansion, with the platina dots D and
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d. The tongues are, by construction, made

perpendicular to the rods at a mean tempera-

ture of 60° Fahr., and the expansion taking

place from their common centre, when A
expands any quantity which may be ex-

pressed by 3 ; B expands at the same time a

quantity equal to 5, and the inclination of the

tongue is changed, the dots D and d remain-

ing unalterably fixed at the distance of 10 feet."

The distance between the bars being given,

the position of the dots D and d is found by

the following proportion :

DG : GH : : DE - DG : FE - HG.

If GE is equal to 4 in- B
ches, we shall have A
DG:3:: 4 : 3 ,.DG=6in. ££gg
From the construction of ^ -"E 3'

these bars, the dots on two bars cannot be

brought to coincidence. The distance be-

tween them, when the rods are placed, is

measured by a micrometrical arrangement.

Enough has been said to indicate
1

the general

methods of measuring base lines. The ten-

dency towards accumulation of error, is so

great, even in trigonometrical operations of

limited extent, that tpo much care cannot be

taken in the measurement of the fundamental

line of a survey, and particularly when that

survey is to extend over hundreds of miles

of territory.

The base line is first carefully ranged, and

the measurements made as above indicated,

the various corrections for want of contact,

<fcc , are next applied, and we have the hori-

zontal distance between the stations at the

two extremes of the base line. '

If the base is not on the level of the sea, it

must be reduced to what it would have been,

had it been measured on that level, as follows

:

Let R denote the

radius of the earth C^-——~~^^-,B
at the level of the

sea, that is, the ra-

dius of curvature of

the earth at the mid-

dle latitude of the

base line ; It + h the

radius at the eleva-

tion of the measured
"

base ; A the length of the measured base

regarded as an arc of a circle ; a the length

of the reduced base ab. From the figure,

R + A : R : : A : a .*. p =
RA
R + A ;

whence the reduction,

A — a = A —

or by reduction,

A — a =

RA
R + A ;

A-

A

R + A

The reduction to the level of the sea should

be made to coincide with that of mean low

water mark.

It may happen that a base, line cannot be

measured on ground that is continuously hor-

izontal ; in which case the line may be mea-

sured along the inclined line of the surface,

and then reduced to the horizontal by com-

putation.

Let C be the centre of the earth, and

ABDEF the measured base, of which differ-

ent portions are at different elevations, and

variously inclined to the horizon. The lines

Ab, SD, DE, E/, are horizontal. To reduce

one of the lines, as AB, for example, to the

sea level, let the difference of level between

A and B be ascertained by the ordinary pro-

cess of leveling ; then we shall have

Ab - VAB S - Bb\

and each result may be reduced to the

sea level by the process already explained.

Having reduced each section in this manner,

the sum of the reduced levels will make up

the required length, K5L, of the base. If

the angles which the several sections make

with the horizon are known, the first reduction

may be made by the trigonometrical formula

for finding the base of a right angled trian-

gle from the hypothenuse and angle at the

base ; thus,

.

Ai = AB cos BAi.

When parts of the measured base are in

different vertical planes, as may sometimes
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occur when obstacles intervene between the

two extreme points, or when the extremities

are unfitted for stations.

Let ABC be the measured base, S and *

stations near its extremities ; the angles

ABC, BAS, or CAS and ACs, or BCs, are

measured with extreme care. In the trian-

gle ABC we have two sides, and the included

angle, hence we may compute AC and the

remaining angles. In the triangle ACs, we
have two sides and their included angle,

hence we may compute As. In the triangle

ASs we have two sides, and their included

angle, hence we may compute Ss, the re-

quired base, by the ordinary formulas.

These latter corrections should be avoided,

except in cases of extreme necessity.

Test bases, or bases of verification, are

measured at a part of the survey, remote

from the beginning, for the purpose of test-

ing the accuracy of the work. After a long

succession of triangles has been completed,

the last side of the last triangle may be mea-

sured with all the accuracy of the original

base line ; its length is also computed, and

by comparing the measured and computed

lengths, we may decide as to the accuracy

of the entire work. See Base and Base

Apparatus.

Tricunguliition.

The next step after measuring the base, is

the triangulation. This consists in measur-

ing with great care each angle of the trian-

gles formed by joining the several stations

by lines.

The angles are generally measured with a

theodolite, and, where great accuracy is de-

sired, instruments are constructed for the

purpose much more accurate than ordinary

theodolites. The instrument used in the

primary triangulation of the coast survey, has

a limb of 30 inches diameter, and is gradua-

ted with the nicest care. Each station is

occupied for a sufficient length of time to

ensure a complete set of observations upon

all of the visible signals, which in extensive

works often requires many weeks. The mea-

surement of each angle is repeated a great

number of times, and upon all parts of the

graduated limbs, in order to neutralize both

the errors incident to the construction of the

instruments employed, and those due to ob-

servation.

The first class of errors arise from want of

accuracy in graduating the limb, from defect

of centering, from the impossibility of making
the axis of the limb exactly at right angles

to the plane of the limb, together with the

constantly varying changes in the masses of

metal of which the instrument is composed,

due to the ever-changing fluctuations of heat

and cold. No human skill can provide in-

struments which are not more or less subject

to these errors, and it is therefore left to the

observer so to combine his observations,

choose his opportunities, and so to familiar-

ize himself with all the causes of instru-

mental derangement, as to eliminate that

which is erroneous, and retain only that

which is true. The perfection of modern
instruments has reduced the instrumental

errors to very narrow limits. The second

class of errors, or those of observation, arise

from inexpertness, defective vision, atmo-

spheric indistinctness, and irregular refrac-

tion, to which may be added momentary in-

strumental derangement, slips in clamping,

looseness of screws, &c. In all cases, the

greatest vigilance is requisite in the detection

and correction of errors, and it is only from a

long succession of observations that anything

like perfection in the measurement of an an
gle can be arrived at.

Besides the measurement of the angles of

the chain of triangles thrown over the coun-

try, observations are made at the principal

stations for determining their latitude and

longitude, and also for determining the azi-

muth or bearing of the sides of the triangles.

These data serve to correct the work, and aid

in making the plots of the whole on paper.

When permanent objects, as towers, spires,

or trees, are employed for signals, as is some-

times the case, it is not convenient to place

the axis of the instrument exactly over the

centre of the station ; in this case, an aux-

iliary station is assumed as near as practica-

ble to the main point, and such angles mea-

sured as will enable the observer to determine

what the angles would be, were the instru-

ment properly placed.

After the principal triangulation is com-
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pleted, the mam triangles, whose sides are

often from 30 to 80 or 90 miles in length, aie

broken up into smaller triangles, and these

again may be subdivided into still smaller

ones till the final filling in is brought within

the limits of plane surveying, by the aid of

the plane table or the compass. These com-

plete what are called the field operations of a

geodesic survey.

We come next to the corrections, compu-

tations, and final reduction of the whole to a

map or draft. Before leaving the subject of

field operations, however, it may not be inap-

propriate to make a single remark, as to the

preservation of monuments to mark the prin-

cipal points, so that they may be found should

they be needed at any subsequent time.

Under each extremity of the base line, and

under each principal station, a permanent

monument of stone, or pottery, should be

buried, at a sufficient depth to escape acci-

dent. Upon this monument a plate of gold

or silver should be fixed, and the exact axis

of the station marked upon this plate by a

small point of platina. The bearings of sur-

rounding stations should be taken and care-

fully noted on the records of the survey.

Seduction to the Centre.

The first correction to be made upon the

observation is called the reduction to the

centre. This reduction is necessary when
the instrument cannot be exactly placed over

the station, as in the case where a tower is

employed as a signal.

JB

C B

Let C be a triangulation point, from which

it is required to measure the angle ACB, and

suppose D to be the nearest convenient place

for the instrument. We measure carefully

the distance CD, the angle CDA, and the

angle CDB. If the angles CAB and CBA
have been measured, we may compute the

approximate lengths of AC and BC, but if

both of these angles are not known, we may
use the measured angle ADB for the angle

ACB, and with one of the angles A or B,

and the side AB, we may compute AC and

BC. It is plain, that since CD is very small

in comparison with the sides of the triangles

that no great error can arise in making that

change for the purpose required.

Now, from the figure we have the follow-

ing relations between the angles :

CED = CAD + ACB . . . (1),

CED = CBD + ADB . . . (2)

;

whence, by equating the second members,

and transposing,

ACB = ADB + (CBD - CAD) . . . (3).

We have also from the property of sines of

angles

sin CBD : sin BDC : : CD : BC . . . (4),

CD
.-. sin CBD = sin BDC —

,

BC '

sin CAD • sin ADC : : CD . AC . . . (5),

CD
.-. sin CAD = sin ADC—

;

AC
and, because the angles CBD and CAD are

exceedingly small, never being over a few

seconds in magnitude, it follows that the an-

gles may be taken for their sines, and the

reverse ; hence, substituting in (3), we have

/ CD CD\
ACB=ADB+ (sinBDC- sinADC - V

V BC AC/
The quantity within the parenthesis is

called the correction, and may be computed,

as all the elements entering the expression

are known. The correction will be expressed

in linear units, and denoting it by c, it may

be reduced to seconds of arc by the propor-

tion,

3.1416 648000 : : c : n,

n being the number of seconds in the cor-

rection. The correction will be positive when
the first term in the parenthesis is greater

than the second, and will be negative when
the second term is the greater. If greater
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accuracy is required, the operation may be

repeated, using the angle just found for the

angle at C.

Correction for Oblique Illumination.

The next correction is for oblique illumina-

tion. When the light falls obliquely upon
the observed signal, the signal appears to be

diiTerently situated from what it does when
the light is direct. This idea is better illus-

trated by considering the case in which a tin

cone is used. If the light falls upon the

cone obliquely, the brilliant element seen by

the observer is not in the line from him to the

axis of the signal, and a correction has to be

made in the observed angle, which can be

effected by the following formula :

rcos'iZ
C=±t;——

>

D sin 1"

in which C denotes the correction, r the ra-

dius of the signal, Z the angle at the point

of observation, and D the distance to the

signal.

The circumstances of the case will make
known which of the two signs of the second

member is to be used.

Correction for Spherical Excess.

The measured angles are really spherical

angles, or rather spheroidal angles, and the

triangles of the survey are spheroidal ; hence,

it generally follows that the sum of the three

measured angles of a triangle exceeds 180°

:

this excess is called the spherical excess. The

principle object in determining the spherical

excess in any case, is to arrive at an idea of

the accuracy of the measured angles. The

method of making the application is as fol-

lows :

Legendre has demonstrated that the area

of a spherical triangle, which is small in

comparison with the whole sphere, is equiva-

lent to a plane triangle, whose sides are equal

to the sides of the spherical triangle, and

whose angles are equal to those of the sphe-

rical triangle, each diminished by one-third

of the spherical excess. Taking, then, the

sum of the measured angles of a triangle,

and deducting 180° from it, we have the mea-

sured excess. Subtracting one-third of this

from each measured angle, we have the ap-

proximate angles of the equivalent plane

triangle, whose area may then be computed.

Knowing the approximate area of the sphe-

rical triangle, its true spherical excess may
be computed by the formula,

E = S ab sin C
ra sin 1"

=
2r» sin 1*

In which iS denotes the area of the triangle,

r the radius of the earth, a and b two sides

of the triangle, and C their included angle.

See Excess Spherical.

Having the true spherical excess, it may be

compared with the measured excess, and

their difference is the error due to measure-

ment. When this error exceeds 3", it is cus-

tomary in the coast survey to reject the work
and repeat the observations. To such a

state of accuracy has that great work been

brought, that few cases of re-measurement

ever occur.

Besides these corrections, some others have

to be made, depending upon local circum-

stances, which need not be described. The

correction being made, the lengths of the

sides of the several triangles may be accu-

rately computed, beginning at those having

one side coinciding with the base line, and

so on to the most remote, the whole being

checked by suitable test bases.

The latitudes and longitudes of stations

are computed as well as the azimuths. The
secondary and tertiary triangles are in like

manner computed, and the whole is then

ready for projection upon the maps.

The method of projecting the map, plotting

in the triangulation, and filling in the details

of the map, will be found under the several

heads of Plotting, Projections, Plane Survey-

ing, &c.

GE-O-DET'IC LINE, on the surface of

an ellipsoid, is the shortest line that can be

drawn between two points on the surface.

It is a characteristic property of this line

that at every point of the curve, its curvature

is less than that of any other curve of the

surface through that point ; that is, its radius

of curvature at every point is greater than

the radius of curvature of any other curve of

the surface through that point.

The geodetic line, then, has no curvature

in the direction of a tangent plane to the

surface at any point, except in the direction

of the surface. The shortest line that can

be drawn on any surface, whatever, is of the

same general character. On the surface of



278 MATHEMATICAL DICTIONARY AND [GEO

the cone, cylinder, or other developable sur-

face, the curve is such that if the surface be

developed, the curve will develop into a

straight line.

GE-O-GRAPH'IC LATITUDE of a place

on the earth's surface. The angle included

between the normal to the surface at the

point, and the plane of the equator. See

Figure of the Earth.

GE-OM'E-TER. [Gr. yeafierp^c; from

yij, the earth, and fierpov, measure]. One
skilled in Geometry, a geometrician.

GE-OM'E-TRAL. Pertaining to Geom-

etry. See Geometrical.

GE-O-MET'RIC-AL. Something relating

to Geometry. Thus, a geometrical construc-

tion is the operation of drawing a figure, by

means of right lines and circles. Thegeo-

metrical construction of an algebraic expres-

sion consists in drawing a figure such, that

each of its parts shall have its representative

in the expression, and that the relation be-

tween them shall be the same as that between

their representatives in the given expression.

Geometrical Curve. Same as Algebraic

Curve,—which see. It is so called, because

its ordinates can, in general, be constructed

by the aid of the right line and circle.

Geometrical Locus. The curve or sur-

face in which a point or line is always found

moving, in accordance with an algebraic law.

See Locus.

Geometrical Progression. A progres-

sion, or series, in which each term is derived

from the preceding, by multiplying it by a

constant quantity, called the ratio. See

Progression.

Geometrical Solution. A solution of a

problem effected geometrically ; that is, by

the aid of the right line and circle. This re

jects all solutions made by aid of the higher

curves, or by approximation.

GE-OM'E-TRY. [Gr. yea/ierpia; from

yn, the earth, and /icrpov, measure]. That

branch of Mathematics which has for its ob-

ject the investigation of the relation, proper-

ties, and measurement of solids, surfaces,

lines, and angles.

A solid or volume is a portion of space lim-

ited in all directions. The term volume, is

the preferable one of the two ; because the

idea of a solid carries with it that of matter,

which, in fact, has nothing, and should have

nothing to do with geometrical considera-

tions.

Every solid or volume occupies a portion

of space ; the boundary of this is common to

both the volume and the surrounding portion

of space, and is called a surface ; hence, we
define a surface as having length and breadth,

but no thickness.

If we conceive a surface to be made up of

two parts, that which is common to both is

called a line. Hence, we define a line to have

length, without breadth or thickness. If a

line is conceived as made up of two parts,

that which is common to both is a point

;

hence, a point has neither length, breadth, nor

thickness, but position only.

A plane angle is a portion of a plane in-

cluded between two straight lines meeting in

a common point, called the vertex.

A polyhedral angle is a portion of space in-

cluded between several plane angles having a

common vertex. The four magnitudes, viz,

;

lines, surfaces, solids, and angles, are called

geometrical magnitudes, and taken together,

they constitute the only things with which

geometry, as a science, is conversant.

Geometry is divided into two parts

:

I. Elementary Geometry, which treats of

those magnitudes whose elements are the

straight line and the circle.

It embraces

:

1. All propositions relating to plane figures

bounded by right lines, or by the circnmferr

ence of a circle, or by a circular arc and a

straight line.

2. All propositions relating to the surfaces

of the cone, cylinder, and sphere,—which

are called the three round bodies.

3. All propositions relating to solids bound-

ed by planes, or to the solidities of the three

round bodies.

An immediate application of this part of

geometry is found in plane and spherical

trigonometry, which treat of the relations

of the sides and angles of triangles. It also

embraces all constructions that can be made

by the aid of the straight line and circle.

II.. Higher Geometry embraces those

branches, in which the elements are more

complex lines, such as the Conic Sections,

&c. It includes the higher investigations of
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the ancients, which are now more elegantly

treated of in Analytical Geometry, and by

the aid of the Calculus.

It also embraces the treatment of the

famous isoperimetrical problems, from which

originated the Calculus of Variations, as well

as the great problems of the duplication of

the cube, and the trisection of an angle. It

includes also the solution of all geometrical

problems which cannot be effected by the aid

of the circle and straight line alone.

The direct applications of Geometry, in

general, are

1st. Descriptive Geometry, which has for

its object the graphic solution of all problems

involving three dimensions. In this branch

of construction, lines are given by their pro-

jections upon two planes of reference, gene-

rally taken at right angles to each other.

Planes are given by their traces upon these

planes, and surfaces by the projections of

certain of their elements.

An extensive and useful part of Descrip-

tive Geometry is found in its application to

problems of Shades and Shadows.

2d. Perspective, in which objects, as they

would appear to the eye, taken in a certain

position, are represented upon a plane or

other surface. The plane employed is called

the perspective plane, and the position of the

eye is the point of sight.

A modification of perspective is employed

in projecting the circles of the sphere on a

plane, called spherical projections. It is used

in constructing maps of the earth, or heavens,

or any portion of them.

For a more full account of these several

applications of geometry, see Descriptive Ge-

ometry, Shades and Shadows, Perspective,

Spherical Projections, and Isometrical Projec-

tions.

For more detailed information on the sub-

ject of the higher geometry, see Analysis.

Analytical Geometry, Calculus, Calculus of

Variations, Isoperimetrical Problems, Duplica-

tion of the Cube, and Trisection of an Angle.

under their respective heads.

We shall now enter a little more into de-

tail with respect to the nature of Elemental y
Geometry, and a good portion of the explana-

tion given will be found applicable to higher

Geometry, and its applications.

Objects to which the reasoning is applicable.

1st. Lines.—The only lines considered, are

the straight line and the circumference of the

circle. The straight line is a line which

does not change its direction between any

two of its points. Straight lines are, in

general, supposed to extend indefinitely in

both directions, but in Elementary Geometry,

they are often supposed to be limited, that is,

terminated by points. The length of a straight

line is the shortest distance between its limit-

ing points, or extremities. No property of

the straight line is either assumed or proved,

in addition to those already mentioned, ex-

cept the additional fact, that two straight

lines cannot include a space.

A circle is a portion of a plane bounded by

a curved line, every point of which is equally

distant from a point within, called the centre.

The curve is called the circumference, or

in common language, the circle. So that in

speaking of the circle, we sometimes mean
the surface within the circumference, and

sometimes the circumference itself, but the

connection in which the term is used serves

to prevent any ambiguity in the meaning.

2d. Surfaces.—The surfaces considered

are of two kinds, plane and curved surfaces.

A Plane Surface, is a surface in which, if

any two points be taken at pleasure and joined

by a straight line, that line will be wholly in

the surface. As in the case of right lines,

only limited portions of planes are generally

considered in Elementary Geometry. These

limited portions may be bounded by straight

lines, by curved lines, or by both. Those

bounded wholly by straight lines, are called

polygons; those by curves are circles, and

those by both, form parts of circles, as sec-

tors, segments, &c.

A polygon is a part of a plane bounded by

straight lines, called sides.

The simplest polygon is the triangle bound-

ed by three sides ; then the quadrilateral,

bounded by four ; the pentagon, by five; the

hexagon, by six ; the heptagon, by seven ; the

octagon, by eight ; the nonagon, by nine ; the

decagon, by ten ; the undecagon, by eleven ;

the dodecagon, by twelve ; and so on.

A Curved Surface is any surface not a

plane surface, or made up of plane surfaces.

The only curved surfaces treated of in Ele-

mentary Geometry, are those of the three
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round bodies, the cone, the cylinder, and the

sphere

3d. Solids.—The solids, or volumes con-

sidered, are either bounded by polygons, by

curved surfaces, or by both.

Those bounded by polygons are called poly-

hedrons. Amongst these, are found the pyra-

mid,, the prism, the paraUelopipedon, the octa-

hedron, the dodecahedron and the icosahedron.

The only solid of Elementary Geometry,

bounded entirely by a curved surface, is the

sphere.

Of those bounded in part by curved, and

in part by plane surfaces, may be mentioned,

cones, cylinders and their frustums or seg-

ments, and segments of the sphere.

4th. Angles.—Angles are plane or poly-

hedral, both of which have already been de-

fined.

The magnitudes above enumerated, are the

only ones considered in Elementary Geome-

try.

Object of Elementary Geometry.

The object of Elementary Geometry is to

investigate the properties, and relations of

the magnitudes above named.

A property of a geometrical magnitude

is an attribute common to all of the class to

which the magnitude belongs. For example,

it is the property of a plane triangle that the

sum of its three angles is equal to two right

angles ; because, this is one of the attributes

common to all plane triangles.

A property may be characteristic or second-

ary.

A characteristic property is one without

which the magnitude could not exist, and it is

one not possessed by any other class of mag-

nitudes. Thus, that every triangle has but

three angles is a characteristic property.

Secondary properties are those upon which

our conception of the existence of the magni-

tude is not dependent, andwhichmay be shared

by magnitudes ofother classes. Thus, thatthe

area of a square is equal to the product ofthe

perimeter, and one-half of the radius of the

inscribed circle is a secondary property of the

square. It is secondary, because we can

conceive the existence of the square as inde

pendent of this property, and further, the

same property holds true of every regular

polygon. It is a property, then, rather of

regular polygons, to which class the square

belongs, and only secondarily, a property of

the square.

The enunciation of a characteristic proper

ty is a sufficient definition of a magnitude*

In general, a definition is nothing else than

an enumeration of one or more characteristic

properties of the magnitude defined. Since

the £ame magnitude may have several charac-

teristic properties, it follows that it may be

defined, and correctly too, by several different

definitions. An investigation of the proper-

ties of a magnitude enables us to select the

best definition, that is, the one most calculat-

ed to aid us in the ultimate object of compar-

ing different magnitudes.

The relations investigated in Elementary

Geometry are of two kinds. Those of equal-

ity or inequality, and those of proportion-

ality. As an example of the first species of

relation, we may instance the following. The

sum of any two sides of a plane triangle

is greater than the third, and their difference

is less than the third. The square described

upon the hypothenuse of a right angled tri-

angle, is equivalent to the sum of the squares

described upon the other two sides.

The second kind of relation is that of pro-

portionality, and it is reached by the process

of comparison of the things between which a

relation is sought,-with some known or as-

sumed thing of the same kind, regarded as a

standard ; the standard is called the unit of

measure.

The unit of measure for lines, is a straight

line of known length, as afoot, a yard, a mile,

&c. The unit of measure for surfaces, is a

square described upon the lineal unit as a

side. The unit of measure for volumes, is a

cube described upon the lineal unit as an edge.

It is sometimes possible to compare one

magnitude with another directly, but in gen-

eral, this comparison is effected through the

instrumentality of a unit of measure. Two

figures or magnitudes are equal, when one

may be placed upon the other so that they

will coincide throughout their whole extent.

Two magnitudes are equivalent, when they

contain the same unit of measure the samo

number of times. Equality refers to possi-

bility of coincidence ; equivalency, to equality

of measure only. Equal quantities are neces-

sarily equivalent, but equivalent quantities

may not be equal.
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Methods of Investigation.

The truths of Geometry form a chain of

dependent propositions, which may be sepa-

rated into three classes.

1st. Truths implied in the definitions, viz.:

that things do or may exist corresponding to

the things defined. For example, when we
say, "a quadrilateral is a polygon of four

sides," we imply that such a figure may
exist.

2d. Self-evident, or intuitive truths, which

are contained in the axioms.

3d. Truths inferred from the definitions and

axioms, called demonstrative truths. We
say that a truth, or proposition, is demonstrat-

ed, when by a course of reasoning it is shown

to be included under some other truth or pro-

position previously known, and from which

it is said to follow. A demonstration is a

train of logical arguments brought to a con-

clusion, in which the premises are definitions,

axioms, hypotheses, and propositions already

established. The arguments are the links

that connect the premises, logically, with the

conclusion, or ultimate truth to be proved.

Two methods of demonstration are em-

ployed ; the direct and the indirect, or the

reductio ad absurdum.

In the direct method the premises are defi-

nitions, axioms, and previous propositions,

and by a process of logical argumentation,

the magnitudes of which something is to be

proved, are shown to bear the mark by which

that something may always be inferred ; or,

in other words, they are shown to fall under

some definition, axiom, or proposition previ-

ously laid down. Direct demonstrations are

divided into two classes. 1st. Where the

argument depends upon superposition ; that

is, on the coincidence of magnitudes when

applied one to the other. 2dly. When it de-

pends on addition, subtraction, or immedi-

ately on principles previously laid down.

The indirect method rests upon an hypo-

thesis. This hypothesis is combiried in a pro-

cess of logical argumentation with definitions,

axioms, and previous propositions, until a

conclusion is obtained, which agrees or disa-

grees with some known truth. Now, if the

conclusion arrived at agrees with some pre-

viously known truth, the hypothesis is said

to be proved ; if it disagrees with some known

truth the hypothesis is false, and its contrary

is said to be proved. In the indirect demon-

stration, therefore, the conclusion is compared

with the truths known antecedently to the

proposition in question. If it agrees with any

one of these, the hypothesis is correct ; if it

disagrees with any one of these, the hypo-

thesis is false.

We will .give for an illustration of this

method, proposition XVII. of the first book

of Legendre. " When two right angled tri-

angles have the hypothenuse and a side of

the one equal to the hypothenuse and a side

of the other, each to each, the remaining

parts will be equal each to each, and the tri-

angles themselves will be equal."

In the two right angled triangles BAC and

EDF, let the hypothenuse AC be equal to

DF, the side BA to the side ED ; then will

the side BC be equal to the side EF, the

angle A to the angle D, and the angle C to

the angle F. To prove this proposition we
need the following, which have been before

proved, viz :

Prop X. (of Legendre). " When two tri-

angles have the three sides of the one equal

to the three sides of the other, each to each,

the three angles will also be equal, each to

each, and the triangles themselves will be

equal."

Prop. V. " When two triangles have two
sides, and the included angle of the one equal

to two sides and the included angle of the

other, each to each, the two triangles will be

equal.

" Axiom 1. Things which are equal to the

same thing are equal to each other."

Axiom 10 (of Legendre). "All right an
gles are equal to each other."

Prop. XV. " If from a point without a

straight line a perpendicular be let fall on the

line, and oblique lines be drawn to different

points.

" 1st. The perpendicular will be shorter

than any oblique line.

" 2d. Of two oblique lines drawn at plea

sure, that which is further from the perpen

dicular will be the longer."
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Now the two sides BC and EF are either

equal or unequal. If they are equal, then by

Prop, X, the remaining parts of the two tri-

angles are also equal, and the triangles them-

selves are equal. If the two sides are un-

equal, one of them must be greater than the

other. Suppose BC to be the greater.

On the greater side BC, take a part BG,

equal to EF, and draw AG. Then in the

two triangles BAG and DEF, the angle B is

equal to the angle E by axiom 10, both being

right angles. The side AB is equal to the

side DE, and by hypothesis, the side BG is

equal to the side EF. Then it follows from

Prop. V, that the side AG is equal to the

side DF. But the side DF is equal to the

side AC ; hence, by axiom 1, the side AG is

equal to AC. But the line AG cannot be

equal to the line AC, having been shown to

be less than it by Prop. XV ; hence, the

conclusion contradicts a known truth, and is,

therefore, false ; consequently the supposition

(on which the conclusion rests) is false;

therefore, the triangles arc equal and all of

their parts are equal, each to each.

It is often, though erroneously, supposed

that the indirect demonstration, or the " reduc-

tio ad absurdum," is less conclusive and satis-

factory than the direct demonstration. This

impression arises from want of proper analy-

sis of the nature of the reasoning.

For example : in the demonstration just

given, it was proved that the two sides BC and

EF cannot be unequal, for such a supposition,

in a logical argumentation, resulted in a con-

clusion directly opposed to a known truth,

and as equality and inequality are the only

general conditions of relation that can sub-

sist between the two quantities, it follows if

they are not unequal they must be equal.

In both kinds of demonstration the prem-

ises and conclusion agree ; that is, they are

both true or both false, and the reasoning or

argument in both is supposed to be strictly

logical. In the direct demonstration the

premises are known, being antecedent truths,

and hence the conclusion is true. In the

indirect demonstration, one element is assumed,

and the conclusion is compared with truths

previously established. If the conclusion is

found to agree with any one of these, we
infer the assumed element is true ; if it con-

tradicts any one of these, we infer that the

assumed element is false. The method of

reasoning in both cases is precisely the same,

being according to the strict rules of logic.

GILL. A measure of capacity, containing

one-fourth of a pint, or nearly 8f cubio

inches.

GIVEN. Something that is known, or

whose real value is assumed. Thus we eay

that a straight line is given in position, when

we know its direction with respect to some

other line regarded as fixed. A circle is

given when we know the position of its

plane, its centre, and the radius with which

it is described. In analysis a line or surface

is said to be given when its equation is given,

that is, when we know the form of the equa-

tion, and the constants which enter it. The

term given is often used to imply that a thing

can be found. Thus, we say that a circle is

given when three of its points are given, for

we then have the means of constructing it by

known rules. If we know the ratio between

two quantities, they are said to have a given

ratio ; in short, any element of mathematics

supposed to be known is said to be given.

GLoBE. [L. globus, a ball]. In Geometry,

the same as Spheee, which see.

GLOB'U-LAR. Relating to, or partaking

of, the nature of a globe. Thus, we say

globular chart, globular projection, globular

sailing, &c.

Globular Projection. In Spherical Pro-

jections, that species of projection in which

the point of sight is taken in the axis of the

primitive circle, and at a distance from the

pole of this circle equal to the sine of 46°.

Let AOBC be the great circle of the sphere,

cut out by a plane through CP, the axis of the
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primitive circle ; and let AB be the diameter

of the primitive circle lying in this plane
;

make OP equal to sin 45°. Now if the arc

AC or BC be divided into equal parts, and
the points of division be projected upon AB
by lines drawn to P, then will the spaces

AD, DE, ES, <itc, be nearly equal, and this is

the advantage claimed for this, mode of pro-

jection over the other methods.

In the stereographic method, the projection

of those parts of the sphere near the pole are

unduly crowded together, and in the ortho-

graphic projection, those near the primitive

circle are crowded together, whilst in the

globular, this crowding is, in a measure,

avoided.

If the primitive plane coincides with the

equator, the globular projections of the meri-

dians are straight lines, and the projections

of the circles of latitude are circles ; in other

cases, the projections are ellipses. See Upher-

%cal Projections.

GNo'MON. [Gr. yvujiov, an index]. An
instrument employed for measuring the alti-

tude of the sun by means of the lengths of

shadows cast. Let' AC represent a vertical

style, column, or pillar, q
and BA a horizontal

plane. Suppose that

the sun, shining upon

the style, casts a shad-

ow of the point C at

B. Then is BA the

,
length of the shadow

of the style, and it may
be measured by any

scale of equal parts. Then, since AC is sup
posed to be accurately known, we may find

from the right-angled triangle ABC, the value

of the angle CBA at the base, which will be

the altitude of the sun at the time of obser-

vation. If the line BA is in the meridian of

the place, the altitude determined is the meri-

dian altitude. This method of determining

altitudes admits of considerable accuracy.

The gnomon, if attached to a movable plane,

susceptible of being leveled by a spirit-level,

may be applied to measuring heights by

means of shadows, as follows :

Set up the gnomon, and level its horizon-

tal limb. Measure the length of the shadow
projected by it, and at the same time measure

the length of the shadow cast by the object

B

whose height is desired ; then, the length of

the shadow of the gnomon is to the length

of the shadow of the object, as the length of

the gnomon to the height of the object.

Gnomon, in Dialing, is the style or pen,

the shadow of which points out the hours.

See Dial.

Gnomon, in Geometry. The space in-

cluded between the lines forming two similar

parallelograms, the smaller being so situated

that it shall have an angle in common with

the larger.

A 2 ,B

Thus, if ABCD and AHEK are similar

parallelograms, the space KBCDHEK is a

gnomon. If the sides KE and HE be pro-

duced to G and F, then is the space

FEGDABF a gnomon with respect to the

parallelogram BD and FG.
Gnomonic Projection of a sphere, is the

projection of the lines of a sphere upon a

plane tangent to the surface of the sphere,

the point of sight or the eye being taken at

the centre of the sphere. In this projection,

all great circles of the sphere are projected

into straight lines ; all small circles, whose

planes are parallel to the plane of projection,

into concentric circles, having their common
centre at the point of contact ; and all other

small circles into ellipses.

The gnomonic projection is also called the

horologiographic projection, on account of its

use in dialing.

GNO-MON'ICS. The art of dialing, so

called, because it shows how to determine the

time of day by the shadow of a gnomon.

See Dialing.

GoLD'EN NUMBER. So called, from

its having been formerly written in golden

letters in the almanac ; it is the number
denoting the year of the cycle of 19 years,

in which the year in question falls. To find

the golden number for any given year, add 1

to its number in the christian year, *nd di-

vide the sum by 19, the remainder is the gol-

den number of the year, unless the remainder

is 0, in which case the golden number is 19.
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For example, to find the golden number for

the year 1854 : dividing 1855 by 19, the re-

mainder is 12 ; hence, 12 is the golden num-

ber required.

GOLD'EN RULE. A name given to the

Rule of Three, on account of its universal

use and great practical value.

GO-NI-OM'E-TRY. [Gr. yavia, angle,

and psTpov, measure]. The art of measuring

angles, either upon paper, or on the surface

of the earth.

GORGE. In Descriptive Geometry, the

throat, or the smallest section of an hyperbo-

loid of one nappe. In general, the section

of the gorge is an ellipse, but in the par-

ticular case of the hyperboloid of revolution

of one nappe, it is a circle, and is called the

Circle of the Gorge. If we conceive a

straight line to revolve about another straight

line, not in its own plane, as an axis, the sur-

face generated is an hyperboloid of revolution.

If a straight line be drawn perpendicular to

the generatrix and the axis, and intersecting

both, this will, during the revolution, gene-

rate the circle of the gorge. As the distance

between the generatrix diminishes, the circle

of the gorge diminishes, and when it be-

comes 0, the circle of the gorge becomes a

point, and the surface passes into a cone.

GRaCE, DAYS OF. See Exchange.

GRAD-U-I'TION. [L. gradus, a step].

The operation of dividing any given scale or

arc of a circle into equal parts. This is the

most important of the practical operations of

the mathematical instrument-maker.

The most simple operation of graduation

consists in copying any given graduated

limb. Straight scales may be copied as fol-

lows :

The original pattern, and the scale on which

the copy is to be made, are placed side by

side, and strictly parallel ; a. straight edge

with a shoulder at right angles, like a carpen-

ter's square, is made to slide along the origi-

nal, stopping at each division, when a corre-

sponding stroke is cut by the dividing knife

on the copy. With care, this method admits

of considerable accuracy.

The divisions of a graduated circle may be

copied upon a concentric circle, by laying a

straight edge upon each division in succes-

sion, so that it shall pass through the centre,

and then, with the dividing knife, making the

proper mark upon the copy : in this manner,

protractors and scales upon rough instru-

ments, might be graduated. The pattern

used, is called the dividing-plate. This meth-

od of dividing is now nearly superseded by

the dividing engine. The first engine of this

kind was invented by Ramsden, of which the

following is a general description :

A horizontal circle, four feet in diameter,

turns upon a vertical axis ; the outer edge is

notched ; it is put in motion by an endless

screw, one revolution of which carries the

circle around 10' ; the screw is turned by a

treadle, and by an ingenious contrivance, the

operator can cause the screw to turn through

any part of a revolution by one descent of the

treadle, whilst, on removing the foot, the

screw is prevented from returning. The

circle to be divided is fixed upon the engine,

and made concentric with the revolving

wheel, and a division line is cut, after each de-

scent of the foot. Improvements in this en-

gine have been made by the Teodghtons and

others, and the engine, thus improved, still

continues to be used for graduating instru-

ments of minor importance.

Engines differing from Ramsden's, have

been constructed by Reiciienbach, of Ger-

many, and Gambey, of Paris. The German

method of division is performed by copying.

A large circle having been graduated with

great care, the copy is placed upon and con-

centric with it. A microscope is fixed inde-

pendently over the divided circle, and the

divisions are brought in succession under the

wires of-the micrometer, and a line cut in the

copy after each bisection. This process gives

better results than the English dividing en-

gine. In all the cases considered, a copy or

original circle has to be graduated. We now

propose to give a brief sketch of the method

of original dividing.

The first attempts of original graduation,

according to correct principles, were by

Gkaiiam, an Englishman, distinguished for

his clocks and watches. The tool employed

by him was a beam compass, a straight rod

of wood or metal on which points of steel

are fixed. In order to bisect a line, the points

of the beam compass are placed at a distance

from each other, nearly equal to half the
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length of the line ; supposing the extremities

of the line to be marked by dots, one point of

the compass is placed at one dot, and a faint

arc of a circle struck with the other towards

the distant dot, and the operation is repeated

with the other dot as a centre. The two faint

arcs will either include a small space, or leave

a small space between them ,which can be most

accurately divided with a pointer by the hand,

aided by a magnifying glass. Graham applied

this principle in graduating the Normal circle,

which he erected at Greenwich. To divide

the quadrant, he stepped off from the of the

limit an arc whose chord was equal to the

radius of the circle ; this gave the 60° point

;

he next bisected the arc of 60°, and from the

point of bisection he again stepped off an

arc of 60°, which gave the 90° point. The
arcs of 30° were by continual bisections di-

vided, each into 32 parts, and the subdivisions

were on the same principle divided into 16

parts. These divisions not being aliquot

parts of a degree, had to be reduced by formu-

las or tables to the standard degree, a matter

giving some trouble, but easily enough effect-

ed. A great improvement was made upon

Graham's system by Bird. He constructed,

by the principle of bisections, a scale of equal

parts, having a vernier, and by means of this

scale he was enabled, with great exactness,

to construct an arc of 85° 20', which by per-

petual bisection gave 5' spaces on the limb.

The details of this operation it is not neces-

sary to give. Finally, by the introduction of

magnifying glasses, the method of bisection

in connection with the scale of equal parts,

attained a great degree of perfection.

A further improvement was made by

Troughton. We will suppose a circle to be

divided originally. After the edge of the

circle is very carefully turned upon its own
centre, a small circular roller, 16 revolutions

of which carry it exactly around the circle,

is prepared and so fitted to the circle by a

radial frame joining the two centres, that on

turning the frame around, the roller is turned

in. an opposite direction by the friction hetween

the edges of the circle and roller. The roller

is divided into 16 parts, and a microscope

placed over the divisions ; as each division

comes under the microscope^ a small round

dot is made upon the circle, which is thus

approximately divided into 256 equal parts.
|

By the aid of an optical beam compass, the

accuracy ofthese divisions was tested, and the

error of position of each dot determined and

tabulated. The error being thus determined

in the case of each dot, Troughton returned

to the roller, and by the aid of a sector which

revolved with it and gave him an enlarged

scale, he was able to reduce the approximate

divisions of 256 parts to 360 equal parts,

mechanically, and to cut the actual divisions

of degrees upon the circle. Enough has been

said to show the principles employed in the

graduation of limbs ; nothing more was in-

tended. Should the reader desire further

information, he is referred to a valuable arti-

cle by Troughton, in the Edinburgh Ency-

clopaedia, entitled Graduation. It is to be

remarked before leaving the subject, that in

any given divided circles, an error due to

want of centering, called eccentricity, is of

frequent occurrence. To illustrate the extent

and effect ofthis

let A represent

the axis about

which the circle

rotates, and Cc

the small circle

described by the

centre of the

graduated arc.

Suppose the circle to have revolved through

the angular space VAv, then will the angle

read off be equal to Vcv, which is evidently

in error by the small angle cVA. The sine

of the angle cVA is measured by

ex Ac—^ = —57 sin VAv.
cV cV

If we suppose V to be the point of the scale,

the error for a given instrument will vary

between certain limits, being when Av

coincides with, or is in the prolongation of

AV, being a maximum when Av is at right

angles with AV. It is also apparent, that

if the reading of the line Av is also taken

at the opposite extremity of the diameter at

V, this will be as much in defect as the first

is in excess, and that their mean diminished

by 90° will give the true reading. We see

from the formula for the error, that it.will be

when Ac = 0, that is, when there is no

eccentricity. By the aid of the given formula

a table may be constructed for correcting
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each leading for error in eccentricity. Such

a table would be necessary in a sextant when

readings at both extremities of a diameter are

impossible.

GRAPH-OM'E-TER. [Gr. ypaipu, to de-

scribe, and fierpov, measure]. An instrument

used for measuring angles whose vertices are

at its centre ; the protractor is a graphometer.

GROINS. Lines of intersection of the

under surfaces of arched vaultings. Arches

of this kind are called groined arches. The

groin forms the basis of an extensive system

of decorations in architecture. If the lower

surfaces of the intersecting arches are cylin-

drical, having equal circular bases, and their

axes lying in the same plane at right angles,

the groins are ellipses whose conjugate axes

are equal to the diameter of the base of the

arch, and whose transverse axes are equal to

this diameter multipled by Vll. This is the

simplest case. By using oblique arches, a

great variety of lines,will be produced.

GROUND'-LINE. In Descriptive Geome-

try, the line of intersection of the horizontal

and vertical planes of projection . The planes

of projection .being infinite in extent, the

ground line is infinite in length.

GROUND'-PLANE. In Perspective, the

horizontal plane on which the objects to be

put in perspective are situated. The horizon-

tal plane of projection.

GRSUP OF EQUATIONS. In Analysis,

several equations considered together or

simultaneously. It is a property of any

group of simultaneous equations, that in

order that they may be determinate, there

must be just as many of them as there are

unknown quantities entering them. If they

are all independent, and their number is

greater than the number of unknown quanti-

ties, the group is impossible ; if they are

fewer in number than the number ofunknown
quantities, the group is indeterminate.

GUNTER. Inventor of Surveying and
Drawing instruments.

Gonter's Chain. A chain, first used by
Gunter, for the purposes of land surveying.

It is 66 feet, or four rods in length, divided

into 100 links, each 7.92 inches in length, every

tenth one being marked, for convenience in

[GBA

counting. The advantage of this mode of divi-

sion is, that a square chain or square link is a

decimal fraction of an acre, and consequently,

if the area of a piece of ground be found in

square chains and links, it may at once be

converted into acres by pointing off a suitable

number of decimal places. To convert square

chains into acres, point off one place of deci-

mals from the right. To convert square links

into acres, point off five places of decimals

from the right.

Gunter's Line. A sliding scale cones

ponding to logarithms of numbers, by means

of which the operations of multiplication and

division may be performed by inspection.

Gunter's Scale. A wooden ruler two

feet in length, upon which is marked a great

number of different scales, by means of which

a great variety of problems in Surveying and

Navigation can be solved mechanically by the

aid of the dividers alone. On one side of the

ruler are scales of equal parts, of sines, of

tangents, of rhumbs, &c, on the other side

are scales of the logarithms of these various

parts.

H. The eighth letter of the English alpha-

bet. As a numeral, it has been used to de-

note 200 ; with a dash over it, thus, H, it

denoted 200,000. As an abbreviation, it

stands for hour.

HiR-MON'IC PROPORTION. The re-

ciprocals of quantities in arithmetical pro-

gression are said to be in harmonic proportion

,

thus, the numbers,

a' a + b' a +W a + 3b'
&C''

are in harmonic proportion, or, more properly,

in harmonic progression.

Ji c 3 i

A given line AB, is said to be harmonically

divided when two points, one on the line, and

the other on its prolongation, are so placed

that

AC : CB : : AD : DB.

In this construction CD is a harmonic mean

between AD and BD or AD ; CD and BD
are the reciprocals of distances which are in

arithmetical progression.

HEC'TO-GRAMME. [Gr kmroi), a hun-

dred, and ypafijia, a gramme]. In the French
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system of weights and measures, a weight of

100 grammes.

HEC'TO-Li-TRE. [Gr. iicarov and Turpa,

a pound]. A French measure of capacity,

containing 100 litres.

HEC-TOM'E-TRE. [Gr. Ikutov and ftc-

rpov, measure]. A French measure of length,

equal to 100 metres.

HEIGHT. The third dimension of space,

when it is supposed to be reckoned upwards.

In general, any distance estimated or mea-

sured upwards. In leveling, the height of

one point above another is the difference of

their distances from the centre of the earth.

See Altitude and Leveling.

HEL'I-COID. [From £Uf, a scroll]. A
warped surface, which may be generated by

a straight line moving in such a manner that

each point of it shall have a uniform motion

in the direction of a fixed straight line, and

at the same time a uniform angular motion

about it. The fixed straight line is the axis

or directrix of the surface, and the moving

line the generatrix. The conditions of gen-

eration require that the same point of the

generatrix shall remain upon the directrix,

and that the angle between the directrix and

generatrix shall be constant. When this

angle is a right angle, the helicoid is right

;

when it is oblique, the helicoid is oblique.

The curve generated by any point of the

moving line, is called a helix.

The right helicoid forms the under surface

or soffit of the spiral staircase ; also, the

upper and lower surface of the thread of the

rectangular threaded screw. The oblique he-

licoid forms the upper and lower surfaces of

the thread of the triangular screw.

The right helicoid is a species of right co-

noid. Every plane passed through an ele-

ment of the helicoid is tangent to the surface

somewhere along the element. When it

passes through the axis, the point of contact

is where the element intersects the axis, and

if the axis is vertical, the tangent plane

makes with the horizontal plane an angle of

90°, and is a maximum. If, now, the plane

be revolved about the element, as an axis, the

point of contact recedes from the axis, and,

finally, when the tangent plane makes with

the horizontal plane the same angle that the

element does, the point of contact is at an in-

finite distance from the axis, and the angle is

a minimum. To pass a plane tangent to the

helicoid at any point, find the tangent line to

the helix through this point, and pass a plane

through it and the element through the point

of contact. The curve of intersection of the

oblique helicoid with a plane perpendicular to

the axis, is the spiral of Archimedes.

He'LI-O-STAT. [Gr. fi\ioc, the sun, and

oroxoc]. An instrument by means of which
a reflected ray of light may be retained in a

fixed position, notwithstanding the motion of

the sun.

HEL-I-SPHER'IC-AL LINE. A rhumb
line, more commonly called the loxodromic

curve.

Hfi'LIX. [Gr. s/UJ, a winding]. A curve

generated by any point of the generatrix of

a helicoid in its motion, as described under

Helicoid. From the nature of the genera-

tion, it follows that every point of a helix is

equally distant from the axis ; hence, when
the axis is vertical, the horizontal projection

of the helix is a circle ; and, further, a tan-

gent to the same helix at each point, makes
with the horizontal plane a constant angle.

If the horizontal projecting cylinder of any

helix be developed upon a plane surface, the

helix will develop into a right line, making
with the development of the base an angle,

equal to the angle of the helix with the hori-

zontal plane. The tangent of the angle

which any helix makes with the horizontal

plane, is equal to the distance ascended by

the helix during any portion of a revolution

divided by the horizontal projection of the

same portion of the helix. The helix gen-

erated by the point in the axis of the heli-

coid, makes with the horizontal plane an an-

gle equal to 90°, which is a maximum ; that

generated by the point at an infinite distance,

is 0, which is a minimum. The edge of the

thread of a screw is a helix, as is also the

path described by any point of the surface of

the thread when moved in the nut. This

curve is principally of importance in the me-

chanical discussion of the properties of the

screw.

HEM'I-SPHERE. [Gr. fyitfaipuvv, a half

sphere]. If a sphere be divided into two

equal parts by a plane through its centre,

each part is a hemisphere. In ordinary Ian-
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guage, the term hemisphere is applied simply

to the surface ; thus we speak of the north-

em and southern hemispheres, meaning their

surfaces.

HEP'TA-GON. [Gr. sirra, seven, and

yovta, an angle]. A polygon of seven angles,

or seven sides.

HEP-TAG'ON-AL. Having seven angles,

and, consequently, seven sides.

Heptagonal Numbers. A kind of poly-

gonal numbers, formed as follows : Let

these be the arithmetical progression,

1, 6, 11, 16, 21, 26, &c,

and 1, 7, 18, 34, 55, 81, &c,

will be the series of polygonal numbers,

called heptagonal. The law of formation is

to add each number in the lower line to the

next one on the right in the upper line. The

general formula for heptagonal numbers is

571
s — 3»

N = .

2

in which N denotes the heptagonal number

in any place, and n the order of the place.

It is a property of heptagonal numbers

that if any one of them be multiplied by 40,

and the product be increased by 9, the result

will be a perfect square. For,

g~s 3tj

x40+9=100na-60n+9=(10?!-3)1
.

See Number.

HET-E-RO-Ge'NE-OUS. [Gr. frepoc,

other, and yevoq, kind]. A polynomial is he-

terogeneous when all of its terms have not

the same number of literal factors ; thus,

a? + 2&c3 - y,

is a heterogeneous expression.

HEX'aDE. A series of six numbers.

HEXA-GON. [Gr. ££, six, yuvia, angle],

A polygon of six angles or sides. To inscribe a

regular hexagon in a circle, apply the radius

six times as a chord, then will there be in-

scribed « regular hexagon. This construc-

tion arises from the fact that the side of a

regular hexagon is equal to the radius of the

circumscribing circle.

HEX-AG'ON-AL. Having six angles.

HEX-A-He'DRON OR CUBE. [Gr. if,

six, and k&pa, a base], A polyhedron of 6ix

faces See Cube.

HEX-OC-TA-Hk'DRON. A polyhedron

of 48 equal triangular faces.

HOGS'HeAD. A measure of capacity.

See Measures.

HO-LOM'E-TER. [Gr. Moc, all, perpov].

An instrument for measuring distances of all

kinds.

HOM-O-CEN'TRIC. [Gr. 6/i'oc and m-

rpov]. Having the same centre. See Cm-
centric.

HO-MO-Ge'NE-OUS. [Gr. 6/ioc, like, and

yevoc, kind]. In Algebra, a polynomial is

homogeneous when each term contains the

same number of literal factors ; thus,-

ax' + bxy + c'

is a homogeneous expression.

HO-MOL'O-GOUS. [Gr. 6/ioc, similar, and

\oyoc, proportion]. In Geometry, the parts

of similar magnitudes, which are like placed,

are called homologous. Thus, in similar po-

lygons, the corresponding sides, angles, diag-

onals, &c, are homologous. In similar solids,

the corresponding faces, edges, polyhedral

angles, diagonals, &c, in each are homolo-

gous. In a proportion, the antecedent and con-

sequent of the same couplet, are homologous

with respect to each other. This case covers the

relations between homologous elements in all

cases. Between any two magnitudes what-

ever, which are similar, the ratio of any two

homologous elements of the same name, is

always constant. Thus, in two similar poly-

hedrons, the area of any face of the first, is

to the area of its homologous face in the se-

cond, as the area of any other face in the

first, is to the area of its homologous face in

the second. Like results obtain in all other

cases.

HO-RI'ZON. [Gr. o>fov, from, ooifo, to

bound, and 6pog, a limit]. The horizon of any

point on the surface of the earth regarded as

a sphere, is a great circle perpendicular to the

radius of the earth, regarded as a sphere,

through the point This is called the true

horizon, and divides the earth into two equal

parts or hemispheres The apparent horizon

is' the plane passed tangent to the surface of

the earth at the point considered. Its poles,

like those of the true horizon, are at the

zenith and nadir of the place. If the planes

of the true and apparent horizon be extended
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infinitely till they cut the heavens, the circles

cut from the celestial sphere will sensibly

coincide.

In Navigation, the horizon is understood

to be the circle determined by the intersec-

tion of the heavens with a cone whose ver-

tex is at the eye, and whose elements are

tangent to lines of the earth's surface.

Let RPQ represent a section of the earth

through the point C made by a vertical plane,

and let EP be tangent to it ; now, if this

line EP be revolved about the line EO as an

axis, it will generate the surface of a cone,

which limits the visible horizon as seen from

E. The angle HEP is called the dip of the

horizon. See Dip.

Horizon in Perspective. The intersection

of the perspective plane, and a horizontal

plane, passed through the point of sight. It

is the vanishing line of all horizontal planes,

and is the locus of the vanishing, points of

all horizontal lines. See Perspective.

HOR-I-ZON'TAL. Parallel to the horizon.

A line is said to be horizontal when it is pa-

rallel to the horizon ; or, if a short line, pa-

rallel to the surface of still water. In level-

ing, it is the same as a level line. See Level.

A horizontal plane is one which is parallel

to the horizon.

Horizontal Dial. A dial constructed on

a horizontal plane, having its gnomon or style

parallel to the axis of the earth. See Dial.

Horizontal Distance. In Surveying, any

distance estimated in a horizontal direction.

Horizontal Projection. The horizontal

projection of a point, is the foot of a straight

line drawn through the point perpendicular

to the horizontal plane of projection.

Horizontal Projection of a line, is the

intersection of the horizontal plane of projec-

tion with a cylinder passing through the line,

19

and having its elements perpendicular to the

horizontal plane of projection.

Horizontal Projection of a surface, is

that portion of the horizontal plane included

within a cylinder perpendicular to it, and tan-

gent to, or enveloping the surface. The hor-

izontal projection of a surface is generally

determined by projecting some of the princi-

pal elements of the surface. See Descriptive

Geometry.

HO-ROG'RA-PHY. [Gr. apa, hour, and

ypafyu, to write]. The art of dialing.

HO-ROM'E-TRY. [Gr. apa, hour, and

/ierpov]. The art of measuring time by hours.

HOUR. [Gr. apa]. A unit of time equal

to the twenty-fourth part of a day. Hours

are solar and sidereal.

A solar hour is the twenty-fourth part of

the time which elapses between two consecu-

tive passages of the sun over the meridian

of a place. As this interval varies slightly,

from day to day, a mean of all the days in

the y^ar is taken, and the hour thus deter-

mined is called the mean solar hour.

The sidereal hour is the twenty-fourth part

of the interval between two consecutive pas-

sages of a fixed star on the same meridian.

A sidereal hour is a little shorter than the

mean solar hour, since 365 solar days corres-

pond to about 366 sidereal days, so that a

solar hour exceeds a sidereal hour by nearly

10 seconds.

Hour Circles. Meridians of the sphere

making angles of 15° with each other, are

called hour circles. There are twelve entire

hour circles, which divide the surface of the

spheres into 24 equal lines.

Hour Lines. Lines drawn on the face of

a dial to indicate the hours of the day. See

Dial.

Hi'-DROG'RA-PHY. [Gr. Map, water,

and ypatya, to describe]. That branch of mar-

itime or nautical surveying which has for its

object to ascertain the channels, their depth,

width, &c, the position of shoals, the depth

of water thereon ; in general, it embraces all

the operations necessary to a complete deter-

mination of the contour of the bottom of a

harbor or other sheet of water. Hydrograph-

ical operations are generally carried on in

connection with geodesic surveys of the
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country bordering on the coast, and are

always intimately connected with them. For

the purpose of fixing points of reference on

the surface of the water, a sufficient number

of buoys are anchored, so that the lines join-

ing them shall form a system of well condi-

tioned triangles, the positions of which are

carefully determined from a base line on shore

by means of angles measured with a theodo-

lite or other instrument.

From the nature of the case these positions

cannot be so readily or so accurately fixed as

the stations on shore. The buoys having

been established, lines of soundings are taken

in every possible direction between the buoys,

also between the buoys and stations taken on

the shore. By means of these soundings,

the depth of water is determined at a great

number of points, and we are thus enabled

to determine the relative position of these

points with respect to a plane of reference,

which is generally taken as the plane of mean
low water.

There are several methods of taking sound-

ings and determining the places at which

they are made. One of the simplest is as

follows : Having provided a suitable boat and
crew, the surveyor causes the boat to be rowed
uniformly from one buoy to another, or from

a buoy to a station on shore, and at intervals

of time, generally equal, the lead is cast, and
the depth entered in a note-book, together

with the time at which the sound is taken
;

then knowing the length of time occupied in

rowing from one station to another, and the

length of time between each sounding, the

position of the boat at each cast of the lead

may be determined by a simple proportion.

The length of time between the two stations

is to the distance between them as the length

of time between any two soundings is to the

distance between the two points at which
they are taken. Could perfect uniformity in

rowing be attained, and currents be avoided,

this method would be sufficiently accurate,

but neither of these conditions can be fulfilled,

and to correct for the necessary errors, the
following process is often adopted

:

An assistant is stationed on shore with a
theodolite, and at a given signal made by the
sounder, at every second or third sounding,
he measures the angle subtended by the
<oat and some fixed signal on shore. The

position of the boat may then be determined

on the plot by plotting the measured angle,

and finding where its second side intersects

the plot of the line joining the two buoys

There is sometimes a little difficulty in keep

ing the boat on the line between the buoys,

on account of currents and unskillfulness in

the oarsmen. In order to keep the boat in

line, a third flag or signal is generally planted

on shore, so as to be in line with the two

buoys, between which the soundings are to

be taken, and the oarsmen keep one buoy

and flag in the same line with the boat, which

insures the boat being on the proper course.

By the aid of two assistants with theodo-

lites, on shore, one stationed at each extrem

ity of a line taken as a base, the position of

the sounding boat may be accurately deter-

mined at each signal.

There is another method of determining

the position of a sounding, where the preced-

ing ones are not practicable. Suppose that

a sounding is to be taken at some point : the

boat is brought to and anchored, the sound-

ing taken, and by means of a sextant the

angles subtended by three fixed objects on

shore, taken two and two, are carefully mea-

sured ; then the place of the boat can be

found by the problem of three points. See

Problem of Three Points.

The sounding is made by means of the

lead and line. The line is of strong cord and

divided from the lead into fathoms, the points

of division being marked in such manner

that they can easily be counted. The lead is

shaped like the frustum of a cone, with the

base B hollowed out to hold some grease.

The object of this arrangement is to bring up

specimens of the mud, sand, &c, at the bot-

tom, for the purpose of ascertaining the na-

ture of the anchorage. These observations

are to be recorded in the note book, and are

generally laid down upon the chart.

It has been remarked that the time of
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making each sounding is entered on the note

book of the surveyor. This, besides aiding

in plotting, is also of use in reducing the

sounding to a fixed plane of reference.

At some suitable locality a tide gauge is

erected, and during the time of sounding an

assistant notes, at intervals of 15 minutes, the

exact height of the tide ; then by comparison

the surveyor can at once make the necessary

deduction from each sounding to reduce it to

what it would have been if taken at low

water. This reduction in some localities is

often several feet. Having determined the

depth of the water at a sufficient number of

points, and plotted the positions of these points

on the map, the contour lines can be drawn

approximately. These are usually taken in

planes one fathom distant from each other,

the first fathom curve being 6 feet below the

plane of mean low water, the second one 6

feet below it, and so on. It is not customary

to delineate more than five or six horizontal

contour lines, that indicating the nature of

the bottom for a sufficient depth to accommo-

date the largest class of vessels.

Besides these lines, the depth of water and

nature of the bottom is set down on the map,

so as to indicate the best places for anchor-

age. The direction and velocities of the cur-

rents are also determined and laid down upon

the chart at suitable places, and in addition,

the magnetic bearings of prominent objects

on shore from prominent points in the harbors

are laid down. Sometimes there is added a

perspective view of the land objects on ap-

proaching a harbor, together with suitable

sailing directions for the use of mariners.

All buoys, light houses, light ships, and other

objects interesting to navigators, are to be

carefully located and mapped ; these, with a

suitable topographical representation of the

adjoining coast, constitute a complete hydro-

graphical map of the harbor or other sheet

of water in question.

For ease of reference, a scale of English,

and a second scale of nautical miles ought to

be drawn upon the map
In hydrographical surveying in deep water,

nothing more is attempted than to ascertain

the depth of water and the nature of the bot-

tom, together with the force and direction of

the currents at various places, sufficient to

guide the navigator.

Hf-PER'BO-LA. [Gr. imp, over, and

ftaXXu, to throw]. One of the conic sections.

Its particular cases are the equilateral hyper-

bola, and two straight lines intersecting each

other. The general case of the hyperbola

may be cut from a right cone with a circular

base by any plane which makes, with the

base, an angle greater than that made by an

element. In this case all of the elements

except two are cut, half of them in the lower

and half in the upper nappe. It is composed

of two branches, one lying upon one nappe,

and the other upon the other nappe of the

cone. If a plane is passed through the ver-

tex of any cone with a circular base, so as to

cut out two elements, and then if any plane

be passed parallel" to it, the section is an hy-

perbola.

If the elements cut out by the plane through

the vertex, make an acute angle with each

other, the hyperbola is acute ; if an obtuse

angle, the hyperbola is obtuse ; if a right

angle, the hyperbola is right or equilateral.

All the hyperbolas cut out of a given cone by

a system of parallel planes are similar curves.

The section made by a plane through the ver-

tex is, analytically considered, an hyperbola
;

hence, two straight lines intersecting each

other are considered as a particular case of

the hyperbola.

In general, if the lines cut out by the plane

through the vertex, be projected upon the

plane of any hyperbola whose plane is par-

allel to them, by straight lines parallel to that

joining the vertex of the cone and the centre

of the hyperbola, the projections will be

asymptotes of the hyperbola.

If we regard the oblique cone with a circu-

lar base, any plane parallel to two elements

cuts out an hyperbola, as in the case of the

right cone. If we suppose the vertex to

approach the plane of the base and finally to

reach that plane without the base, the cone

will reduce to a portion of a plane determined

by drawing lines through the vertex tangent

to the base\ In this case, the cutting plane

through the vertex cuts out but one element,

or, rather, the two elements have united and

become one. Under this supposition the par-

allel planes cut out straight lines limited

towards the centre ; hence, a straight line,

with a portion removed, or limited towards

the centre, is another particular case of the
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hyperbola. As the plane moves towards the

one through the vertex, the limiting points

approach each other and finally unite at the

vertex ; hence a straight line estimated in

both directions from a point, is « particular

case of an hyperbola.

Although the hyperbola was first suggest-

ed to geometers from a consideration of the

sections of a cone, it may be defined, and its

properties deduced, without any reference

whatever to the cone.

The following are some of the definitions

that have been given, as well as some of the

leading properties of the curve.

1. An hyperbola is a plane curve, such that

the difference of the distances from any point

of it to two fixed points, is equal to a given

distance. The fixed points are called foci,

and the given distance is equal to that por-

tion of a straight line drawn through the

foci, which is included between the two

branches of the curve.

This definition gives rise to the following

construction by a continuous movement.

Let F and F be the foci ; fasten a ruler

F'C of sufficient length so that one end shall

remain fast at F', and be free to revolve about

it : attach a string at H, whose length shall

be less than the length of the ruler by a given

distance AB, less than FF' ; fasten the other

end of the string at F
;
press a pencil P

against the string, keeping it close to the

ruler, and keeping the string tense ; then

move the ruler about F'; the pencil will

describe one branch of the curve ; a similar

construction, with F as a centre, will give

the other branch ; or we might make the

string longer than the ruler by AB, and then
construct the other branch. The reason of
this construction is evident : for, in every
position of the pencil we have, by the condi-

tions given.

FP-FP = AB,

which corresponds to the definition.

The same property enables us to construe1

the curve by points, as follows :

With any distance' greater than F'C as a

radius, and with F' as a centre, let an arc of

a circle be described, then with a radius equal

to that first employed, diminished by AB, and

with F as a centre, let a second arc be

described, cutting the former one in P ; then

will P be a point of the curve ; for,

FP-FP = AB.

By changing centres and using the same

radii, two other points P' can be constructed,

and so on for any number of points.

When a sufficient number of points have

been formed, let a curve be drawn through

them and it will be the hyperbola.

2. A second definition of the hyperbola is

this.

Let F be a given point, MN a given

straight line, and suppose a point P to move

in the same plane, so that the ratio of its dis-

tances from the fixed point and the fixed line

shall be constant, PF being always greater

than PE, then will the point P describe an

hyperbola. The other branch is evidently

constructed in the same manner as the first.

The fixed point is the focus, and the straight

line, the directrix. The distance from the

centre C to the directrix is a third propor-

tional to CF and CB, that is,

CF : CB : : OB : CG.
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3. The hyperbola may be defined by any

one of its equations. The three most impor-

tant equations of the hyperbola are the fol-

lowing :

1. When the curve is referred to the cen-

tre and a pair of conjugate diameters, its

equation is

a'
2 f - b'

2x" = - a"b'2 ,

in which x and y are the rectilineal co-ordi-

nates of all the points of the curve, and o'

and V, the semi-conjugate diameters to which

it is referred. If these are at right angles,

».' = a, b' = b, and the equation becomes

a'y* - i'z* = - a3
b
2

,

which is the equation of the hyperbola, re-

ferred to its centre and axes. This is the

form in which the rectilineal equation of the

curve is most often used.

2. The polar equation of the hyperbola is,

a(l -e")

1— CCOS0

m which the pole is at the focus within the

right hand branch, e the eccentricity, r the

radius vector, a the semi-transverse axis, and

tp the angle between the principal axis and

the radius vector : is sometimes called the

anomaly.

3. The equation of the curve referred to its

asymptotes is,

xy = M,

in which x and y are the co-ordinates of

every point of the curve, and

a? + b2M = —-.—

>

4

a and b being the semi-axes.

Properties of the Hyperbola and useful con-

structions.

We shall first give some useful definitions,

collecting and arranging them, so that they

may be together.

1. The hyperbola is a plane curve, in which

the difference of the distances from any point

of it, to two fixed points, is equal to a given

distance. The fixed points are foci.

2. The straight line through the foci is the

indefinite transverse axis ; that part of it

lying between the two branches of the curve,

is the definite transverse axis, and it is this

which is always meant when the transverse

axis is spoken of. Its middle point is the

centre of the curve.

3. Any straight line that bisects a system

of parallel chords, drawn in the curve, is a

diameter. If the diameter is perpendicular

to the chords which it bisects, it is an axis of

the curve : there are two axes, the transverse

axis already described, and the conjugate axis

which passes through the centre, and is per-

pendicular to the transverse axis.

4. Every straight line through the centre

is a diameter : two diameters are conjugate

when each bisects a system of chords parallel

to the other. There aie an infinite number

of sets of conjugate diameters.

5. The points in which a diameter inter-

sects the curve, are called its vertices. The

right hand vertex of the transverse axis is

called the principal vertex of the curve.

6. The parameter of any diameter is a third

proportional to the diameter and its conju-

gate. The parameter of the transverse axis

is called the parameter of the curve.

7. If a chord be drawn through the focus

perpendicular to the transverse axis, and at

its extremity a tangent be drawn, it is called

the focal tangent. If a perpendicular be

drawn to the transverse axis at the point in

which the focal tangent intersects it, that line

is the directrix of that branch of the curve.

8. If any point be assumed in the plane of

the curve, and chords be drawn through it

cutting the curve in two points, then will the

tangents drawn to the curve at the points of

intersection of each chord, intersect each

other upon a straight line, which is called,

the polar line of the point. The point is cor-

relatively called, the pole of the polar line.

The directrix is the polar line of the focus of

that branch.

An ordinate to any diameter is a straight

line drawn from any point of the diameter to

the curve, and parallel to the conjugate of the

diameter. Every chord bisected by a diam-

eter, is a double ordinate to the diameter.

The ordinates to the axes are perpendicular

to them.

10. A tangent to the curve, at any point, is

the limit of all secants to the curve drawn

through that point. If any secant be drawn

through a point of the curve, and then be re-

volved about that point, as an axis, until the

second point of secancy unites with the first,

the secant passes to its limit, and becomes a

tangent ; at the same time, the two secant
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points unite, and constitute the point of contact.

A subtangent, on any diameter, is that portion

of the diameter included between the point,

where the tangent intersects it, and the foot

of the ordinate to the diameter drawn through

the point of contact.

11. A normal to the curve is a straight line

perpendicular to a tangent, at the point of

contact. A subnormal, on any diameter, is

that portion of the diameter between the point

in which it is intersected by the normal, and

the foot of the ordinate to the diameter drawn

through the point of contact.

12. Supplementary Chords are chords drawn

through the extremities of any diameter, and

meeting each other at a point of the curve.

13. The distances from the foot of any or-

dinate to a diameter, to the vertices of that

diameter, are called segments of the diameter,

and sometimes the abscissas of the diameter.

14. The eccentricity of the hyperbola is the

ratio obtained by dividing the distance from

the centre to either focus, by the semi-trans-

verse axis.

15. Two hyperbolas are conjugate, when

the transverse axis of the one is the conju-

jugate axis of the other, and the reverse.

16. The asymptotes of an hyperbola are

two straight lines, to which the curve con-

tinually approaches, touches at an infinite dis-

tance, but cannot pass. The* asymptotes are

prolongations of the diagonals of the rectan-

gle, constructed on the axes, or of the dia-

gonals of the parallelogram of any pair of

conjugate diameters.

Constructions.

1. When the Axes are given.

Let AB represent the transverse axis, and

CD the conjugate axis. Draw DQ parallel

to AB, and BQ parallel to CD, intersecting

DQ at Q : draw OQ, and with as a centre,

and OQ as a radius, describe a circumference,

cutting the transverse axis produced in F
and F' ; then will F and F' be the foci.

2. When the Foci and the Conjugate Axis are

given.

Let F and F' be the foci, CD the conjugate

axis, and the centre. Through D draw

DQ parallel to the line joining F and F

;

with as a centre, and OF as a radius, de-

scribe an arc, cutting DQ in Q and Q" ; from

these points let fall perpendiculars upon FP'

:

the part AB, intercepted between these per-

pendiculars, is the transverse axis.

3. When the Transverse Axis and the Foci art

given.

Let F and F' be the foci, and AB the

transverse axis. On FF', as a diameter, de-

scribe a circle, and through B draw BQ per-

pendicular to AB, cutting rhe circle in Q and

Q'
; through these points draw lines parallel

to AB, cutting the perpendicular through the

middle point of AB in C and D : then is CD
the conjugate axis of the curve.

Also, F" and F'" are the foci of the conju-

gate hyperbola, and the lines QQ'", Q'Q", are

common asymptotes to the two curves.

4. When the Curve is traced on a plane.

Draw any two parallel chords in either

branch of the curve, and bisect them by a

straight line ; this will be a diameter of the

curve : on that part intercepted between the

branches of the curve, as a diameter, describe

a semicircle, cutting the curve in a point
j

draw a pair of supplementary chords through

this point and the vertices of the diameter

used, and through the centre draw two lines

parallel to these chords ; the one which cuts

the curve will be the transverse axis, and the

other one will be the indefinite conjugate

axis. At the principal vertex of the curve,

erect a perpendicular to the transverse axis,

and equal to the semi-transverse axis ;
join

the extremity of this perpendicular with the

centre, and with the centre of the curve as a

centre, and the line as a radius, describe a

circle, cutting the transverse axis in a point

;

draw the ordinate through this point, and

through the point in which it meets the curve,

draw a line parallel to the transverse axis, till
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it meets the conjugate axis ; this point is one

extremity of that axis : the remaining ele-

ments may be found as already explained.

5. When the Foci and one point of the Curve

are nvev.

iv=
A.

Let F and F' be the foci, and P a point of

the curve. Draw FF', and bisect it at ; O
is the centre of the curve : with P as a cen-

tre, and PF as a radius, describe the arc FE ;

bisect EF' in G, and make OA and OB each

equal to EG ; then is AB the transverse axis.

The other axis may be constructed.

6. When the Foci and any Tangent to the

Curve are given.

Let F and F' be the foci, and PT any tan-

gent : draw FE perpendicular to PT, make
DE = FD, through E draw F'E, and produce

it till it meets PT in P ; then is P a point of

the curve, and the construction may be made

as in the preceding case.

The following properties give rise to use-

ful constructions.

1. The squares of the ordinates to any

diameter, are to each other as the rectangles

of the corresponding segments of the diame-

ter. This property enables us to construct

the curve when n pair of conjugate diame-

ters are given, in a manner entirely analogous

to the corresponding construction in the case

of the ellipse. See Ellipse.

This construction is of little value, as a

better one arises from the property of asymp-

totes.

2. If at any point of the curve a tangent

be drawn, and two lines to the foci, the tan-

gent will bisect the angle included between

the lines drawn to the foci. This property

gives rise to the following constructions :

To draw a tangent to the curve at any

point P.

Draw PF and PF', and draw also PT bi-

secting the angle F'PF ; then is PT the tan-

gent required.

To draw a tangent through a point without

the curve.

Let H be the point : draw HF, and with

HF as a radius, and H as a centre, describe

the arc FG ; with F' as a centre, and the

transverse axis as a radius, describe the arc

GG', cutting FG in G and G' ; draw HG
and HF, and bisect the angle between them
by HT ; then is HT a tangent. Draw F'G,
and produce it to the curve at P ; P is the

point of contact.

3. If any chord be drawn parallel to a

diameter, then is its supplementary chord pa-

rallel to the tangent at the vertex of the

diameter.

This property gives rise to the following

constructions :

To construct a tangent to the curve at a

point.

Draw a diameter through the point, and

through the extremity of any other diameter,

draw a chord parallel to the first diameter
;

draw the supplementary chord, and, parallel

to it, draw a line through the given point ; it

will be the tangent required.

To draw a tangent to the curve parallel to a

given line.

Draw a chord parallel to the line, and draw
its supplementary chord ; draw a diameter

parallel to the last chord, and through its

vertex draw a line parallel to the given line

;

it will be the tangent required. Two such

tangents may be drawn.
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4. A tangent to the curve is parallel to the

chords bisected by the diameter through the

point of contact.

Hence, the following construction for a

tangent parallel to a given line. Draw two

chords in the curve parallel to the given line,

and bisect them by a straight line : through

the points in which this intersects the curve,

draw straight lines parallel to the given line,

and they will be the tangents required. Two
such lines can, in general, be drawn. These

are the same as the corresponding construc-

tions in the ellipse. See Ellipse.

The following properties of the curve are

useful in analysis

:

1

.

The angle between two conjugate diam-

eters can never be greater than a right angle.

The greatest angle is that between the axes,

which is a right angle.

If one of the diameters be revolved about

its centre towards the asymptote, the other

one will approach the same asymptote, and

they will meet upon it. Hence, the asymp-

tote is the locus of coincident conjugate diam-

eters, and we infer that the least angle made

by a pair of conjugate diameters is 0.

In the equilateral hyperbola, each diameter

is equal to its conjugate, but in the acute and

obtuse hyperbolas, there are no equal conju-

gate diameters.

2. The parallelogram described upon any

pair of conjugate diameters, is constant for

the same hyperbola.

3. The difference of the squares described

upon any pair of conjugate diameters is con-

stant for the same hyperbola.

4. If perpendiculars be drawn from the

foci to any tangent, the locus of these points

of intersection with the tangent is the cir-

cumference of a circle, of which the trans-

verse axis is a diameter.

5. The rectangle of any pair of these per-

pendiculars is equivalent to the square de

scribed upon the semi-conjugate axis.

6. Perpendiculars let fall from the foci

upon any tangent, are to each other as the

focal distances of the point of contact.

7. If two tangents be drawn to the curve,

one at the principal vertex, and the other at

the vertex of any diameter, each meeting the

other diameter, the tangential triangles form

ed are equal.

8. If the curve bo referred to its asymp-

totes, the parallelogram of the co-ordinates

of any point is constant for the same curve.

9. If a tangent be drawn to the curve at

any point, and limited by the asymptotes, that

portion of it is bisected at the point of con-

tact.

10. If a secant be drawn, cutting the curve

in two points, and limited by the asymptotes,

the parts intercepted between the curve and

asymptotes are equal.

The last mentioned properties give rise to

constructions for the curve and tangent that

are far simpler than any heretofore considered.

Take any pair of conjugate diameters,

axes, or otherwise, and upon them construct

a parallelogr am ; draw its diagonals ; these

will be the asymptotes ; through the vertex

of the diameter which cuts the curve, draw

any straight line, and lay off from the point

in which it cuts one asymptote, a distance

from the assumed point to the other asymp-

tote ; the extremity of this distance is a point

of the curve ; in this manner any number of

points may be found, and the curve described

through them.

To draw a tangent at a given point. Draw

through it a line parallel to one asymptote,

till it meets the other ; from its foot lay off

from the centre a distance equal to that from

the foot to the centre, and through the point

thus found, and the given point, draw a

straight line ; it will be the tangent required.

It will be observed that the properties of

the hyperbola are strikingly analogous to the

corresponding properties of the ellipse ; in

many cases they may be expressed by the

same words. See Ellipse.

The following analytical expressions are

useful.
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Let us denote the co-ordinates of any point

of the curve by x and y, the co-ordinates of

the point of contact by r" and y", the semi-

transverse axis by a, the semi-conjugate axis

by b. any pair of semi-conjugate diameters by
a! and b', and the eccentricity by e.

The equation of the curve referred to its

centre and axis, is

a'y' - bV = - a'b' . (1).

The equation of the curve referred to any

pair of conjugate diameters, is

a'Y ~ h'*a? = - a"b" (2).

The equation of the curve referred to any

diameter and the tangent at its vertex, is

y' = ^s (2«'» - 3s
) (3).

The equation of a tangent referred to the

centre and axes, is

a'yy" - b'xx" = - a'b' • • • (4).

The equation of a tangent referred to any

pair of conjugate diameters, is

a'*yy" - b"xx'' = - a"b" (5).

The expression for the sub-tangent, on the

axis of X, in the first case, is

8 = (6),

and in the second case, it is

S = -

(7).

The equation of a normal to the curve at

the point (x", y") is, when referred to the

axes,

y-y =- 6^ (*-*">••• (8).

And when referred to any pair of conjugate

diameters, it is

The expression for the sub-normal on the

axis of x, in the first case, is

b'x"
S' = - ^r (10).

and in the second case,

* = -is«* ...(11).

The equation of condition for supplemen-

tary chords, through the extremities of the

transverse axis, and also for conjugate diame-

ters, is

b'
tan a tan a' = ~i (12),

in which a and a' denote the angles which

they make with the transverse axis. If the

supplementary chords are drawn from the

extremities of any diameter, whose length

is 2a', the equation of condition is

cc ' = ?, (13).

in which e and c' are the ratios of the sines

of the angles, which the chords or conjugate

diameters respectively make with the axes of

co-ordinates, or the conjugate diameters.

Any equation of the general form,

ay' + bxy + ex' + dy + ex + f = • (14),

will represent an hyperbola, when

b' - iac > 0.

The co-ordinates of its centre are,

2ae — bd

b' — iae'

2cd — be
and y'

=
4^4o7-

The polar equation of the hyperbola, when
the pole is taken at the right hand focus, is

a(l - e')

(15),1+CCOS0

in which r is the radius vector, and ifi the

angle which it makes with the transverse

axis.

Equation (14) represents an equilateral

hyperbola, when 5 = 0, and a = — c. When
a = and c — 0, it represents an hyperbola

referred to lines parallel to its asymptotes.

Hyperbolas of Higher Orders. Every

curve whose general equation can be reduced

to the form
ytn £» = Uj

in which m and n are positive whole numbers,

is called an hyperbola.

In the case when m = ?» = 1, we have the

common hyperbola ; all other cases are of the

higher orders of hyperbolas. These curves

have often, but improperly, been called hyper-

boloids.

Hr-PER-BOL'IC. Appertaining to, or

relating to the hyperbola.

Hyperbolic Arc The arc of an hyper-

bola. If we denote by d and a" any pair of

semi-conjugate diameters, and by y the ex-
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treme ordinate of the arc, estimated from the

vertex, and make

d> + d"
, /y + V~d*~+y

d'*
= y, also

ly + Vd" + y'\

and i{yVd" + y
i - d"A)= B,

i (y
3Vd"+y' - 3d" B)= C,

K«"/ii' ITy! - 5d" C)= D). &.c,

we shall have for the length of the arc, denot-

ed by Z,

= d'i

+ 3f
.D

3.5g*

~ 2.4""

JB + &C.,
£

•(!)2.4.6" 2.4.6.8

also the following formula,

d*y* & + id'd"c u-y-

Z=y{l+J-t 40d'B

(f +W + iW')^
l+ ii2d'4 r w

Hyperbolic Arisa, or Segment. The area

of a portion of an hyperbola. To find the

area, from the principal vertex to the double

ordinate 2y, we have the following formulas,

in which d and d' are, as before, any pair of

semi-conjugate diameters.

S=2^ ii- rf5-3-t7-5^9-&C -

i
&

S=2zy
|

g-g.4gr—
7
By-gCy-&c. \

• (2)

in which A, B, C, &c, and the same as ex-

plained in the last article.

Hyperbolic Logarithms. Same as Na-
perian logarithms. See Logarithms, Naperian.

They are called hyperbolic logarithms, on

account of their relation to the area between

the hyperbola and its asymptote.

Let B and C be the vertices of an equila-

teral hyperbola, AK and AD its asymptotes.

Draw the line BB' parallel to AK, and call it 1

;

draw any ordinate whatever, as PP' parallel to

AK ; then will the area BB'P'Pbe equal to the

Naperian logarithm of the abscissa AP'.

There is, however, no reason for calling the

Naperian logarithms hyperbolic, rather than

any others, for it may easily be shown, that

if an acute or obtuse hyperbola be taken in-

stead of an equilateral one, that the corres-

ponding area will be equal to the logarithm

of the abscissa of the extreme point, taken in

a system whose modulus is equal to the sine

of the angle of the asymptotes.

Hyperbolic Paraboloid. A surface whose

plane sections are hyperbolas and parabolas.

It is a warped surface, and may be generated

by a straight line moving in such a manner

as to touch two given straight lines, and con-

,

tinue parallel to a given plane ; the plane is

called the plane directer. This is called the

surface of first generation. If any two ele-

ments of the first generation be taken as

directrices, and with a plane directer parallel

to the directrices of the first generation, and

a warped surface be generated, it will be

identical with the one already described. This

is called the surface of second generation.

Through any point of this surface two straight

lines can always be drawn, which lie wholly

in the surface, one an element of the first.'the

other of the second generation. The plane

of these two elements is tangent to the sur-

face at their point of intersection. Hence,

to press a plane tangent to the surface at a

given point, find the elements of the first and

second generations passing through the point

;

their plane is the tangent plane required.

Every section of the surface made by a

plane parallel to a tangent plane, is an hyper-

bola whose asymptotes are parallel to the

elements contained in the tangent plane, and

consequently, are similar curves, or conjugate

with similar .curves. All other sections are

parabolas. The elements of the surface divide

the directrices proportionally ; conversely, if

any three straight lines divide two given

straight lines proportionally, they are elements

of an hyperbolic paraboloid, of which the

'

elements are directrices.

Analytically considered, the hyperbolic

paraboloid is a surface of the second order.

Its equation may be reduced to the form

Mz* - Ny' + L'x - 0.
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In this case the sections of the surface par-

allel to the plane YZ are hyperbolas, and

those parallel to the planes XZ and XY are

parabolas. The section of the surface by the

plane YZ is two straight lines intersecting

each other : that is, the plane YZ is tangent

to the surface. If two planes be passed

through these lines, and the asymptotes of

any parallel section, they will include the sur-

face and be asymptotic to it. There are an

infinite number of such systems to which the

surface may be referred.

Hy-PER'BO-LOID. A surface whose

plane sections are either ellipses or hyperbo-

las. There are two species, those of one

nappe, and those of two nappes.

The hyperboloid of one nappe is a warped

surface which may be generated by a straight

line moving in such a manner as constantly

to touch three straight lines situated in any

manner in space. This is called the surface

of first generation. If we take any three

positions of the generatrix as directrices, and

move a straight line in such a manner as con-

stantly to touch them, the same surface will

be generated. This is called the surface of

second generation. Through any point of the

surface it is always possible to draw two

straight lines, which will lie wholly in the

surface, viz. : the elements of the first and

second generation. The plane of these lines

is tangent to the surface at their point of

intersection. Hence, to pass a plane tangent

to the surface of an hyperboloid of one nappe

at any point, we find the elements of the first

and second generation through the point, and

pass a plane tangent through them ; it will

he the tangent plane required. Any plane

parallel to the tangent plane intersects the

surface in an hyperbola whose asymptotes

are parallel to the elements of the surface

lying in the tangent plane. All other sec-

tions are ellipses.

If the three directrices of either genera-

tion are symmetrically disposed with respect

to a fourth line, the surface is an hyperboloid

of revolution of one nappe, the fourth line

being the axis of revolution. Every plane

through the axis cuts an hyperbola, which,

'»eing revolved about the axis, will generate

the surface. Every , ordinate to the axis,

during the revolution, generates a circle ; the

shortest ordinate generates the smallest cir-

cle, called the circle of the gorge. The hyper-

boloid of revolution may also be generated by

either one of two straight lines intersecting

each other and revolving about an axis par-

allel to their plane. In this case the perpen-

dicular drawn from their point of intersection

to the axis, generates the circle of the gorge.

The axis must be so taken that this line shall

also be perpendicular to the plane of the lines.

The hyperboloid of two nappes consists of

two branches or nappes, each extending to

an infinite distance. If a plane be passed

tangent to the surface at any point, it will

have no other point in common with the sur-

face. Every plane parallel to a tangent

plane, which intersects the surface, cuts from

it an ellipse. All planes not parallel to a

tangent plane intersect the surface in hyper-

bolas, the rule in this case being exactly the

reverse of that in the case of the hyperboloid

of one nappe.

Any plane which bisects a system of par-

allel chords of the surface of an hyperboloid,

is called a diametral plane. If it is perpen-

dicular to the chords which it bisects, it is a

principal plane. The hyperboloids have three

principal planes, which intersect in lines

called axes of the surface. The point com-

mon to all the diametral planes is the centre

of the surface, and possesses the property of

bisecting every straight line drawn through

it and terminating in the surface.

If we designate the lengths of the semi-

axes of the surface according to their order

of magnitude, by a, b, and c, we have, for the

equation of the hyperboloid of one nappe,

referred to its centre and axes, the equation,

a?b*z2 + aVy* - b'cV = a'bV (1)

and for the equation of the hyperboloid of

two nappes,

a?bV + a'cY - b'cV = - a'i'c* (2)

In the first case two of the axes pierce the

surface, and the other one does not. The

one which does not pierce it coincides with

the axis of X.

In the second case the axis coinciding with

the axis of X, alone pierces the surface,

whilst the other two do not.

If we make c = b, the two surfaces be-

come surfaces of revolution, having their

axis coinciding with the axis of X



300 MATHEMATICAL DICTIONARY AND [HYP

If any number of planes be passed through

the centre, cutting out hyperbolas, their

asymptotes taken together will form a conic

surface asymptotical to the hyperboloid.

Hy-POTH'E-NuSE. [Gr. iiroreiva, to

subtend]. The side of a right angled trian-

gle opposite the right angle. In a plane tri-

angle the square described upon the hypothe-

nuse is equivalent to the sum of the squares

described upon the other

two sides. (•"

In the right angled tri-

angle BAC, right angled

at B, we have

AC3O BA" + CB a
.

In the right angled

spherical triangle, right angled at A, we have

the relations expressed in the following

equations, in which the small letters stand

for the sides opposite the corresponding

angles :

sin a = cot B cot C (1)

;

sin a = sin c sin b (2).

Hy-POTH'E-SIS. [Gr. vnoBeatc, a suppo-

sition], A supposition made in the course

of a demonstration, or upon the arbitrary

constants of a problem during a discussion.

The hypothesis made during the course of a

demonstration, is introduced as though it

were true, and the reasoning continued by

the rules for logical argumentation till some
result is found which agrees or disagrees with

some known truth. If the result agrees with

a known truth, the hypothesis is pronounced
correct, and is said to be proved ; if it disa-

grees with a known truth the hypothesis is

not correct, and the contrary of the hypothe-

sis is proved. In assuming an hypothesis it

must be of such a naUire that either it or its

contrary must necessarily be true. In the

discussion of a problem an hypothesis is often

made upon the arbitrary constants which

enter the equations of the problem, and if

real results are obtained, the interpretation

show6 the consequence of the hypothesis

;

if imaginary results arise, the hypothesis is

pronounced impossible. See Indirect Demon-

stration, and Discussion.

I. The ninth letter of the English Alpha-

bet. It forms one of the seven Roman
numeral letters, and stands for one. When
repeated, the number is to be repeated. Thus,

II stands for two, III for three. When writ-

ten before another numeral letter, one is to bo

subtracted from the number indicated by that

letter ; when after it, the number one is to

be added. Thus, IV stands for four, and YI

for six.

i-CO-SA-Hfi'DRON. [Gr. ukqci, twenty,

and iSpa, a base]. A polyhedron bounded by

twenty polygons. If the bounding polygons

are regular, the polyhedron is a regular icosa-

hedron. See Regular Polyhedron.

i-DEN'TI-CAL. [L. idem, the same].

Identity implies sameness under all circum-

stances. An identical equation is one in

which the two members are in reality the

same, though often expressed under different

forms. Hence, we define an identical equa-

tion to be one in which one member is merely

the repetition of the other, or in which one

member is the result of certain operations

indicated in the other.

Sometimes an identical equation takes a

form in which one member indicates a certain

operation to be performed, whilst the other

indicates simply the form of the result which

would obtain were the operation performed

according to certain indications. Thus,

ax + hy = ax + by,

is an identical equation of the first kind

;

a3 - bs

r =a* + ab + b',a— o

is one of the second ; whilst

a + bx

a + b'x + ex'

is one of the third kind. In it the first mem-

ber is a fraction, and the second is the indi-

cated form of a scries which would result

from the division actually performed The

quantities P, Q, R, &c, are not determined,

but from the nature of identical equations,

the conditions which fix their values aie
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expressed. In every identical equation there

is always one or more arbitrary quantities

that is, quantities which may have any value

whatever assigned to them without destroying

the equality of the members. This follows

from the nature and construction of an iden-

tical equation. The following properties of

identical equations are readily proved

:

1st. In every identical equation containing

but one arbitrary quantity, in which one

member is 0, the co-efficients of the differ-

ent powers of the arbitrary quantity are sep-

arately equal to ; or when neither member
is 0, the co-efficients of the like powers of

the arbitrary quantity in the two members are

separately equal to each other.

2d. In every identical equation, containing

more than one arbitrary quantity, one mem-
ber of which is 0, the co-efficients of the dif-

ferent powers and combinations of powers of

the arbitrary quantities, are separately equal

to ; or when neither member is 0, the co-effi-

cients of the different powers and combina-

tions of powers of the arbitrary quantities in

the two members, are separately equal to

each other. These two principles are much
used in developing analytical expressions

into series ; they thus afford one of the

most potent instruments of analysis. For

the practical application of these principles,

see Indeterminate Co-ejjicicnts, Taylor's and

McLauriris Theorems.

IM-AG'IN-A-RY EXPRESSIONS. Indi-

cated even roots of negative quantities, such

as

V- 9, \/~ a', «/ - £a , &c.

They are called imaginary, because it is impos-

sible to conceive of quantities which they

represent, according to the ordinary methods

of interpreting Algebraic symbols. We know
that any even power of a quantity, whether

positive or negative, is always positive, and

it is impossible to conceive of such a quantity

that being taken an even number of times as

a factor, will give a negative result.

Imaginary expressions arise from correct

algebraic combinations, and although in an

arithmetical point of view their exact value

cannot be determined, they are, nevertheless,

subject to all the rules of analysis, as much
as other expressions. From the greater gen-

«rality of Algebraic operations, many expres-

sions result which can with difficulty he

brought within the range of ordinary inter-

pretation. These expressions are, however,

correct expressions of analytical facts, and it

only requires a more enlarged view to render

their meaning perfectly comprehensible. It

will probably be found, on a proper analysis,

that the subject of imaginary expressions

presents no more difficulties than that of

negative quantities, which is now so thor-

oughly settled as to leave nothing to be

desired.

We shall first explain the form to which

every imaginary quantity may be reduced,

and then give an account of the signification

to be attached to imaginary expressions gen-

erally. Every imaginary quantity can be re-

duced to the form

a + b V - 1,

in which a and b are real, and V— 1 imagin-

ary.

To show this, let us assume the well-

known formula, for the simplification of radi-

cals,

Va + VTVa + c

+ (i);

in which c = -/a2 — b. Making, in formula

(1), b= — b1 , which gives c = Va* + b",

and reducing, it becomes

In formula (2), the first radical in the

second member is positive and real, and may
be denoted by c ; the quantity under the

second radical sign, in the second member, is

negative, since a < V a' + b1 ; denoting it

by — d', and reducing, we have

Va + bV^l = c + d V^T . . . (3)

;

which shows that the square root of an ex-

pression of the form, a + b V — 1, is of the

same form as the expression itself. Hence,

the fourth root of the expression, a + b V — 1,

is of the same form, and so on for the 6th,

8th, or any other even root. This shows that

every imaginary expression may ultimately

be reduced to the form, a + b V — 1, which
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was to be proved. Hence, in the treatment

of imaginary expressions, we need only con-

fine our* attention to imaginary expressions

of the second degree, and in these we shall

only consider the parts involving V — 1, as a

factor. Every such quantity can be placed

under the form b V — 1, by the rule for re-

moving a factor from under the radical sign.

For multiplying imaginary expressions to-

gether, we make use of the following formu-

las :

(/^l)1^1 = V~^T (l)

(/^l)4^3 = - 1 (2)

(S=l)*«+v = - Y'^l . . (3)

(/^I)*» = l
(4)

in which n may be 0, or any positive whole

number.

To multiply any number of imaginary ex-

pressions together, reduce them to the form

b V — 1 ; multiply the co-efficients of V — 1

together for one factor of the product : to

find the other factor, look in the above for-

mulas for that one in which the exponent of

V — 1 equals the number of factors to be

multiplied together ; the second member of

it will be the second factor of the required

product.

Thus, let it be required to find the 17"1

power of V — a2
. Reducing to the required

form, we have a V — 1 ; the 17"1 power of

the co-efficient is a17 ; making n = 4, we see

that formula 1 is applicable ; hence, the

second factor is V — 1, and the required

power is a17 X V — 1.

This rule will cover all operations, which

differ from the corresponding operations for

real quantities.

With respect to the logical value of the

symbol V — 1, it may be remarked that there

are two separate views that may be taken of

the expression. In the first place, we may
regard it as a symbol of operation, in which
case it indicates an operation absolutely im-

possible ; for no quantity whatever, taken

twice as a factor, can produce — 1. In this

sense, the quantity indicated by the expres-

sion, is truly imaginary or impossible. The
expression may, however, be regarded as a

symbol of interpretation ; that is, it may be an

expression resulting from the correct appli-

cation of the principles of analysis. In this

point of view, it admits of complete and sat-

isfactory interpretation. The method of in-

terpretation, which we are about to give, is

due to M. Monrey, a. distinguished modern
analyst. Before proceeding to give an ac-

count of his method of interpretation, some
preliminary explanations are necessary.

We have seen that every imaginary expres-

sion can be reduced to the form a + b V — 1.

The expression, V a' + 4", is called the mo-

dulus of the expression. It is a property of

these expressions, that, if two of them be

multiplied together, the resulting product

will be of the same form as each factor, and

its modulus will be equal to the product of

the moduli of the two factors.

Thus,

(2 + 3 v^l)(3 - 7 v^T) = 27-5 /"=1.

The modulus of the first factor is -/liij

that of the second is t/58, and that of the

product, i/754 = -/I3 X -/58.

In general, if any number of factors of the

given form be taken, their product will be of

the same form, and its modulus will be equal

to the product of the moduli of all the fac-

tors.

We may now proceed to an examination

of M. Moneey's explanation of imaginary

results.

If we take the expression a + J V —I,
and denote its modulus by ilf, we shall have,

for the expression

By inspection, we see that if ^- is taken

for the cosine of an angle f,
— will repre-

sent the sine of the same angle, and by sub-

stitution, the expression becomes

Let A be the origin of a system of polar
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co-ordinates, AB the initial line, and f the

angle made with it by amy straight line AD.
If now the length of the line AD be taken

equal to M, then will the line AD fulfill two

conditions, viz. : it is of a given length M,
and makes with the initial line an angle </>,

which conditions make up the relation of the

line AD to the system.

The angle (j> is called the verser, and the

given expression represents the line AD,
both in length and position ; or, in other

words, expresses the relation of the line AD
to the system of polar co-ordinates.

If <p = 0, the line takes the position AE,
and the given expression reduces to. M, and

we have also M = a. This corresponds to

our conventional system of representing a

positive quantity by a straight line of definite

length, estimated from a fixed point towards

the right. If
<f>

= 180°, the expression be-

comes—M, and the line takes the position AF,

which also corresponds to the same system.

of <p = 90°, the expression becomes MV — 1,

and the line takes the position AG. If

= 270°, the expression becomes —M V — 1,

and the line takes the position AH. In any

given expression, the value of <j> may be found

from the equation

a,

cos 6 = . ;

Va*+b*

and this, together with the value of

M = Va? + b', will serve to determine the

relation of the radius vector to the system.

This method of representation conforms

perfectly to every case of an expression of

the form a + b V —1
; it now remains to ex-

plain the results obtained by operating upon

it by the rules of algebra.

Let us consider the result of multiplying

a + b V ~ lby c + d V~^~\.

Performing the multiplication, we have for

the product,

\ae - bd) + (ab + bd) V -1-

Now, the angle which the line whose rela-

tion is given by this product, makes with the

initial line an angle y, whose cosine equals

ac — bd

that is.

cos y

Va' + bWc' + d*

ac — bd

If we denote the angles made by the first and

second lines with the initial line, by a and j3,

we shall have,

b

cos /? =
/tf + d*

sin a = /_ : > sin
/

we have also,

cos (a + p) = cos a cos /3 — sin a sin /3

ac — bd

•/aFT 4
s •/? + d-

and consequently

cos y = cos (a + j3).

Hence, the product represents the relation of

the line AE to the system, whose length AE

is equal to the length AC, taken as many
times as there are units of length in AD, ana

making with the initial line an angle equal to

the sum of the angles which the lines AC ana

AD make with it.

In general, the^ product of any number ot

factors of the given form, represents the rela

tion of a line to the system, which is equal in

length to the length of any one of the lines

taken as many times as there are units in the

continued product of the number of units in

each of the other lines taken separately, ana

which makes, with the initial line, an angle

equal to the sum of the angles made by each

line with the initial line. When this angle

is any multiple of 180° the product becomes

real. The entire subject of imaginary quan-

tities may be clearly explained, and as wc
see, without any impossible circumstances

arising.

We see, then, that to interpret the expres-

sion V — a2
, we have simply to regard it as

the representation of a straight line perpen-

dicular to the initial line at the origin, aau

equal in length to a. Whilst the expression

— V^-a? represents a line equal and directly

opposed to that represented by V — a2
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Thus interpreted, every idea of impossibility

disappears from the mind, and the subject

becomes as plain as the interpretation of

negative results.

Imaginary Roots. It is a principle of Alge-

bra, that if an equation, having real co-effi-

cients, contains any imaginary roots, it will

contain an even number of them, and all of

them must, from the preceding article, be par-

ticular cases of the general form a + bV — 1.

It has been shown, that for every root of the

form a + b V — 1, there is a root of the form

a — b V~—l ; this principle is expressed by

saying that imaginary roots enter by pairs.

Sometimes a real root of an equation may
be expressed in an imaginary form ; we have

an example in the roots of a cubic equation

as solved by Cardan's
/
method. The number

of imaginary roots of an equation may be

ascertained by means of Sturm's Theorem
;

for by it we may find the number of real roots,

and then taking this from the number denot-

ing the degree of the equation, the remainder

will denote the number of imaginary roots.

IM-PER'FECT NUMBER. [L. imperfec-

tus. in, and perfcctus, finished]. A number,

the sum of whose divisors is not equal to

the number itself.

When this sum is less than the number,

the number is said to be defective ; when
greater, it is abundant. Thus, 10 is a defec-

tive number because 1 + 2 + 5 < 10, and 12

is an abundant number, because 1+2 + 3

+ 4 + 6 > 12. See Number.

Imperfect Power. A number whose root

cannot be expressed in exact parts of 1, that

is, a number such that no whole number or

vulgar fraction can be found, which, taken

any number of times as a factor, will produce

the given number. Thus, 5 is an imperfect

power. Some numbers may be imperfect

powers of one degree, but perfect powers of

another degree ; thus, 8 is an imperfect square,

but a perfect cube. Hence, in speaking of

imperfect powers, it is customary to designate

the degree of the power referred to ; thus, we
say an imperfect square, an imperfect cube,

and imperfect nth power, and so on.

IM-PLIC'IT FUNCTION. [L. implicit™,

from in, and plico, to fold]. An expression

in which the form of the function is not

directly given, but which requires some

operation to be performed, to render it evi-

dent. Thus, in the equation,

ay1 + bxy + ex* + dy + ex +/ = 0,

y is an implicit function of x. See Function.

IM-POS'SI-BLE. [L. impossibilis, fiomin,

and possum, to be able]. In Analysis, the

same as imaginary. We sometimes speak

of impossible equations, impossible roots, im-

possible expressions, &c, meaning the same

as imaginary equations, roots, expressions,

&c. The term imaginary is preferable. See

Imaginary.

IM-PROP'ER FRACTION. [L. impro-

prius, from in, and proprius, proper]. A
vulgar fraction whose numerator is greater

than its denominator. Thus, % is an impro-

per fraction. See Fractions.

IN-AC-CESS'I-BLE. In Surveying, a

distance or height which cannot be reached,

for the purpose of measuring it directly, on

account of some obstacle. See Distances

and Heights.

INCH. [L. uncia, the twelfth part]. A
measure of length equal to the twelfth part

of a foot.

IN-CLi-Ni'TION. [L. inclinatio, an inclin-

ing]. The inclination of one line to another,

or of one plane to another, is the same as

the angle which they make with each other. ,

IN-COM-MEN'SU-RA-BLE. Two quan-

tities of the same kind are incommensurable

with respect to each other, when they have

not a common unit, that is, when there is no

quantity of the same kind so small that it is

contained in both an exact number of times.

Thus, the diagonal and side of a square are

incommensurable, for it has been shown, that

if we denote the side of the square by 1, the

diagonal will be denoted by VTT; but the

square root of 2 is incommensurable with 1,

because the square root of an imperfect

square cannot be expressed in exact terms

of 1 ; were we to extract the square root of

2 and carry on the operation decimally, there

would be an infinite number of decimal places

in the result. We may, however, find a num-

ber which will approximate to a common

unit as closely as we wish ; for example,

were we to stop the process of extraction of

the square root at the 5th place of decimals,

and take the result as the true value ofV %
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then would .00001 be a common unit of 1 and

Y2, approximately. No two whole numbers
or vulgar fractions are incommensurable : for.

a c
let t and -j be any two vulgar fractions, then

since they may be transformed into the equiv-

ad be
alent fractions

bd
and

bd'
it is clear that

they have a common unit 731 the first con-

taining this unit ad times, and the second be

times. Prime quantities which can only be

expressed by series, or by decimals having an

infinite number of places of figures, are in-

commensurable with those which can be other-

wise expressed.

The following is the geometrical method of

proving that the side of a square and its diago-

nal are incommensurable, and it also gives a

very clear idea of the meaning of the term

incommensurable. If the two lines have no

common divisor they are of necessity, incom-

mensurable.

A F B
Let ABCG be a square, and AC one of its

diagonals. We first apply CB to CA. For

this purpose, let the semi-circumference DBE
be constructed from C as a centre, with the

radius CB, and produce AC to E. It is evi-

dent that CD is contained once in CA, with

the remainder AD. The first result is, there-

fore, a quotient 1, with the remainder AD.

This remainder must now be compared with

CB, or its equal AB.
Since the angle ABC is a right angle, AB

is tangent to the arc DBE, and AE a secant

terminating in the concave arc, whence

AD . AB : : AB AE.

Hence, in the second operation, where AD is

compared with AB the equal ratio, AB to AE
may be taken instead ; but AB or its equal

CD is contained twice in AE, with the re-

mainder AD. The result of the second opera-

20

tion, therefore, is a quotient 2, with the re-

mainder AD; and this*must be again com-

pared with AB. Then, the third operation

consists in comparing AD with AB, which

gives, as before, the quotient 2, with a re-

remainder AD, and so on indefinitely. Since

the process, will never terminate, there is no
remainder which is contained an exact num-
ber of times in the preceding divisor, and

consequently the lines AC and BC have no

common measure ; they are therefore incom-

mensurable.

IN-COM-PLSTE' EQUATION. An equa-

tion, some of whose terms are wanting ; or

an equation in which the co-efficient of some

one or more of the powers of the unknown
quantity are equal to 0. See Equation.

IN-CON"GRti-OUS NUMBERS. See Con-

gruous Numbers.

IN-CReASE'. [L. from in and cresco, to

grow]. To augment, to make greater by

addition.

Increasing Function. A function that

increases as the variable increases, and of

course decreases as the variable decreases.

See Function.

IN'CRE-MENT. [L. ineresco, to increase].

A quantity, generally variable, added to the

independent variable in a variable expression.

The function also undergoes a corresponding

change, which is called an increment or de-

crement, according as the function is increas-

ing or decreasing. When the increment or

decrement is infinitely small, it is called a

differential.

IN-DEF'IN-iTE. [L. indefinite, indefi-

nite]. Unbounded or unlimited. That por-

tion of a straight line included between any

two of its points is definite, and is called a

definite straight line ; but if the direction of

the line only is given, it is supposed to ex-

tend in both directions from any point of it

without limit ; such a line is, properly speak-

ing, an indefinite line. If we speak of that

portion of a straight line which lies entirely

on one side of any point of it, it is said to

extend indefinitely in that direction. A plane

extends indefinitely in all directions, unless

limited by aboundary : it may be limited in one

or more directions by a line or lines, and it>

definite in all other directions.
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Space is indefinite in all directions, unless

limited by a surface^ when so limited, it is

indefinite in all other directions. Properly

speaking, space is indefinite in the most en-

larged sense of the word, but for convenience

of speaking, we are led to admit the distinc-

tions above drawn.

The term indefinite is often and erroneously

used as synonymous with infinite. Thus, it

is common to speak of a magnitude as inde-

finitely great or small, of a polygon with an

indefinite number of sides, &c, in all of

which cases, it is better to use the term in-

finite, as that is the only correct term to ex-

press the idea intended to be conveyed.

Whenever lines or surfaces are given by

their equations, if they are not from their

nature necessarily limited, the equation stands

for them in their indefinite sense ; thus, the

equation

y = ax + b,

is the equation of a straight line indefinite in

length.

There is another sense in which the word
indefinite is used in analysis ; for example,

in the equation above given, so long as the

constants a and b are not given, but remain
arbitrary, the position of the line is said to

be indefinite. In this case, the term arbitrary

is better.

IN-DE-PEND'ENT. One quantity is said

to be independent of another with which it

is connected, when it does not depend upon
it for its value. In this case, the term is

nearly syhonymous with arbitrary, but not

quite, as we shall presently show. In an
equation containing more than one variable,

as does the equation of any magnitude, all

the variables, except one, are independent

;

that is, any value may be assigned to them
at pleasure, and the corresponding value of
the other will be found for the solution of
the equation. Thus, in the equation of the
straight line,

y — ax + 4,

we may take x as the independent variable,

in which case, whatever be the value assigned
to it, the corresponding value of y may be
found. The assumed and deduced values de-

termine a point upon the line. The variables

x and y represent, at the same instant, the
co-ordinates of every point of the line, x in-

dependently, y dependently ; that is, subject

to the form of the equation, and to the values

of a and b. The quantities a and b serve te

determine the position of the line, with re-

spect to the co-ordinate axes, and may be

assumed at pleasure. These are called arbi-

trary. That is, the arbitrary quantities ad-

mit of any set of values, whilst the variables

have necessarily at the same instant every

possible value that will satisfy the equation.

This constitutes the difference between inde-

pendent and arbitrary quantities, which is ex-

actly the same as that between the words

any and every. Equations are independent

when they have no connection with each

other ; that is, when the quantities entering

the different equations are not at all depend-

ent upon each other. See Simultaneous

Equation.

IN-DE-TERM'IN-ATE. A quantity is in-

determinate when it admits of an infinite

number of values. In the equation of a

straight line,

y = ax + b,

x represents the abscissa of any point of the

line, and is indeterminate when considered

only with reference to its value ; when con-

sidered with reference to its connection with

y, it is independent of it, provided, we agree

to assume it as the independent variable.

See Independent.

Indeterminate Equation. An equation is

indeterminate when the unknown quantities

which enter it admit of an infinite number of

values
; the equation of the right line is an

example of an indeterminate equation ; in

general, most of the equations used in analy-

sis arc indeterminate.

Whenever an equation contains more than

one arbitrary or unknown quantity, that, con-

sidered by itself is indeterminate, for any

number of sets of values may be attributed

to all the unknown quantities, except one,

and the value of that one deduced. The as-

sumed and deduced values satisfy the equa-

tion, and therefore the unknown quantities

admit of an infinite number of systems of

values, each of which satisfies it ; hence it is

indeterminate by definition. In like manner,

a group of equations containing more un-

known quantities than there are equations,

is indeterminate.

Indeterminate Problem. A problem is
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indeterminate when it admits of an infinite

number of solutions. This will always be

the case when there are fewer imposed con-

ditions than there are unknown or required

parts ; for, in that case,. the equations which

express the imposed conditions will be fewer

than the number of unknown quantities

which enter them ; consequently, they will

be indeterminate, and of course the problem

itself will also be indeterminate.

Indeterminate Analysis. A branch of

analysis which has for its object the solution

of indeterminate problems. A problem is in-

determinate when it admits of an infinite

number of solutions. In all cases, when the

conditions of a problem do not furnish as

many independent equations as there are un-

known quantities, the equations of the prob-

lem, and consequently the problem itself, is

indeterminate. In most cases, the conditions

require the solutions to be expressed in whole

numbers, and these conditions often greatly

diminish or restrict the number of solutions.

Indeterminate analysis may be of the first,

second,, or higher degrees, according as the

equations arising are of the first, second, or

higher degrees.

As an example, let it be proposed to divide

159 into two such parts, that one shall be

divisible by 8, and the other by 13.

If we denote the quotients by x and y re-

spectively, we shall have, for the equation of

the problem,

8x + 13y = 159 . . . (1).

Let it be required, in addition, that the

results shall be whole numbers.

We have, from equation (1),

159 - 13y ,
7 - 5y

In order that x and y may be whole num-

bers, it is necessary that

7-5y
8

should be a wholfi number also. Denote this

number by n, and we shall have

7 ~°y = n or 8n + 5« = 7 . . . (2),
8

an equation of the same form as (1). Find-

ing the value of y, we have

7 - 8m 2 - 3m
y
— or y = 1 — n -I

(6).

Now, as before, since y and 7t are to be

whole numbers, so mtrst

2 - 3tt

5

be a whole number : denoting this by n', we
have

2- 3k-j— = n';

or, clearing of fractions,

3k + 5m' = 2 .-. . (3).

Continuing this process of transformation,

we shall obtain the equations

2n' + 3m" = 2 ... (4),

n" = 2m'" . . . (5).

For any value assigned to m'", which is

entire, all the quantities m", n', n, y and x,

will be entire, and the last two will form an-

swers to the problem. Collecting the equa-

tions, and substituting, we have

x = 19 — y + n ")

y = 1 — n + n'

n = — n' + n"

n"= 2m'"
J

Combining the equations in group (6), and
eliminating, we have, finally,

x = 15 + 13n'" and y = 3 — 8n'" ... (7)

Making n'" successively equal to

0, 1, 2, 3, &c, — 1, — 2, &c,

we shall find all the values of x and y, which

will satisfy the conditions of the problem.

If the conditions of the problem had required

that the solutions should all be positive whole

numbers, such values must be given to n'"

as will make both 15 + 13m'" and 3 — 8n'"

positive. The only values for n'", which will

satisfy these conditions, are

«'" = and n'" = - 1

;

these, being substituted in equation (7), give

for the only solutions

x = 15, y = 3, and x = 2, y = 11.

All other indeterminate problems of the first

degree, involving but two unknown quanti-

ties, may be solved in a similar manner, and

by extending the principles, rules may be

formed for solving all indeterminate problems

of the first degree, involving any number of

unknown quantities.

For the method of solving indeterminate

problems of the second degree, the reader is
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referred to the works of Legendre, Gauss,

Barlow, Euler, Lagrange, &c.

The following indeterminate formulas are

taken from Barlow's Theory of Numbers :

1. ax — by = ± c,

Value of a; . . . x = mb ± cq,

" " y . . y = ma ± cp.

In which m is indeterminate, and p and q re-

sult from the solution of the equation

ap — bq — ± 1.

2. ax + by = c.

Value of I . . . x = cq — mb,

" " y . . , y = ma — cp.

In which m is indeterminate, and p and q
maybe found from the equation ap— bq= ±1.

3. ax + by + cz = d.

Value of x = (d — cz)q — mb,

" " y = ma ~ (d — cz)p.

In which m is indeterminate, z any whole

d
number lesB than •— , and p and q the same as

in (I) and (2).

Value of x .

" " y .

" " z .

z = p' + aq',

y = 2??,

in which p and q may be assumed at plea-

sure.

5.

Value of x .

" " y .

x' + ay' = z'.

= 7>
a —ao2x =p aq'

V = 2??.
" "« . z = j>

a + aq'
;

in which p and y are entirely arbitrary.

6. ax' + bxy + y' - a=.

Value of x . . x — Ipq + bq',

. y=p'-aq',
z =p' + bpq + aq'

in which p and q are entirely arbitrary.

7. ax' + bx = z=.

bq'
X ~ p' - aq'

bnq

" y
" z

Value of x .

in which y and q are arbitrary.

8.

Value of x

m'x' + bx + c = «*.

/>* — cy'.

ij' — %mpq

_mp'+mcq'—bpq*
"~ bq'-'.

in which p and y are indeterminate.

9. ox' + bx + m' = z'.

bq' — 2mpq
x=—z—Hrj1,

p* — fflfl
a

Value of x
aq'

mp'-\-amq'—bpq

p' — aq' '

in which p and q are, as before, entirely arbi-

trary.

Many other forms might be given, but the

reader desirous of examining them is referred

to Barlow's theory of numbers.

Indeterminate Co-efficients. It has been

stated that an identical equation is true for

all values of the arbitrary quantity or quanti-

ties which enter it. If, in such an equation,

all the terms be transposed to one member

of the equation, the co-efficients of the differ

ent powers of the arbitrary quantity are

called indeterminate co-efficients, not because

they are themselves indeterminate, but be-

cause they are co-efEcients of indeterminate

quantities. These co-efficients are in reality

each equal to 0. This is called the principle

of indeterminate co-efficients, and may be

enunciated as follows :

1. In every identical equation, containing

but one indeterminate quantity, the second

member of which is 0, the co-efficients of the

different powers of that quantity are sepa-

rately equal to 0.

Or, in every identical equation, containing

but one indeterminate quantity, the co-effi-

cients of the different powers of that quan-

tity in the two members are separately equal

to each other.

2. In every identical equation containing

more than one indeterminate quantity, the

second member of which is 0, the co-efficients

of the different powers and combinations of

powers of these quantities, are separately

equal to 0.

Or, in every identical equation containing

more than one indeterminate quantity, the

co-efficients of the different powers and com-

binations of powers in the two members, are

separately equal to each other.
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These principles are of extensive applica-

tion in analysis. We shall give but a single

example, namely, that of developing an ex-

pression into a series.

Let it be required to develop the expres-

1
sion , into a series, according to the

ascending powers of x.

Assume a development of the required

form

1

1 +x = P + Qx + Rx* + &c.

in which P, Q, R, <fcc, are to be determined

so that the equation shall be true for all val-

ues of x ; that is, so that the equation shall

be identical. Clearing the equation of frac-

tions,

1 = P + Q I x + R I z2 + &c.

+ P\ +Q\
Equating the co-efficients of the like powers

of x in the two members, we have

1 = P, Q + P = 0, R + Q = 0, &c.
;

whence,

P = 1, Q = - 1, iJ = + 1, &c.

Hence, by substitution,

• X + X* — X3 + X1 — &c.
1 +x = 1

Any other expression may be treated in a

similar manner ; hence the following rule :

Place the expression to be developed equal

to a series of the proposed form, the co-effi-

cients of which are to be determined so as

to make the equation identical. Clear the

equation of fractions and equate the co-effi

cients of the like powers of the unknown
quantity in the two members separately, and

from these equations find the values of the

co-efficients ; substitute these in the assumed

development, and the result will be the

required series. We have only explained

the manner of developing an expression con

taining but one unknown quantity ; but the

rule may be extended to the development of

a quantity containing any number.

The various applications of the principle

of indeterminate co-efficients are too numer-

ous to admit of numeration in an article like

this ; in fact they extend throughout every

branch of the higher mathematics and philos-

ophy, and upon them depends a large share

of the most important demonstrations of

both.

IN'DEX. [L.in, from, and (fa'co, to say]. The

index of a radical is a number written over the

radical sign to denote the degree of the root

to be extracted. Thus, in the expressions

yii, \fV, <fcc,

3, 4, &c, are called indices. An index is

generally a whole number greater than 2.

When the square root is indicated, the index,

is generally omitted, being understood.

There is a second method of representing

radicals by means of fractional exponents

;

thus,

y?, y&, n/c~, &c.,

may be written

(4)*. (5)*, («)», &c.

In these cases the fractional exponent is often

called the fractional index.

IN-DI-RECT' DEMONSTRATION. See

Demonstration.

IN-DI-VIS'I-BLE. That which cannot be

exactly divided. One quantity is said to be in-

divisible by another when no commensurable

expression can be found, which, being multi-

plied by the latter, will give the former. See

Division.

IN-DI-VIS'I-BLES. In ancient geometry

the same as infinites—small or infinitely

small quantities.

According to the views of the first inventor

of the system of indivisibles, lines are made

up of an infinite number of points, surfaces

of an infinite number of lines, and volumes

of an infinite number of surfaces. This cor-

responds with the idea of fluents and fluxions,

as originally conceived. We subjoin an

example of the method of reasoning. Let

it be required to deduce an expression for the

volume of a cone.

Let SBC be a cone, S its vertex, SA a

perpendicular let fall upon the base. Let

SA be divided into an infinite number of

equal parts, and through each point of divi-

sion let a plane be passed parallel to the base

According to the idea of indivisibles each of

these sections is an element of the volume,

and the sum of these elements is equal to the

volume of the cone Now, from the princi-
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pies of elementary

geometry these el-

ements are to each

other as the squares

of their distances

from the vertex. If

we denote the area

of the base by A,

and that of the par-

allel element FH by

a, we shall have

A : a : : SA' : SG'

;
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whence, = A
SG' _ Ah"

t

SA' ~ h'
'

h denoting the altitude of the cone, and ft'

the distance of the element FH from the ver-

tex. If V be taken to represent the volume

of the cone, it will be equal to ™, multiplied

by the sum of the different values of A' for

every possible section. But the distances h'

increase from the vertex as the series of natu-

ral numbers 0, 1, 2, 3, 4, &c, up to ft inclu-

sive. But the sum of the series from up to

the limit A, the whole number of terms being

infinite, is equal to Jft
3

; hence

V = \A X ft,

a well known formula for the volume of a

cone.

IN-DUC'TION. [L. inductio, from in and

•duco, to lead]. The method of induction in

its true sense is not known in pure mathe-

matics, except perhaps in the processes of

establishing the axioms. It is often, how-

ever, employed in inferring principles which

are afterwards submitted to a process of rigid

demonstration. There is a mathematical pro-

cess of demonstration which possesses some-

what the character of induction, inasmuch as

a general truth is gathered from the examina-

tion of particular cases, but it differs from it

inasmuch as each successive case is made to

depend upon the preceding one. This pro-

cess has been called the process of successive

induction. The following demonstration is

sufficient to illustrate the process.

Let it be required to prove that the differ-

ence between the like powers of two quanti-

ties is exactly divisible by the difference of

the quantities.

Let i" — a" denote the difference ofthe like

powers of two quantities, n being any whole

number ; then will x — a denote the differ-

ence between the quantities. We have the

relation

z» — a" = x (a:"-
1 — a"- 1

) + a"- 1 (x — a),

as may readily be shown by performing the

operations indicated in the second member,

and reducing. In the second member the

last term is evidently divisible by (x —a),

consequently the second member itself, and

of course the first member, will be divisible

by x — a if a;"
-1 — a™-1 is divisible by x— a.

This shows that the difference of the like pow-

ers of two quantities is exactly divisible hy the

difference of the quantities, if the difference

of the powers of the quantities of a degree less

1 is thus divisible. Now we know that x'—a'

is divisible by x — a, hence from the above

principle x3 — a3 is thus divisible. Again,

since x3 — a' is divisible, x* — o* is thus

divisible, and so on. Since this process may

be carried on to any extent, we infer gener-

ally that x" — a" is divisible by x — a, n being

any whole number whatever.

There are cases where we reason by suc-

cessive steps, as above, but infer in every case

from two preceding conclusions. For exam-

ple, to demonstrate the universality of the

formula

x" + - = 2cos(ne);

this is a consequence of the relation

x + - = 2 cos 6.
X

No one case of this can be proved without

showing that the preceding two cases hold

true. Thus, if it is true when n = 1 and

n = 2, it is necessarily true when n = 3. If

true when n = 2 and n = 3, itis so when

n = 4, and so on ; hence the generality of

the formula is proved.

IN-E-QUAL'I-TY. [L. in, and, aqualitas,

equal]. In Algebra, the expression of two

unequal quantities, connected by the sign of

inequality. Thus, 2 < 3, 4 > 1, are inequal-

ities.- Every inequality consists of two parts

:

that on the left of the sign of inequality, is

called the first member ; that on the right is

called the second member.

Two inequalities are said to exist in the

same sense when the first members are both
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greater, or both less, than the second mem-
bers. They exist in a contrary sense when
the first member is greater than the second

in one inequality, and the second member
greater than the first in the other.

The inequalities,

4>2, 5>3, or 7 < 9, 11 < 13,

are said to exist in the same sense. The in-

equalities, 7< 9 and 8 > 4, exist in a con-

trary sense.

The following transformations maybe made

in inequalities :

1. If we add the same quantity to both

members of an inequality, or subtract the

same quantity from Doth members, the re-

sulting inequality will exist in the same

sense.

2. If two inequalities exist in the same

sense, and we add them member to member,

the resulting inequality will exist in the same

sense. But this is not always the case when

we subtract them member from member.

3. If both members of an inequality be

multiplied by the same positive quantity, the

resulting inequality will exist in the same

sense. If both members be multiplied by

the same negative quantity, the resulting in-

equality will exist in a contrary sense.

4. If both members of an inequality are

positive, and if both be squared or raised to

any power, the resulting inequality will exist

in the same sense.

If both members of an inequality are ne-

gative, and if both members be squared or

raised to any even power, the resulting in-

equality will exist in a contrary sense.

These principles enable us to find from a

given inequality another, in which one mem-

ber will contain the unknown quantity only.

Such operation is called solving the inequality.

IN-E-QUA'TION. The same as inequal-

ity. See Inequality.

IN'FER-ENCE. [From m, and fero, to

bear]. A conclusion—a truth drawn from

another which is admitted, or which has been

proved.

IN-FS'RI-OR. The inferior limit of the

roots of an equation, is a number less than the

least root of the equation. It is evident from

this definition, that there may be an infinite

number of such limits. The greatest one.

or the greatest one in whole numbers, is the

one generally referred to. See Limit,

IN-FIN'I-TY. A term employed in mathe-

matics, to express a quantity greater them any

assignable quantity of the same kind. Mathe-

matically considered, infinity is always a limit

of a variable quantity, resulting from a par-

ticular supposition made upon the varying

element which enters it.

In order to illustrate, let us consider the

a
fraction —, - in which a retains the same value

x'

throughout, whilst x is entirely arbitrary. If,

now, the value of x become smaller and

smaller, that of the fraction will become

greater and greater. If x becomes exceed-

ingly small with respect to a, the value of the

fraction becomes exceedingly great, and,

finally, when x becomes smaller than any

assignable quantity, the fraction becomes

greater than any assignable quantity; it is

this value that we call infinity, and designate

by the symbol <x>.

In consequence of the technical meaning

of the term, infinity, having been confounded

with its absolute or popular meaning, a great

deal of metaphysical discussion has arisen as

to the propriety of employing it in mathe-

matics.

Without entering upon any of these dis-

cussions, which after all are merely verbal,

we shall endeavor to explain as clearly as

possible the proper signification of the term.

This may best be done by citing some parti-

cular instances of its appropriate application

and use.

In Arithmetic, infinity is the limit or last

term of the series of natural numbers. This

series is an arithmetical progression, each

term of which is derived from the preceding

one by the addition of the unit 1. It is plain

that each term of the series is greater than

the preceding one, and if a term be taken

sufficiently remote, it may be regarded as

greater than any assignable number, or as

infinite. In like manner, if we regard the

decreasing series qf natural numbers,

0, - ], - 2, -3, &c,

we may regard its final limit as minus in-

finity ; hence, the two limits of all numbers,

both positive and negative, are

+ co and — co.
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In Algebra, the idea of infinity may be ob-

tained by considering the following problem :

Two couriers travel on the same line, and

in the same direction, the foremost courier

at the rate of m miles per hour, and the rear-

most one at the rate of n miles per hour. At

a certain time they are distant from each

other a miles ; in how many hours from that

time are they together 1

If we designate the required number of

hours by t, we shall find, by solving the prob-

lem, the relation,

t=-

In assigning particular values to m and n,

and interpreting the results, there arises the

case in which m = n. This supposition gives

a

< = o
= co -

To understand the meaning of infinity in -this

case, we have only to consider the nature of

the problem in a common sense point of

view. If m is not quite equal to n, but a

little smaller, then will t be very great, and

the value of t will increase as the difference

n — m is diminished ; and, finally, it is plain

that t is greater than any assignable number,

or, according to the definition of the term, is

infinite. In fact, it is plain, that if the cou-

riers are separated by a distance n miles, and
travel both at the same rate, as the supposi-

tion indicates, they can never be together,

and this is the interpretation put upon the

result / = cv>, an interpretation entirely con-

sistent with the nature of the case. Of this

nature are all of the cases in which infinity

appears in algebraic results.

In Geometry, if we inscribe a regular poly-

gon in a circle, and then bisect each arc sub-

tended by a side of the polygon, and join the

points of bisection with the vertices of the

adjacent angles, a new polygon, regular and
inscribed, will be formed, having double the

number of sides. This polygon will coincide

more nearly with the circle than the pre-

ceding. If we again form a third regular

polygon, in like manner, having double the

number of sides that the second has, it will

coincide still more nearly with the circle, and
so on. If wc conceive this process of bi-

section and formation of polygons, each hav-

ing double the number of sides of the pre-

ceding one, to be continued, the varying poly-

gon will continue to approach the circle in

area, but it is evident that no polygon having

a finite number of sides, can ever be exactly

equal to the circle, though a polygon can

always be found which will differ from the

circle by less than any assignable quantity.

The circle is the limit towards which the

varying polygon approaches as the number
of sides increases ; hence, we say with pro-

priety that ' the circle is a regular polygon,

having an infinite number of sides. In like

manner, every curve may be regarded as a

polygon, obeying a certain law, and having

an infinite number of sides. The sphere, the

cone, and the cylinder, are polyhedrons, obey-

ing certain laws, and having an infinite num-
ber of faces.

In Trigonometry, the tangent of an arc is

the portion of the tangent drawn at one ex-

tremity of the .arc, and limited by the pro-

longation of the radius through the other

extremity. If the arc be increased from 0"

towards 90°, the length of the tangent will

increase, and as the arc approaches 90°, the

prolonged radius becomes more nearly paral-

lel to the tangent ; and, finally, at 90° it be-

comes absolutely parallel to it, and the length

of the tangent becomes greater than any as-

signable line. Hence, we say that the tan-

gent of 90° is infinite; in like manner, the

tangent of 270° is — co, the secant of 90° is

+ ro, that of 270° is — co, and so on.

In Analysis, the equation of the common
hyperbola, referred to the diagonals of the

rectangle on the axes, is

xy = m,

in which x and y are the co-ordinates of every

point, andm is constant. In this equation, as x

diminishes, y increases, and when x becomes

less than any assignable quantity, y becomes

greater than any assignable quantity, or in-

finite. In like manner, for all similar cases

in analytical geometry. The interpretation

of the case just considered is that for an ab-

scissa 0, there is no ordinate whose length

can be expressed in finite terms.

In all the cases considered, which have

been purposely selected from the different

branches of mathematics, we have seen that

infinity denotes a limit of a varying magni-

tude or quantity, and that it admits of an in-

terpretation entirely in accordance with the
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established principles of reason, and of ma-

thematical deduction. In this point of view,

the consideration and interpretation of in-

finite results, presents no greater difficulties

than arise from the consideration and inter-

pretation of any other results.

We come next to show that two infinite

quantities are not necessarily, nor, indeed,

are they generally, equal to each other. To
illustrate this principle, let us consider the

case of a plane angle, which is defined to be,

thai portion of a. plane lying between two

straight lines, meeting at a common point.

The lines meet at a point, and are limited in

that direction, but extend indefinitely in the

direction of the angle. From these consi-

derations, it is evident that the area of that

portion of the plane which constitutes the

angle, is infinite. It is the limit of the sec-

tor of a circle, having its centre at the vertex,

when the radius becomes infinite.

Now, as the angle increases, the area be-

ing infinite, is continually increased by an

infinite quantity, till when the angle becomes

twice its original magnitude, the infinity ob-

tained is twice that obtained in the first case.

If two equal angles be compared, we have

the case of two equal infinite quantities,

equal because one may be so placed upon the

other as to coincide with it throughout its whole

extent. If two unequal angles be compared,

we have the case of two unequal but infinite

quantities, which must have the same rela-

tion to each other as the angles themselves.

"We see, also, from this discussion, that in

certain cases, infinities may be compared,

measured, or computed, in the same manner

as finite quantities.

It follows also, that one infinite quantity

may be infinitely small with respect to an-

other. To make this more clear, let us take

the identical and continued equation

1 x x' x3

Z = Zi = Zi = Zi' &c.,&c.

In which x is supposed to be less than any

assignable quantity ; then from the definition,

- is infinite, that is, the quantity I is infinitely

great in comparison with the quantity X;

hence, -y is infinite,. or x* is infinitely small

in comparison with x ; also, a;
3

is infinitely

small in comparison with x2 and so on ; x is

infinitely small compared with 1, and is called

an infinitely small quantity of the first order

;

x' is an infinitely small quantity of the second

order; xs
, a:

4
, &c, x" are infinitely small

quantities of the third, fourth, &c. nth orders.

The order of an infinitely small quantity is

determined by the number of infinitely small

factors of the first order which it contains.

The last principle finds an application in the

processes of the Differential and Integral Cal-

culus.

IN-FIN-I-TES'I-MAL. An infinitely small

quantity. Infinitesimals are of different orders.

No quantity is great or small except in com-

parison with some other quantity. An infi-

nitely small quantity of the first order is one

that is infinitely small with respect to a finite

quantity, that is, so small that it may be con-

tained in it an infinite number of times. An
infinitely small quantity of the second order

is one that is infinitely small with respect to

an infinitely small quantity of the first order.

In general, an infinitely small quantity of the

«,h order is one which is infinitely small with

respect to an infinitely small quantity of the

(n— l)
lh order. When several quantities,

either finite or infinitesimal, are connected

together by the signs plus or minus, all ex-

cept those of the lowest order may be neglect-

ed without affecting the value of the expres-

sion. Thus,

a' + dx + dxs = a,

also,

dx + dx' + dxs = dx,

dx being infinitely small with respect to a ;

dx' infinitely small with respect to dx, &c.

IN-FLEX'ION. A point at which a curve

ceases to be concave and becomes convex, or

the reverse, with respect to a straight line not

/

passing through the point. The point S is a

point of inflexion. If we take a system of
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co-ordinates, such that the axis of X shall

not pass through a point of inflexion, we shall

have one of the following cases.

1. If, just before reaching the point of in-

flexion, the curve is convex with respect to the

axis of X, and the ordinate of any point and

the second differential co-efficient of the ordi-

nate, taken at the same point, have the same

sign ; then just after passing the point of in-

flexion the curve will be concave, with respect

to the axis of X, and the ordinate and second

differential co-efficient will have contrary

signs. Now, since the sign of the ordinate

has not changed, that of the second differen-

tial co-efficient must have changed.

2. If, just before reaching the point of in-

flexion, tlie ordinate and second differential

co-efficient have contrary signs, then just after

passing it, they have the same signs ; hence,

in this case, the second differential co-efficient

of the ordinate must have changed its sign in

passing the point of inflexion. Now, a

quantity can only change sign By reducing

to or ro. Hence, we have the following

rule for finding all of the points of inflexion

of any given line :

Differentiate the equation of the curve

twice ; combine the resulting and given equa-

tions and find the value of the second differ-

ential co-efficient of the ordinate of the curve

in terms of x
;
place this equal to and ro,

and deduce the roots of the resulting equa-

tions ; these will include all of the values of

x that can possibly belong to points of inflex-

ion. Substitute each value of x, increased

and diminished by an infinitely small quantity

,

for * in the expression for the second differ-

ential co-efficient, and see if they give con-

trary signs ; if so, the value of x belongs to

a point of inflexion, and this point may be

found by substituting this value in the equa-

tion of the curve, and deducing therefrom the

corresponding value of y.

The radius of curvature may be or ro at

a point of inflexion, but it can never be finite.

IN-SCRIBED' LINE. [L. from in, and

scribo, to write]. A straight line is said to

be inscribed in a circle when its two extrem-

ities lie in the circumference of the circle.

Thus, AB is inscribed in the circle ABCD.
An angle is inscribed in a circle when its

vertex lies in the circumference, and when

its sides form chords of the circle. The
angles ABC, ABO.'&c, are inscribed angles.

B

3J~ D
A polygon is inscribed in a circle when all

of the vertices of its angles lie in the circum-

ference. Thus, the polygons AEC, ACD,
ABCOD, are inscribed in the circle ABCD.
In like manner, we say that a line, angle, or

polygon, is inscribed in an ellipse or other

plane curve. A polyhedron is inscribed in a

sphere or other curved surface, when its ver-

tices are all contained in the surface.

IN-SCMP'TI-BLE. A polygon is said to

be inscriptible when it can be inscribed in a

circle, or when the circumference of a circle

can be passed through all its vertices. All

regular polygons are inscriptible. A quadri-

lateral is inscriptible when the sum of any

two opposite angles is equal to 180°.

A polyhedron is inscriptible when the sur-

face of a sphere can be passed through all of

its vertices.

A circle is inscribed in a triangle or other

polygon, when it is tangent to every side of

the polygon. A sphere is inscribed in a

polyhedron when it is tangent to every face

of the polyhedron.

A circle can always be inscribed in any

triangle. A circle can always be inscribed »

in a quadrilateral, when the sum of two oppo-

site sides is equal to the sum of the other two

opposite sides. Thus, in the quadrilateral
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AC, if the sum of the sides DC and AB is

equal to the sum of the sides DA and BC, then

can a circle be inscribed in it. The only paral-

lelograms in which a circle can be inscribed,

are the square, and the rhombus, or lozenge.

A circle can always be inscribed in a regular

polygon of any number of sides.

A sphere can be inscribed in any regular

polyhedron. A sphere can also be inscribed

in any triangular pyramid.

IN-SCR'ANCE. An agreement by which

an individual or a company agrees to exempt

the owners of certain property, as ships,

goods, houses. &c, from loss or hazard.

The agreement is generally in writing, and

the instrument is called a policy. The amount

paid by the owner of the property insured, as

a compensation for the risk assumed, is called

the premium. The premium is generally

computed at a certain rate per cent., which

varies according to the nature of the risk

taken. The amount of premium may be

found by the same rules as used in computing

simple interest.

In all cases, the first thing towards deter-

mining the rate, is to ascertain the probability

that the loss insured against will take place.

From the very nature of the case, this ele-

ment, as an isolated case, cannot be deter-

mined with any degree of accuracy. For ex-

ample, the loss of a ship at sea is contingent

upon hundreds of events, which cannot be

embraced in any mathematical formula, such

as storms, fires, hidden reefs, &c. The only

clue that can be had upon this subject, is the

record of past experience ; but this cannot

be of fixed value, on account of the continual

change that is going on in the method of

constructing^md navigating vessels. The aid

which science is daily affording, in devising

better models for vessels, in seeking for and

mapping down hidden dangers, and particu-

larly in systematizing the science of currents

and ocean storms, serves to render the records

of the past of less avail than they would

otherwise be. In the case of insurance

against fire, the exact appreciation of the

risk is quite as difficult as in marine insu-

rance. Here, too, the recorded experience of

the past is made a basis of calculation.

The thing aimed at. in all kinds of insur-

ance, is to reduce to an average value the

profits arising from speculations of the

same kind, however numerous they may be.

The result to the insured is the same, as

though each one contributed to a common
fund a certain sum, from which fund all

losses were to be paid. From the necessary

competition between rival companies, exces-

sive premiums are prevented, and the rates

are reduced nearly to their minimum.

The principle of mutual insurance consists

in each of the insured paying into a common
treasury a certain amount of money, and

executing an obligation to pay a certain

other amount, should the losses require such

payment.

A mercantile firm employing a great num-

ber of ships, or a large property-holder hav-

ing a great variety of buildings in different

localities, would be little benefited by insur-

ing ; since the amount of premiums that he

would have to pay, would soon be sufficient

to cover all probable losses. It is upon this

principle, that the United States Government

never insures any of the supplies that are

being continually transported from one part

of trie country to the other.

IN'TE-GER. A whole number as distin-

guished from a fraction ; that is, it is a num-

ber which contains the unit 1 an exact number

of times ; 2, 13,42, 25, 16, &c, are integers.

IN'TE-GRAL. In Arithmetic, it denotes

a whole number. In Calculus, an expression

which, being differentiated, will produce a

given differential. See Calculus.

Integral Calculus. See Calculus.

IN-TE-GRa'TION. The operation of find-

ing the integral of a given differential. See

Calculus.

1N-TER-CEPT'. [L. intercipio, to stopj.

To include between. When a curve cuts a

straight line in two points, the part of the

straight line lying between the two points, is

said to be intercepted between the two points.

And, in general, that part of a line lying be-

tween any two points, is said to be inter-

cepted between them.
/

IN'TER-EST. An allowance made for the

use of borrowed money. The money, on

which interest is to be paid, is called the prin-

cipal. The money paid is called the interest.

The principal and interest, taken together,

are called the amount. The ratio of the prin-
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cipal to the interest, per annum, is the rate,

or rate per cent.

Interest is either simple or compound.

Simple Interest is the interest upon the

principal, during the time of the loan.

Compound Interest is the interest, not

only upon the principal, but upon the interest

also, as it falls due.

Simple Interest.

Denote the principal by p, the rate by r,

the interest by i, the number of years by t,

and the amount by s ; then will the following

formulas be sufficient to solve every problem

(hat can arise in simple interest :

i=ptr (1). s =p(l+tr) (2).

s s — p
P = Y+Tr ---(3). t = -j^ (4).

s — p
r =-pT <5>-

l may be fractional, as, when the interest is

for 60 days,

__
60 _ 12

'
=

365 ~ 73-

If the rate is 4 per cent, then is r = .04 ; if

5 per cent, r = .05, and so on.

Compound Interest.

Assuming the same notation as in simple

interest, and supposing the interest to be

compounded annually.

At the end of one year, we shall have, from

formula (2),

* = p (1 +r).

This' sum now becomes a new principal,

and, from the same formula, at the end of two

years, we shall have

s=p(l +r)(l + r)=y(l + r)'.

This again becomes a new principal, and,

as before, at the end of the third year, we
have

s=p(l +r)2 (l +r)=p{l+r)' . . . (1)

;

and so on indefinitely : hence, the amount at

the end of t years is given by the formula

a=p(l + r)';

or, by taking the logarithms of both mem-
bers.

log s = logp + t log(l +r) (1),

a formula well adapted to computing inter-

est in a given case, or for computing tables

for practical use.

DICTIONARY AND [INT

From formula (1) we deduce the following

:

p=; 3 = «(l+r)
(l+ r)<

log p = log s — t log (1+ r) .

log s — log p
t =

log(\+r)

= (;)'-

•(2).

•(3)..

•(4).

As an example, let it be required to find

the number of years that it will take a sum

of money to double itself at the rate of 5 pel

cent per annum. In formula (3) we have

s = 2p, 1 + r = 1.05
;

hence,

_ log 2s — log * _ log 2 _ 0.301030

' ~~
log 1.05

—
log 1.05 ~ 0.211899

= 14.2067 nearly.

Hence it would double in 14£ years.

Here we have supposed that interest is

added to principal at the end of each year.

Were it added oftener, r would represent the

rate per cent for the period. For instance,

if it were added half yearly, and the rate pel

cent per annum were 6, then would r = .03

in the above formulas ; and in like manner for

any shorter interval. It is an advantage to

the lender to have the interest added to the

principal as often as possible. If it is added

semi-annually the annual interest will be

r'

M'- l+r +

instead of 1 + r, as it would be,were it added

annually ; hence in this case the advantage

r'

for one year would be -s- Were it added

quaterly, the annual interest would be

H)"
3rs rs r«

:1+r + "r + T6
+ 256'

+
16
+

256 ;

or an advantage of

3r»

8

and generally, were the interest added every

—th part of a year, the advantage would bo

expressed by

m-J . (m -l)(m-2)
2m r ^ 23ms ' 1" «c -

If r is very, small, all powers of it, greatei
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than the second, may be neglected, and the

m — 1
advantage would be —

r

r'
J

. If r = c*>, in

which case the interest is added continually,

the total interest for the year will be

r*

r + &c.1 +r + -

•2 + 1-2-3'1-2 ' 1-3-3 ' 1-2-3-4

The sum of this series is equal to the number
whose logarithm is .4342945. Let us take

the case in which r = .05, then will the

amount of one dollar for one year, under the

last hypothesis, be $1.05127, which exceeds

the nominal rate by $0.00127.

IN-TER-FA'CIAL. Included between two

plane faces. An interfacial angle of a poly-

hedron is a diedral angle included between

two faces of the polyhedron. All interfacial

angles of a regular polyhedron are equal to

each other.

IN-Te'RI-OR. [L. intra, within], lying

within. An interior angle of a polygon is

an angle included between two adjacent sides

and lying within the polygon. The term is

used in contradistinction to exterior, the ex-

terior angle being included between any side

and an adjacent one produced. See Angle.

IN-TER-Me'DI-ATE TERMS. [L. inter,

between, and medius, middle]. In a progres-

sion the first and last terms are called ex-

tremes, the remaining ones are called inter-

mediate terms or simply means.

IN-TERN'AL ANGLES. Same as inte-

rior angles. See Interior.

IN-TER-PO-La'TION. [L. interpolo, to

interpolate]. The operation of finding terms

between any two consecutive ones of a series

which shall conform to the law of the series.

In most cases the law of the series is not

given, but only numerical values of certain

terms of the series, taken at fixed and regu-

lar intervals. In this case we may approxi-

mate to the interpolated term by the formula

T = a +
n (n — 1)

^H j-^

—

dt

+ «i*-y*-*) , +&e . (1)1-2-3

Formula (1) expresses any term of a series

whose terms are computed for values of the

variable in arithmetical progression ; a de-

notes the term of the series preceding the

interpolated term, dlt ds , d3 , dt, &c, are the

first terms of the successive orders of differ-

ences, counting from the term a, and n denotes

the order of the interpolated term. To illus-

trate the process of interpolation, let us take

the equation y=f(x). Now, by assigning

values to x, and deducing corresponding val-

ues of y, we shall have sets of values of x and

y which may be regarded as the co-ordinates

of a plane curve that may be constructed.

Suppose OX and OY to be the axes of

co-ordinates, and db'c'd', &c, the curve ; let

IV, cc', dd', &c, be ordinates taken at equal

intervals, that is, so that

Oa = ab = be = cd, &c.

Now, ifthe curve were accurately constructed,

any ordinate gg' between W and cc', might

be found by drawing gg' parallel to OY and

measuring the length of it by means of a

scale of equal parts, but if the curve were

only approximately given, the value of gg
1

could only be approximately determined.

Now, if we have tabulated a series of

values of y for values of x in arithmetical

progression, we can by interpolation obtain,

to any degree of exactness, any intermediate

ordinate. In order to apply formula (1), to

find the value of gg
1

, we should make in it

bg
a = by, n = t~ '

be

and taking the tabulated values of bb', cc', dd',

&c, find the successive order of differences

to any required degree of accuracy, and make
dv dv d

3 , &c, equal to the first terms of the

successive orders of differences. Substitu-

ting these expressions, in formula (1), the

value of T will be the ordinate required, or

the interpolated term.

To illustrate, let it be required to find from

the tabulated values of the logarithms of the

numbers 12, 13, 14, and 15, the value of the

logarithm of 12$.
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Numbers 12 13 14 15

Log. 1.079181 1.113943 1.146128 1.176091

1" or. diffs. 0.034762 0.032185 0.029963

2d do. -0.002577 -0.002222

3d do. + 0.000355.

Counting from log 12, we have

a - 1.079181, n = *, <J, = 0.034762

, = - 0.002577 d3
— 0.000355.

Substituting these values in formula (1), and

neglecting all the terms after the fourth, as

inappreciable, we have

T = log. 12* = a + fa + fa +fgd3
+&c.

= 1.079181 + 0.017381 + 0.000322

+ 0.000022 = 1.096906.

Had it been required to find the logarithm of

12.39, we should have made n = 0.39, and

the process would have been the same as

above. In like manner we may interpolate

terms between the tabulated terms of any

mathematical table.

The method of interpolation is of exten-

sive use, not only in pure analysis and geom-
" etry, but also in various other subjects of

mathematical inquiry and computation, par-

ticularly in Astronomy. In this latter branch

of investigation it is the means of saving, in

many cases, immensely laborious computa-

tions. Thus, for example, in finding the

places of some of the planets whose motions

are not very rapid, it will be sufficiently accu

rate to compute their places for every fourth

or fifth day, and then by interpolation, to find

their places for intermediate days. Again, in

finding the moon's place for any particular

hour, supposing its place for every 3, 6, or 12

hours to be given, the method of interpolation

may be applied with great success, the results

differing inappreciably from those of actual

computation.

By this means, also, the place of a comet

at any particular time may be determined from

observations made previous and subsequent

to that precise period. In a word, Astronomy

has derived more assistance from this princi-

ple than from almost any other mathematical

device.

IN-TER-PRE-Ta'TION. [L. inlerpretatio,

explanation]. The process of explaining

results arrived at by the application of math-

ematical rules. When, for example, an alge-

braic definition is laid down, there is fre-

quently some restriction implied in making

the definition, so that the result to which it

leads presents more cases than can be ex-

plained by it, or even than was contemplated

by it. Thus the abbreviation of aa, a a a, into

a', a?, and the rules which spring from it, lead

to results of the form

a-7
, a°, ak, a—i, &c. ''

These results, until interpreted, are without

any intelligent algebraic meaning.

When such results arise, the province of

interpretation begins ; their meaning and

force are investigated and explained, and the

definitions heretofore too narrow, are extended

so as to cover these and other results.

The rule to be adopted in interpreting new

expressions obtained by applying known pro-

cesses, is to attribute to them such a meaning

as to make the whole of the process true by

which they were obtained. For example

:

the formula

X a? ;a"H-»

is perfectly intelligible so long as m and n are

whole numbers. Suppose it were required

to interpret the symbol a", that is, to give to

it such a meaning, that the above formula

shall be true in that case. Making m = 0,

the formula becomes

a" X a" = a°+» = a"

;

hence, a" = 1. Again, suppose it were

required to interpret the symbol a*. Make

m = * and n = *, and the formula becomes

ah X ab = ai+i = a,

Ya, for Ya x Ya-hence, ai

definition.

Besides the application of the principles

of interpretation to the explanation of new

symbols, another very important application

consists in making suppositions upon certain

arbitrary quantities which enter formulas, and

then comparing the results with known facts,

thus deducing new truths. As an example

of this method of interpretation let us take

the equation of the ellipse

a* y' + b' x* = a*b',

and suppose x > a, finding the value of y in

terms of x, we have

b

y = ±~ Ya'-x',

from which we see that for all values" of i
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greater than a, y is imaginary. Now an imagi-

nary result indicates an impossibility in the

assumption. Hence, we interpret the result

as indicating that no point of the ellipse can

lie at a greater distance from its conjugate

axis than the extremity of the transverse

axis.

In integrating the differential of a trans-

cendental function by an algebraic rule, a

result eo is reached, which is manifestly

absurd, since no function can be oo. We
interpret this as indicating that the rule fails

in the case considered.

IN-TER-SECT'. [L. from inter, between,

and seco, to cut]. To cut each other. Two
lines are said to intersect when they cross

each other, having a point in common. Two
surfaces intersect when they cut each other,

having a line, or lines, in common.

To find the point in which two lines, given

in a plane by their equations, intersect, com-

bine the equations of the lines and find the

values of the variables, these will be the co-

ordinates of the point of intersection. The

number of sets of real values found will indi-

cate the number of points of intersection.

To find the points of intersection of two

lines in space, combine the equations of their

projections upon the plane of XZ ; find the

values of 2 and set them aside ; combine the

equations of the projections of the lines upon

the plane YZ, and find the values of z, and

set them aside ; for each pair of real and

equal values of z found, there will be a point

of intersection, the co-ordinates of whichmay

be found by substituting this value of 2, for z

in the equations of the line, and finding the

corresponding values of x and y. In either

case, where there are no sets of real values

found for the variables, the lines do not in-

tersect.

To find the intersection of two surfaces

whose equations are given : combine the

equations and eliminate one of the variables ;

the resulting equation is that of the projec-

tion of the line of intersection on the plane

of the other two ; combine the equations

again, eliminating a second variable ; the

resulting equation is that of the projection of

the intersection nn the plain ofthe other two.

These equations, taken together, fix the posi-

tion of the line of intersection.

In Descriptive Geometry, the line of inter-

section of two surfaces is found by points,

as follows : Pass auxiliary surfaces inter-

secting both the given surfaces in lines, the

points in which these lines intersect, are

points of the line of intersection of the two

surfaces. Having found a sufficient number

of these points, draw a line through them,

and it will be the line of intersection re-

quired.

IN-Va'RI-A-BLE. Unchanging, constant.

Invariable Function. A function which

enters an equation, and which may vary

under certain circumstances, but which does

not vary under the conditions imposed by the

equation, is called the invariable of the equa-

tion.

In a, common differential equation which

holds true for all values of x and y, the only

invariables must be absolute constants ; but

in an equation of differences in which the

value of x only passes from one whole num-

ber to another, any function which does not

change value whilst x passes from one whole

number to another, may be an invariable.

For example, let it be required to find the

integral of the equation of finite differences,

Ay = x + 1,

in which the value of x only changes from

one whole number to another. From the

rule for integrating finite differences, we
have,

y = i (x- + x) + c,

in which c may have any value consistent

with the conditions of the question. Since

/ (cos Zttx) does not change its value, whilst

x passes from one whole number to another,

we may place it for c, giving,

y = i(x2 + x) +/(cos 2nx),

the required solution. In this case, /(cos 2mc)

is the invariable of the equation.

IN-VERSE'. [L. inverto, to turn about].

Two operations are inverse, when the one is

exactly contrary to the other, or when being

performed in succession upon a given quan-

tity, the result will be that quantity. Addi-

tion and subtraction are inverse operations,

for, if we add to u. the quantity b, and from

the sum subtract the quantity b, the result

will be a. Multiplication and division, raising

to powers and extracting roots, differentiation,

and integration, are all inverse operations.
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If two variable quantities are connected

together by an equation, either one is a func-

tion of the other. If it be agreed to call the

first a direct function of the second, then is

the second an inverse function of the first.

The forms of direct and inverse functions, as

dependent upon the connecting equation,

may be determined by solving the equation

with respect to each function separately.

Let z* — 2x be the form of a direct func-

tion, required that of its inverse. Assuming
the equation.

y = x' — 1x,

and solving it with respect to x, we find,

x = 1 + Vy +1, and x = 1 — Vy + 1.

The second members indicate that both

1 + Vx+ 1 and 1 - Vx + 1,

are inverse functions of x' — 2x. In this

case there are two inverse functions, in other

cases there may be more than two. If we
denote the form of any direct function of x

by the symbol
<f>,

and that of its inverse by

<f>— ', there may be two
f
cases ; 1st. When

both of the equations

f [ t 1 to ] = *> and ^[0(z)] =*,

are satisfied ; and 2d. When both are not

satisfied. When both are satisfied, the in-

verse is said to be convertible, when both are

not satisfied, it is said to be inconvertible.

Every function has one convertible inverse

and only one, the remaining ones being in-

convertible. In the preceding example,

1 + V x + 1 is the convertible inverse of

x' - 2i, for

1 + Y(t? - 2z) + 1 = 1 + (x - 1) = x,

also,

(i + VTTTy - 2 (i + vTTT) = x .

but 1 i— V x + 1 is an inconvertible inverse,

for,

1 - V{x2 - 2x) + 1 = 2 - x,

whilst as before,

(1 - Vx + 1)= - 2 (1 - Vx + 1) = x

There is, however, a function of a function

of x, of the given form, to which 1 — Yx + 1

is a convertible inverse, which is

(2 -xf- 2 (2-z) ; for, (2 -xf- 2 (2-z)= 22 - Hx,

also,

1-v'(2-i)2-2(2-i)+ 1 = l-(2-z-l)= x.

[I NY.

It may be shown that every function of i,

which has more than one inverse, is not only

a function of x, but the same function of

other functions of x, differing simply in form,

and the whole number of forms is exactly

equal to the number of inverse functions

;

furthermore, each inverse is the convertible

inverse of one of these forms, and of only one.

Having the convertible inverse of a given

function, to find the remaining inverses.

Solve the equation

*[/(*)] = (K*).

and let the forms found be

/to, /'(*)./'" to. &e.

Then, (fr
l (x) being the convertible inverse ol

<p (x), the remaining inverses are

/ [rl

to ]. /' [ tl

to ]>
/'" [0

J
to ]- <fc-

Thus, in the preceding example, <jr
l
(x)

being the convertible fnverse, the other is

2 - <ji-
1
(i).

There is a remarkable class of functions

each of which is its own inverse ; thus,

1 - 1, \, VI- x*. Now, if 0(x) = 0-'(i),

we have, f [^ (x) ] = x, a periodic function

of the second order, to which class those

mentioned evidently belong.

IN-VER'SION. [L. inverlo, toturn about].

The operation of changing the order of the

terms, so that the antecedent shall take the

place of the consequent and the reverse, in

both couplets. Thus, from the proportion,

a : b : : c : d,

we have, by inversion,

b : a : : d : c.

Inversion of Series. See Series.

IN-VERT'. [L. inverto, from in, and verto,

to turn]. To place in a contrary order. To

invert the terms of a fraction is to put the

numerator in place of the denominator, and

the reverse.

IN'VO-LUTE. [L. involutio, that which

is inwrapped, or infolded]. If a thread be

tightly wrapped about a given curve and then

unwrapped, being kept stretched, each point

of it will generate a curve, called an involute

of the given curve. The given curve with

respect to any of its involutes is called an

evolute. From the preceding definition, we

see that any given curve has an infinite num-

ber of involutes, and in order to fix the posi-

tion of any one of them, it is necessary to



I N Vj CYCLOPEDIA OF MATHEMATICAL SCIENCE. 321

know not only the cvolute, but also one point

of the involute.

To construct the involute of a given curve,

when one point of it is given. Wrap a thread

tightly about the evolute until it passes

through the given point and is tangent to

the evolute : fix a pencil at the point and

unwrap the thread, keeping it stretched ; the

point of the pencil will describe the required

involute.

To find the equation of the involute, under

the same conditions, let the equation of the

evolute be

/(<!,*?) = 0, (1),

assume the second and third equations of con-

dition for osculatory circles, which are

dx* + dy'

y-P = sr- ••(2)>

and

d*y

dy
« = -£<*-« (3).

Combining equations (1), (2), (3), and elimi-

nating a and /3, there will result a differen-

tial equation of the second order, which is

the differential equation of the whole class of

involutes. To find the equation of the partic-

ular involute, let the equation be integrated

twice, an8 the constants of integration be

determined in accordance with the conditions

of the problem ; the resulting equation is that

of the particular involute in question. This

problem is not of so much importance as its

converse, that is, the method of finding the

equation of the evolute corresponding to a

given involute. The terms involute and cvo

lute are correlative, neither having any signi

fication without reference to the other.

IN-VO-LtJ'TION. [L. involutio, that which

is unfolded]. In Arithmetic and Algebra,

the operation of finding any power of a given

quantity. It is the reverse of evolution, which

is the operation of finding a root of a given

quantity. The operation of involution may

be directly performed by continued multipli-

cation, but, it is often performed by means of

formulas, particularly by the binomial for-

mula.

IR-RA"TION-AL. [L. in, and rationalis,

from ratio]. Any quantity which cannot be

exactly expressed by an integral number, or

by a vulgar fraction ; thus, V~2 is an irra-

tional quantity, because we cannot write for

21

it either an integral number, or a vulgar frac-

tion ; we may, however, approximate to it as

closely as may be desired. In general, every

indicated root of an imperfect power of the

degree indicated, is irrational. Such quanti-

ties are often called surds. See Incommen-

surable.

IR-RE-Du'CI-fiLE. In Algebra, the irre-

ducible case of a cubic- equation in which

Cardan's rule fails to give the roots. This

case arises when all the roots are real. For

the method of treating the irreducible case,

see Cubic Equation.

i-SO-MET'RIC-AL PROJECTION [Gr.

taoc, equal, and /lerpov, measure]. A spe-

cies of orthographic projection, in which but

a single plane of projection is used. It is

called isometrical from the fact, that the pro-

jections of equal lines, parallel respectively

to three rectangular axes, are equal to each

other. This kind of projection is principally

used in delineating buildings or machinery,

in which the principal lines are parallel to

three rectangular axes, and the principal

planes are parallel to three rectangular planes

passing through the three axes.

If we conceive a cube to be placed so, that

its edges shall be parallel, respectively, to the

principal lines of the figure to be projected,

and then draw a diagonal of this cube, this

diagonal is called the axis of the projection,

and all the projecting lines of the points are

parallel to it. The plane of projection is

taken at right angles to the axis of the pro-

jection. The three edges of the cube, meet-

ing at the vertex through which the diagonal

is drawn, are projected into equal straight

lines, making angles of 120° with each other

;

the remaining edges are also projected into

equal and parallel lines.

Let A be the

vertex of the an-

gle through which

the axis of projec-

tion passes ; draw

AB, AC, and AD,
making angles of

120° with each

other, and lay off

the distances AB,

AC, AD, respectively equal to each other.

Draw CH parallel to AD ; DH parallel to
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AC ; draw DE, HA, CG, parallel and equal

to AB, and join BE, BG, GA, and EA : the

figure formed is the isometrical projection of

the cube. The cube which we have assumed,

is called the directing cube. The vertex A,

through which the axis of projection and the

plane of projection both pass, is called the

centre of projection, and the projections of the

indefinite edges of the directing cube, which

pass through A, are called directing lines of

the projection.

The planes passing through the edges of

the cube, which meet at the centre of projec-

tion, are called co-ordinate planes. One of

these planes is usually taken parallel to the

horizon, and is called the horizontal plane ; a

second is supposed to be in front of the point

of sight, or the point from which the projec-

tion is to be viewed, and is called the frontal

plane ; the other one, perpendipular to these,

is supposed to be to the left of the point of

sight, and is called the lateral plant.

If we construct a scale of equal parts upon

a line parallel to one of the edges of the

cube, and project the scale upon the projec-

tion of that edge of the cube, the projection,

thus obtained, is called the scale of the direct-

ing line. The scale of each directing line is

the same, and may be assumed at pleasure.

Points of objects to be represented by this

mode of projection, are given by means of

their distances from the co-ordinate planes,

and their projections may be constructed as

follows

Draw the directing lines AX, AY, AZ,

making angles of 120° with each other.

Lay off from A, on the directing line AY,

from the scale of the directing line, a distance

Ao, equal to the distance of the given poinv

from the frontal plane ; draw ab parallel to

AX, and make it equal to the distance of the

point from the lateral plane ; draw be parallel

to AZ, and make it equal to the distance of

the point from the horizontal plane ; then

will c be the projection of the point. In like

manner, any number of points may be con-

structed, and by joining these by suitable

linjss, the projection of the body may be con-

structed.

A circle, whose plane is parallel to either

co-ordinate plane, is projected into an ellipse,

having a pair of equal conjugate diameters

parallel to the directing lines of that plane.

Suppose, for example, that the plane of

the circle to be projected is parallel to the

frontal plane, and that the centre is 4 feet

above the horizontal plane, 8 feet to the right

of the lateral plane, 1 foot in front of the

frontal plane, and that the radius of the circle

is 2 feet

:

Construct the projection of the centre c, as

before described. Draw cd parallel to AX,

and make cd = ce = 2 feet, from the scale

of the directing line ; draw fcg parallel to AZ,

and make fc — eg = 2 feet, taken from the

same scale. Then, on ed and fg, as conju-

gate diameters, construct an ellipse, and it

will be the projection required.

In like manner, the projection of a circle

parallel to either of the co-ordinate planes

may be constructed.

The projections of all circles parallel to the

co-ordinate planes are similar ellipses. Prac-

tically, it is usual to draw those projections

by means of elliptical disks cut out of card

board of different sizes, to suit the different

radii of the circles to be projected.
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This species of projection is principally

employed in representing frames and machi-
nery

; and if the co-ordinate planes are pro-

perly selected, the principal lines of the ob-

jects to be represented will be projected par-

allel to the directing lines, and the principal

circles of the objects will be parallel to the

co-ordinate planes.

Further details of this method of projection

need not be given. By a judicious combina-

tion of the principles already laid down,
every possible figure may be constructed,

either accurately or approximately.

I-SO-PER-I-MET'RIC-AL. Relating to

figures having equal perimeters.

i-SO-PE-RIM'E-TRY. [Gr. 100c, equal,

itepi, around, and /lerpov, measure]. That

branch of Higher Geometry which treats of

the properties and relations of isoperimetrical

figures, viz. : of surfaces having equal per-

imeters, volumes bounded by equal sur-

faces, &c.

The simplest of the isoperimetrical prob-

lems is to find, amongst all the curvilineal

areas bounded by the equal perimeters, which

may be shown by elementary geometry to be

the circle.

In all isoperimetrical problems, there are

two conditions to be fulfilled : according to

the first of which, a certain properly is to re-

main constant, or to belong to all individuals

of the species ; and according to the second,

another property is to be the greatest or least

possible. In the problems of this class,

which were first considered, the first property

was the length of the perimeter of a curve,

and it was from this circumstance that the

term isoperimetrical was derived. More re-

cently, the principles used in the investigation

of these problems have been greatly extended,

and have given rise to a new branch of math-

ematical analysis, now known as the Calculus

of Variations. See Calculus of Variations.

i-SOS'CE-LiS. [Gr. laoaKeXnc; fromiffoc,

equal, and otceAoc, a

leg]. A triangle is

isosceles, when two of

its sides are equal.

Thus, in the trian-

gle ABC, if AB =BC,
the triangle is isosce-.

les. It is <* property

of an isosceles trian-

gle, that the angles opposite the equal sides are

equal, and this is true, whether the triangle

is plane or spherical. ABC is a spherical

isosceles triangle.

If, in a plane or spher-

ical isosceles tri- _A.

angle, a line be drawn

from the vertex formed

by the meeting of the

equal sides, to the mid-

dle point of the base, it

will be perpendicular to Bl 'C
the base ; and converse-

ly, if the line is perpendicular to the base, it

will bisect it, and also will bisect the angle at

the vertex. If the third side ' is equal to the

other two, the triangle becomes equilateral:

hence, an equilateral triangle is a particular

case of the isosceles triangle.

K. The eleventh letter of the English

alphabet. ' Asa numeral, K has been used

to denote 250 ; with a dash over it, thus, K,
it stood for 250,000.

KiND. Genus, generic class. In technical

language, kind answers to genus. The term

is, however, loosely used for sort. We say

that a line or surface is given in kind when
the form of its equation is given, the con-

stants which enter it being arbitrary.

KNoWN QUANTITIES. Those whose

values are given or determined. They are

generally denoted -by the leading letters of

the alphabet, or by the final letters, with one

or more dashes.; as,

a, b, c, x', y", z"', &c.

L. The twelfth letfer of the English alpha

bet. As a numeral character, it stands for

50 ; with a dash over it, thus, L, it stands

for 50,000. It is used as a symbol for pounds

in the system of sterling currency. Generally,

the written symbol is crossed by a hori-

zontal mark ; thus, £.

LAND'-SURVEYING. See Surveying.

Land Measure. A collection of numbers,

constructed according to a varying scale, by

which we designate the quantity of land con-

tained in a small portion of the earth's sur-

face. The principal unit of this measure is

1 acre, which is divided into 4 equal parts,

each of which is called a rood, and each rood

is again divided into 40 equal parts, called
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perches. The acre contains 10 square chains;

that is, it is equivalent to a parallelogram'

whose hase is 10 chains = 660 feet, and

breadth = 1 chain = 66 feet.

LAN"GUAGE OF MATHEMATICS.
[From lengua, a tongue]. The symbols and

combinations of symbols, employed in mathe-

matical reasoning and in mathematical opera-

tions. Language is an instrument of thought,

and one of the principal helps in all mental

operations. Any imperfection in the instru-

ment, or in the mode of using it, will mate-

rially affect any result attained through its

aid. Every branch of science has, to a cer-

tain extent, its own appropriate language

;

this is particularly the case with mathematics.

The language of mathematics is mixed.

Although made up mainly of symbols which

are denned with reference to the uses which

are made of them, and which, therefore, have

a precise signification, it also is composed in

part of words transferred from ordinary lan-

guage The symbols, though arbitrary signs,

are nevertheless entirely general as signs and

instruments of thought, and when their mean-

ing is once fixed by definition, or by inter-

pretation, they always retain that meaning

under the same circumstances throughout

the entire analysis. The meaning of the

words borrowed from the common vocabulary,

are often modified, and sometimes totally

changed when transferred to the language of

science. They are then used in a particular

sense, and are said to have a technical signi-

fication.

The great power and universality of the

mathematical language depends upon its con-

ciseness, its generality, and the definite na-

ture of the terms employed. By it, all quan-

tities, whether abstract or concrete, are pre-

sented to the mind by arbitrary symbols.

These representatives of quantity are rea-

soned upon and operated upon by means of

another set of symbols called signs ; and the

signs and letters,' with the words borrowed

from the ordinary language, make up, as we
have stated above, the language of pure ma-
thematics. By means of this language, we
are able to state the most general proposition,

and present to the mind, in their proper order,

every elementary principle employed in its

demonstration. By its generality, it reaches

over the whole field of the pure and mixed

sciences, and presents in condensed forms,all

the conditions and relations necessary to the

development of particular facts and general

truths. Each branch of mathematics has its

own particular language, and it is from thii

fact that the different branches present such

widely divergent methods, though the reason-

ing process is the same in all. See Notation,

Symbols, &c.

LAT'ER-AL. [L. lateralis, from, latus, a

side]. Appertaining to the side. The lateral

faces of a pyramid are those which meet at

the vertex : the lateral faces of a prism are

those which have a side lying in the peri-

meter of each base.

The term lateral equation was formerly

used instead of the more common appella-

tion, equation of the first degree.

LAT'I-TUDE. [L. latitudo, breadth]. The

latitude of a place on the surface of the earth,

is its angular distance from the equator, mea-

sured on the meridian of the place. Lati-

tude is north or south, according as the place

is north or south of the equator. Circles

whose planes are parallel to that of the equa-

tor, are called circles of latitude, or parallels

of latitude, because the latitude of every point

of each circle is the same. The latitude of

a place is always equal to the inclination of

the axis of the earth to the horizon of the

place, and conversely. See Geocentric and

Geographic.

Latitude in Surveyins. The distance be-

tween two east and west lines drawn through

the two extremities of a course. If the

course is run towards the north, the latitude

is called, northing, if towards the south, it is

called southing.

The latitude of any course may be com-

puted from the following formula,

L = D X cos a,

in which L denotes the latitude, D the length

of the course, and a the bearing in degrees.

In Navigation, the term difference of lati-

tude of two points, is the arc of any meridian

intercepted between the parallels of latitude

through the points, expressed in degrees.

When the two latitudes are of the same

name, the algebraic difference is the same as

the arithmetical difference of the latitudes

;

when they are of different names, the alge-
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braio difference is the arithmetical sum, the

southern latitude be'ing regarded as negative.

Middle Latitude. In Navigation, the

mean of two latitudes found by taking half

of their algebraic sum.

La'TUS RECTUM, of a conic section.

The same as the parameter. It is a straight

line drawn through either focus perpendicular

to the transverse axis, and limited by its in-

tersection with the curve. See Parameter.

LAW. An order of sequence. In Mathe-
matics, the term law is oftentimes used as

nearly synonymous with rule ; there is this

distinction, however, the term law is more
general than the term rule. The law of a

series is the order of succession of the terms,

and explains the relation between each and

the preceding ones. A rule, assuming the

facts expressed by the law, lays down the

necessary directions for finding each term of

the series.

The laws of series are expressed in the

general formula,

T _i- j i

"("- 1
) J

J. = a + nd, H a,
1.2

,

«(«-»)(» -8) , , .

1.2.3
a

In which T denotes any term, the nlh
, esti-

mating from a given one, a denotes the given

term, and d^, da , da , &e., the first terms of

the successive orders of differences.

The mathematical law of a phenomena is

nothing more than the expression, by means

of mathematical language; of the invariable

order of sequence, or of relation between the

quantities considered.

LeAD'ING LETTER of an expression or

series. The letter with reference to which its

terms are arranged.

LEE'WaY. The distance made by a ship

at right angles to the course steered, in con-

sequence of imperfect sailing, currents, &c.

See Navigation.

The leeway, expressed angularly, is the

angle made by the keel of the ship, and the

course actually described through the water.

LEG of a. triangle. The same as side.

We generally understand, by the term leg,

one of the sides about the right angle of a

right angled triangle.

Leg of an hyperbola. The same as branch.

Hyperbolic legs are branches of a curve which
.partake of the nature of an hyperbola in hav-

ing an asymptote.

LEM'MA. [Gr. hri/i/ia, from, /Uz/i/3avw, to

receive]. An auxiliary proposition, demon-

strated on account of its immediate applica-

tion to some other proposition. The conclu-

sion of the lemma becomes requisite to the

demonstration of the main proposition, and

rather than encumber that proposition, a

separate demonstration is introduced. The
idea of a lemma is, that it is introduced out

of its natural place, and this serves to distin-

guish it from ordinary propositions which,

entering in their proper places, are of more
or less use in demonstrating subsequent ones.

The 11th, 12th, and 13th propositions of

Davies' Legendre,-Book VIII, are Lemmas.

LEM-NIS'CATA. [L. lemniscus-]. The
lemniscata is the locus of the points in which

the tangent to the hy-

perbola intersects the

perpendicular let fall

upon it from the centre.

If the equation of the

hyperbola is

y' — X* = a',

that of the lemniscata, referred to the same

axes, is

(a? + y'f = a%y' - a:
3
),

and its polar equation,

rs = a2 cos 2s.

If the equation of the hyperbola is

ay - Px* = - a'b',

that of the lemniscata i

(x' + y'f = a'x' - iy

.

The general equation of curves of this kind, is

y
2 = mx\a' — x").

LENGTH. One of the three attributes of

extension. Length generally implies exten-

sion in a horizontal direction, and generally

is the greatest horizontal dimension of a

body.

LESS. The comparative of little. One

quantity is less than another when the latter

exceeds the former in measure.

LEVEL. A surface is said to be level

when it is concentric with the surface of the

sea, or the surface which the ocean would have

were the surface of the globe entirely covered
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with water. For small areas, that is, for an

extent of a few miles, we may regard a level

surface as that of a sphere which is oscilla-

tory to the ellipsoidal surface of the earth.

The level surface which we have considered,

is one of true level ; a surface of apparent

level, at any point, is a plane drawn tangent

to the surface of true level at the point. For

ordinary surveying, it is sufficiently accurate

to consider the surface of the earth as sphe-

rical ; in this case, a surface of apparent level

is a horizontal plane at the point.

A line of true level is any line of a sur-

face of true level. A line of apparent level

is any line of a surface of apparent level.

The instruments employed for leveling, indi-

cate lines of apparent level, and have to be

reduced to lines of true level by certain

corrections called corrections for curvature.

LEVEL. An instrument employed in level-

ing. There are several kinds of levels, more
or less used ; some of the most important of

which we shall proceed to describe. Levels

are constructed on three different principles.

1st. The line of apparent level is deter-

mined by means of a plumb line.

2d. It is determined by means of the sur-

face of a fluid in equilibrium ; and

3d. It is determined by means of an opti-

cal property of reflected rays of light.

1. Levels in which the plumb line forms an
essential part. These are those generally

used by bricklayers, carpenters, &c. They
are constructed on many different plans, but

the general arrangement is as follows

:

41 ®* >
A frame or board is prepared, having one edge

AB perfectly straight, and a line CD drawn
on the board or frame exactly at right angles

to the straight edge ; and at some point C
of this line a string is attached, carrying a

plummet D ; when the frame is so placed

that the plumb line, hanging freely, coincides

with the straight line drawn on the frame,

the line AB will be horizontal, and by its

direction will point out a line of apparent
level. This instrument is of little use in

field leveling.

2. Levels which depend upon the surface of

a fluid in equilibrium. T/nese are of various

kinds. The most important is the Y level.

This instrument consists, essentially, of a

telescope mounted in supports, which, from

their shape, are called Y's or wyes ; to the

telescope is attached a delicate spirit level

;

the Y's are attached to a bar or limb, which

is connected with a supporting tripod by

means of a ball and socket joint, so arranged

that the instrument can be leveled by the aid

of leveling screws. The telescope bears an

internal diaphram, with cross hairs and

antagonistic screws, by means of which their

intersection may be brought into the axis of

the telescope. The attached level has two

sets of adjusting screws, by means of which

its axis may be rendered parallel to that of

the telescope. The Y's have also an arrange-

ment of adjusting screws, by means of which

the axes of the telescope and level may bo

made perpendicular to the axis of the limb.

The axis of the instrument is the line that,

remains fast when the instrument is turned

round horizontally. The axis of the teles-

cope is the line that remains fast when the

telescope is revolved in the Y's.

Before using the Y level it must be ad-

justed, that is, all its parts must be brought

to their proper relative positions. There are

three adjustments.

First adjustmsnt. To fa the intersection

of the cross hairs in the axis of the telescope.

Turn the telescope on its axis till one of the

hairs is horizontal, and direct it to some fixed

and well defined object ; then turn it in the

Y's, through 180°, till the same hair is again

horizontal, and see if it remains upon the

object ; if it does, that hair is adjusted ; if

not, move it through half of the displace-

ment by means of two of the antagonistic

adjusting screws. Then repeat the operation

and continue approximating till the hair

remains in both positions upon the fixed

objects. Next turn the telescope about its

axis 90", making the other hair horizontal,

and then adjust it in the same manner as

the first. If both have been properly ad-

justed, the intersection of the cross hairs will

remain upon the same point during an entire

revolution of the telescope in the Y's, in

which case the first adjustment is complete.

Second Adjustment. To make the axis
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of the level parallel to the axis of the telescope

This adjustment consists of two parts. First,

bring the level over two of the leveling

screws, and by means of them bring the bub-

ble to the middle of the tube ; then take the

telescope from the Y's and reverse it, that is,

change it end for end, and see if the bubble

still remains in the middle of the tube ; if it

does, this part of the adjustment is complete
;

if not, raise the depressed, or depress the

elevated end of the level half way, by means
of the proper adjusting screw, and repeat

the operation till by continual approximation

the bubble is brought so as to remain in the

middle of the tube in either position of the

telescope.

Second. Turn the telescope in the Y's, and

watch the bubble ; if it remains in the mid-

dle of the tube, the second part of the adjust-

ment is complete ; if not, make the correc-

tion by means of the lateral adjusting screw.

When the bubble remains in the middle of

the tube, the telescope being revolved in the

Y's, the second adjustment is complete.

Third Adjustment. To make the axis of

the telescope perpendicular to the axis of the

instrument. Bring the bar or limb over two

of the leveling screws, and by turning them,

bring" the bubble to the middle of the tube
;

revolve the telescope about the axis of the

instrument 180°, and observe whether the

bubble remains in the middle ; if so, the

adjustment is complete ; if not, make half the

correction with antagonistic screws, which

connect the Y's with the limb. Repeat the

examination, continuing the approximation

till the bubble remains exactly in the middle

in both positions of the instrument ; the

adjustment ofthe instrument is then complete.

The adjustments should be examined from

time to time, as they are liable to become

deranged from a variety of causes.

Troughton's improved Level.

This instrument is constructed on the same

general principle as the Y level already

described. The telescope rests on a horizon-

tal bar, which turns about an axis at right

angles to its length in the same manner as

the Y level. On the top of the telescope,

and partly imbedded within its tube is a spirit

level, over which is supported a compass box

standing on four pillars. The bubble is long

enough so that each end may be seen beyond
]

the compass-box. The telescope is achro-

matic and inverting, and being placed nearer

the horizontal bar, it is much firmer than the

telescope in the Y level.

The adjustments are essentially the same
as in the Y level ; there are but two of them.

The line of collimation, or axis of the teles-

cope, and the axis of the level, must be made
parallel to each other, and both must be made
perpendicular to the axis of the instrument.

The adjustment of the level is effected by
means of capstan screws, which attach the

telescope to the horizontal bar. The spirit

level being firmly attached to the telescope

by the maker, the line of collimation must be

adjusted to it, which can be done by two
screws near the eye end of the telescope.

To adjust the line of collimation, set up
the instrument on a level piece of ground,

level the telescope by the parallel plate screws,

and direct it to a staff held by an assistant at

from ten to twenty chains distance ; let the

vane of the staff be run up till its central line

coincides with the horizontal cross hair of the

telescope, and measure the height above the

ground ; now measure the height of the tel-

escope above the ground, and from these

heights find the difference of level between

the two points. Let the instrument and staff

change places, and the difference of level be

determined, as before. If these differences

of level are the same, the adjustment is com-

plete ; if not, take half the difference between

the results and elevate or depress the cross

wires that quantity, according as the last

result gives a greater or less difference than

the first. Again, direct the telescope to the

staff, and make the coincidence of the hori-

zontal wire and the central line of the bar by

turning the collimation screws.

A sheet of water furnishes an easy mode
of adjusting the line of collimation. A mark

being fixed at some convenient distance at

exactly the same height above the water that

the instrument is, (allowing for curvature),

the cross wires are made to intersect at that

point.

The telescope is generally provided with

two vertical wires, and one horizontal one.

Some instruments have also a finely divided

micrometer scale for reading off any portion

of the rod that may be intercepted between

the horizontal wire and the upper or lower
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division. Such a scale may be used for deter-

mining the distances of the leveling staves

from the instrument. This requires a table

prepared by a series of successive observa-

tions with the instrument.

Gravatt's level.

The advantages claimed for this level are,

that it possesses the power of a larger instru-

ment without being of inconvenient length.

It has a telescope having a diaphram and

cross hairs, as in the Y level. The internal

tube which carries the eye piece, is nearly

equal in length to the external tube. The

internal tube is drawn in or thrust out by a

rack and pinion turned by a milled head

screw. The spirit level is placed above the

Water Level. q
The Water Level is an instrument P

that possesses the advantage of never |]
requiring adjustment, and also of a !

being very cheap, in fact, any ordinary

workman can construct one. Having

no telescope, it is impossible to take

long sights, but for such work as is

required to be done by an ordinary

surveyor, it gives very good results

brass or tin cups an inch in diameter, and

four in height, are soldered to a hollow tube,

three feet long and half an inch in diameter.

The cups are for the purpose of receiving

the ends, E and F, of two vials, the bottoms

of which have been cut off and fixed in the

tubes with putty ; the projecting axis works

in a hollow cylinder which forms the top of

a stand. The tube, when the instrument is

required for use, is filled with water (colored

with lake or indigo), till it nearly reaches the

necks of the bottles. After placing the stand

tolerably level by the eye, withdraw both

c*rks. and the surface of the water in the

bottles will indicate a horizontal line in

whatever direction the tube is turned. This

level is well adapted to tracing contour

lines.

3. Levels which depend upon the reflection

of light.

The reflecting level consists of a small

piece of looking glass set in a metal frame,

and suspended from « point so adjusted that

the plane of the glass shall always be vertical

It is evident, that when we see the reflection

of our own eye in the mirror, that the line

Two

telescope, being attached to two bands which

embrace it ; two capstan screws serve to

adjust the axis of the level so that it shall be

parallel with the axis of the telescope
; a

small level, placed at right angles to the axil

of the telescope is used in setting up the

instrument. A mirror plate, on a hinge joint,

is used to reflect the image of one end of the

air bubble to the eye, so that the observer can

see, whilst reading the rod, that the instru-

ment retains its position. The parallel plateB

and screws are similar to those in theY level.

The adjustments of this instrument are simi-

lar to those of Troughton's improved level.

On account of its dumpy appearance it is

often called the Dumpy Level.

from the pupil to its reflect-

ed image must be perpen-

dicular to the plane of the

glass, and therefore to the

direction of gravity, or hori-

zontal. By shifting the in-

strument, we have the

means of tracing any num-

ber of horizontal lines.

The instrument may be

used for tracing contour

lines. Reflecting levels are

not very accurate in prac-

tice, though beautiful in

theory. The figure repre-

sents a level of this class.

LEV'EL-ING STAVES. Rods used to

determine the point in which a given horizon-

tal line intersects a vertical one, to show its

height above the surface of the ground. There

are several kinds.

1. One of the best consists of a staff of

hard wood capped with metal, from 12 to 15

feet in length, and graduated to feet, tenths,

and hundredths. A sliding vane is made to

move up and down by a cord and pulleys,

and on the vane is a vernier by means of
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which the reading of the staffmay be effected

to thousandths of a foot.

AB represents a portion of the' staff, DC
the movable vane, with an opening EF,
through which the graduation on the staff is

seen. F is the vernier of the vane, the

being determined by the transverse line DC.
To render this line more distinct, the vane is

divided into four quarters, and the alternate

ones are painted black ; by their contrast with

the white quarters the line DC is distinctly

shown.

2 A second variety of leveling staff is

formed of two pieces of hard wood, each about

six feet in length, one of which slides in a

groove of the other, and bears a vane similar

to that already described, except the opening.

The rod is graduated to feet, tenths, and hun-

dreths, and a vernier may be attached for

reading smaller divisions. The line of sight

of the telescope is directed to the vane, and

when it intersects the rod at less than six

feet from the ground the staff is reversed,

the vane run up the staff, and the readings

made by means of the reversed figures at the

right. When the line of sight intersects the

rod more than six feet from the ground, the

staff is used directly, and the reading is then

made at the top of the lower half, and the

figures indicating the height of the vane are

found on the sliding tongue of the rod.

3. Another variety of leveling rod is used,

where great accuracy is required, in which

the vanes are of metal. There are two vanes

on each rod facing in opposite directions, and

when possible, the vane used in one observa-

tion is not disturbed till the next one is

obtained. The vanes move on the staff by

means of a sliding clasp, which is connected

by an adjusting screw, with a spring clasp B,

somewhat lower down, which can, when
necessary, be firmly attached to the staff by

means of clamping screws. The adjusting

screw D, is finely cut so as to admit of deli-

Back. Front.

cate motions of the vane. "When the vane is

so high on the staff that the arm cannot

reach to manipulate it, a rod is used, having

a universal joint, and fitting the head of the

screw.

A triangular space c, is cut from each side

of the vane, so that the line joining the verti-

ces shall be perpendicular to the rod and pass

through the of the vernier. At the back

of these openings small mirrors are fixed,

turning upon hinges, so as to reflect light

towards the telescope at different angles of

incidence. In observing, the horizontal line

is seen sharp and well defined upon the faces

of the mirrors, and is made to bisect the oppo-

site angles of the openings, and thus to coin-

cide with the Oof the vernier. The rod is

graduated so that with the vernier, readings

may be_J;aken accurately to within a thou-

sandth of a foot, and approximately by the

eye to another place of decimals. The rod is

supported upon a tripod stand, having on its

top a strong brass plate

to which a horizontal

motion can be given

by means of screws

sss. The staff is passed

through an opening B
in this, and rests upon

a massive iron shoe A,

in which there is an opening to receive it,
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the vertical position is then given to the rod

by means of the screws sss.

4. There is a fourth -kind of leveling rod

which is coming into common use, and is

particularly used with the Gravatt level. This

rod has no vane, but the graduation is made

so distinct and clear that the observer can

take the reading of the rod, and thus avoid

errors of reading by an assistant. The tele-

scope used is achromatic and inverting, which

requires that the figures should be inverted

upon the rod. The staff rests upon an iron

shoe, within which it turns upon a point,

without being lifted from the ground.

LEV'EL-ING. The operation of finding

the difference of level between two points on

the surface of the earth, that is, the distance

between two level surfaces passed through

the two points. One point is said to be above

another point, in leveling, when it is farther

from some level surface taken as a surface of

reference, and the difference of the distances

of two points from a fixed level surface of

reference is the difference of level of the two

points. The operation of leveling is carried

on by means of a level and leveling rods.

The operation may be undertaken,

1st. For the purpose of determining the

difference of level between two points.

2d For the purpose of obtaining a section

or profile along a given route, as in the re-

connaissance for establishing a line of rail-

road, canal, or other work of internal im-

provement.

3d. In determining the contour lines in a

topographical survey. Before considering the

operations to be performed, we shall deduce a

formula for correcting the readings of the

rod.

B A. 33 D

Let AO be a section of a level surface re-

garded as spherical, by a plane through the

earth, C the centre of the earth, AD a line of

apparent level, lying in the plane of the sec-

tion considered, and CE a vertical line at O.

The instrument indicates at A the line of

[LEV

apparent level AD, and the distance OE is a

correction that must be subtracted from the

reading of the rod at 0, in order to reduce

the reading to what it would be if the ievel

had pointed out a line of true level. Now,
if we denote the correction at any point, as

by x, the diameter of the earth by d, and

the distance AO, which may be taken equal

to AE, by h, we shall have from Elementary

Geometry,

h' = x(d + x),

or, since x is so small with respect to d, that

it may be neglected in comparison with it,

we shall have,

h'
k* = dx, or,

(!)•

Now, since d remains constant, or sensibly

so, we see that the correction varies as tho

square of the horizontal distance from the

level to the rod.

If in formula (1) we make h equal to 1

chain, 2 chains, 3 chains, &c, and find the

corresponding values of x, and arrange them

in a table, the table formed will enable us to

make the corrections in any reading, when

we know the distance from the level to the

rod. When great accuracy is required, a

small correction has to be made for refrac-

tion.

TABLE.

—

Showing the Correction for Curva-

ture in thousandths of a foot for distance!

from 1 to 100 chains.

CHAINS.
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CHAINS.
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then be treated as we have explained. This

correction may be avoided, if, when we take

the level nearer one rod than the other, we
at the next station reverse it so that the level

shall be nearer the second than the first.

The remarks on correction for curvature, are

in general applicable to the other methods of

leveling yet to be described.

2. To level for section or profile*

The general method of proceeding is the

same as in the preceding case. The annexed

table shows the additional measurements that

have to be taken. When a plan, as well as

profile, is wanted, bearings from point to

point may be taken with a compass.
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order to represent the irregularities of the

surface on a plane, we conceive a succession

of planes to be passed at equal distances

from each other ; these secant planes cut,

from the surface of the ground, curves which
are called contour lines. Now, if these

contour lines be projected upon a horizontal

plane, the projection will show the form of

the surface ; where the slope is gentle the

projections will be distant from each other,

and where it is rapid they will be close to

each other. To a practiced eye such a delin-

eation conveys a perfect image of the surface.

The object of leveling is to determine the

contour lines. The following explanation will

show the general method of proceeding :

By means of a theodolite or transit, range

a line of stakes, A, B, C, &c, along one side

or through the middle of the ground to be

surveyed, at equal and convenient distances

apart, say 50 or 100 feet. Mark with a piece

of red chalk, on each stake, the letters A, B,

C, &c, in their order. At A range a line of

stakes perpendicular to AE, planting the

B

A



334 MATHEMATICAL DICTIONARY AND ,

FIELD NOTES.

[LET



E V] CYCLOPEDIA OF MATHEMATICAL SCIENCE. 335

Write in red ink on the plot the height of

each stake above E3) taken from the column
of total differences in the field book.

Let us suppose the level surfaces are taken

at distances of six feet apart. We may find

the points in which the contour lines in pro-

A
1
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cced to the second or upper station, and make

the same observations as soon as possible,

after the first set. At an interval of time

equal to that between the time of taking the

first and second set of observations, let a

third set be taken at the lower station. Re-

duce the height of the barometer's column,

as last observed, to what it would have been,

had it been of the same temperature as when

the first set of observations were taken, by

the formula

k" = h [1 +(T - V) x 0.0001];

in which h" denotes the required height, h

the observed height, T the height of the at-

tached thermometer at the first set of obser-

vations, and T' the height of the attached

thermometer at the third set of observations.

Take a mean of this, and the height of the

column at the first observation, as the height

of the barometer at the first station ; take

also a mean of the temperatures of the air at

the first station, and with the temperature of

the mercury, as first observed, let these be

considered as a set of observations made con-

temporaneously with the set at the second

station.

The difference of level between the two

stations may then be found by means of the

formula

x = 60345.51 [1 + .001111 (t + t' - 64)]

X

hg
\ h'

X
l+".0001(T-r) \

X

(1 + 0.002695 cos 2 f).

In which (p denotes the latitude of the place,

h the height of the barometer at the lower

station, h' that at the upper station, T the

temperature of the mercury at the lower sta-

tion, T' that at the upper station, t the tem-

perature of the air at the lower station, t' that

at the upper station. Make

4=Zog-(60345.51[l+ .001111(«-H'-64)]).

B= log tl + .0001 (T - T')].

C=Zog-[l + .002695 cos 2 0].

D=logh — (log K + B).

Then shall we have the equation

log x = A + C + log D ;

a formula from which the value of x may be

very easily computed by the aid of the follow-

ing tables

:

Table I.—Th
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Table II.

—

Attached Thermometer.

T-T
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Table of barometric heights corresponding to

different temperatures of boiling water.

Table II.

185
186

187
188

189

190
191

192

193
194
195
196
197
198

199

200
201
202
203
204
205
206
207
208
209
210
211

212

Tenths of a Degree Fahrenheit.

Inches.

17.048

.425

.808

18.198

.595

.999

19.410

.828

20.254

.688

21.129

.578

22.036

.502

.976

23.458

.948

24.446

.952

25.467
.991

26 524
27.066

.617

28.178

.749

29.330

29.921

Inches.

17.123
.502

.886

18.277

.676

19.081

.493

.913

20.341

.776

21.219

.669

22.129

.597

23.072

.556

24.047
.547

25.055

.572

26.097
.632

27.176
.729

28.292

.865

29.448

30.041

Inches

17.199

.578

.964

18.357

.756

19.163

.577

.998

20.427

.864

21.309

.761

22.222

.692

23.169

.654

24.147
.648

25.158

.677

26.204

.741

27.286

.841

28.406

.981

29.566

30.161

6

Inches.

17.274

.655

18.042

.436

.837

19.245

.661

20.083

.514

.952

21.398

.853

22.315

.786

23-265

.752

24.247

.750

25.261
.781

26.311

.849

27.397
.954

28.521

29.098

.685

30.281

8

Inches.

17.350

.731

18.120

.516

.918

19.328

.744

20.169

.601

21.041

.488

.944

22.409

.881

23.362

.850

24.346

.851

25.364
.886

26.417
957

27.507

28.066

635
29.214

.803

30.402

The following tables afford pretty good

approximate results. The barometric heights

from which Table I. is computed, are a little

greater than those given in the preceding

table, being generally those due to a boiling

point about .3 of- a degree Fahrenheit lower

than in the above table.

Table I.

Boiling



L I K] CYCLOPEDIA OF MATHEMATICAL SCIENCE. 339

extinct. This period has been denominat-

ed the probable life. The mean duration

of life is found from the tables of mor-

tality, which give out of a certain num-
ber born, the number living at each suc-

cessive birthday. If the absolute average law

of human life were given, and if f{x)dx re-

presented the chance of an individual aged

B, living precisely x moments of time, then

would ff{x) dx between the limits and the

longest term of life, represent the average

duration of life of persons aged n. The tables,

however, are so imperfect that it is useless to

attempt the accurate application of the formu-

la ; nothing more is necessary than «. very

rough approximation to its application.

The tables for mean duration of life are

constructed as follows. Let a denote the

number living at the age in question, of

whom b, c, d, &c, are left alive at the end of

the successive years. Then, a —> b die in the

first year, and as their deaths occur, scattered

through the year, they enjoy amongst them

•J (a
— J) years of life, whilst the b survivors

enjoy the whole year ; consequently, the a

persons enjoy in the first year of the calcula-

tion

b + i {a — b) = i (a + b) years
;

in like manner, they enjoy

i (b + c), i(c + d), &c. years ;

in the second, third, &c. years of the calcu-

lation. If these results be summed, and the

result divided by a, we shall have

l(a+2b+2c+2d+&c.) b+c+d-r&c.

a "

for the mean duration. Hence, to find the

mean duration, add together the pumbers left

at every age, greater than that given, divide

by the number alive at the given age, and to

the quotient add \, this will be the number

of years in the mean duration.

LIKE QUANTITIES. Same as similar

quantities. See Similar Quantities.

LIMB, of an instrument, the graduated

part. Any scale of equal parts, whether

straight or circular, is called the limb with

respect to a second scale of equal parts ap-

plied to it, for the purpose of reading to a

greateT degree of accuracy, than one of the

equal parts which is called a vernier.

In the theodolite there are two limbs. The
plane of the first is perpendicular to the axis

of the instrument, and consists of a complete

circle whose centre is in the axis, and whose

circumference is divided into a number of

equal parts, dependent upon the diameter of

the circle and the accuracy of the instrument

;

this is called the horizontal limb. The vertical

limb is generally a semi-circle whose plane is

perpendicular to. that of the horizontal limb,

and is graduated into equal parts, whose

number depends upon the diameter and the

accuracy of the instrument. In the leveling

rod, the graduation on the rod is often called

the limb, whilst that on the vane is called the

vernier.

LIM'IT. [L. limes, a limit; Fr. limiles].

A quantity towards which a varying quantity

may approach to within less than any assign-

able quantity, but which it cannot pass.

Thus, the quantity a" + 2ax* varies with x,

or it is a function of x, and approximates

towards a 2 in value,as a: is diminished, and

may, by giving a suitable value to x, be made

to differ from a' by less than any assignable

quantity. Hence, a? is, properly speaking, a

limit of the expression; which in this case

may be found by making x = 0.

If a regular polygon be inscribed in a circle,

and the number of sides be increased, the

area of the inscribed polygon approaches that

of the circle, and may be made to differ from

it by less than any assignable quantity ; finally,

when the number of sides becomes infinite,

we may regard the two areas as equal, but

no supposition can cause the area of the poly-

gon to exceed that of the circle. Hence, in

this case, the area may be regarded as the

limit of the area of inscribed regular polygons.

In like manner, the circumference of the

circle is the limit of the perimeter of all in-

scribed regular polygons.

The surface and volume of the cone and

cylinder are also limits of inscribed pyramids

and prisms, having regular bases.

In all such cases, any property which is

true for all states of the varying magnitude,

is true also at the limit.

This principle is of use in deducing many

useful properties of lines, surfaces, and solids.

In Analysis, the principle of limits is of ex-

tensive application, and is now made the basis
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of demonstration of the principles of the dif-

ferential calculus.

The differential co-efficient of a function of

one variable, being the limit of the ratio of an

increment given to the variable, to the corres-

ponding increment of the function, the whole

of the theoretical part of the differential cal-

culus reduces to the different processes of

finding the ratios of these simultaneous in-

crements, and from these, the ratio of their

limits.

In the theory of tangents, the principle of

limits is also of much value. We may define

a tangent, at any point of a curve, to be the

limit of all secants through the point. That

is, if any secant be drawn through a point of

the curve cutting it in some other point, and

then be revolved about the first point till the

second approaches it. and finally coincides

with it, at that instant the secant becomes a

tangent, or passes to its limit. If the revolu-

tion be continued, the line again becomes

secant, cutting the curve on the other side of

the assumed point.

A tangent, plane to the surface at any point,

is a limit of all secant planes through that

point. It may be conceived, as follows : Let

a plane be passed through a straight line,

tangent to a section of the surface at the

point ; it will, in general, be a secant plane.

Now, if this plane be revolved about this line

as an axis, till the section cut out reduces to

its limit, the plane becomes a tangent plane.

No single principle has been more fruitful in

results, both geometrical and analytical, than

that of limits.

Limit of the Roots of a Numerical Equa-

tion. A number greater or less than any

one of the roots of the equation. In this

sense, there must be , an infinite number of

limits, and the term limit departs from its true

meaning and becomes purely technical.

A Superior Limit of Positive Roots of

a numerical equation, is any number greater

than the greatest positive roots of the equa-

tion. The numerical value of the greatest

co-efficient, increased by 1, is always a supe-

rior limit, and of course al! greater numbers

are also superior limits. This limit, in gen-

eral, is unnecessarily great'; hence, we usually

seek what is called, the ordinary superior

limit. This is equal to 1, increased by that

root of the numerical value of the greatest

,

negative co-efficient;, whose index is the num-

ber of terms preceding the first negative

term. If the co-efficient of any term is 0,

that term must still be counted. The least

superior limit of positive roots, in whole num-

bers, may be found by the following rule

:

Write down the first member of the given

equation, the second member being 0, and

also its successive derived polynomials. Find

by trial, such a number as will make all

these polynomials, including the first member
of the given equation, positive ; then, if this

number diminished by 1 will make the first

member of the given equation negative, it is

the least superior limit of the positive roots.

This rule is easily applicable in most cases.

The inferior limit of positive roots is a

number, less than any positive root of the

equation. To find it, transform the equation

into another by substituting - for z, and by

any of the preceding methods, determine the

superior limit of positive roots of the result-

ing equation : the reciprocal of this limit is

the inferior limit required.

.The superior limit of the negative roots (nu-

merically considered), is a negative number

numerically greater than any of the negative

roots of the equation. To find it, transform

the given equation into another, by substitu-

ting — y for x ; then find by any of the pre-

ceding methods, the superior limit of positive

roots of the transformed equation, and this

taken with a contrary sign will be the limit

required.

The inferior limit of negative roots (numeri-

cally considered), is a negative number nu-

merically less than the least negative root.

To find it, transform the equation into another

by substituting for x. Find by any of

the preceding methods, the superior limit of

positive roots of the transformed equation

;

the reciprocal of this limit, taken with a con-

trary sign, is the limit required.

The superior limit of positive and negative

roots may be found very readily, by the aid

of Sturm's theorem. Having determined the

polynomials as directed by Sturm's rule, find

by trial, two numbers which will give the

same number of variations of sign, as + <M

and — co ; these will be superior limits of

positive and negative roots, numerically con-

sidered. The inferior limits may be found by
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transforming the given equation, by substitut-

ing - for x ; then finding the superior limits

as just explained and taking their reciprocals.

This method is at once the most complete and

satisfactory, and the one that will, in most

cases, be found most expeditious.

LIM'IT-ED. Bounded; we say that a

line is limited, when only a definite portion

of it is taken ; this portiqn is said to be lim-

ited by its extreme points. A limited surface

is a surface bounded by a fixed and definite

line, and a limited portion ofspace is a portion

bounded by a fixed and definite surface. In

these cases the limits are of onedegree inferior

to the magnitude limited ; that is, points limit

lines, lines limit surfaces, and surfaces limit

volumes.

LIM'IT-ING. Bounding; we speak of

the limiting points of lines, the limiting lines

of surfaces, and the limiting surfaces of vol-

umes. Analytically, we speak of limiting

values of expressions, which are nothing else

than the limits of those expressions.

LiNE. [L. tinea, a line. Gr. "kaiov, flax].

A magnitude which has length, but neither

breadth nor thickness. It possesses one, and

only one, attribute of extension. In Elemen-

tary Geometry, lines are classed as straight

and curved. A straight line is one which does

not change its direction between any two of

its points. A curved, line is one which changes

its direction at every one of its points. Such

a line is often called a curve. A broken line

is one made up of limited straight lines lying

in different directions.

In Descriptive Geometry, lines are regard-

ed as being generated by points, moving in

accordance with some mathematical law.

The moving point is called the generatrix of

the line, and the position which the genera-

trix takes immediately after leaving any given

point, is said to be consecutive with the given

point. In accordance with this view of the

subject, every line is regarded as made up of

rectilineal elements, each less thanany assign-

able line, or infinitely small. i

Lines, in Descriptive Geometry, are classed

as in Elementary Geometry, into straight

and curved lines. Curved lines are subdivid-

ed into two classes, curves of single, curvature

and curves of double curvature, according to

the method of generation.

A Curve of Single Curvature is one

which may be generated by a point moving

in such a manner that all its positions shall

lie in the same plane, as the circle, the conic

sections, &c.

A Curve op Double Curvature is one

which may be generated by a point moving

in such a manner that no more than three of

its consecutive positions shall lie in the same

plane, as a spiral, &c.

In either case, if any element of the curve

be prolonged in the direction of the motion of

the point, it is tangent to the curve at the

first of the two consecutive points through

which it passes. ~<*

Lines, in Analysis, are classed as algebraic

and transcendental.

An Algebraic Line, is one whose rectilin

eal equation may be expressed by the ordin-

ary operations of algebra, that is, by addition,

subtraction, multiplication, division, raising

to powers denoted by constant exponents and

extraction of roots indicated by constant in-

dices.

Transcendental Lines are those whose
rectilineal equations cannot be expressed by

the ordinary operations of algebra.

Algebraic lines are classed into orders, ac-

cording to the degree of their equations.

Lines whose equations are of the first degree,

constitute theirs* order, those whose equa-

tions are of the . second degree, the second,

order, and so on.

All algebraic lines of the first order are

straight lines ; all those of the second order

are conic sections. Transcendental lines are

sometimes classed according to the nature of

the transcendental quantity employed in ex-

pressing their rectilineal equations, as the

logarithmic curves, curve of sines, curve of tan-

gents, &c. As yet no systematic classifica-

tion of transcendental lines has been estab-

lished.

Lines of Shade and Shadow. The line

of shade on a body, ;s the line of contact of an

enveloping cylinder of rays with the surface

of the body.

The line of shadow, on a body, is the inter

section of the surface of the body by a cylin

der of rays which envelopes the body casting
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the shadow. The line of shadow may he re-

garded as the shadow cast by the line of shade.

The line of shade in a body separates the

shade from the illuminated part, and the line

of shadow separates the shadow from the il-

luminated part. The line of shade is always

a line of contact, the line of shadow is always

a line of intersection. We have supposed

the light to proceed from a point so far distant

that the rays may be regarded as parallel ; if

such is not the case, the term cone may be

substituted wherever the term cylinder is

used, and the preceding explanation will hold

true in that case. The cone of rays is a cone

enveloping both the luminous body and the

body casting the shadow.

Link of Measures. The line of meas-

ures of a circle, in spherical projections,

is the line of intersection of the primitive

plane with a plane passed through the axis

of the primitive circle and that of the given

circle. When the circle to be projected is

parallel to the primitive plane, any straight

line through the centre of the primitive circle

is a line of measures ; in all other cases there

is but one line of measures, and that is found

by drawing a straight line through the centre

of the primitive circle, perpendicular to the

trace of the plane of the circle to be projected

upon the primitive plane. The line of meas-

ures possesses this property, viz. : that one
of the axes of the projection of any circle

always lies in it. See Spherical Projections.

LIN'E-AR. [L. linearis, pertaining to a

line.] Appertaining to a line. Thus, we
speak of linear dimensions, &c.

A linear expression is one, whose terms
are all of the first degree. A linear equation

is an equation of the first degree. A linear

problem is one that can be solved by the use
of right lines only.

LINK. A unit of measure employed in

land surveying, equal to the hundredth part

of Gunter's chain. The chain being 66 feet

in length, the link must be 7.92 inches. A
square link is equal to

it Jtts of an acre.

See Chain.

LIT'ER-AL. [L. litera, a letter]. Ex-
pressed by means of letters. A literal equa-
tion is one in which some of the known
quantities are expressed by letters, as

ax + by = c.

It is so named to distinguish it from a numer-

ical equation in which all the known quanti-

ties are expressed by numbers. A literal

expression is one in which some of the quan-

tities entering it are expressed by letters. A
literal factor is a factor denoted by a letter, or

some power of a letter, as a, a', &c.

LI'TRE. A French measure of capacity,

in the decimal system. It is a cubic decime-

ter, or a cube each edge of which is 3.9371

English inches. It contains 61.028 cubic

inches ; four and a half litres make about an

English imperial gallon. The litre is there-

fore a little less than a quart, or more pre-

cisely, it is .22009687 gallon. '

Lo'CUS. [L. locus, a place]. The locus

of a point is the line generated by the
1

point

when moving according to some determinate

law.

The locus of a line is the surface generated

by a line moving according to some fixed

law. Thus, if a point moves in the same

plane in such a manner that the sum of its

distances from two fixed points of the plane

is constant, the locus of the point is an

ellipse. If a straight line move in such a

manner that it shall always pass through a

fixed point, and continually touch » fixed

curve, the locus of the line is a conic surface.

To find the equation of a locus we have

only to express the law of motion by means

of one or more indeterminate equations.

The geometrical analysis of the Greeks

depended much upon the investigation of

loci ; the following example will serve as an

illustration. Let it be required to find a tri-

angle whose base is equal to a given line,

whose area is equal to a given area, and

whose vertical angle is equal to a given angle.

Let AB be the given

base ; it is easy to con-

struct the line CD,

which is the locus of

all the vertices of tri-

angles having the given

area and the given base. Next upon the

line AB, as a chord, construct an arc of a

circle which shall contain the given angle.

If the parallel and arc intersect, the point of

intersection E will be the vertex of the re-

quired angle. In the case taken there are
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two such points, but the two triangles are
exactly equal in all respects.

It is to be observed, that no curve what-
ever is called the locus of a point, unless any
point whatever of the curve may be taken as

the point in question. Thus, if each of six

points should satisfy certain conditions, and
all lie upon the circumference of a given

circle, and if all other points of that circum-

ference should not satisfy the same conditions,

the circle could not, in the technical sense,

be called the locus of the six points.

LBG, and LOG-LINE. A contrivance

for determining the velocity of a ship in pass-

ing through the water. If at any moment a

piece of wood be thrown out of a ship, as

soon as it strikes the water it ceases to par-

take of the ship's motion, the ship goes on

and leaves it behind. If then, after a certain

interval, say half a minute, the distance from

the ship to the floating body be measured,

the velocity of the ship may be ascertained

This of course supposes that there are no

currents which bear the float along. When
such currents exist, the log only shows the

relative velocityof the ship with respect to

the surface water. Such is the principle of

the log and line.

In practice, the log is a flat piece of wood,

generally in the shape of a quadrant, loaded

with lead at one of its sides, to make it float

upright ; to this is attached a line about 150

fathoms in length, divided into equal parts by

pieces of twine twisted into it. These divi-

sions begin twenty or thirty yards from the

log, where a piece of red rag is usually fastened

in order to show the place readily. All the

line between the rag and the log is called the

stray line, and is omitted from the account.

When the log is thrown into the sea, which

is done from the lee quarter of the vessel, the

log-line, by the help of a reel on which it is

wound, is immediately veered out as fast as

the ship sails ; as soon as the red rag leaves

the reel, a half-minute glass is turned, and

when the sand is all run down, the reel is

stopped. Then, by measuring the quantity

of line run out, the distance sailed in half a

minute becomes known, and thence the dis-

tance per hour is readily ascertained.

The most usual way of dividing the line,

is into parts of 50 feet each, which will then

indicate very nearly the number of miles per

hour, by the number of knots run out in a
half-minute.

The line should often be remeasured, and
to prevent stretching and contracting in con-

sequence of hygrometric changes, it may be
soaked in a mixture of three parts of linseed

and one part of fish-oil. The log is generally

thrown every hour, and the rate recorded in

a book, called the log-book.

LOG'A-RITHM [Gr. loyoc, ratio, and
apiB/xoc, number]. The logarithm of a
number is the exponent of the power to

which it is necessary to raise a fixed -number,

called the base, to pronuce the given number.
If we suppose a to preserve a constant

value in the equation,

of = N. H
whilst N is made, in succession, equal to ev-

ery possible number, it is plain that r. will

undergo corresponding changes. The values

of x, corresponding to the different values of

N, are the logarithms of these values of IV.

In this case, a is the base of the system.

Any positive number, except 1, may be taken

as a base ; and if for that particular base, we
suppose the logarithms of all numbers to be
computed, they constitute what is called a

system, of logarithms. There may be an in-

finite number of systems, but two only are

used : the common, and the Naperian. In

the common system, the base is 10 ; in the

Naperian, it is 2.718281.

A table of logarithms is a table so arranged,

that, by means of it, the logarithms of all

numbers, within certain limits, may be found.

The logarithm of a number is composed of

two parts : an entire and a decimal part ; the

entire part is called the characteristic, the de-

cimal part is sometimes called the mantissa.

Thus, the common logarithm of 52 isl. 716003,

in which 1 is the characteristic, and .71G003

the mantissa.

Of the various tables of logarithms, the

common table presents the following advan-

tages : 1st, it is not necessary to write the

characteristic, it being always equal to 1 plus

the number of places of figures in the given

number ; 2d, the logarithms of decimals can

be as readily found from the tables as those

of whole numbers. The mantissa is the

same as though the decimal were a whole

number ; the characteristic is negative, and



3te MATHEMATICAL DICTIONARY AND [LOG

numerically, 1 greater than the number of O's,

which immediately follow the decimal point.

For these reasons, and generally, on account

of their greater adaptability to the decimal

system, common logarithms are almost exclu-

sively used for purposes of computation.

The following properties of logarithms are

common to all systems :

1

.

The logarithm of the product of any num-

ber of factors, is equal to the sum of the loga-

rithms of the factors, taken separately.

2. The logarithm of the quotient of one

number by another, is equal to the logarithm of

the dividcnd,minns the logarithm of the divisor.

3. The logarithm of any power of a quan-

tity, is equal to the product of the logarithm of

Wlie quantity by the exponent of the power.

4. The logarithm of any root of a quantity,

is equal to the logarithm of the quantity, divided

by the index of the root.

These four principles are used for abbrevi-

ating the arithmetical processes of multipli-

cation, division, raising to powers and ex-

tracting roots ; and from them we readily de-

duce the following rules :

1 . To multiply one number by another : find

from a table the logarithms of the two numbers,

and add them together ; find from the table the

number corresponding to this logarithm, and it

will be the product required.

" 2. To divide one number by another : find

from a table the logarithms of the dividend

and divisor, and subtract the latter from the

former ; find from the table the number corre-

sponding to this logarithm, and it will be the

quotient required.

3. To raise any number to any power : find

from a table the logarithm of the number, and
multiply it by the exponent of the power ; find

from the table the number corresponding to this

logarithm, and it will be the power required.

4. To extract any root of a number : find

from a table the logarithm of the number, and
divide it by the index of the root ; find from the

table the number corresponding to the logarithm,

and it will be the root required.

Besides these principles, which are of ev-

ery-day use in arithmetical computations, the

following are also of much importance in an-

alytical discussions

:

1. The logarithm of 1, in any system, is 0.

2. Whatever may be the base of a system,

its logarithm, taken in that system, is 1.

3. In any system whose base is greater

than 1, the logarithms of all numbers greater

than 1 are positive ; of all numbers less than

1, negative : the logarithm of to is + to
;

the logarithm of is — to.

4. In any system of logarithms whose base

is less than 1, the logarithms of all numbers

greater than 1, are negative ; of all numbers

less than 1, positive : the logarithm of to is

— to ; and the logarithm of is + ro.

5. No negative number has a real loga-

rithm.

Every logarithm is composed of two fac-

tors : one depending upon the base of the sys-

tem, and constant ; the other upon the num-
ber itself, and changing as the number
changes.

The first factor is called the modulus of the

system. The modulus of a system of loga-

rithms may be defined to be that number by

which it is necessary to multiply the Nape-

rian logarithm of any number, in order to

produce the logarithm of the same number in

that system.

The modulus of the common system is

.434294482 . . . ; and that of the Naperian

system is 1. The modulus of any system is

equal to the reciprocal of the Naperian loga-

rithm of the base of that system.

The Naperian system is that to which all

other systems arc referred, and from which

any other system may be readily constructed.

The Naperian logarithms are sometimes called

hyperbolic logarithms, from their relation to

certain areas included between the equilateral

hyperbola and its asymptotes.

K

Let BP represent one branch of an <*?"'

lateral hyperbola, and AK, AL, its asyuiji-
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totes. Assume AB', the abscissa of the ver-

tex, as 1 ; then will the number of superficial

units, in any area included between the ordi-

nate BB' and any other ordinate PD, be equal

to the Naperian logarithm of the abscissa of

the extreme ordinate PD ; that is, the area

B'BPD = I (AD).

There is no reason why the Naperian log-

arithms should be called hyperbolic, rather

than those of any other system ; for, the

same relation which exists between the Na-

perian system and the equilateral hyperbola,

also exists between other systems and oblique

hyperbolas. In the case of oblique hyperbo-

las, the area is limited by two oblique ordi-

nates, and the modulus of the system is

always equal to the sine of the angle between

the ordinates.

In a system, whose base is greater than 1,

the modulus is positive ; in one, whose base

is less than 1, the modulus is negative.

Computations of Tables of Logarithms.

These computations are generally effected

by the aid of series, of which the funda-

mental one, however deduced, is called the

logarithmic series ; it is the following :

V
log(l+y)=il/,

/ ya

V 2
'

4 5
Ac. (1),

in which log denotes a logarithm taken in

any system, M the modulus of that system,

and y any number whatever. If we make

M — 1, we have the Naperian system, and

denoting the logarithms in. this system by the

symbol I, we have

V s v3 y* v5

J<i + y)=y-|-+|—1-+|— &c. . . .(2) .

.

This series is not sufficiently converging to

be employed in computing tables, but it may

readily be transformed so as to be used for

that purpose. If in (2) we write — y for y :

it becomes

jf_yljyt_yl
2 3 4 5

»(i-y)= •(3);

and, subtracting (3) from (2), member from

member, and writing for

l(l+ y)-l{l-y), its value MfZ^j-

we have

Making y = . , and writing for 1 1
——

j,

its value l(z + 1) — Iz, we have, after trans-

position, the formula,

Ua + 1) = Iz + 2[ f-
-

1

V ;
\2z + 1 3(22 + l)3

H + &c. 1 (5),
5(22 + l) 6

/
K '

which is rapidly converging.

It is to be observed, that in computing

tables, it is only requisite to compute the

logarithms of prime numbers, because those

of composite numbers may be found more

easily by the properties of logarithms already

explained. ^
To show the use of formula (5), we shalr

compute the Naperian logarithms of the first

ten numbers.

The logarithm of 1 is 0. If we make 2=1
in formula (5), we can find from it the loga-

rithm of 2, and so on, as follows :

11 =0

12 =
\3 3.(3)

3
+ -

1

+ :

l

5-(3)
s

+ &c.)

= 0.000000

= 0.693147

=0.693147 + 2

G

7.(3)'

1

i i \+ H + &c. 1 = 1.098612
5.(5)= 7.(5)' /

li =2 X 1% . . ... =1.386294
/I 1

15 =1.386294 + 21 „ H
\9 3.(9)=

+ 1 1- &c. ) = 1.609437
5.(9)= 7.(9)' ;

16 =B + 13 =1.791759

/I 1

11 = 1.791759 + 2|— +
\13 3.(13)3

1 1 \+ H h &c. 1=1.945910
5.(13)

5 7.(13)' )
19 = li + 12 = 312 . . . = 2.079441

19 = 2 X 13 =2.197224

110=15+12 =2.30258f

&c. &c. &c. &c.

In like manner, the logarithms of the series

of natural numbers might be computed to

any desired extent in the Naperian system.

Then, to get a common table, we need only
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multiply each logarithm by the modulus of

the common system.

The operation of computing logarithms by

the formula given, is extremely tedious, and

to facilitate it other series, still more con-

verging, have been deduced.

The following is Borda's series :

l{z + 2) = 2/(2 + 1) - 2/(2 - 1) + l{z - 2)

[

2 1/ 2 y>

z°-3z+Z\z°-3z)

+\{*ki)'+**}•
From this series, we can compute the loga-

rithm of 2 + 2, when we know those of

2+1, 2—1, and 2—2.

•This series is rapidly converging, but a still

more converging one is that of Haros, as

follows :

/(2 + 5) = l(z + 4) + l(z + 3) - 2/s

+ l(z - 3) + /(2 - 4) - /(2 - 5)

72__ 1/ 72 y "I

zt-252 s+ 72 3y-*_2522+ 72/ J'
This series requires six logarithms to be

known.

When only two logarithms are given, the

following series is pretty converging :

Iz = Hl(z - 1) + l{z + 1)]

K^i)
3+ *4222-l

No examples of the application of these

formulas need be given, as the student who
wishes to examine further into the subject,

would be likely to consult more extended

treatises.

General Logarithms. If we denote the

base of the Naperian system by e, we shall

have the equation,

= x . .

.

. (1),

in which y is the Naperian logarithm of x

for all values of x. Hitherto, we have con-

sidered only the real values of y, which cor-

respond to the arithmetical logarithms. There

is, besides, an infinite number of imaginary

values for y that will satisfy the equation, and

which constitute what may be called the alge-

braic logarithm of x. The arithmetical and

algebraic logarithms, taken together, make
up the general logarithm, which we shall

designate by the symbol L.

Let us assume the equation,

and in it make
= 2hmt,

m being any whole number, positive or nega-

tive. We shall have

cos2m7r = l, sin2m7r = 0;

and, consequently,

e2i»7r/3 _ i (2).

Multiplying equations (1) and (2), member by

member, we shall have

cy-H>»,7r./=r
- x (3).

Hence, if y is the arithmetical logarithm of

x, then is
,

y + irrnrV— 1,

the general logarithm of x, or denoting the

Naperian logarithm by the symbol /. as we
have done heretofore, we shall have the

equation

Lx = Ix + ZrrmV — 1 (4)

;

we have, also,

Lz = lz + 2mrV— 1 (5).

By adding equations (4) and (5), member to

member, and subtracting (5) from (4), mem-

ber from member, we deduce the general

formulas,

L{xz) = l{xz) + 2(m + n)V — 1,

or X|^j = l(^\ + 2(m - n)V~^i . . . (6).

It has already been stated that a negative

number has no real logarithm ; it has, how-

ever, a general logarithm, which is imaginary

If we make
6 = (2m + 1)tt,

we shall have, m being a whole number,

e&m+i)n^/=i _ cos (2m + l)»r

+ sin (2m + 1)W — 1 = — 1.

Whence,

Z(- 1) = (2m + IJtt/^.
Now,

L( - x) = Lx + X(- 1) = lx + 2n7rVcrT
+ (2m -)- V)nV^l,

or L(— z) = /z + (2m + ly/^T,
since for 2m+1 +2w, we may write 2m+l.
From the value of L(— 1), we deduce the

relation,

£(- 1)
(2m + 1)jt =

)

'
.



log] CYCLOPEDIA OF MATHEMATICAL SCIENCE. 347

If m = 0, we have the result,

L(-l)
k = 3.1416 = K '

.

Anti-Logarithms. It may not be inappro-

priate in this connection to explain the meth-

od of computing a table of anti-logarithms.

Assume the exponential equation,

a" = JV,

and in it substitute for a, 1+p , and for x, the

fraction t, h and k being so small that their

higher powers may be neglected when added

to finite quantities, and we shall have

N=(l+pf, or N* = (l+pf=l

+ hp-\ »2 + v 3 + &c.r
1.2 1.2.3

r

Neglecting the terms involving the higher

powers of h, we have

JV* = 1 + h(p - ip* + ip* - &c.) =
1 + A[(a-l)-i(a-l)'+i(a-l)'-&<:-l

The quantity within the parenthesis is equal

to the reciprocal of the modulus of a system

of logarithms, whose base is a ; denoting this

reciprocal by A, we have
i *i

JV* = 1 + TiA, or N = (1 + hAf.

Developing the second member by the expo-

nential the equation, formula becomes

_ .

logiv i/iogjvy i /log ivy_1
Jlf 2\ Jlf / 2 . 3\ Jlf ^

T
-te^'+to..

2.3.4^ Jlf

This series is not immediately adapted to

computation, but can easily be converted into

one that is so. Let us assume

whence log JV= logm — log n

;

m
JV =—

;

n

replacing the second member by d, and pass-

ing to the Naperian system, by makingM= 1,

we shall have, after reduction,

/ d? d3
\m = nll+d + - h 1- &c. I •

\ 1.2 1.2.3 /

If, now, we compute the anti-logarithms of

a series of logarithms, differing from each

other by .00001, we shall have d = .00001,

which gives

(.00001)'

1 1

N = 1 + £ (hA) +

+

1.2F

(l-Jfc)(l-2*)
(hAf + &c.

;

1.2
m = n(l+ .00001 +

'

'

1( + &c. ) = «(1.00001000005),

1-.2.3

and, neglecting the powers of k, higher than

the first, we have

replacing x for t, we get

JV=1 + Ax + -AW +—-A 3x3 + &c,
2 2.3

which gives the value of any number, in

terms of its logarithm, and the reciprocal of

the modulus of the system.

Now, A =— , and x = log JV, Jlf being the

modulus ; these, substituted in the last equa-

tion, give

1.2.3

in which m and n are two numbers, whose

logarithms differ by .00001.

If we commence by supposing

Im = .00001, whence n = 0,

we find the anti-logarithm of

.00001 to be 1.00001000005.

Making lm=.00002, we have fe=.00001,

which, substituted above, give the anti-loga-

rithm of .00002 to be (1.00001000005)".

In like manner, the anti-logarithms of

.00003, .00004, &c, maybe successively com-

puted.

In the common system, the formula for

computation of anti-logarithms is

m = nX (1.000023026116),

which gives

a = log (.00002) = (1.000023026116)5
,

a = log (.00003) = (1.000023026116)5
,

a = log (.00004) = (1.000023026116)*.

&c. &c. &c.

Logarithmic Curve. A curve that may be

referred to a system of rectangular co-ordi-

nate axes, such that the ordinate of any point

will be equal to the logarithm of its abscissa.

Its equation, when referred to this system, is

of the form

y = log x ;
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for any point C, we have the relation

CB = log OB.

The axis of X
is called the axis

of numbers, and

the axis of
t

Y

the axis of loga-

rithms. The par-

ticular curve will

depend upon the

particular system

in which the logarithms are taken, but m all

cases there are certain general properties,

which we proceed to enumerate.

The curve always cuts the axis of X at a

point D, whose distance from the origin of

co-ordinates is equal to 1. If the base of

the system of logarithms is greater than 1,

the curve takes the position KDC. The. axis

of Y is an asymptote to the curve, at an in-

finite distance below the origin ; the part DK
is convex towards the axis of X, and the part

DC concave towards the same line, both being

convex towards the axis of Y. If the base

of the system is less than 1, the curve as-

sumes the position C'DK' ; the axis of Y is

an asymptote to the curve above the origin
;

the part DK' is convex towards the axis of

X ; the part DC is concave towards the axis,

and both are convex towards the axis of Y.

If a tangent be drawn to the curve at any

point C, the sub-tangent TT', taken on the

axis of logarithms, is constant, and equal to

the modulus of the system.

If we suppose the base of the system equal

to 1, the curve reduces to a straight line

through D and parallel to the axis of Y.

This is the limit of the two classes of loga-

rithmic curves, and separates the two systems.

If AB = 2, the area ODCT' is equal to the

entire area between the part DK, the axis of

X, and the axis of Y, each being equal to the

modulus of the system of logarithms.

Logarithmic Spiral. A spiral whose equa-

tion is of the form

logr

in which the pole ^_^ Jff

is at the eye of / JkJB
the curve. Let O
he the pole, OS
the initial line.

Then is the origin

of the spiral at A, OA being equal to 1.

There are an infinite number of spires

outwards from A, and an infinite num-

ber of spires inwards towards the eye of the

curve 0. If any number of radii-vectors

be drawn, making equal angles with each

other, these radii will be in continued propor-

tion. That is, if

AOa. = aOb = bOc = &c,

then will

OA : Oa' : : Oa' Ob' :: Ob' : Oc'

:

: &c.

This property affords the means of making

a graphic construction of the curve by points.

Suppose that we know the radius vector Oa'

and the angle AOa'. Draw any number of

lines OA, Oa, 06, Oc, &c, making angles

with each other in succession, equal to AOa',

Draw any two straight lines, A'F and

A'/, intersecting each other at A' : make

A'B = OA, and A'b = Oa' ; with A' as a

centre, and a radius A'b, describe an arc

of a circle cutting AF in C. Draw Cc

parallel to the line BA
;

with A' as a centre, and

A'c as a radius, describe

the arc cD and draw Da"

parallel to BJ, and so on : Lay off

Ob' = A'c, Oc' = A'd, &c,

the points a', b', c', &c, will be points of the

curve.

If it is required to find a point of the curve

intermediate between any two constructed

points, bisect the angle between the radii

vectors of these points, and on the bisecting

line lay off from a radius vector equal to a

mean proportional between the two radii. II

a tangent be drawn to the curve at any point,

the angle between this line and the radius

vector of the point is constant, and its tan-

gent is equal to the modulus of the system.

If, with as a centre, and a radius equal

to 1, a circumference be described, we may

regard this as the directrix of the curve.

Now, if distances be laid off from A on this

circle, respectively equal to the ordinates of

points of the logarithmic curve, and radii be

drawn through the extremities of these dis-

tances equal to the corresponding abscissas,

their extremities will lie in the logarithmic

spiral taken in the same system. This show!

the intimate connection between the logarith-

mic curve and the logarithmic spiral. See
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Spiral. Both these curves are sometimes

called logistic curves.

Newton has shown, that if the intensity

of the force of gravity had varied inversely as

the cubes of the distances, the planets would

have continually receded from the sun in

paths which would have been logarithmic

spirals. The logarithmic spiral is the equa-

torial projection of the rhumb line.

LO-GIS'TICS, or, LO-GIS'TIC-AL

ARITHMETIC. The same as Sexagesimal

arithmetic, that is. that system of arithme-

tic in which numbers are expressed in the

scale of 60. The use of this scale is almost

entirely confined to trigonometrical operations

for expressing fractional parts of a circum-

ference, or of a right angle.

Logistic Logarithms. The logistic loga-

rithm of a number of seconds is the excess

of the logarithm of 3600 over the logarithm

of the given number of seconds.

For example, to form the logistic logarithm

of 3' 20" or 200", we take the logarithm

2.3010 from 3.5563 and we have 1.2553 for

the logistic logarithm of 3' 20"- Logistic

logarithms are tabulated and employed in

certain astronomical computations.

LON'GI-TUDE. [L. bngiludo, from lon-

gus, long]. The longitude of a place, is the

arc of the equator intercepted between the

meridian of the place and a meridian passing

through some other place from which longi-

tude is reckoned. Longitude, in this coun-

try, is most generally reckoned from the meri-

dian of Greenwich. It is also frequently

reckoned from the meridian of Washington.

LOSS AND GAIN.' A rule of Arithmetic

employed by merchants to find the amount

lost or gained in the purchase and sale of

goods. It is also used to discover the price

at which goods must be sold to insure a cer-

tain amount of profit. It is merely a practi-

cal application of the Rule of Three. See

Cause and Effect, Rule of Three, $c.

LOX-O-DROM'IC CURVE. [Gr. Ao?of ,

oblique, -dpouoc, course]. A curve bearing a

strong resemblance to the logarithmic spiral.

It is traced upon the surface of a sphere by a

point moving in such a manner that its path

cuts all the meridians at the same angle.

In Navigation, the loxodromic curve is the

same as the rhumb line, and is the path of a

ship sailing always in the same tack. The

loxodromic curve turns continually about the

pole, but does not reach it till after an infinite

number of turns.

To find the equation of a loxodromic curve,

let denote the arc of the meridian intercept-

ed between any point of the curve and the

pole, and A the longitude of the point ; then

the infinitely small arc of the parallel of lati-

tude corresponding to an increment

of the curve is iX sin <j>, and the dif-

ferential of the co-latitude is dip ; but

because the curve cuts all the me-

ridians in the same angle, the varia-

tion of the parallel of latitude corres-

ponding to an increment of the curve,

is proportional to the variation of the

co-latitude ; consequently,

dip

ad A sin 6 = i or, ad"k =
sin <p

which is the differential equation of the loxo-

dromic curve, a being a constant quantity.

See Navigation.

LOZ'ENGE. An equilateral rhomboid, or

rhombus. See Rhombus.

Lu'MIN-OUS BODY. In Shades and

Shadows, a body which emits light, as the

sun.

LtiNE. [L. luna, the moon]. The area

included between the arcs of two circles

which intersect each other.

The lune of Hippocrates is famous as hav-

ing been the first curvilinear space, whose

area was exactly determined. The construc-

tion of the lune of Hippocrates is as follows

On the line AB, as a diameter, describe a

semicircle, and within it inscribe a right an-

gled triangle ALB ; then on each of the sides.

AD and DB, as diameters, describe semi-

circles : the two figures AGFD and DHBE
will be lunes, and the sum of their areas will

be equivalent to that of the triangle ADB.

For, semicircles are to each other as the
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squares of their diameters ; but

AB' = AD' + BD'.

Hence, the semicircle ADB is equivalent to

the sum of the semicircles AGD and DHB ;

from these equivalents take away the common
segments AFD and DEB, and there remains

the right angled triangle ADB equivalent to

the sum of the two lunes, AGDF and

DHBE.
If the two sides AD and DB are equal, the

lunes are equal, and each is equivalent to one-

fourth of the inscribed square.

This property is called the property of the

lune of Hippocrates.

This property has been employed by geome-

ters as a stepping-stone to the solution of the

great problem of squaring the circle, but of

course, without success. It has, however,

led to many interesting results.

M. The thirteenth letter of the English

alphahet. It is one of the Roman liumeral

charwters ; it stands for 1 000. With a dash

over it. thus, M, it stands for 1,000,000.

MAG'IC CIRCLE OF CIRCLES. In-

vented by Dr. Franklin, founded upon the

same principles and possessing similar pro-

perties with the magic square of squares.

It consists of 8 concentric rings, each divid-

ed by radii into 8 equal parts ; within thfl

circular spaces thus formed, are written the

numbers from 12 to 75, and in the middle the

number 12 is also placed.

It possesses the following properties :

1. The sum of all the numbers in any ring,

together with the number in the middle, is

equal to 360, the number of degrees in a cir-

cumference.

2. The sum of the numbers between two

consecutive radii, together with the number at

the centre, is equal to 360.

3. The sum of the numbers in any half

ring, taken either above or below the double

horizontal line, with half the number at the

centre, is 180.

4. If any four adjoining numbers, as if in

a square, be taken, their sum, together with

half the central number, is equal to 180.

5. There are also four other sets of circular

spaces, bounded by eccentric circles with

regard to the primitive centre, each of which i

set contains 5 spaces, their centres being at

A, B, C and D.

These sets intersect the first sets and each

other, and yet the sum of the numbers in each

of the eccentric spaces taken all around

through the 20, which are eccentric, together

with the central number, is 360°. Their

halves also taken above or below the double

central line, together with half the central

number, make 180.

MAG'IC SQUARE. Several numbers

arranged in the form of a square, disposed in

parallel and equal ranks, so that the sums of

each row taken horizontally, vertically, or

diagonally, shall be equal to the same number.

The simplest form of the magic square is

formed by arranging the first 9

numbers, giving the square an-

nexed. Here, the sum of any

row of three figures, whether

horizontal, vertical, or diagonal,

is equal to 15.

The magic square formed from the first 25

numbers, is arranged as in

the annexed diagram. In it

every row of 5 numbers, in

whatever direction taken,

has for its sum 65. There

are many different ways in

which numbers may be arranged so as to

form magic squares.

The following rule enables us to form a

magic square of an odd number of terms in

geometrical progression.

4
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22.
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(3).

8
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5. The sum of the 16 numbers in any bent

row, whose halves are parallel to the diago-
nals, is 2056. Thus, from 26 to 36, and from
173 to 151, is a bent row; ,aIso, from 74 to

22, and from 227 to 191, is another bent
6. If the square be divided horizontally or

vertically through the middle, the halves may
change places, and the properties of the
square will remain the same as before.

7. If the square be cut into 16 squares, it

is manifest that any four of them will make
a magic square of 64 cells ; any nine of them
will make a magic square of 144 cells. Con-
sequently, as many magic squares of 64 cells,

and also of 144 cells, may be made of the 16

partial squares, as there are different combi-
nations of 16 quantities taken in sets of four

and in sets of nine.

The construction of the great square de-

pends upon that of a magic square of 16
cells having the sum of the four numbers in

any square of four cells always the same.
To construct such a square from the series

1, 2, 3, •• *&c, to 16 : First,

(16 + 1)8—4-^ = 34,

the sum of each column or diagonal, or in

the four cells. Now arrange the 16 numbers
as in diagram (7) ; then from the nature of

the case the sum of the

numbers in each diago-

nal is 34. The excess

above 34 in the sum of the

4th column is equal to the

defect in the sum of the

first column, and the ex-

cess of the sum of the

lower row is equal to the defect in the sum
of the upper row ; hence, the corner numbers
remaining the same, if 2 and 15, 3 and 14,

5 and 12, 9 and 8, respectively, change places,

we have the magic square

(8). In this square, how-

ever, only the middle

square of four cells and

the four corner ones con-

tain 34 each. But in

magic squares varieties are

readily obtained by shifting

the columns ; thus, in (8), the second column

from the left may be made the last column on

the right, or the third from the left may be

23

made the first, or the two upper or the two
lower rows may take the place of each other.

Let the third column from the left be brought
to the left, and change the two upper hori-

zontal rows one for the other, and we get the

(9.)
magic square (9), having

the sum of the four num-
bers, in any square of four

cells, equal to 34. The
numbers in (9) consist of

pairs situated alternately,

the sums being 16 and 18

respectively. Hence, to

make the great square with the series

1, 2, ... to 256, let the numbers be arranged
thus:

10
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Magnetic Needle. A bar of steel in the

shape of a needle, magnetized and suspended

at its centre upon a sharp-pointed pivot. It

is the essential part of the surveyor's com-

pass, and of the mariner's compass. See

Compass.

MAG'NI-TUDE. [L. magnitudo, magni-

tude]. Size, extent, quantity. This term was

originally applied to signify the space occu-

pied by a body. As thus used, it applied

only to those portions of space which possess-

ed the three attributes of extension : length,

breadth, and thickness, or height. By exten-

sion of meaning, it has come to signify any-

thing that can be increased, diminished, and

measured. Thus, a line or a surface, an

angle, or a number, are magnitudes. Time

and weight are magnitudes ; and, in general,

anything of which greater or less can be pre-

dicated, is a magnitude. See Quantity.

MAN-TIS'SA. [L. mantissa, addition].

The decimal part of a logarithm. Thus, the

logarithm of 900 being 2.95424, the part

.95425 is the mantissa.

MAP. [L. mappa, a napkin]. A represen-

tation of a portion of the earth's surface upon

a plane. A representation of a portion of the

heavens upon a plane, is also called a map.

There are, therefore, two kinds of maps, ter-

restrial and celestial : the former only will be

considered.

Terrestrial maps are of two kinds, those

which represent portions of land and water

together, which are properly called maps, and

those which represent portions of the ocean,

only indicating the directions of currents,

soundings, anchorages, rocks, shoals, buoys,

lighthouses, &c. ; these are called hydro-

graphical maps or charts.

Maps are geographical and topographical.

Geographical maps represent the boundaries

of countries, the positions of the principal

towns, rivers, lakes, mountain ranges, &c.

Topographical maps represent the minuter

features of the surface of the earth, and are

more full in detail than geographical maps.

On account of the greater minuteness of

detail required, topographical maps generally

represent smaller portions of the earth's sur-

face than are embraced in geographical maps.

Besides geographical and topographical

maps, there are others constructed for a spe-

cial purpose, such as geological, statistical,

historical, ethnological, &c, maps.

It being impossible to represent a spherical

surface on a plane, so that the parts shall

have to each other their proper relative posi-

tions; the representation is, in all cases, con-

ventional. Various devices have been resort-

ed to, each of which has its^ own peculiar

advantages and disadvantages.

A representation of the meridians and

circles of latitude, forms, in all cases, the

skeleton or basis of every map of an exten-

sive portion of the earth's surface, and it is

upon a correct delineation of these that the

accuracy of any map depends.

There are five principal methods of projec-

tion used ; 1st. the orthographic ; 2d. the

stenographic ; 3d. the globular ; 4th. the con-

ical; and 5th. the cylindrical, or Mercator's

projection, besides the various combinations

and modifications of these several methods.

In the first three cases, the plane upon

which the map is to be drawn is called the

primitive plane, and is supposed to be passed

through the centre of the earth. The various

lines are projected upon this plane, by lines

drawn through their different points and

some fixed point, called the> point of sight.

Upon the location of the point of sight

depends the peculiarities of the three methods

of projection.

In the orthographic projection, the point of

sight is taken in a line through the centre of

the sphere, perpendicular to the primitive

plane, and at an infinite distance from the

primitive plane. This corresponds to the

ordinary orthographic projection of Descrip-

tive Geometry.

In the stereographic projection, the point of

sight lies in the same line, at the point where

it pierces the surface of the sphere. In the

globular projection, the point of sight is in

the same line and at a distance from the sur-

face, equal to the radius into the sine of 45°.

In the conical projection, the point of sight

is taken at the centre of the sphere, the cir-

cles are then projected upon a cone passed

tangent to the sphere in some circle of lati-

tude, or cutting the sphere in two parallels

of latitude. After the projection is made,

the surface of the cone is rolled upon a plane

and the developments of the projections

determined.
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In the cylindrical projection, the point of
sight is taken at the centre of the sphere, and
the circles projected upon a cylindrical sur-

face passed tangent to the sphere along the
equator. After the projection is made, the
cylindrical surface is rolled upon a plane and
the developments of the projections deter-

mined.

Various modifications of these methods
have been used, but they involve all the prin-

ciples employed in projecting maps. For the

full explanation of these methods, the reader

is referred to the article on Spherical Projec-

tions.

In the orthographic projection : 1st. circles

whose planes are perpendicular to the primi-

tive plane are projected into straight lines,

and all other circles into ellipses ; 2d. equal

spaces or equal distances on the surface are

represented in the projection by unequal

spaces and distances ; 3d. the projections of

equal spaces lessen successively from the

centre towards the circumference of the pro-

jection, so that whilst objects are represented

by nearly their proper shapes about the cen-

tre, they are very much distorted and crowded

together near the circumference.

In the stereographic projection; 1st. all

circles which pass through the point of sight

are projected into straight lines ; all other

circles are projected into circles ; 2d. equal

spaces and equal distances are projected into

unequal spaces and distances ; 3d. the pro-

jections of equal distances increase from the

centre towards the circumference, so that

maps made by this mode of projection are

crowded towards the centre, and scattered

towards the circumference ; but the forms of

the several parts are better preserved in this

method than in the orthographic.

In the globular projection: 1st. equal spaces

are represented in projection by nearly equal

spaces, and the relative dimensions of the

countries mapped are more nearly preserved

than in either of the other methods. But on

account of the projections not being similar

in shape to the area projected, there is a dis-

tortion in form, which distortion increases

the farther we go from the centre. This and

the stereographic projections have been the

favorite projections, when it has been a ques-

tion of projecting an entire hemisphere.

When the equatorial regions of the earth
|

are to be mapped, Mercator's projection is a

good one : it has many advantages in the con-

struction of sailing charts, and it is frequently

employed in projecting that kind of maps.

In constructing maps of small portions of the

country, the conical method or some of its

modifications, presents the most advantages.

The methods of filling in a map, after the

skeleton is projected, are infinitely various.

Sometimes they are filled in by minute actual

survey, all the details are then carefully plotted

in accordance with the kind of projection

employed. Again, they are filled up from
rapid reconnaissance, or sometimes from the

mere report of travelers. Of course," the

maps resulting from these different methods
of proceeding are of very different value

No general principles can be laid down for

completing a map after the outline is project-

ed, but each case must be governed by its

own particular attendant circumstances. For
details on this subject, see Geodesy, Spherical

Projections, Topography, Topographical Maps,

tc.

MAR'I-NER'S COMPASS. See Compass.

MAR'I-TiME SURVEYING. See Hy-
drography.

MARQUOI'S RULERS. A set of rulers

devised by an artist named Marquoi, for the

purpose of facilitating the operations of plot-

ting and plan drawing. The set consists of

a triangular ruler, whose hypothenuse is

three times as long as the shorter side of (Jie

triangle, and several rectangular rulers, gradu-

ated into equal parts, according to different

scales. The rulers are made of hard wood,

ivory, or- metal, and the graduation lines are

cut close to the edges of the rectangular

rulers for facility of application.

The scales on the rectangular rulers are of

two kinds : 1st. the natural scales, varying

from 20 to 60 parts to the inch ; 2d. artificial

scales, each division of which is equal to 3

divisions of the natural scale. The former

are used for ordinary plotting, and the latter

for drawing parallels by means of the ruler.

The former needs no explanation, the latter

may easily be understood by the following

description

:

The triangular ruler has an index C, about

the middle of its hypothenusal edge, which,

as in the figure, we will suppose to be set at
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the of the rectangular scale. Now, if a

straight line is drawn along the edge ED, or

if the combination be placed so that the edge

ED coincides with a given line, and whilst

the rectangular ruler is held fast, if the trian-

gular one is slid along till the index stands at

the 10th division of the scale, and a second

line be drawn along the edge ED, then will

this be parallel to the first and at a distance

from it equal to 10 parts of the natural scale,

or the scale of the plot. This arrangement

requires as many rules as there are scales

employed, but when a great number of lines

have to be drawn to a scale, as in architectu-

ral plans, the rulers will be found of use.

Instead of having one triangular ruler and

several rectangular ones, the case might be

reversed, having one rectangular ruler and

several triangular rulers, whose hypothenusal

and shorter edges have different ratios to each

other, to correspond to different scales. This

method is not so good as the former.

MATH-E-MAT'IC-AL. [L. mathematicus\

Pertaining to mathematics ; as, mathematical

instruments, mathematical demonstration, &c.

MATH-E-MAT'IC-AL-LY. According to

the principles of mathematics : with mathe-

matical certainty.

MATH-E-MA-Ti"CIAN. One skilled in

the science of mathematics.

MATH-E-MAT'ICS. [L. mathematica;

Gr. jj-adriiiaTiKTi, from fiavdavu, to learn].

That science which treats primarily of the re-

lations and measurement of quantities, and

secondarily of the operations and processes,

by means of which these relations are ascer-

tained.

The science is based upon a few self-evi-

dent and universally admitted relations of

quantities. From these relations, by a course

of logical argument, the most complicated

results are obtained. As the science becomes

extended, old processes are found inconveni-

ent and cumbersome, and a want of new
ones begins to be felt. This want leads to

the discovery or invention of new methods,

better adapted to the attainment of the de-

sired end. Hence it happens, that a thor-

ough examination of the philosophy of. math-

ematical operations comes to be a most impor-

tant branch of the science. A careful study

of the philosophy of operation has done much

to perfect and advance the science, and to it

we are to look for still further advancement.

Mathematics, considered as the science of

exact relation, is divided into three branches :

1. Arithmetic 2. Geometry. 3. Analysis.

1. Arithmetic is that branch which treats

of the relations of numbers, expressed by the

aid of figures and combinations of figures.

It is divided into two parts. The first

treats of the methods of representing and

reading numbers by means of figures, to-

gether with the fundamental operations.

These embrace Notation and Numeration,

Addition, Subtraction, Multiplication, Divi-

sion, Raising to powers, and Extracting

roots of numbers, whose units are either en-

tire or fractional. It also treats of the trans-

formation of numbers from one scale to an-

other, in which the fundamental unit may be

different, or in which the scale of places may

be different. It also treats of the theory of

the construction of scales, and of the gene-

ral relations existing amongst all numbers.

This makes up what may be called the sci-

ence of Arithmetic.

The second part treats of the applications

of the principles of the first part, to the prac-

tical wants of life. It embraces the Rule of

Three, Percentage, Interest, Practice, Fellow-

ship, and a variety of other rules.

2. Geometry has for its object the investi-

gation of the properties and relations of

magnitudes, by reasoning directly upon the

magnitudes themselves, or upon their picto-

rial representatives. The magnitudes, con-

sidered as this branch of mathematics, are

simply lines,, surfaces, volumes and angles.

Geometry is divided into two parts :

1st. Elementary Geometry, which treats of

those magnitudes whose elements are the

right line and circle.

It embraces all propositions relating to

figures bounded by straight lines, circles, or

portions of circles, together with the sur-

faces of the sphere, cylinder, and cone. It
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treats of the properties of all volumes
bounded by plane faces, together with the
three round bodies, the sphere, the cylinder,

and the cone.

An immediate application of this part of

Geometry is to Plane Trigonometry, which
treats of the relations between the sides and
angles of plane triangles.

It also embraces the construction of all

problems, which can be performed by the aid

of the circle and straight line alone.

2d. Higher Geometry embraces all propo-

sitions appertaining to magnitudes, whose
elements are more complex lines than the

straight line and circle ; such as the Conic

Sections, &c. It includes the higher inves-

tigations of the ancient geometers, many of

which are, in a great measure, superseded by

the recent improvements in analysis. Of
this class, are the famous isoperimetrical

problems, from which originated the Calculus

of Variations, as well as the noted problems

of the duplication of the cube, and the bisec-

tion of an angle. It includes the solution of

all geometrical problems, which cannot be

solved by the circle and straight line.

The direct application of both branches of

Geometry are

1st. Descriptive Geometry, which has for

its object the graphical solution of all prob-

lems involving three dimensions. In this

branch of construction, lines are given by

their projections upon two planes of refer-

ence, taken at right angles to each other

;

planes are given by traces upon these planes

of reference ; and surfaces by projections of

certain of their elements. The principles of

both Elementary and Higher Geometry are

employed in the solutions of Descriptive Ge-

ometry. A very extensive and useful branch

of Descriptive Geometry is found in solving

problems of Shades, Shadows, Stone-cutting,

and Architecture.

2. A second application of Descriptive Ge-

ometry is found in Perspective, in which ob-

jects are represented upon a single plane,

by means of projections made by drawing

straight lines through a particular point,

called the point of sight, and through points

of the lines to be projected. The plane upon

which the projections are made, is called the

perspective plane.

Spherical projections are but modifications

of perspective ; the perspective plane being

in general, taken through the centre of the

sphere.

3. Analysis embraces all that part of math-

ematics, in which the quantities considered

are represented by letters, and the operations

to be performed are indicated by means of

signs or conventional symbols. Analysis is

generally treated of under the heads of Al-

gebra, Analytical Geometry, and Calculus.

1st. Algebra investigates the relations and

properties of numbers analytically. It con-

sists of two parts : Elementary, and Higher,

or, as it is sometimes called, Transcendental

Algebra.

Elementary Algebra explains the nature of

the symbols employed, develops the nature

of the operations indicated by the signs, and

teaches the method of interpreting results.

It investigates the methods and principles of

performing what are called the ordinary ope-

rations of algebra ; that' is, addition, subtrac-

tion, multiplication, division, raising to pow-

ers denoted by constant exponents, and the

extraction of roots indicated by constant in-

dices. It also embraces the investigation of

the nature and properties of all equations, in

which the relation between the known and

unknown quantities is expressed by the ordi.

nary operations of algebra ; which equations

are called algebraic equations.

Higher, or Transcendental Algebra, treats

of those quantities which cannot be expressed

by a finite number of algebraic terms. It

also investigates the nature and properties of

transcendental equations, that is, all equations

which are not algebraic. Under this part of

algebra, comes the investigation of logarithmic

and trigonometric formulas; and series of all

kinds having an infinite number of terms.

2d. Analytical Geometry, is that part of

analysis which has for its object the analy-

tical investigation of the properties and rela-

tions of geometrical magnitudes. In Analy-

tical Geometry, points, lines and surfaces

are referred to fixed objects by means of cer-

tain elements of reference, which elements

vary from point to point, and are called co-

ordinates. The equation which expresses a

relation between the co-ordinates of every

point of a magnitude, is called the equation

of the magnitude. All lines whose equa-

tions can be expressed, are called mathe-
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matical lines. By proper transformations and

combinations of the equations of magnitudes,

and a judicious interpretation of the results,

all the properties of magnitudes may be de-

duced.

Analytical Geometry is divided into two

parts

—

Determinate and Indeterminate.

Determinate Geometry has for its object the

solution of determinate problems, that is,

those problems in which the given conditions

limit the number and afford the means of de-

termining the values of the required parts.

This part includes the entire subject of the

application of algebra to the solution of geo-

metrical problems.

Indeterminate Geometry investigates the

general relations of lines and surfaces. In-

determinate Geometry has two branches. The

first embraces all investigations when the

relations of the co-ordinates of points of mag-
nitudes can be expressed by the ordinary

operations of algebra. This is called Ele-

mentary Analytical Geometry. The second

embraces those investigations in which the

relations between the co-ordinates cannot be

expressed by the ordinary operations of alge-

bra. This is called Transcendental Analytical

Geometry.

The first embraces a complete discussion

of the straight line, and the conic sections

and all surfaces of the first and second orders

:

the second embraces a discussion of a great

variety of curves, such as the cycloid, loga-

rithmic curve, curve of sines, tangents, &c,
spirals of all kinds, together with the corres-

ponding surfaces of which these lines form

elements. A complete theory of the latter

magnitudes is more readily formed by the aid

of calculus.

3d. Calculus. A name originally applied

to any operation involving computation or

calculation, is now, by universal consent, ap-

plied solely to the highest branch of mathe-
matics, viz. ; that which treats of the nature
and forms of functions. It is divided into

three principal parts

—

Differential Calculus,

Integral Calculus and the Calculus of Va-
riations.

• Differential Calculus explains,

1st. The relations which functions bear to

certain derived functions, called their differ-

ential co-efficients ; and, 2d., it explains the

method of applying them in the discussions

of the higher branches of Analytical Geome-

try. Hence, we see that there are two divi-

sions of Differential Calculus. The first re-

lates to the method of finding the differential

co-efficients of all kinds of functions ; the

second to the methods of applying them in

the processes of Analytical Geometry, or in

the various branches of Mathematical Philo-

sophy.

Integral Calculus is the inverse of Differ-

ential Calculus, and like it, may be divided

into two parts. The object of the first part

is to show how to pass from any function,

regarded as a differential co-efficient, to the

function from which it might have been de-

rived. The object of the second part is to

show the various applications of the princi-

ples deduced in the first part, in the investi-

gations of Analytical Geometry and Physical

Science.

One great advantage of the differential and

integral calculus consists in this, viz. : that

we are often able by the aid of the first to

find the differential co-efficient of a function

without knowing the form of the function,

and then, by the aid of the second, to deduce

from this differential co-efficient the form of

the desired function, which might not have

been reached by any other known process.

Hence, the great use of the calculus in find-

ing expressions for the lengths of curves, the

measures of curvilinear areas, and of curved

surfaces, the volumes of solids, &c. It is of

still more importance in the investigation of

The Calculus of Variations is the highest

branch of mathematics, and treats of the law

of forms of functions. The first part of this

branch treats of the methods of deducing the

variations of functions, which variations are

but mathematical expressions for the law of

variation in the forms of the functions : the

second part explains the method of applying

these principles to transcendental problems,

and to the more complicated investigations

of physical science.

Such is a rapid outline of the great divi-

sions, and the most important sub-divisions

of the science of mathematics.

It will be observed that throughout this

sketch, in every division, there are two parts,

the first having for its object the investigation

of general principles and rules, whilst the
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second explains their application. The first

parts constitute the science of pure mathe-
matics, whilst the latter may with propriety-

be called the art of mathematics. The first

part is often called pure mathematics, the

second, mixed mathematics.

The science of mathematics forms an im-

portant element of a liberal education. It

impresses the mind with clear and distinct

ideas ; cultivates habits of close and accurate

discrimination ;
gives, in an eminent degree,

the power of abstraction ; sharpens and

strengthens all the faculties, and develops to

their highest range the reasoning powers.

The tendency of this study is to raise the

mind from the servile habit of imitation to

the dignity of self-reliance and self-action.

It arms it with the inherent energies of its

own elastic nature, and urges it out on the

great ocean of thought, to make new discov-

eries, and enlarge the boundaries of mental

effort.

In its practical applications, Mathematics

aids in developing the physical sciences, 'and

contributes directly and indirectly to the ra-

pid progress of the race in the advancement

of every science and art. It is at once the

guide and support of the astronomer. The

laws of nature eluded the researches of the

philosopher, until he brought to his aid the

irresistible power of mathematical science
;

and, without this, the chemist could never

have reached the inner laboratory of the ma-

terial world.

The rules and practice of all the mechanic

arts are but applications of mathematical

science. Themason computes the quantity

of his materials by the principles of geometry

and the rules of arithmetic. The carpenter

frames his building, and adjusts all its parts

each to the others, by the rules of practical

geometry. The mill-wright computes the

pressure of the water, and adjusts the driving

to the driven wheel, by rules evolved from

the formulas of analysis.

Workshops and factories afford marked

illustrations of the utility and value of prac-

tical science. They are the embodiments, by

intelligent labor, of the most difficult investi-

gations of mathematical science.

MAX'I-MA and MIN'I-MA. [L.] A func-

tion of a single variable is at a maximum

state, when it is greater than both the state

which immediately precedes and the state

which immediately follows it ; and it is at a

minimum state, when it is less than both the

state which immediately precedes and the

state which immediately follows it.

z

Thus, if we regard the ordinate of any

point of the curve KL as a function of the

corresponding abscissa, we shall have Bb a

maximum, because Aa < Bb > Cc ; and Ee
a minimum, because Dd > Ee.< Ff.

In speaking of preceding and succeeding

states, reference is had to the order of in

crease of the variable, so that one state of a

function precedes another, when it corre-

sponds to a less value of the independent

variable ; and one state succeeds or follows

another, when it corresponds to a greater

value of the independent variable.

A function of one variable may have any

number of maximum and minimum states :

but if the function is continuous, there must

be a maximum state between any two mini-

mum states, and a minimum between any

two maximum states. For it is evident that,

after a maximum, the function decreases as

the variable increases ; and since, before it

reaches a second maximum state, the function

must again increase, it follows that there is

some intermediate state at which the function

ceases to decrease, and begins to increase

:

that state is a minimum. In like manner, it

may be shown, that between each two mini-

mum states there must be a maximum state.

Hence, the number of maximum states of a

function is either equal to the number of

minimum states, or, at most, differs from it

by 1.

Just before reaching a maximum state, the

function increases as the variable increases

,

hence, its first differential co-efficient is posi-

tive : just after passing the maximum state,

the function decreases as the variable in-

creases, and consequently jts differential co-

efficient is negative : this shows that the

sign of the differential co-efficient must

change from plus to minus, in passing through

a maximum state. Just before reaching a

minimum state, the function diminishes as
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the variable increases, and therefore its differ-

ential co-efficient is negative : just after pass-

ing the minimum state, the function increases

as the variable increases, and consequently

its differential co-efficient is positive : this

shows, that the sign of the differential co-ef-

ficient must change from minus to plus, in

passing through a minimum state. Here we
see that a change of sign of the first differen-

tial co-efficient is the analytical characteristic

of either a maximum or minimum state of a

function of one variable.

But a continuous function cannot change

its sign except by becoming either or ro.

These principles indicate a general rule for

finding all those values of the variable, which

can possibly make a function of one variable

either a maximum or minimum.

Differentiate the function, and find its first

differential co-efficient, and place it equal to

0, and also equal to co. Solve the resulting

equations, and find the values of the variable
;

these values will be the only ones that can

possibly make the given function either a

maximum or a minimum ; there may be

amongst them some values that do not corre-

spond either to a maximum or a minimum.

It therefore becomes necessary to introduce

some test to separate those which correspond

to maxima, from those which correspond to

minima states. There are two such tests :

First. Substitute one of the roots minus

an infinitely small quantity, for the variable

in the given function, and set the result

aside ; next, substitute the root itself, and

then the root plus an infinitely small quantity,

and set the results aside. If the second re-

sult is greater than both the first and third

results, this is a maximum state, and the root

is the corresponding value of the variable
;

if it is less than both these states, it is a

minimum, and the root is the corresponding

value of the variable ; if it is greater than

one, and less than the other, it is neither a

maximum nor a minimum, and the root is to

be rejected. Test each root in this way in

succession, rejecting all that do not corre-

spond to maxima or minima.

Second. Substitute the root, minus an infi-

nitely small quantity, and then plus an infi-

nitely small quantity, for the variable in the

expression for the first differential co-efficient,

and note the signs of the result. If the first

is positive and the second is negative, the

root corresponds to a maximum ; if the first

is negative and the second positive, the root

corresponds to a minimum ; if they are both

alike, the root corresponds neither to a maxi-

mum nor a minimum, and is to be rejected.

The maxima and minima may be found by

substituting the corresponding values of the

variable in the function.

The second test will, in general, be found

most convenient.

To illustrate the preceding rule, let it be

required to find the maximum and minimum
values of the function,

u = a — bx + Is
.

du
Differentiating, we find — = — b + 2z

;

and, by the rule, — b + 2a: = j whence,

b

2'
and b + 2x = co ; which

gives no finite value for x.

Applying the first test to the root, x •

we find the relations :

for x = o — h, we have a -»(H
+ • + ; . 1st result

;

b b*
for x = r, we have a — -r ... 2d result

;

b lb
,

\
for x = - + h, we have a — Mg + ffil

lb \' b*

+ |- + h I = as - j+ A" 3d result.

Whence,

b* I
2 b'

, „a-j+ti'>a--£<a--£ + h';

which shows, that x — - corresponds to a

b*
minimum, which minimum is a — —

.

Applying the second test, we find the fol

lowing results :

for a; = g — A, we have —6 + 2

= -2A, negative result

;

H
for x = g + h, we have — b + 2 ( „

= +2A, » positive result.

(H
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These results indicate, that x = - corre-
2

sponds to a minimum, which may be found

by making x = -, in the given function. It

I'
is found equal to a - —, as before indicated.

There is a practical rule which corresponds
to those cases, in which the first differential

co-efficient is equal to 0, and which applies
to a great majority of cases, founded on the
form of the development of a function of one
variable and its increment, according to the
ascending powers of the increment. It is as
follows :

Differentiate the given function, find its

first differential co-efficient, and place it equal
to 0. Solve the resulting equation, and find

the roots. Substitute each root in succes-

sion, in the second, third, fourth, &c. differ-

ential co-efficients, till one is found, which
does not reduce to or co. If the first one,

which does not reduce to or co, is of an

odd order, the root does not correspond to

either a. maximum or minimum ; but if the

first one, which does not reduce to or ra, is

of an even order, and becomes negative, the

root corresponds to a maximum ; if positive,

to a minimum : all the roots which do not

correspond to maxima or minima, are to be

rejected. Those which correspond to maxi-

ma and minima, are to be substituted in suc-

cession in the function, and the correspond-

ing results will be the . maxima and minima
required. It will not, in general, be found

necessary to carry the substitution further

than the second differential co-efficient.

To illustrate the rule, let it be required to

find the maxima and minima values of the

function,

u = 3a'x3 — b*x + c
s

.

Differentiating twice, we find,

2i6

g— for the minimum, and

24"
«
5 + g^- for the maximum.

It often happens that an important simplifi-

cation can be made, in finding the value of
the second differential co-efficient correspond-
ing to a root which is to be tested. This
happens when the first differential co-efficient

is composed of two factors, one of which
placed equal to 0, gives the root in question.

The simplification is this ; differentiate the
factor corresponding to the root, multiply its

differential co-efficient by the other factor,

and in this product make the required substi-

tution, the result will be the same as though
the substitution had been made in the second
differential co-efficient itself. This principle

may be extended to the case" where it is

necessary to substitute in the successive

differential co-efficients.

To illustrate the method of making the

simplification, let it be required to divide a
quantity into two parts, such that the n,b

power of one of them multiplied by the nth

power of the other shall be a maximum or

minimum.

Denote the given quantity by a, and one of
the parts by x, the other one will be denoted

by a — x, and we shall have for the function,

a = x™ (a — x)n,

whence,

du

Tx
=mx^(a- x)" — wi™(a — x)'1

-1

dx
9a'x' and j-j = 18a'x.

From the equation 9a"x' = {*, we find

b*

The plus root substituted in 18aaz gives

+ Gab' and indicates a minimum. The

minus root substituted in 18a2x gives — 6ab",

and indicates a maximum. The roots in the

function give

= (ma — mx—nxjx^1 (a — i)"-1
,

and by placing each factor separately equal to

0, we have,

x = and x — a.m + n

The differential co-efficient of the first factor

multiplied by the remaining factors, is

— (m + n) x*-1 (a — x)"-1 ; for x = •

m — n
it reduces to

— mm-1 n"-1 am+»-a

(m'+ j^i-H-3 '

a negative result ; hence, this value corres- .

ponds to a maximum. The other values

satisfy the equation of the problem, but do

not conform to the conditions of it and need

not be considered.
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In seeking for the values of the variable

which correspond to maxima and minima,

any positive constant factor of the function

may be omitted without changing the final

result. We may also throw off a radical

sign, and be sure to find all the values of the

variable, but in this case we may get some

values that will make the power a maximum
or minimum, but which will not make the

root a maximum or minimum.

A function of two variables is at a maxi-

mum state, when it is greater than all the

consecutive states, and it is at a minimum
state, when it is less than all the consecu-

tive states.

Every function of two variables may be

regarded as one of the rectangular co-ordinates

of a point of a surface, of which the two

variables are the other two co-ordinates ; it is

generally taken as the vertical one. We may
conceive the idea of a maximum ordinate, if

we consider a sphere lying upon a plane.

The ordinate of the highest point is a maxi-

mum, and that of the lowest point a minimum.

The practical rule for finding the maximum
and minimum states of a function of two

variables is as follows :

Differentiate the function, and find the

partial differential co-efficients of the first

order, and also, the partial differential co-effi-

cients of the second order. Place the partial

differential co-efficients of the first order

separately equal to : combine the resulting

equations, and find the values of the variables.

Substitute these in each of the three partial

differential co-efficients of the second order,

and find the results.

Multiply the first and third results together,

and square the second ; then, if the product

of the first and third is greater than, or equal

to, the square of the second, there will be

either a maximum or minimum ; a maximum
when the first result is negative, a minimum
when it is positive.

For example, let it be required to find the

maxima and minima of the function

u = 2?y* (a — x — y).

Differentiating, we have

du
^ = *y(3a-3y-4i), and

du

^ = z3y(2a-3y-2:r).

Placing these separately equal to 0,

3a — 3y — 4x = 0, and 2a — 3y — 2* =

whence, by combination,

0:

We have, also,

d'u

j^ = 2xy* (3a

d'u

dxTy
=x'y^a - 9y — 8x), and

d'u
^=x'(Za-6y Ste).

a' a"
or

' 72 > 144'

Substituting in these the values of x and y
deduced above, and applying the rule, we get

a* a*— g- first result ; — — • second result

;

a*— "a" ' third result ; and since

B')H)>K)'
the deduced values correspond to either »

maximum or a minimum, and since the first

result is negative, it is a maximum. Substi-

tuting these values in the function, the maxi-

mum value is found equal to

a6

432'

MEAN. The mean of two quantities is a

quantity lying between them and connected

with them by some mathematical law.

There are several kinds of means, the prin-

cipal ones being the Arithmetical and the

Geometrical mean.

The Arithmetical mean, or average of sev-

eral quantities of the same kind, is their sum

divided by their number. Thus, the arith-

metical mean of 10, 12, 17, and 25, is *^ <"

16. The arithmetical mean is understood

when the word mean is used alone.

The Geometrical mean of two quantities, is

the square root of their product: thus, the

geometrical mean of 2 and 8 is V 16 = 4.

The greater of the given quantities is as

many times greater than the mean, as the

mean is greater than the less quantity. Such

is the idea of the geometrical mean. In a

geometrical progression, each term is a geo-

metrical mean between the preceding and suc-

ceeding terms ; in an arithmetical progres-
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sion each term is an arithmetical mean be-
tween the preceding and succeeding terms.

The practical applications of the principles

of means, is in determining the most proba-

ble amongst several discordant results obtain-

ed by measurement, or by experiment. Sup-
pose that by different measurements, all con-

ducted with equal care, we find that the

length of a given line is 23.021, 23.012

23.101, and 23.010 inches, then it is probable,

from the data, that the true length is a mean
of the measured lengths, or 23.036 inches

This rule supposes that all the measurements

are equally trustworthy, which is not always

the case. When some of the observations

are better than others, they are said to have

greater weight ; thus, suppose three observa-

tions to give 26, 28 and 29, and that it is

thought by the observer, that the observation

giving 26 is as good as a mean of four obser-

vations, that giving 28 is as good as a mean
of eight observations, and that giving 29 is

as good as a mean of six observations, we
may regard the whole system as composed of

18 observations, 4 of which give the result

26, 8 the result 28, and 6 the result 29. The

numbers 4, 8, and 6, are called the weights

of the observations respectively.

To find the mean or probable result, multi-

ply each result by its weight, and take the

sum of the products ; divide this by the sum

of the weights, and the quotient will be the

value sought. Thus,

8 X 28 + 6 X '29 + 4 X 26 = 502,

which, divided by 18, gives 27.89 as the most

probable result.

The constant use of the principle above

explained, in all branches of experimental

philosophy, and particularly in astronomy,

has given rise to much research, in order to

find the most probable result in any given

chain of observations.

Omitting the analysis, which has led to the

subjoined rule, we simply annex a table,

which has been computed in accordance with

the principle of least squares, and an exam-

ple to show its use.

Suppose that we have a number of obser-

vations on a given phenomenon, and wish to

determine the probability that the truth lies

within a given degree of exactness to the

average of them.

The following is the rule: Let M denote

the average of the observations, and let

M + m and M — m
be two limits. Let it be required to ascer-

tain the probability of the truth lying between

them. Take the difference between M and
each of the results of observation, and add

together the squares of these differences.

Multiply 100 times the number of observa-

tions by m, and divide by the square root of

twice the sum just found ; take the number
nearest to the result in the column marked
A, and opposite to it, in the column marked
B, will be found the number of chances out

of 10,000 for the degree of nearness required.

TABLE.

A
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To construct a mean proportional between

two given lines, geometrically.

Draw an indefin-

ite straight line AC, .

and lay off on it /
a distanceAB, /

equal to one of the A. B C
lines, and from B lay off the distance BC,

equal to the second line ; construct a circle

on AC as a diameter, and draw the line BD
through the point B perpendicular to AC, till

it meets the curve in D : BD is the mean
proportional required.

To find two mean proportionals between

two quantities, that is, to insert two quan

tities between them, so that the four shall be

in geometrical proportion.

Multiply each quantity by the square of

the other, and extract the cube roots of the

product ; these will be the means required

Let it be required to insert two means be-

tween 2 and 16. By the rule, we find

J/2
2 X 16 = 4, first mean,

and -?/16 a X 4 = 8, second mean

;

hence, the progression is

2 : 4 . 8 • 16.

The following table exhibits the method of

proceeding to insert any number of means
between any two given quantities. Let the

quantities be denoted by a and b :

1 mean, a : •/ah : b.

2 means, a .\fa?b~ :i/ab' : i.

3 means, a :i/aJb: i/aW :i/ab' : b.

4 means, a : \/aJE : ^/oT'

:

^/aW :^/abi : b.

(n — 1) means

a : Vn"-1* ."/a—*b* r^/a1—=4'. .fyab"-
1

: b.

The geometrical construction of {n — 1)

geometrical means is impossible by the aid of

elementary geometry, but it can be effected

by means of the higher geometry. The loga-

rithmic spiral affords the readiest means of

effecting the construction.

With the first quantity as a radius, de-

scribe a directing circle, and through its

centre draw a radius ; lay off from this, as an

initial, in succession (n — 1) equal angles of

any given value ; on the last side of the last

angle, lay off from the centre a distance equal

to the second quantity ; through the extremi-

ties of the first and last distances laid off,

draw a logarithmic spiral ; this can always

be done ; the distances cut off from the suc-

cessive sides of the intermediate angles will

be the required means.

Harmonical Mean between two Quanti-

ties. The reciprocal of the arithmetical means

of the reciprocals of the two quantities. Let

a and b denote the quantities ; then will their

reciprocals be denoted by - and r, and the

mean of these reciprocals will be denoted by

1 a + b

%a 2b Zab
hence

lab

a + b

is the harmonical mean between a and b. The

harmonical mean is a third proportional to the

arithmetical and geometrical means ; that is,

a + b .— ,— 2si
: Vab : : vab :

•

2 a + b

Mean Diameter. In Gauging, a mean

between the head diameter and the bung

diameter.

MeAS'URE. [L. mensura, a measuring].

The measure of a quantity is its extent, or

its value, in terms of some other quantity of

the same kind, taken as a unit of measure.

The measure of a line is the number of

linear units, as feet, yards, miles, &c , which

it contains.

The measure of a surface is the number of

square units of surface which it contains.

The measure of a volume is the number of

cubic units which it contains. The measure

of an angle is the number of angular units

which it contains, whether the angular unit

be a right angle or a degree. A measure of

a quantity is always expressed by means of

some number and the unit of measure. The

measure of a ratio is the numerical value of

the ratio.

Measure or Unit op Measure. A given

quantity, used as a standard of comparison

in measuring a quantity of the same kind.

Every kind of quantity has its own unit of

measure, and, under different circumstances,

the same kind of quantity may have different
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units of measure. Thus, in measuring dis-

tances, we may compare them with a foot, a

yard, a rod, a mile, a league, &c., but in all

such cases, these different units are so re-

lated to each other, that the measurement
can always be reduced to a comparison with

some one fixed unit ; so that, in fact, though
different units may have been used, there is

virtually but a single unit, that unit being, in

any given instance, arbitrary. Since every

kind of magnitude has its own unit of mea-
sure, we have units of distance, units of sur-

face, units of volume, units of weight, units

of force, units of temperature, in short, units

of every kind of quantity. There appears to

be an exception to the general principle laid

down, that the unit of measure is always of

the same kind as the quantity measured, in

the case of the measurement of angles, when
the angle is measured in terms of the arc of

a circle. The exception in this case is only

apparent, for it is shown that the measure of

the relation between two angles is the same

as that between two arcs of circles, whose

centre is at the vertex of the angle, and the

arcs thus intercepted between the sides of

the angle. So that, in this case, we replace

both the unit and the quantity measured by

other quantities, which bear the same relation

to each other as the given quantities. In all

cases, we again assert, the unit of measure

is of the same kind as the thing measured,

no matter what may be the form of expres-

sion used in giving the result of the mea-

surement.

Units of Measure foe Distances. One

of the most important units of measure is

that for distances or measures of length. A
practical want has ever been felt of some

fixed and invariable standard by means of

which all distances may at once be com-

pared, and such fixed standard has been

sought for in nature. There are two natural

laws, either of which afford this desired na-

tural element. Upon one of them, the Eng-

lish have founded their system of measures,

and upon the other the French have based

their system. These two systems being the

only ones of importance, we shall only con-

sider them, disregarding the various sug-

gestions that have been made, looking to the

adoption of some other element as a stand-

ard of comparison.

First. The English system of measures, to

which our own system conforms, is based

upon the law of nature that the force of

gravity is constant at the same point of the

earth's surface, and consequently that the

length of a* pendulum which oscillates a cer-

tain number of times, in a given period, is

also constant. It is accordingly decreed by

the English law that the „
gfi

,-th part of

the length of a simple second's pendulum at

the Tower of London shall be regarded as a

standard English foot, and from this, by mul-

tiplication and division, the entire system of

linear measures is established.

Second. The French system of measures

is founded upon the principle of the invaria-

bility of the length of an arc of the same

meridian between two fixed points. By a

very minute survey of the length of an arc

of the meridian from Dunkirk to Barcelona,

the length of a quadrant of the meridian

was computed, and it has been decreed by

French law that the ten millionth part of this

length shall be regarded as a standard French

metre, and from this, by multiplication and

division, the entire system of linear measures

has been established. On comparing two

accurate scales, Capt. Kater found that the

French metre was equal to 3.280899 English

feet, or 39.37079 English inches. This rela-

tion enables us to convert all measures in

either system into the corresponding mea-

sures of the other system.

Other Units of Measure. The unit of

length having been established, the unit of

surface is taken, equal to the area of a square,

one of whose sides is the unit of length.

The unit of volume is taken equal to the vol-

ume of a cube, one of whose edges is equal

to the linear unit. The cubic unit, or unit

of volume being established, it affords the

means of fixing a convenient unit of weight.

It has been agreed that a cubic foot of dis-

tilled water, at the temperature of 39.83"F-,

shall be regarded as weighing 1000 ounces.

This fixes the standard ounce, and all other

weights are then determined by being referred

to this as a standard. See Weights.

The following statements show the rela-

tions between the measures of the United

States, England and France
;

1. Weights and Measures of the United
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Slates. The unit of length is the same as

the English unit. The comparison is made

by means of a scale 82 inches in length, now

in the possession of the Treasury Depart-

ment, and manufactured by Troughton in

London.

The standard unit of weight is the Troy

pound, copied in 1827 by Capt. Kater, from

the imperial pound Troy of England. This

standard is to be used at a standard height

of the barometer equal to 30 inches, and a

temperature of 62° Fahrenheit. The stand-

ard is at present kept at the mint of the

United States at Philadelphia.

The standard of liquid measure is the gal-

lon, a vessel which contains 58372.2 grains,

or 8.3389 pounds, avoirdupois weight, of

water, when at a temperature of 39°.83 Fah-

renheit ; the water to be weighed in air

when the barometer stands at 30 inches, the

temperature being 62° Falir. This gallon is

the wine gallon, nearly, and contains about

231 cubic inches.

The standard of dry measure is the bushel,

which holds 543391.89 grains, or 77.6274

pounds avoirdupois weight of distilled water,

determined under the same conditions as in

the preceding case. This coincides nearly

with the English bushel.

,175
The avoirdupois pound is equal to -jtj

times the Troy pound.

2. Linear Measures. English Measures.

The unit of linear measure is the yard, equal

to 3 feet. The following table shows the

relation between the different linear units

often used

:

laches.
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decimetre. The standard temperature being
32° Fahr.

The following tables show the relations

existing between the several units in the

French system

:

Measures of Length.

Myriametre, equal to 10000 metres.

Kilometre, " 1000

Hectometre, " 100 "

Metre, " 1 "

Decimetre, " 0.1 "

Centimetre, " 0.01 "

Millimetre, " 0.001 "

Measures of Surface.

Hectare, equal to 10,000 square metres.

Are, " 100

Centiare, "
1

Measures of Capacity.

Kilolitre, containing 1000 litres.

Hectolitre, " 100 "

Decalitre, •' 10 "

Litre, "
1 "

Decilitre, " 0.1 "

Centilitre, " 0.01 "

The unit of volume for ' solids is the stere.

or the cube of the metre, which is equivalent

to 35.31658 cubic feet. No system of metro-

logy has equaled the French in simplicity,

nevertheless, it is not in general use, even in

France, for every day purposes. There is in

fact, at present, three system of measures

more or less used.

The following table shows the relations

between the standard foot, in some of the

principal countries of Europe.
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in which s denotes the length of the circum-

ference, a and 4 the semi-axes.

3. Arc of Parabolafrom the vertex.

* = W "3 1"A nearly ; • (5)

;

in which s denotes the length of the arc, a

the abscissa, and 4 the ordinate of the extreme

point.

4. Arc of any Plane Curve.

s = f Vdx' + dy' (6)

in which * denotes the length of the arc, a

and 4 the abscissas of the extreme points, dy

is to be determined in terms of x and dx,

from the equation and differential equation of

the curve.

II. Areas of Surfaces.

1. Plane Triangle.

Ih
A = (7);

in which A denotes the area, 4 the base, and

A the altitude

A = ab sin C
(8);

in which a and 4 are adjacent sides, and C
their included angle.

A = Vs(s-a)(s-b)(s-c) (9)

;

in which a, b and c, are the three sides, and

a + 4 + c

2. Parallelogram.

A-bh (10)

;

in which 4 is the base, and h the altitude.

A = ab sin C (11);

in which a and 4 are adjacent sides, and C
their included angle.

A = 1 Vs(s-c)(s- a) (* - 4) • (12)

;

in which a and b are adjacent sides, c the

diagonal of the parallelogram joining their

extremities, and

a + b + c

3. Trapezium.

4 + 4'

A = —F-h (13);

in which 4 and V are the parallel bases, and

u the altitude of the trapezium.

4-f 4
A = -g- / sin O (14) ;

in which I is the length of one of the oblique

sides, and C the angle between it and one of

the parallel bases, 4 and 4' being the same as

before.

4. Any Quadrilateral.

A = sin C (15);

in which d and a" are its diagonals, and C
their included angle.

5. Any Regular Polygon.

tan(?)
(16);

in which n is the number of sides, and a the

length of one of them.

6. Circle.

A = nr" *..(17);

in which r is the radius.

A ' =
360

"r* • • • (18).;

in which A' denotes the area of a circular

sector, n being the number of degrees in the

sector.

A" =
(
C +

3VI + b
*) 10 "• "^ ( 19)

;

in which A" denotes the arc of a circular

segment, c its chord, and v its height, or the

ver-sin of half the arc of the segment.

7. Ellipse.

A — nab (20)

;

in which a and 4 are the semi-axes,

8. Parabola. '

2
A = o ab . . .

.

.... (21)

;

in which a is the abscissa, and 4 the ordinate

of the extreme point.

9. Surface of Cylinder, exclusive of bases.

A = litrh (22)

;

in which r is the radius of the base, and h the

altitude.

10. Surface of Cone, exclusive of base.

A=nra (23)

;

in which r is the radius of base, and a the

slant height.
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A' = 7C (r + r') a (24)

;

in which A' denotes the avea of the surface

of a conic frustum, r and r' radii of the upper

and lower bases, and a the slant height.

11. Surface of Sphere.

A = iirr' (25)

;

in which r is the radius of the sphere.

A' = Znrh (26)

;

in which A' represents the area of a zone, r

the radius of the sphere, and h the altitude

of the zone.

A' = i7rr'smi(J.'-l)cosi(l'+l). . . (27);

in which A' denotes the area of the surface

of a zone whose bases are parallel to the

equator ; r the radius of the sphere ; I and I'

the latitudes of the bases of the zone, +
when north, — when south.

A"= 5̂ (m'-m)r'Bmi{l'-l)

Xcosi(l' + 1) (28);

in which A" denotes the area of a spherical

quadrilateral bounded by two parallels of lati-

tude and two meridians ; m and m! the lon-

gitude of the extreme meridians in degrees
;

/ and I' the latitudes of the bounding paral-

lels, + when north, — when south ; and r

the radius of the sphere.

in which A'" is the area of a spherical trian-

gle ; A, B and G three angles in degrees
;

and T is the area of the trirectangular trian-

gle, or equal to \ nr*.

A* = (s - 2n + 4) X T (30)

;

in which A" denotes the area of a spher-

ical polygon ; s the sum of all the angles in

degrees, divided by 90°
; n the number of

sides ; and T the area of the trirectangular

triangle, or equal to £ffr2
-

12. Area, of any Plane Curve.

A = I ydx .... (31);

in which a and b axe the abscissas of the ex-

treme ordinates ; and y must be deduced by

solving the equation of the curve with re-

spect to y.

13. Area of any Surface of revolution.

/s
Zny Ydx' + dy' (32)

;

24

in which y and dy are to be found from the

equation and differential equation of the meri-

dian curve referred to the axis of revolution

;

a and b denote the abscissas corresponding to

the limiting circles of the surface of revo-

lution.

14. Area of any Surface.

/>6 pd f dz* dz'
^ =
y»/^v i+^ + ^'" (33);

in which -r , t-, are to be found from the equa-
dx ay

tion and partial differential equations of the

surface, in terms of x and y ; a and b the or-

dinates of the extreme limits, in the direction

of the axis of I; c and d the ordinates of

the extreme limits, in the direction of the

axis of Y.

III. Volumes op Solids.

1.

V - abh (34)

;

in which V denotes the volume, a the length

of the base, b the breadth of the base, and h

the altitude.

2. Prism and Cylinder.

V=Bh (35)

;

in which B denotes the area of the base, and

h the altitude.

3. Pyramid and Cone.

r= Bh
' 3

(36)

;

in which B denotes the area of the base, and

h the altitude.

T = (A + B + YA~B)2 ..(37);

in which V denotes the volume of a frustum,

A the area of the upper, B the area of the

lower base, and A the altitude of the frustum.

4. Sphere..,

V=irrr» (38)

;

in which r is the radius of the sphere.

V = |ct2A (39)

in which V denotes the volume of a spher-

ical sector, r the radius of the sphere, and h

the altitude of the zone that forms the base

of the sector.

V" = —y— h + irf . . (40)

;

m which V" denotes the volume of a spher-
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ical segment, A and B the areas of its par-

allel bases, and A the altitude of the segment.

Either A or B may become ; in which case

the segment has but one base.

5. Prismoid. A solid similar to that

formed in rail-road cuttings, terminated by

parallel cross-sections perpendicular to the

axis of the road-way. The volume is equal

to the sum of the end-section plus four times

a section midway between them, multiplied

by one-sixth of the length of the volume, in

the direction of the axis of the road-way ; or,

V- \(b + rh')h' + (b + rh)h

I
,

h + h'\h + h'-\l
+ 4^ + f __J__j 6

... (41)
.

in which b denotes the breadth of the cut-

ting at the bottom ; h the perpendicular

height of the cutting, at the upper end
;

h' the height, at the lower end ; I the length

of the volume, and r the tangent of the

angle which the slope of the side makes

with the vertical ; h and h' the mean heights,

at the two ends.

6. Any Solid of revolution.

V = fny'dx (42);

in which y is to be deduced from the equa-

tion of the curve, in terms of x ; a and b are

the abscissas • of the limiting planes perpen-

dicular to the axis of revolution.

7. Any Solid, the equation of whose bound-

ing surface is given.

V = zdxdy . . . (43)

in which 2 is to be deduced from the equation

of the bounding surface, in terms of x and y ;

a and b are the ordinates of the limiting

planes perpendicular to the axis of X; c and

d the ordinates of the limiting planes perpen-

dicular to the axis of Y.

The following principles of mensuration

are due to Guldinus :

1st.. The area of any surface of revolution,

generated by a plane curve revolving about a

straight line, as an axis, is equal to the length

of the curve multiplied by the circumference

described by the centre of gravity of the arc.

2d. The volume of a solid, generated by

revolving a plane curve about a straight line

in its own plane, as an axis, is equal to the

area of the curve multiplied by the circum-

ference of the circle described by the centre

of gravity of the revolving circle.

MERCATOR'S CHART. A representa-

tion of a portion of the surface of the earth

upon a plane, in wMch the meridians are re-

presented by equi-distant parallel straight

lines, and the parallels of latitude by straight

lines perpendicular to them.

This chart is particularly adapted to the

purposes of navigation, inasmuch as the plot

of a ship's course, or a rhumb line between

two points upon it, is represented by a straight

line. On this account, as well as on account

of the facilities which it affords for making
calculations necessary in navigation, Merca-

tor's Chart is now almost universally adopted

for sailing purposes.

The principle on which the projection is

made, is this : The projection of the meri-

dians being assumed as equi-distant parallel

straight lines, it is plain that as we recede

from the equator, the scale on which a detrree

of longitude is represented will continually

increase. In order, therefore, that the chart

may fulfill the required conditions, the scale

of latitudes is made to increase in the same
proportion.

Now the length of a degree of longitude

in any degree of latitude, is equal to the

length of a degree of longitude at the equa-

tor multiplied by the cosine of the latitude,

but as th» length of a degree of longitude is

in every latitude represented by a constant

distance, it follows that the scale increases

inversely as the cosine of the latitude, or,

what is the same thing, as the secant of the

latitude ; hence, the scale of latitudes must
increase as the secant of the latitude, that is,

if a given line represents the length of a de-

gree of latitude at the equator, then will that

line, multiplied by the secant of the latitude

I, represent the length of a degree of latitude

at the point whose latitude is /.

If a minute of the equator, or « nautical

mile, be taken as the unit of measure, and

that unit be taken as the radius of the tables

of natural sines, &c, then will the represen-

tation of a minute of latitude, at any point,

be represented by the number which is found
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at any place, is continually
from the tables for the secant of the latitude

of that point. A table of results formed by
the successive additions of the secants cor-
responding to each minute of latitude, is

given in every work on navigation, under
the head of meridional parts, and by its aid
Mercator's Chart may easily be projected.

See Spherical Projection.

Mercator's Sailing. The method of com-
puting the cases of sailing in accordance with
the principles of Mercator's Chart.

In the right an-

gled triangle ABB',

let AB' represent

the true difference

of latitude between

two places, the an-

gle BAB' the angle

which the course

sailed makes with

the meridian, and

AB the true dis-

tance sailed ; then

is BB' what is call-

ed the departure,

as in plane sailing. Produce AB' till AC'is

equal to the meridional difference of latitude,

and draw CC parallel to BB', then will CC
represent the difference in longitude. If we
denote the angle BAB' by 0, we shall have,

from the right angled triangle of the figure,

the proportions,

1 : sin (p : : distance : departure,

1 : cos (j> : : distance : diff. of latitude,

1 tan </> : : mer. diff. of lat. : diff. of long.

By means of these formulas, all cases of

Mercator's Sailing may be solved.

ME-RID'I-AN OF A PLACE. [L. meri-

dies, noon]. The intersection of the surface

of the earth, with a plane passing through

the axis of the earth and the place. The

meridian is the same as a north and south

line. The meridian, as defined, is called the

true meridian.

Magnetic Meridian of a place, is the in-

tersection of the surface of the earth, with

a vertical plane through the axis of a mag-

netic needle suspended freely at the place.

The magnetic meridian of a place is contin-

ually changing. The angle which it makes

with the true meridian, is called the variation

of the needle, consequently the variation of

the needle

changing.

Meridian Curve of a Surface of Revo-
lution. The section of the surface made by
a plane passing through the axis of revolution.

Meridian Distance of a Point. In Sur-
veying, the distance from the point to some
assumed meridian, generally the one drawn
through the extreme east or west point of

the survey. The meridian distance of a

course is the meridian distance of its middle

point, or it is the arithmetical mean of the

meridian distances of all of its points

Meridian Distance in Navigation. The
same as departure or easting and westing, or

the distance between two meridians, one
drawn through each of the points, whose
meridian distance apart is considered.

Meridian Plane of a Surface of Revo-
lution. Any plane passed through the axis

of revolution.

ME-RID'I-ON-AL PARTS. Parts of the

projected meridian, according to Mercator's

system, corresponding to each minute of lati-

tude, from the equator up to some fixed limit,

usually 80°.

These parts are tabulated, and the tables

are of use in projecting charts, and in solving

cases in Mercator's Sailing. The theory of

the construction of the table of meridional

parts is very simple. If we take the length

of one equatorial minute as the unit of mea-

sure, and as the radius of a system of natural

secants, then will the length of a minute of

the meridian in any latitude be represented

by the natural secant of that latitude, and the

distance of the projection of any parallel of

latitude from the equator, will be equal to the

sum of all the secants of the arcs from up

to the given latitude. For most purposes,

the sum of the secants corresponding to each

minute, will be sufficiently accurate.

The construction of the table is as follows

:

For 1' mer. part = sec 1',

" 2' " = sec 1' + sec 2',

" 3' " = sec 1' + sec 2'+sec3',

= secl'+sec2'+sec3'+
. . • • + sec »'

.
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The second member of each of the above

formulas, when reduced, gives the distance

of the projection of the parallel from the

equator.

The table as above constructed is only ap-

proximately true, and is, besides, somewhat

tedious to compute. Other methods have

been invented, both more accurate and of

easier application, but the method above given

shows more clearly than any other the nature

of the tables. Of the other methods of com-

puting tables the best is founded on the pro-

perty that the scale of latitudes, in Mercator's

projection, is analogous to the scale of logar-

ithmic tangents of half the complements of

the latitudes.

Meridional pakts on the Spheroid. De-

note the eccentricity of fhe ellipsoidal merid-

ian by c ; denote the latitude for which the

meridional part is required by /, and denote

the natural sine of the latitude by s. Find

the arc whose sine is se, and call it I' ; take

the logarithmic tangent of half the comple-

ment of /' from the common tables, and sub-

tract it from 10 ; multiply the remainder by

7915.7044679, and that product by e ; this

result taken from the meridional part found

from the table of meridional parts for the lat-

itude I, will be the meridional part for the same

latitude on the surface of an oblate spheroid.

MES'O-LABE. [Gr. uegog, middle, and

Xa/i(3avo, to take]. An instrument invented

for constructing two mean proportionals be-

tween two given straight lines mechanically.

It was used in solving the problem of the

duplication of the cube.

ME'TRE. A unit of measure in the French
decimal system. It is equivalent to the ten

millionth part of the distance from the equa-

tor to the north pole, or about 39.37 inches.

See Measure.

ME-TROL'O-GY- [Gr. fierpov, measure,

and loyog, discourse]. The art and science

of mensuration. See Mensuration.

MID-DLE. [L. medius, in the midst]. Equi-
distant from the extremes. The middle point

of a limited straight line is the point which
is at the same distance from each extremity.

MID-DLE LATITUDE. The middle lat-

itude of two points on the surface of a sphere

or spheroid, is the half sum of the two lati-

tudes when both arc of the same name, or

the half difference of the latitudes when both

are not of the same name. The middle lati-

tude is affected with the name of the greater.

If we agree to call north latitudes positive,

and south latitudes negative, the middle lati-

tude in all cases is equal to half the algebraic

sum of the two latitudes.

Middle Latitude Sailing. The method

of computing cases in sailing, by means of

the middle latitude, by a combination of the

principles of plane and parallel sailing. This

method is only approximately correct. The

computations are made on the following

principle :

The departure is considered as the meridi-

onal distance for the middle latitude of the

place sailed from and the place sailed to. The
results are the more accurate as the two
places are near the equator.

The following proportions serve to solve

all cases of middle latitude sailing. Calling

the latitude of the two places I and /' we
have

a + n
cos I 1:1:: departure : difference of

longitude.

(l + l'\
cos I

—— I : tan of course : : difference of

latitude : difference of longitude.

MILE. [L. mille passus, a thousand
paces

;
passus has been dropped by usage,

and the numeral mille has acquired a sub-

stantive signification], A unit of measure
equivalent to 5280 feet, or 1760 yards. The
mile of different countries is somewhat dif-

ferent. See Measure. The Roman mile

contained 1000 paces of 5 feet, each foot being

equivalent to 1 1 v62 inches ; whence the name
mile.

A square mile contains 640 acres, and has
been adopted by the United States govern-
ment as a unit of surface in dividing the

public lands. A square mile of land is called

a section.

MILL. [L. mille, a thousand]. The tenth

part of a cent, or the thousandth part of a

dollar. A unit of money in the United
States of the lowest denomination

MILL-ION. [L. mille, one thousand]. A
thousand thousand, or 1,000,000.
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MIN'I-MUM. [L. minimus, smallest]. See
Maxima and Minima.

MIN'U-END. [L. minuendus, from minuo,
to lessen]. That quantity from which another
is to be subtracted. The second quantity is

called the subtrahend.

Mi'NUS. [L. minus, less]. The name of

the sign of subtraction
; it is a simple hori-

zontal mark, thus — . See Symbols.

MIN'UTE. [L. minutum, a small portion].

The 60th part of an hour, or the 1440th part

of a day. See Day.

In angular measure, the 60th part of a de-

gree, or the 5400th part of a right angle. See
Degree.

MIXED. [L. misceo, to mix]. Composed
of heterogeneous elements.

Mixed Mathematics. The application of

mathematical principles to practical construc-

tions, or to the investigations of general

science. The term is used in contradistinc-

tion to the term pure mathematics, which im-

plies the investigation of the purely scien-

tific principles of mathematical science.

Mixed Number. A number expressed by

the aid of both integral and fractional parts
;

thus, 2£ is a mixed number, or mixed frac-

tion ; so also is 2.5. This is often called a

mixed decimal.

Mixed Quantity. A quantity composed

c
of entire and fractional parts ; thus, a + —,

is a mixed quantity. All mixed quantities

can be reduced to the form of simple frac-

tions. See Fraction.

MOD'U-LUS. [L. modulus, a measure] A
constant factor of a variable function which

serves to connect the function with a particu-

lar system or base.

The modulus of a system of logarithms is

a constant factor, by which, if the Naperian

logarithm of any number be multiplied, the

product will be the logarithm of the same

number in that system.

The modulus of any system of logarithms

is always equal to the reciprocal of the Nape-

rian logarithm of the base of the system ; it

is also equal to the logarithm of the Naperian

base,

c = 2.718281828,

taken in that system. The modulus of the

Naperian system is 1, the base of that sys-

tem being 2.718281828. The modulus of the
common system is .434294482, and the base
of that system is 10. From the definition of
the modulus of a system of logarithms, it fol-

lows that the logarithms of the same number,
in different systems, are to each other as the

moduli of those systems,

Modulus op a Number or Quantity.
M. Mourey has shown that every quantity

can always be reduced to the general form

a + b V— 1, ^

in which a and b are always real, but may b«'

entire or fractional, positive or negative

rational or irrational. When J =0, the quan
tity is real ; when b is not 0, the quantity it

imaginary. He proposes to call

Va? + b°

the modulus of the quantity, and in his geo-

metrical interpretation of imaginary results,

he shows that this modulus represents the

length of a straight line, whilst the relation

between a and b determines the direction of

the line with respect to a fixed initial line.

MO-No'MI-AL. [Gr. fiovoc, sole, and ovoua,

name]. A single algebraic expression ; that

is, an expression unconnected with any other

by the signs of addition, subtraction, equality,

or inequality.

MONTH. The twelfth part of a year.

Months are variously distinguished. The
calendar months are named January, Febru-

ary, March, April, May, June, July, August,

September, October, November and Decem-

ber. The first, third, fifth, seventh, eighth,

tenth and twelvth. have each 31 days, all the

rest have 30, except February, which has 28

in ordinary years and 29 in leap years. A
lunar month embraces the period between

two consecutive new moons. It is about 29$
days in length, so that there are nearly 13

lunar months in a year.

The civil lunar month is a period alter-

nately of 29 and 30 days. The civil solar

month is a period alternately of 30 and 31

days, except one month, which consists only

of 29 days, which in leap year has 30 days.

These distinctions are not now regarded.

MULT-AN"GU-LAR. [L. multus, many,

and angulus, angle]. Many angled, polygo-

nal. See Polygon.
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MTJL-TI-No'MI-AL. [L. multus and no-

men, name]. An expression composed of

two or more monomials, connected by the

signs plus or minus (+ or — ). See Polyno-

mial.

Multinomial Theorem. A theorem of

Algebra, which has for its object to deduce a

formula for developing any power of a poly-

nomial. This formula is called the multino-

mial formula.

Multinomial Formula. A formula for

developing any power of a polynomial with-

out performing the successive multiplications.

The formula is as follows

:

+ mbB

{a + bx + ex' + . . +px")m = B
x'

+ 2mcB

+ (ro - 1) bB'

2a
+ 3mdB

+ &c.

+(2m-l)cB'

+ (m-2)6B"

+ imeB
+ (3m-l)dB' !,,

+ (2m - 2) c B'

+ ( m - 3) b B'

in which B = am ; and B', B", B"', &c,

represent the co-efficients of the terms imme-

diately preceding those in which they first

appear.

1. Let it be proposed to find the cube of

the polynomial

1 + x + x' + x3 + &c.

;

here,

a = b = c= d = &.c. = 1, m = 3
;

hence,

a" = B = 1, mbB = 3xlXl=3 = S',

2mcB+(m-l)bB' _ 6+2x3 _-_„,,
Ta

'

2
""^ '

3mdB + (2m - 1) cB' + (m - 2) bB"

3a.

9 + 15 + 6

3
• = B!" ; &c„ &c.

Substituting these, in the formula, we find

(1 + x + x* + x> + . . + x»y = 1 + 3x

+ 6x' + lOz3 + 151* + &c.

2. Again let it be required to find the cube

root of the series

1 + ix + ix' + ix' + &c.
;

here,

; 1, b = i, c = i, d — J, &c, and m = \,

a™ = p = 1 = B ; mbB = i - B
2mcJS+(m-l)iB'

2a

3mdB + (2to 1) cB' + (m - 2) bB"

3a

= B"' : &c, &c.
35

~648

Hence, from the formula,

(1 + ix + ix' + ix' + &c. . . . )*

= 1 + ^ + &X* + ^frr" + &c, &c.

MUL'TI-PLE. The multiple of two or

more quantities, is a quantity which they will

separately divide without a remainder.

Thus, 12 is a multiple of 2, 3 and 4 ; 24

is also a multiple of 2, 3 and 4 ; hence, there

may be more than one multiple of any given

set of quantities.

Least Common Multiple. The least com-

mon multiple of two or more quantities, is

the least quantity which they will separately

divide without a remainder. Thus, 12 is the

least common multiple of 2, 3, 4 and 6.

The least common multiple of several quan-

tities must contain all the prime factors which

enter each quantity, and it must contain each

factor raised to the highest power to which

it enters any one of the numbers, nor will it

contain any other factors. Hence, to find

the least common multiple of several quanti-

ties.

Resolve them into their prime factors

;

form the continued product of all the prime

factors of the quantities, each raised to the

highest power to which it enters any of the

quantities, and this will be the least common
multiple sought.

Let it be required to find the least common
multiple of

98, 72, 63 and 49 :

resolving them into prime factors, the num-

bers take the respective forms,

2 X T, 23 X 3s , 3s X 7 and T
;

hence, the least common multiple is

3528 = 2s X 3 J X 7'.

The least common multiple of

8a'b, iab'c and 72, is

72a'b'c = 23 X 3'a'b'c.

It has been proposed to call the least com-
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mon multiple of several quantities, their

least common dividend. Hence, we should

define the least common dividend of several

quantities, to be the least quantity that they

will separately divide without a remainder.

The term least, as used above, refers only

to the numerical value of the quantities to

which it is applied.

Multiple Point of a Curve. In Analy-

sis, is a point in which two or more branches

of a curve intersect each other. The analyti-

cal characteristic of a multiple point of a '

curve, is that at it the first differential co-

efficient of the ordinate must have two or

more values. Hence, to find whether a given

curve has any multiple points, differentiate

its equation, and from the equation of the

curve and its differential equation, find an

expression for the first differential co-efficient

of the ordinate. See whether there are any

real values of the variables which will give to

the first differential co-efficient found, two or

more values, and at the same time satisfy the

equation of the curve ; if so, the correspond-

ing points are multiple points. The number

of multiple points will be determined by the

number of sets of real values of the variables

which fulfill the required conditions.

Ifthe differential co-efficient has twovalues

at a point, the point is a double multiple

point ; if three, a triple multiple point ; if

four, a quadruple multiple point, and so on

See Singular Points.

MUL-TI-PLI-CAND'. [L. multiplico, to

multiply]. That quantity which is to be re-

peated, or which is to be multiplied.

MUL-TI-PLI-Ca'TION. [L. multiplicatio,

increasing]. The operation of finding the

product of two quantities. The product is the

result obtained by taking one of the quanti-

ties as many times as there are units in the

other. The quantity to be multiplied or taken

is called the multiplicand, the quantity by

which it is to be multiplied is called the mul-

tiplier, and the result of the operation is called

the product. Both multiplicand and multi-

pliers are called factors of the product.

I, Arithmetical Multiplication.

1. To multiply any number by a multiplier

less than 10.

Write the multiplier under the right hand

figure of the multiplicand. Multiply in suc-

cession each digit of the multiplicand by the

multiplier, beginning at the right hand ; if

any product is expressed by more than one

figure, set down the right hand figure under

the digit multiplied and add the number ex-

pressed by the remaining figure or figures to

the next product, and so on to the last figure

of the multiplicand, when the entire product

is set down.

Multiplicand, 3896439

Multiplier, 8

Product, 31171512

2. To multiply any number by a multiplier

greater than 10.

Write down the multiplier under the mul-

tiplicand, so that units of the same order

shall fall in the same column. Multiply the

entire multiplicand by each digit of the mul-

tiplier, and write down these partial products

so that units of the same order shall fall in

the same column, and take their sum, which

will be the product required.

Multiplicand,

Multiplier,

Partial products,

Product,

45684

4374

199821816

The preceding rule is equally applicable to

decimal fractions, and to mixed decimals.

3. To multiply one vulgar fraction by an-

other.

Multiply the numerators together for the

numerator of the product, and the denomina-

tors together for the denominator of the pro-

duct.

This rule applies when either factor is a

whole number or a mixed number. In the

former case, the denominator is 1, and in the

latter case, the mixed number must be trans-

formed into an equivalent fraction by the

rule. "See Fraction.

II. Algebraic Multiplication.

1. To multiply one monomial by another.

Multiply the co-efficients together for a new

co-efficient, after this write all the letters that

enter both factors, giving to each an expo-
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nent equal to the sum of its exponents in

both factors.

The rule of signs, applicable in all cases

of algebraic multiplication, is that the pro-

duct of two terms, preceded by like signs, is

affected with the sign + ; and the product

of two terms, preceded by unlike signs, is

affected with the sign —

.

Multiplicand — 2abc'f

Multiplier Ac'bf

Product - 8ab'ce

f.
2. To multiply a polynomial by a monomial.

Multiply each term of the polynomial by the

monomial, and connect the results by their

respective signs ; the final result will be the

product.

Multiplicand 8ab — ex' + 2cf — g
Multiplier 3cg'

Product 2iabcg'—3c'g-x'+ 6c'fg' —3cg'

3. To multiply one polynomial by another.

Write down the multiplier under the multi-

plicand, arranging both with reference to the

same leading letter. Multiply all the terms

of the multiplicand by each term of the mul-

tiplier in succession, placing similar terms of

the product, if there are any. in the same
column ; then reduce the polynomial result

to its simplest form, and it will be the required

product.

Multiplicand 3a' + iab + b'

Multiplier 2a + 5b

6a' + 8a'b + 2ab'

15a'b + 20ab' + 5b'

Product 6a3 + 23a'b + 22ab' + 5b'.

If both factors arc homogeneous, the pro-

duct will be homogeneous, and its degree

will be expressed by the sum of the numbers
which express the degrees of the factors

taken separately.

If no two terms of the partial products are

similar, the number of terms in the product

will be equal to the number of terms in the

multiplicand multiplied by the number of

terms in the multiplier.

There are always at least two terms of the

partial products which cannot be reduced

with any others. 1st, the term arising from

the multiplication of those terms of the mul-

tiplicand and multiplier, which are of the

highest degree with respect to the leading

letter ; 2d, that which arises from the multi-

plication of the two terms, which are of the

lowest degree with respect to the same letter.

Algebraic fractions are multiplied by the

same rule as arithmetical fractions.

4. To multiply one radical by another.

Reduce the radicals to equivalent ones ct

the same degree ; multiply the co-efficients

together for a new co-efficient, after which

write the radical sign with the common index,

and under it place the product of the quanti-

ties under the radical sign in both radicals.

Let it be required to find the product of

2, '6a*b and 3 i/S\a'b
;

reducing them to equivalent radicals of tne

6th degree, they become, respectively,

8 6/216V43
"

Then

and 9 6/6561a4ia ,)j/6

8^216a9
i
3 X 9*/6!ma*b'

= 72 £/216 X 6561a13
i5 .

Where radicals are expressed by means of

fractional exponents, they are multiplied by

the same rules that are applicable to quanti-

ties affected with entire exponents.

5. Multiplication by detached co-efficients.

When the multiplicand and multiplier are

both homogeneous, and contain but two let-

ters, if both be arranged according to the

same leading letter, the literal part of the

several terms of the product may be written

immediately, since the exponents of the lead-

ing letter will go on decreasing from left to

right by a constant difference, in each term,

and the sum of the exponents of both letters

in each term is constantly the same.

Hence, the product may be obtained by

writing down the co-efficients alone, and mul-

tiplying by the general rule, after which the

literal parts are annexed in accordance with

the law above indicated. It must be observed

that when any power of the leading letter

does not enter, the corresponding co-efficient

must be taken equal to 0.

1. Let it be required to multiply

2a3 - 3ab' + 5b' by 2a2 - 5b'.

Multip'd 2+0— 3+ 5, co-ef's of multip'd.

Multip'r 2+0-5 , co-ef's of multipl'r.

4+0- 6+ 10

-10- + 15- 25

Co-ef's.

Product

4+0-16+ 10+ 15-25
4a6 -16a3A»+10as43+ 15a&*- 25i»
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This method by detached co-effieients is appli-

cable when the multiplicand and multiplier

contain but a single letter.

6. Multiplication by means of logarithms.

Find, from a table, the logarithms of both

factors, and take their sum ; find from the

table the number corresponding to this logar-

ithm, and it will be the product of the two
factors.

1. Let it be required to multiply 7843 by

6328.

Log. 7843

Log. 6328

Log. 49630504 7.6957487

Hence, the product is 49630504. See Log-

arithms.

MULTIPLICATION TABLE. A table

showing the product of factors, taken in

pairs, up to some assumed limit. The ordi-

Multiplication Table, from 1 to 9, and from
ldo25.

3.8944822

3.8012665

I
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place a vertical line be erected to the earth's

surface, and prolonged indefinitely in both

directions, the point above, in which it pierces

the celestial sphere is the zenith, and the

point below, in which it pierces the celestial

sphere, is the Nadir. Every point on the

earth's surface has a different nadir point.

NAPERIAN LOGARITHMS. A system

of logarithms whose base is 2.718281828,

and whose modulus is 1. The system was

thus named from its discoverer, Baron Na-

pier. They are sometimes called hyperbolic

logarithms, for if BP represents one branch

of an equilateral hyperbola, AK and AL its

asymptotes at right angles to each other,

B its principal vertex, and BB' the ordinate

through the vertex ; then if AB' is taken

as the unit, or 1, the curvilineal area B'BPD
will be expressed by the logarithm of AD,
the abscissa of its extreme ordinate DP.

Napier's Rods or Bones. A set of rods

contrived by Baron Napier, for the purpose

of facilitating the numerical operations of

multiplication and division. They consist of

pieces of bone, or ivory, in the shape of a

parallelopipedon, about 3 inches long and A
of an inch in width, the faces of each being

divided into squares, which are again sub-

divided on ten of the rods by diagonals into

triangles, except the squares at the upper

ends of the rods. These spaces are num-

bered as shown in the diagram.

The analogy betwen the numbering and

the multiplication table will be perceived on

inspection. ' The rods, in fact, constitute a

sort of movable or portable multiplication

table.

To show the manner of performing multi-

plication by means of the rods, let it be re-

quired to multiply 5978 by 937. Select the

proper rods, and dispose them in such a man-

ner that the numbers

at the top shall exhibit

the multiplicand, as in

the figure, and on their

left place the rod of

units. In the rod of

units seek the right

hand figure of the mul-

tiplier, which, in this

case, is 7, and the num-
bers corresponding to

it on the other rods.

Beginning on the left

add the digits in each parallelogram, formed

by triangles of adjacent rods, and write them
down as in ordinary multiplication ; then

take the sum of the several pro- 41846

ducts as in ordinary multiplica- 17934

tion, and it will be the product 53802

required. 5601386

From the outermost triangle on the line

with 7, write out the number there found, G;

in the next parallelogram on the left add 9

and 5 there found ; their sum being 14, set

down the 4 and carry the 1 to be added to 3,

and 4 found in the next parallelogram on the

left ; this sum being 8, set it down ; in the

next parallelogram on the left occur the num-
bers 5 and 6, their sum being 11, set down 1,

and carry 1 to the next number on the left

;

the number 3 found in the triangle on the left

of the row, increased by 1, gives 4, which

set down
;
proceed in like manner till all of

the partial products are found, and take their

sum as in the example. This contrivance is

rather curious than useful.

NAPPE. One of the two parte of a conic

surface, which meet at the vertex. If a
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straight line be moved in such a manner as

to pass through a fixed point, and continually

touch a given curve, the surface generated

is that of a cone, the fixed point being the

vertex. If the straight line be prolonged in

both directions, through the vertex, the sur-

face generated will consist of two parts, meet-

ing at the vertex, and symmetrically disposed

with respect to the vertex : these are called

nappes. The nappe on which the directrix

lies, is called the lower, and the other one,

the upper nappe of the cone.

Nappe of an Hyperboloid. One of the

branches, of which the surface is composed.

If an hyperbola be revolved about its trans-

verse axis, as an axis of revolution, each

branch of the hyperbola will generate a sepa-

rate branch of the hyperboloid of revolution,

each of which is called a nappe. If the hy-

perbola be revolved about its conjugate axis,

as an axis of revolution, both branches will

generate the same branch, and the hyperbo'

loid has but one nappe. Hence, hyperboloids

are of one or two nappes. Those of one

nappe are warped surfaces ; those of two

nappes are double curved surfaces.

NAT'U-RAL. [L. naturalis, natural]. A
term used in mathematics to indicate, that a

function is taken in, or referred to, some sys-

tem, in which the base is 1. Natural num-

bers are those commencing at 1 ; each be-

ing equal to the preceding, plus 1. Natural

sines, cosines, tangents, cotangents, &c, are

the sines, cosines, tangents, cotangents, &c,

taken in arcs, whose radii are 1. Natural

logarithms, or Naperian logarithms, are those

taken in a system, whose modulus is 1.

NAU'TIC-AL. [L. naulicus ; from nauta,

a seaman]. Appertaining to navigation. A
nautical mile is the 60th part of a degree of

latitude ; 60 nautical miles make about 69J

English miles. A nautical chart is a chart

constructed for the use of navigators.

NAV-I-Ga'TION. [L.navigatio; from Ma-

m's, a ship]. The art of conducting vessels

from one port to another, on the ocean, by

the best route. It embraces all the rules and

principles necessary to determine the position

of the vessel at any moment, and also to de-

termine the direction and distance of the

destined port. There are two methods of

determining the position of a ship at sea

:

the first is by means of the reckoning ; that

is, from a record which is kept, of the

courses sailed, and distances made, on each

course ; the second is, by means of observa-

tions made on the heavenly bodies, and the

aid of Spherical Trigonometry. The first

method gives only approximate results ; the

second admits of great accuracy. The posi-

tion of the vessel being known at any mo-

ment, the direction and distance of any other

point may be determined, either by the aid of

a chart, or by the application of the princi-

ples of Trigonometry.

To understand the principles of navigation,

it is necessary to know the form and magni-

tude of the earth, the relative positions and

the forms of lines drawn upon its surface ;

together with the relative positions of places

on the earth's surface, as well as their posi-

tions with respect to certain fixed lines on the

earth's surface. The positions of places on

the earth's surface, with respect to certain

fixed lines of reference, are given by means

of charts. Besides these elements of know-

ledge, we must know how to obtain and use

the data, from which the position of the

ship's place, at any time, can be ascertained.

This involves a knowledge of the instruments

used, the method of using them, and the

methods of making the necessary computa-

tions required to deduce, from the observa-

tions made, the ship's position. The method

of making the necessary observations does

not properly fall within the limits of a math-

ematical discussion of the subject of naviga-

tion, and will not therefore be treated of in

this article.

The form of the earth's surface is that of

an ellipsoid of revolution, the axis of revolu-

tion coinciding with the shortest diameter of

the surface. The length of the longest, or

equatorial diameter of the earth is nearly

7925 English miles, and that of the shortest

or polar diameter is about 7898 miles. The

mean radius is about 3956 miles. For the

purposes of navigation, the earth may be re-

garded as a sphere, having the radius equal

to the mean radius of the real form, and will

be so Tegarded in this article.

Every plane through the axis is called a

meridian plane, and its intersection with the

surface of the earth is a meridian curve, or

simply a meridian. The plane through the
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centre, and perpendicular to the axis, is called

the plane, of the equator, and the circle cut

from the surface is the equator. Every plane

parallel to the plane of the equator, cuts from

the surface a circle, called a circle or parallel

of latitude. A curve passing through any

two places on the surface of the earth, and

making the same angle with every meridian

which it crosses, is called a rhumb line. The

angle which a rhumb line, between any two

places, makes with any meridian which it

crosses, is called the course from one place to

the other.

If the two places lie on the same meridian,

the rhumb is that meridian, and the course is

either north or south, according as the ship

sails from or towards the North pole. In this

case, the distance of the places, estimated on

the rhumb, is the same as their distance on

..he great circle passing through them. If

the two places lie on the same parallel of lati-

tude, the rhumb line coincides with the

parallel, and the course between them is east

or west, according as the ship sails in the

same or in a contrary direction with the

motion of the earth on its axis. If the

places are both on the equator, the rhumb-line

distance, or, as it is called, their nautical dis-

tance, is the same as their distance reckoned

on the great circle through the places. In all

other cases, the rhumb line, or nautical dis-

tance of two places, is greater than their dis-

tance reckoned on the great circle through

them. If the ship makes both northing and

easting, the course is lettered N. and E.,

thus, N. 15° E. ; if it makes northing and

westing, the course is lettered N. and W.,

thus, N. 15° W. ; if it makes both south-

ing and easting, the course is lettered S. and

E., thus, S. 15° E. ; if it makes both south-

ing and westing, the course is lettered S. and

W., thus, S. 15° W. This system of nota-

tion embraces every possible case. But it is

customary to designate courses so as to cor-

respond with the lettering of the Mariner's

Compass. In the Mariner's Compass, a card

is attached to the needle, whose circumfer-

ence is divided into 32 equal parts, called

points, each point being sub-divided into 4

equal parts, called quarter points. The

direction of the needle coincides with the

line NS, the head being towards N.

The points of the compass beginning

at the point N, are read around to-

wards the east ; thus, north, north'

and by east, north northeast, north-

east and by north, northeast ; and

so on around. The needle bearing

the card being poised freely upon
a pivot, will indicate the magnetic

meridian. On the compass-box are

marked two points, a. and b, which lie

on a line passing through the centre

of the card, and the compass- box is

so placed, that the points a and b

shall lie on a line parallel to the keel

of the ship, b being placed towards

the bow of the vessel ; the point of

the card which is opposite J will show

the magnetic course of the ship,

which on being corrected for variation

of the needle, gives the true course.

The course is generally read to quarter points,

which by means of a table given in all works

on Navigation, can be converted into degrees

and minutes, or the reading, may be convert-

ed into degrees and minutes, by recollecting

that each point is equal to 11° 15', and con-

sequently, each quarter point is equal to

2° 48' 45"

Before being used, the course has to be

corrected for leeway. The leeway is the

deviation of the course actually run, from that

steered upon, in consequence of winds, cur*



NAV] CYCLOPEDIA OP MATHEMATICAL SCIENCE. 381

rents, or other causes, or it is the angle form-

ed by the ship's keel with the line that she

actually describes in passing through the

water. Let AB
be the direction SL

steered upon, or

the direction of

the ship's keel, and AD the line upon which
the ship actually runs in consequence of the

action of the wind, currents, <&c. ; then is the

angle DAB the leeway, and must be allowed

for, by being added to the leeward. To
obviate the effect of making leeway, the ship

is steered that much nearer the wind.

The nautical distance, is the distance sailed

in the direction of the rhumb line on the

course, and is practically determined by the

log and line, which is thrown every hour.

See Log. The elements of course and dis-

tance,are the data for determining the ship's

place, by reckoning, at any time.

The difference of latitude of any two places,

is the arc of a meridian intercepted between

the parallels of latitude passing through the

places, expressed in degrees. If both places

are on the same side of the equator, the

numerical value of the difference of latitude

is equal to the difference of the latitude of

the two places ; if on opposite sides, it is

equal to the sum of their latitudes.

The difference of longitude of two places, is

the arc of the equator intercepted between

two meridians, one passing through each

place, and expressed in degrees. Longitudes

are all reckoned from some fixed meridian,

called the principal meridian, which we shall

suppose to be that of Washington. If the

two places lie on the same side of the prin-

cipal meridian, the numerical value of the

difference of longitude is equal to the differ-

ences of the longitudes of the two places ; if

they lie on opposite sides of the principal

meridian, it is equal to their sum. The lon-

gitudes are supposed to be estimated from

the principal meridian in both directions to

180°. If, however, we were only to estimate

in one direction, the difference of longitude

would, in all cases, be equal to the difference

of the longitudes of the places.

When a ship, sailing on a rhumb line

between two places, arrives at the second

place, the arc of the parallel through the

second place, intercepted between the meri-

dians of the two places, is called the meri-
dian distance which the ship has made, and
the sum of all the intermediate meridian dis-

tances corresponding to infinitely small por-

tions of the rhumb line, is called the depar-

ture.

Let P be the pole of the earth, A and B
any two places, PA and PB meridians through

them ; and suppose that Aft, be, cd, &c, are

indefinitely small portions of the rhumb line

through A and B. Let BB' be a circle of

latitude through B, bb', cc', ddl. &c, be cir-

cles of latitude through the points of division,

and Pi, Pc, &c, meridians through the same

points. Then is AB' the difference of lati-

tude ofA and B, BB' is the meridian distance

made, and the sum of the arcs bb', cc', dd',

&c, to B, is the departure. Now the angles

bAb', cbc', &c, being all equal, and the tri-

angles so small that they may be regarded as

rectilinear, the difference of latitude, the dis-

tance sailed, (equal to A5 + be + cd + &c),

and the departure, may be represented by the

sides of a plane right angled triangle, and

these with the course form four elements of

the triangle, any two of which being given,

the remaining ones may be found. Upon

these principles depend what is called

Plane Sailing. B'_ 3
Let ABB' be a

right angled trian-

gle, right angled at

B', the angle B'AB

being the course

sailed, AB the dis-

tance, BB' the de-

parture, and AB'

the difference of lat-

itude. Denote these

quantities respect-

ively, by v, c, d and
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I, then from the right angled triangle, we

have the relations

(1).

(2).

(3).

d = c sin v = I tan v = V c' — P

I = c cos v = d cot v = Vc' — d2

c = Vd* + P =
d

I co-sec v = t sec 1?

I d
cos v = — tan v = 7 (4).

By means of these formulas any problem

in plane sailing may be solved.

1. A ship leaving a point in lat. 47° 30'

N., sails S. W. byS. 98 nautical miles. What
latitude is she in, and what departure has she

made!

From the table of rhumbs we find S. W.
by S. corresponds to a course of S. 33° 45'

W., hence, v = 33° 45', c = 98 miles. From
formula (1), we find I = 81m.48, or 81'.48, or

1° 21' 29"
; hence, she is in latitude 46° 08'

31" N. We find from formula (1) d — 54m.45.

This method gives the departure, but does

not give the difference of longitude, except

when sailing on a parallel of latitude. In

this case the departure in miles can be con

verted into difference of longitude in min-

utes, by multiplying by the cosine of the lat-

itude. When the ship sails on a rhumb line

the difference of longitude may be found by
the middle latitude method, or by Mereator's

method.

Middle Latitude Sailing.

Middle latitude sailing is based on the prin-

ciple that the sum of all the meridian dis-

tances bb'', cc' t dd', &c, is equal to the dis-

tance MM', the arc of a parallel of latitude

equidistant from the parallels through T and

O. This supposition is only approximately

true, but it serves to make a very close ap-

proximation in most cases. This method is

very inaccurate, when the course is small and

the nautical distance is great, but it is very

correct when the course is great and the dis-

tance small. The method is, however, ren-

dered applicable in most cases by a table of

corrections computed by Workman, called

Workman's tables, which may be found in

every work on navigation.

To find formulas for solving the problems

of middle latitude sailing, let us take the

triangle T'OT.

If the ship sails on a

rhumb line from O to T,

the hypothenuse OT
will represent the dis-

tance, OT' the difference

of latitude, and T'T the

departure. Now by the

hypothesis made in this

kind of sailing, the de-

parture T'T is equal to

the middle parallel in-

tercepted between the

meridians of the two places ; so that the dif-

ference of longitude between the two places

can be had by multiplying T'T by the cosine

of the middle latitude. Draw TO', making

the angle O'TT' equal to the middle latitude

of the two places, denoted by m. Then in

the triangle O'TT', having adopted the pre-

vious notation,

cos m : d : : 1 : diff. of longitude • • • (5).

In the triangle O'TO, we have

cos m : c : : sin i> : diff. of longitude • • (6).

From the triangle OTT', we have

I : diff. of longitude : : cos m : tan v (7).

By the aid of these three, and the previous

formulas, every problem in middle latitude

sailing may be solved.

To use Workman's table in solving prob-

lems of middle latitude sailing, enter* the

table with the middle latitude and the value

of d, take out the corresponding correction,

and add it to the middle latitude ; this sum

will be the latitude in which the meridian

distance is exactly equal to the departure.

Mereator's Sailing.

For an account of this method of comput-

ing the elements used in navigation, see Mer-

eator's chart and Mereator's sailing.

It only remains to indicate the method of
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determining the difference of latitude and

longitude when the ship sails successively on

different courses. The broken line which the

ship sails under these circumstances, is called

a traverse, and the method of making the

computations is called

Traverse Sailing.

In this method the operation of finding a

single course and distance equivalent to the

aggregate of the partial courses, is called

resolving, or working the traverse. The

method of working a traverse is best shown

by an example.

Rule a table with eight columns, as shown

below. In the first, enter the number of each

course ; in the second, the course as taken from
the log-book ; in the third, the same course

reduced to degrees by means of the table of

rhumbs, and in the fourth column, the dis-

tance in nautical miles sailed on each course.

The remaining four columns are headed N.

S. E. W. From a table of latitudes and

departures, the latitude and departure of each

course is taken and entered under their proper

headings. Then will the algebraic sum of

the northings and southings give the northing

or southing of the single course, and %the

algebraic sum of the eastings and westings

will give the easting or westing of the single

course.
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required, and the measure of the angle dAS
will indicate the angle which the course

makes with the meridian.

All matters relating to the navigation of a

ship are entered in a book called a log book,

and the record thus made, is called the ship's

journal. The principal columns in the log

book are, for the hour of the day, the course,

the rate of sailing, leeway, and winds.

There are also columns for entering general

remarks, the results of astronomical observa-

tions, for notes on the weather, and notes

relating to the most important points of duty

attended to on ship-board. To this is daily

appended the latitude and longitude of the

ship at noon, both as determined in the man-
ner already explained, and by astronomical

observation. The place of the ship determined

by the principles explained in this article, is

called the place by dead reckoning.

To the approximate methods ofdetermining

a ship's position already given, it is necessary

to add frequent checks by astronomical obser-

vations. The principal objects to be attained

by astronomical observations are, to ascertain

the latitude, the longitude, and the variation

of the needle, for correcting the dead reckon-

ing. For a full explanation of these princi-

ples the reader is referred to works on practi-

cal astronomy.

NEE'DLE, MAGNETIC. A bar of steel

in the shape of a needle, magnetized, and

freely suspended upon a pivot, so that it may
yield freely to the directive force of the earth's

magnetism, by virtue of which it takes the

direction of the magnetic meridian. It forms

the principal part of the Surveyor's and

Mariner's Compass. In these instruments,

the needle has sometimes a hard stone set in

its under face, into which a hole is drilled, to

receive the pivot of hardened steel upon which

the needle turns. The object of this arrange-

ment is to diminish, as much as possible, the

friction between the needle and pivot. The
needle should be well balanced. See Com-

NEG'A-TiVE SIGN. [L. negativus, from

nego, to deny]. The algebraic sign, — , also

called minus.

Negative Quantity. Any quantity pre-

ceded by the sign — , is called a negative

quantity.

[NEE

Negative Result. Whenever the result

of any analytical operation appears, preceded

by the sign — , it is called a negative result.

The negative sign, regarded as an algebraic

symbol, may be considered in two different

points of view.

First. It may be regarded as a symbol of

operation. In this sense, when written be-

tween two quantities, it indicates that the

one on the right is to be subtracted from the

one on the left. Here, we understand the

term subtraction in its most general sense,

that is, the operation of finding such a quan-

tity as being added to, or aggregated with, a

second quantity, will produce the first. Thus,

in the expression, 7 — 9. the symbol — is

one of pure operation, and the subtraction

indicated gives the result — 2, which being

added to, or aggregated with 9, produces 7.

In this point of view, the negative sign pre

sents no difficulties. It has been said that 9

cannot be subtracted from 7, and therefore,

the result — 2 is absurd. This is true, if the

term subtraction be regarded in the limited

point of view, which the original derivation

of the term would indicate. But the alge-

braic language is infinitely more general and

comprehensive than our ordinary language,

and the absurdity consists in attempting to

use terms of ordinary language, as synony-

mous with the more comprehensive ones of

the algebraic language. Subtraction, as used

in Arithmetic, implies the operation of taking

a less quantity from a greater ; in Algebra,

there is no such limitation in regard to the

relative values ofthe quantities, the idea being

simply to find a third quantity, which united

with a second, by aggregation, or algebraic

addition, the result shall be the first quantity.

Of course, results of operations conducted

under these different views, though known
by the same names, will present points of

difference, but, as in the present case, none

that are not perfectly consistent with the

arbitrary definitions of the same terms in the

two different cases.

Secondly. We may regard the negative

sign as a symbol of interpretation. In this

case, a result affected with the negative sign

is to be interpreted in a sense exactly contrary

to what it would have been interpreted, had

it been affected with the positive sign. This

view embraces the whole subject of the inter-
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pretation of negative quantities. From the

very nature of the case, the operations indi-

cated by the signs + and — are diametrically

opposed to each other, and it is natural to

infer that, if we agree to consider a quantity

in any particular sense as positive, a quantity

considered in an opposite sense should be

regarded as negative. Hence, if we regard

certain quantities in an analytical investiga-

tion, as positive, and then operate upon them

by correct rules of analysis, properly applied,

and find a negative result, that result indi-

cates that the quantity sought is to be taken

in a sense directly contrary to the quantities

that were taken as positive. For example,

let the element sought be the period of some

event. Suppose that we agree to consider

time following some fixed epoch, as positive.

Now, if by algebraic investigation, the value

of the time sought comes out with a negative

sign, the only interpretation that can be given

to the result is, that the time of the event was

before the fixed epoch. In like manner,

every negative result may be interpreted from

a knowledge of the nature of the assumed

elements of the problem in question.

NiNE. The number 9 possesses some

remarkable properties, a few of which it is

proposed to develop and explain in the present

article. If any number be divided by 9. the

remainder is called the excess of 9's. If in

performing the division we neglect the

quotient, the operation is called casting out

the 9V
The number expressed by 1, followed by

any number of O's, may be written

1000 ... 000 = 999 ... 999 + 1 ... (1).

Now, if we multiply both members of equa-

tion (1) successively by 2, 3, 4, &c, up to 9,

we shall deduce the group of equations,

>(«)

If now we examine the second member of

each equation of the group, we see that it is

composed of two terms, the first of which is

exactly divisible by 9, and the second is there-

fore the excess of 9's of the first member,

except in the last equation, where the excess

25

2000 .

3000.

4000 .
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Here, the excess.of 9's in the subtrahend

n: 8 ; in the remainder it is 2 ; and in the

sum of 8 and 2 it is 1 : this is also the excess

of 9's in the minuend ; the work is therefore

presumed to be correct.

3. The excess of 9's, in the product of two

numbers, is equal to the excess of 9's in the

product of the excess of 9's in the two fac

tors. Hence, to prove multiplication :

Find the excess of 9's in both multiplicand

and multiplier ; multiply these excesses to-

gether, and cast out the 9's from the product,

finding the excess. Find the excess of 9's

in the product found ; if these results are

equal, the work is probably correct.

Excess of 9's

Multiplicand 818327
Multiplier 9874

Product 808U160798 2.

Here, the excess of 9's in the multiplicand

is 2 ; in the multiplier, 1 ; and in their pro-

duct, t. The excess of 9's, in the product,

is also 2 ; hence, the work is probably right.

4. Since the dividend, in division, is the

product of the divisor and quotient, the rule

for proving division comes at once from the

preceding :

Cast out the 9's of the divisor and quo-

tient, multiply the excess together, and find

the excess of 9's in this product. Find the

excess of 9's in the dividend ; then, if these

results are equal, the work is probably right.

Divisor.

87603 I

Dividend.

864203595 I

Quotient.

9865

Excess of 9's 6
|

6
|

1

Here, the excess of 9's, in the divisor, is

6 ; in the quotient, 1 ; and in their product, 6.

The excess of 9's, in the dividend, is also 6
;

hence, the work is probably right. These

rules are of little use in practice.

From the rule for proving subtraction, it

at once follows—that, if two numbers are

expressed by the same digits, no matter how
taken, their difference will always be divisible

by 9.

Thus, 8436832
2386348

9
|
6050484

672276

Since the excess of 9's, in the minuend, is

the same as the excess of 9's in the sum of

its digits ; and since the excess of 9's, in the

subtrahend, is equal to the excess of 9's in

the sum of its digits, and since the digits are

the same in each case,—it follows, that the

excess of 9's in the remainder, must be 0, or

the remainder must be divisible by 9. It is

plain that any number of digits may be /intro-

duced into either number, provided their sum
is divisible by 9, and the property enunciated

will remain true.

The number 3 possesses properties analo-

gous to those of the number 9.

NOR'MAL. [L. normalis ; from norma, >

square, a rule]. A normal line to a plane

curve, is a straight line in the plane of the

curve, perpendicular to the tangent at the

point of contact. If we denote the co-or-

dinates of the point of contact, and normalcy,

by x" and y", the equation of the tangent is,

y-y"=£?(*-*")•

Now, since the normal must pass through

the point of contact, and be perpendicular to

the tangent, its equation is

dx"
y-y =

-dY' ix ~ x) -

The name, normal, is given to that portion

of the normal lying between the point of

contact and the point in which the normal

cuts the axis of X. The general formula for

the length of the normal, with respect to the

axis of X, is

«=ryft&
The term, normal, is sometimes used to

denote the distance from the point of con-

tact to the centre of the osculatory circle, at

the point of contact.

This appears to be the correct and only de-

finite view to be taken of the normal ; and

when we come to curves of double curvature,

the appropriateness of this view will be

manifest. In this case, the formula for the

normal is,

{ix"* + dy"*$ V+Wl\ '
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are to be found by combining the equation

and differential equations of the curve, and

substituting in the results x" and y" for

x and y.

The normal to a curve of double curva-

ture, is a straight line lying in the osculatory

plane, and perpendicular to the tangent at

the point of contact. The length of the nor-

mal, in this case, will be equal to the dis-

tance from the point of contact to the centre

of the osculatory circle at the point. The

formula for the normal in this case is

N = -

V{dH"f + (d2y"f + (dV) 2 -(dV')!

A normal plane to a curve is a plane

through the normal line, perpendicular to the

tangent at the point of contact.

A normal line to a surface is a straight line

perpendicular to the tangent plane at the

point of contact.

The length of the normal is the distance

from the point of contact to the centre of the

osculatory sphere at the point.

A normal plane to a surface is any plane

passed through a normal line to the surface.

NORTH. One of the four cardinal points of

the compass. True north is the direction of

the true meridian from the equator to the north

pole. Magnetic north is the direction of the

magnetic meridian towards the north mag-

netic pole.

NORTH'ING. In Surveying, the distance

between two east and west lines, one through

each extremity of the course. See Course,

Latitude, and Navigation.

NO-Ta'TION. [L. notatio, from, noto, to

mark]. The conventional method of repre-

senting mathematical quantities and opera-

tions by means of symbols.

A complete analysis of this method em-

braces the entire science of mathematical lan-

guage, including not only an account of the

symbols employed, but also the methods of

combining them so as to express, in the sim

plest manner, every mathematical operation.

A correct system of notation is of the ut-

most importance in every branch of science

:

it facilitates the acquirement of truths already

established, and serves to impress them more

deeply upon the memory, and is a powerful

instrument in the development and discovery

of new principles. In no branch of science

is a perfect system more necessary than in

that of mathematics, and in no branch has

there been a greater diversity of systems pro-

posed by different writers. The present state

of the mathematical language is due to the

labors of many men, living in different ages,

speaking different languages, and of different

habits of thought ; from these elements a

language has sprung up, defective in many
respects, but nevertheless sufficiently copious

for most of the purposes of analysis and in-

vestigation.

It is not our purpose in this article to give

an account of the origin and progress of this

language, or to attempt any derailed account

of its many mutations and dialects ; but we
shall simply endeavor to explain the mean-

ing and use of those symbols which have

stood the test of time, and which have been

adopted by the best mathematical writers.

To arrive at this result, we shall endeavor to

analyze the notation of each branch, sepa-

rately, as far as possible, without repetition.

I. Arithmetical Notation.

The principal part of arithmetical notation

consists in representing numbers by means

of characters.

Only two methods of expressing numbers

are at present in- use—the Roman and the

Arabic.

1. Roman Method.

1. In the Roman method, seven characters

are employed, called numeral letters. The

letters, separately, stand for the following

numbers, viz. : I for one. V for five, X for

tern, L for fifty, C for one hundred, D for five

hundred, and M for one thousand. By com-

bining these characters in accordance with

the following principles, every number may

be expressed :

1. When a letter stands alone, it represents

thenumber above given ; thus, Istands forone.

2. When a letter is repeated, the combina- ,

tion stands for the product of the number

denoted by the letter by the number of times

which it is taken ; thus. Ill stands for three,

XX for twenty, &c.

3. When a letter precedes another, taken

in the above order, the combination stands for

the number denoted by the greater dimin-

ished by that denoted by the less ;
thus, IV

stands for four, IX for nine, &c.
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4. When a letter, taken in the above order,

follows another, the combination stands for

the sum of the numbers denoted by the let-

ters taken separately ; thus, VI stands for

six, LV for fifty-five, CIV for one hundred and

four.

In accordance with these principles, we
have the following table, exhibiting some of

the most important combinations :

Table of Roman Numerals.

I.
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cessive places are in geometrical progression,

but such scales are not in common use

There is a kind of scale often used, called

the varying scale. In these cases, the value

of a unit of each order is connected with
that of the succeeding order by some con-

ventional law.

Thus the scale of long measure is written

as shown below

:

. si aj

s . *> a .

S » S O HI V

00000000
In it, 12 units of the first order are equal to

1 of the second ; 3 of the second to 1 of the

third ; 2 of the third to 1 of the fourth ; 2J
of the fourth to 1 of the fifth ; 40 of the 5th

to 1 of the sixth ; 8 of the sixth to 1 of the

seventh; and 3 of the seventh to 1 of the

eighth.

There is a great variety of these varying

scales used in arithmetic ; in each case the

law of the scale is given in a small table,

constructed for the purpose.

Fractions.

To represent a vulgar fraction, it has been

agreed to write one number over another,

with a horizontal line between them. The
upper number is called the numerator ; the

lower one, the denominator. The denomi-

nator indicates the number of equal parts

into which 1 is divided to produce the unit of

the fraction, and the numerator indicates the

number of these units which are taken to

constitute the fraction. The numerator is

written as any other number in the scale of

tens. The ordinary algebraic symbols of op-

eration are employed to indicate the opera-

tions of addition, subtraction, multiplication,

division, raising to powers, extracting roots,

equality, proportion, and so on. See Alge-

braic Notation.

The sign of cancellation is 6imply an ob-

lique stroke drawn across the factors can-

celed. These, with the conventional abbre-

viations for the names of things, such as

£, s, d., °, ', ", &c, make up the system of

arithmetical notation.

II. Algebraic Notation.

There are four kinds of symbols used in

algebra : 1st, the symbols of quantity ; 2d,

those of operation ; 3d, those of relation

;

and 4th, those of abbreviation.

1st. Symbols of Quantity. Quantities are
generally represented by letters. Known
quantities are represented by the leading let-

ters of the alphabet, or by the final letters

with one or more accents, thus : x\ x'", y'\

&e. Unknown quantities are represented by
the final letters of the alphabet, as x, y, z, &c.
Besides the letters of the English alphabet,

those of the Greek alphabet are often made
use of. Certain letters have come to repre-

sent certain quantities. Thus, n generally

stands for the ratio of the diameter to the

circumference of a circle, or the number
3.1416; e denotes the base of the Nape-
rian system of logarithms, or the number
2.718281828

; Mdenotes the modulus of any
system of logarithms. In the common sys-

tem, it is 0.434294482. In choosing Iett'ers

to denote particular quantities, attention

should be directed to such a selection as will

suggest the nature of the quantity, as the

initial letter, or something of the kind ; thus,

the letters r, R, p, &c, may be taken to denote

radii of circles ; ft, H, &c, to denote altitudes

of triangles, pyramids, etc. ; B, b, to denote

the base of a magnitude ; L, I, \, to denote lati-

tude, &c. The leading letters of the Greek

alphabet are generally used to denote known
angles

; the final ones to denote unknown
angles. When several quantities of the same

kind are involved in an investigation, they

may be designated by the same letter, differ-

ently accented, as, a, a', a", a
t , a^, &c. The

symbol co denotes an infinitely great quantity.

2. Symbols of Operation. The sign +,
plus, when written between two" quantities,

signifies that the second is to be added to the

first ; as, a + b. The sign — , minus, when

placed between two quantities, denotes that

the one on the right is to be subtracted from

the one on the left ; as, a — b. The sign

X, when placed between two quantities,

denotes that the one on the left is to be mul-

tiplied by the one on the right ; as, a X A.

Multiplication may be indicated by placing a

point between the factors when they are both

expressed by letters ; as, a . b : This method

of notation is not applicable when the factors

are numbers, because in that case the indi-

cated product would be confounded with a

mixed decimal fraction ; thus, 5 . 6, instead
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of being read, product of 5 by 6, would be

read 5 and 6 tenths. There are cases, how-

ever, where the sign is used as a sign of

multiplication between numerical factors, as

in series where the factors follow a law which

it is desirable to keep before the eye : thus,

the general term of the binomial formula is,

m.(m -l)-(m-2)...(m-tt+ l)

1 • 2 3 • 4 n.

The sign -=-, placed between two quantities,

indicates that the one on the left is to be

divided by the one on the right ; as, a -f- b.

Division may also be indicated by writing

a
the quantities in place of the points ; as, t.

It may also be indicated thus : a
\
b . . .

The sign ~ denotes the difference between

two quantities, without implying which is to

be subtracted from the other ; as, a ~ b.

A number written before a letter, or com-

bination of letters, is called a co-efficient, and

indicates the number of times that the quan-

tity before which it is placed is to be taken

additively ; as, 6 a. A number written to the

right, and a little above a quantity, is called

an exponent, and denotes the number of times

that the quantity is taken as a factor ; as, a5
.

The sign V is called the radical sign, and

when placed over a quantity, indicates that

its root is to be taken ; as, V a : the degree

of the root is indicated by a number written

over the sign, which is called the index of

*— *—
the root- or radical; thus. V a, y a, &c. The

sign V , indicates the square root.

Radical quantities and reciprocals are also

indicated by means of fractional and negative

exponents, in accordance with the following

principles : When a quantity is affected with

a fractional exponent, the numerator indicates

the degree of the power to which the quantity

is to be raised, and the denominator indicates

the degree of the root of that result, which is

to be extracted. When a quantity is affected

with a negative exponent, whether entire or

fractional, it indicates the reciprocal of the

same quantity with the sign of the exponent

changed. From these principles we have the

following equivalent expressions

:

l »
„ equivalent to V^
m n

„»
" " Va-

ar*> equivalent to

T

A vinculum , bar
|

, brackets [ ], { {,

parenthesis
( ), &c, indicate that the quan-

tities enclosed by them are to be regarded

together; as, (a+b) x, a\x, &a.

+b\

The symbol 2 denotes that the algebraic

sum of several quantities of the same nature

as that to which the symbol is prefixed, is to

be taken ; thus,

2
9

. = - Fv^n(n + f) p\

is a formula, in which p being constant and

j and n arbitrary, signifies that of the alge-

braic sum of any number of terms deduced

by attributing values to q and n. is equal to

- multiplied by the difference of the algebraic

V
sums of the terms, which are deduced by

attributing the same values to q and n in the

q q
expressions - and -—; The expressionr n n + p

'

denotes the values which the quantity within

the parenthesis reduces to, when z is made

equal to y.

3. Symbols of relation.'

The letters /. F, (/>, written before any quan-

tity, or quantities, separated by commas, as

F(x), f(x,y), 6 (x, y. z),&c.,

denote quantities depending upon the quan

tity or quantities within the parenthesis, with-

out designating the nature of the relation.

The sign of equality, =, between two

quantities, denotes that those quantities are

equal to each other.

The sign of inequality, >, placed between

two quantities, denotes that the one placed at

the opening of the sign is greater than the

one placed at the vertex of the sign ; thus,

a > 6, a greater than b.

The signs of proportion
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when placed between quantities, taken two

and two, show that the quantities are in pro-

portion ; thus,

u, : b : : c : d.

is read, a is to b. as c is to d. The first and

third are signs of ratio, and the second the

sign of equality, so that the above proportion

might be written

b d

4. Symbols of abbreviation.

The sign .-. stands for hence, or conse-

quently.

The sign ".• stands for because.

The symbol y = f(x) is a general sign,

which indicates that there is a general rela-

tion between y and x ; that is, that they are

so connected that x cannot change without y
changing at the same time. The symbol

F(x, y, z) = 0, implies that there is a gen-

eral relation between x, y, and z, without

specifying the nature of the relation.

III. Geometrical Notation.

The notation of Geometry borrows most

of its elements from the algebraic notation

just explained. Magnitudes are represented

pictorially. A line is designated by the two

letters standing at its two extremities. Angles

are denoted by the three letters at the two

extremities of the sides of the angles, the

letter at the vertex being

in the middle : thus, ACB,
or sometimes, when there

can be no doubt as to the

meaning, the letter at the

vertex alone is used.

The symbol /_, is some-

times used as an abbrevi-

ation, or pictorial symbol for angle.

IV. Trigonometrical Notation.

In Trigonometry, besides the notation of

Algebra and Geometry, the symbols sin, cos,

tan, co-tan, sec, co-sec, ver-sin, and co-ver-sin,

are used as abbreviations for the words, sine,

co-sine, tangent, co-tangent, secant, co-secant,

versed-sine, and co-versed-sine. When the

arc varies, these several quantities vary to

correspond with it, and we call them direct

trigonometric functions. When the arc is

supposed to depend for its value, upon any of

391

the trigonometric lines, the function is called

an inverse trigonometrical function. The fol-

lowing symbols are used to denote this kind

of relation : sin-'y, cos-1?/, tan- 1
)/, coHy,

sec-1y, co-sec-1 ?/, ver-sin-1y, co-ver-sin-1y,

which stand respectively for the arc upon

sine, co-sine, tangent, co-tangent, secant,

co-secant, versed-sine and co-versed-sine,

is y. This principle of notation has been

extended to all inverse functions ; thus,

log-'y, d~1 (xdx), &c.

;

which stand respectively for the quantity

whose logarithm is y, the quantity whose

differential is xdx, &c. '

V. Notation of Analysis and Calculus.

Rectilineal co-ordinates of points in a

plane, are represented by x and y, x denot-

ing the abscissa, and y the ordinate. Recti-

lineal co-ordinates of points in space, are

denoted by x, y and z, z denoting the verti-

cal ordinate, and x and y the horizontal co-

ordinates. Polar co-ordinates of points in a

plane are denoted by r and v, r representing

the radius-vector, and v the angle which it

makes with the initial line. Polar co-ordi-

nates of points in space, are represented by

r, v and u, r denoting the radius-vector,

v the angle between it and the initial plane,

and u the angle which the projection on the

initial plane makes with the initial line in

that plane.

Lines and surfaces are given by equations

which express the relations between the co-

ordinates, either rectilinear or polar, of every

point of the lines or surfaces.

The differential of a function, or an inde-

pendent variable, is denoted by the letter d
;

thus,

d(y') = 2ydy.

Differentials of functions of the second, third,

&c, orders, are designated thus,

d'u, d"y, d*z, &c,

in which u, y and z, are symbols standing

for the functions. If we suppose x to be the

independent variable, the second, third, fourth,

&c, differential co-efficients are thus ex-

pressed,

d'u d'y dH

dx~'~' aV' H? &c.

A partial differential co-efficient of a func-
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tion of any order taken with respect to one

variable, is expressed thus,

a partial differential co-efficient taken with

respect to several variables is thus expressed

;

d"u
, . ,

—j-z dxt dy d#. . .

dxr dyi dzr . . .

y

If we suppose the form of the function to

vary, the symbol employed to denote the vari-

ation is <5, thus : in, &y, Sx, &c. If both the

form of the function and the independent

variables of the function vary together, the

resulting variation is denoted by the symbol

D : thus, Df(x, y) . .

The differential is the difference between

two consecutive states of the quantity differ-

entiated. If it is desired to represent the dif-

ference between two states of a function

which are not consecutive, the symbol A is

employed : thus,

A (fx) is the same as /(i + A) — fx ;

h being the increment of the independent

variable x ; h itself may be denoted by the

symbol Ax.

The ratio of an increment of a variable to

the corresponding increment of the function

Am
may be written

Ax
The limit of this ratio

may be designated symbolically by the sign

(Am\ du
-r- I and is equal to -j— The symbol L is

generally used by itself, to denote this ratio.

Successive finite differences are represent-

ed by the symbols,

Am, A'u, A'm, A4a, &c.

In the same manner, all other successive

operations are denoted. Thus, if D stands

for an operation to be performed upon any

function, and if the same operation is to be

performed, in succession, upon the result of

each preceding operation, these successive

operations will be indicated by the symbols,

. Du, D'u, D3u, and so on.

These symbols, being set apart to denote

operations, ought not to be taken as the

representatives of quantities, for fear of con-

fusion.

The symbol S is used, as in Algebra, to

denote an algebraical sum, but its use

principally restricted, in Calculus, to the

denotation of the sum of the finite differences

of a function.

The symbol / denotes an integration to be

performed, thus,

fdx is the same as d~l (dx).

When several successive integrations are to

be performed, the symbol /"* is used, in which

in denotes the number of times that the

operation is to be successively performed.

The symbol / is used to denote a definite

integral taken between the limits a and b.

When a quantity is to be integrated, succes-

sively, with respect to different variables, the

symbol employed is

S /.d

ii da ill/

;

f.j:
this symbol implies 'that the quantity udxdy

is to be integrated, first with respect to y,

between the limits c and d, and that result

with respect to x, between the limits a and b.

The symbol, T(x + 1), stands for the inte-

gral fe^°r/"dv.

T(x) = ftr*>V-ldv, and T{x+l)=xT(x)

is a functional equation.

The foregoing embrace nearly all the sym-

bols employed by American writers. Olhers

are sometimes adopted, for explanations of

which, the. reader is referred to the works

where they occur.

NOTHING. A term sometimes employed

as synonymous with zero, (0), but when so

employed the idea conveyed is generally

erroneous. Zero stands for a quantity less

than any assignable quantity, and sometimes

a
for no quantity. Thus, in the fraction r<

if, while a remains the same, "J continually

increases, the value of the fraction continually

diminishes. When b becomes exceedingly

great, with reference to a, the fraction be-

comes exceedingly small, and when b becomes

greater than any assignable quantity, the

fraction becomes less than any assignable

quantity, and is then called zero. This is the

true mathematical idea of zero, in almost

every case in which it is used. Again, if o"

be subtracted from a, the result is also denot-

ed by the symbol 0, and is called zero. The

remainder, in this case, is synonymous with

nothing, but in the former case, zero and
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nothing are far from being synonymous terms.

Nothing; is fast falling into disuse as a mathe-
matical term, and the proper term, zero, is as

rapidly acquiring its true place in the mathe-
matical vocabulary. See Zero.

NUM'BER. Abstractly considered, the

measure of the relation between quantities or

things of the same kind. We can form no
conception of the absolute magnitude of any
quantity, and can only acquire a relative con-

ception of it, by comparing it with some other

quantity of the same kind, assumed as a

standard of comparison. The comparison is

made by seeking how many times the stand-

ard is contained in the quantity measured.

The result of this comparison is a number.

The quantity compared with the standard

may be equal to it, or it may not : in the first

case, the resulting relation is one of equality,

and the measure of that relation is called

one (1). To this result, all other like compari-

sons are referred by a natural process of the

mind, and hence it is, that the unit 1 becomes

the base of all numbers.

If the relation is one of inequality, we have

different measures, consequently, different

results ; and since the relations may be infi-

nitely various, the results must be equally so

:

these several results are called numbers.

When the relation is that of inequality.

there may be two cases
; first, when the

quantity measured is made up of parts, each

equal to the standard, in which case the num-

bers are called, whole, or integral numbers;

secondly, when it is not thus made up, in

which case, the numbers are fractional

If the quantity measured is double the

standard, the resulting number is called two

(2). Two is then equal to one, and one more.

If the quantity considered is triple the stand-

ard, the resulting number is called three (3).

Three is therefore two and one more. If the

quantity is quadruple the standard, the re-

sulting number is called four (4). Four is

therefore equal to three and one more ; and

so on through the series, of natural numbers,

each of which is equal to the preceding one,

and one more. Here, then, we acquire the

idea of collection, and by analyzing the pro-

cess of arriving at numbers, we see that all

whole numbers are collections of ones, and

we may show that all fractional numbers -are

collections of equal parts of one. Numbers.

thus considered, are purely abstract, and have
no reference to the nature of the quantities

or things compared. But it sometimes hap-
pens that we name the unit of comparison, as

when we speak of seven feet, nine pounds, <$•<:.,

in which cases, from analogy and common
custom, we come to regard these quantities

as numbers, and we call them concrete oi

denominate numbers. In these cases, num-
bers are collections of units of the kind named

;

thus, seven feet is a collection of feet, seven

in number ; the unit is a foot, and the num-
ber of times that it is taken is seven.

We have, therefore, the ordinary definition

ofnumbers, viz.: " a collection of things ofthe
same kind." One of these things forms the

base of the number, and is called a unit.

It has been a question, whether, in accord-

ance with this definition, the unit 1 is a num-
ber. Since 1 cannot be regarded as a collec-

tion in the ordinary sense of that term, it has

been urged that it ought not to be considered

as a number. If, however, we go back to

the abstract idea of number, viz. : that it is

' the measure of the relation between quanti-

ties or things of the same kind," we see that

it is not only a number, but is also the base

of all numbers. It is evident, therefore, that

the term collection, as used in the common
definition of number, is technical, and by

convention, is made to cover the case of a

single thing of the kind collected. We there-

fore regard 1 as a number, falling under the

definition last given.

When the unit of a number is abstract, the

number itself is abstract, when it is concrete

or denominate, the number is concrete or

denominate. Thus, seven pounds, seven feet,

seven hours, are all concrete numbers, in

which the numerical idea is the same, but

which differ from each other, in the fact, that

the kind of quantity collected is different in

each case.

So far as arithmetical operations are con-

cerned, there is no difference between abstract

and denominate numbers, provided we reject

the name of the denominate unit. The only

difference in the final result is one of inter-

pretation. {See Interpretation). If we multi-

ply 7 feet by 5 feet, we neglect the name of

the unit and multiply 7 by 5, but in interpret-

ing the product, we take into account the

nature of the concrete factors, and pronounce
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the result to be 35 square feet ; and in like

manner for all other similar cases.

We have seen that the unit of comparison

is arbitrary, so that we may, if we please,

refer the same number to different units, in

succession. In fact, a good share of the

science of arithmetic consists in transforming

numbers from one unit to another. If we

have the number 300 we may regard it in sev-

eral points of view. 1st. We may regard it

as a collection of hundreds, and write it 3

hundreds ; here, the base or unit is 100, and

it is taken three times. 2d. We may regard

it as a collection of tens, and write it 30

tens ; here, the unit is 10, and it is taken

thirty times. 3d. We may regard it as a

collection of ones, and write it 300 ; in this

case, the unit is not named, it being under-

stood to be 1, or the primary base of all num-

bers.

If we analyze the denominate number

cwt. or. lb. oz. dr.

13 2 20 12 4,

we see that 1 cwt. is the unit or base of 13

cwt. ; 1 qr. the base of 2 qrs. ; 1 lb. the base

of 20 lbs. ; 1 oz. the base of 12 ozs ,
and 1

dr. the base of 4 drs Here is a complex

denominate number, but all the bases may, by

transformation, be referred to 1 dram as a

base ; and since the same may be done in all

cases, we see that all complex concrete num-

bers can be referred to the primary base 1.

We come next to consider fractional num-

bers, or fractions, as they are most commonly

called, and we shall endeavor to show their

connection with the primary base 1.

A fractional number may be defined to be

" a collection of equal parts of 1 ." The word

collection is used here, in its technical sense,

to include the case of 1 of the equal parts.

If we suppose the number 1 to be divided

into any number of equal parts, as b, one of

these parts is called a base, or a fractional

1

unit, and may be written -;, which is a frac

tion. If a certain number of these units, as

a
a, he taken, the collection is written r- Here

a
we see that the fraction j differs in no re-

spect from a whole number, except in the

value of the unit. If we have the fraction
-J,

we see that the unit or base is
-J,

and the col-

lection is made by taking 7 of these units.

The unit 1 is still the primary base of the

fraction, whilst ^ is the fractional unit,.just

as we regarded 300 as 3 hundreds, or 30 tens,

whilst the primary base 1 remained unaltered.

From the preceding discussion we see that

the measure of the relation of equality is

called 1 ; that this unit 1 is the base of all

numbers, integral,fractional, and concrete, and

that numbers of all kinds are merely collec-

tions of ones or equal parts of one, called

units. It may be added that every arithmeti-

cal rule, and every^ analytical process has a

direct reference to the unit 1, and that a

great share of the science of mathematics

consists in transforming numbers from one

unit to another.

The symbols, by means of which numbers

are most usually denoted, are the Arabic

characters 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 Taken

separately they are called figures, but when
grouped according to the rules of notation,

they form the names of numbers. These

names are often used for the numbers them-

selves, so that, instead of regarding the com-

bination 29, as the symbolical name of the

number twenty-nine, it is regarded as the

number itself. For all practical purposes

this conventional term, when well understood,

is amply sufficient.

Numbers, Appellations of. Various names

have been given to classes of whole numbers

which are expressions of some property or

properties common to the whole class. The

following are some of the appellations em-

ployed :

1. The series of whole numbers, 1. 2, 3, 4,

5, &c, is called the series of natural numbers

;

it is subdivided into the series of odd numbers,

1, 3, 5, 7, &c , and the scries of even numbers,

2, 4, 6, 8, &c. The odd numbers are again

subdivided into the oddly odd numbers, 3, 7,

11, 15, &c, and the evenly odd numbers, 1, 5,

9, 13, &c. The even numbers are subdivided

into the oddly even numbers, 2, 6, 10, 14, &c.,

and the evenly even numbers, 4, 8, 12, 16, &c.

2. The series of square numbers is made

up of the squares of the natural numbers ;

it is 1, 4, 9, 16, 25, etc. The series of cube

numbers constituted in like manner, 1, 8, 27.

64, 125, &c. The series of fourth powers
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1, 16, 81, 256, 625, &c, and so onto any ex-

tent.

3. Prime numbers are those that cannot

be exactly divided by any other number ex-

cept 1 ; thus, 3, 5, 7, 11, 13, &c. Composite

numbers are those which may be resolved into

factors differing from 1.

4. Figurate numbers are deduced from a

formula which will be understood from an

examination of the subjoined table :

11.2.3.4. 5 . 6 . 7 . 8 &c.

I
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ent terms of the series, obtained by develop-

ing the expression —

—

-• The form of the

development is

'<--!

1 B'_ 1 1

1-2-3

The numbers B', B'" &c, are Bernouilli's

numbers. The following table contains some
of these numbers :

No.
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decimal point, the denominator not being

written : thus, in the decimal fraction .764,

the numerator is 764, and the denominator,

which ia understood, is 1000. In general,

the denominator is expressed by 1 followed

by as many 0's as there are places of figures

in the numerator. See Fraction.

NU-MER'IC-AL. A term which stands

opposed to literal, and implies that the num-

bers entering a given expression are ex-

pressed by figures, and not by letters. A
nnmerical equation is an equation, in which

all the quantities, except the unknown or va-

riable quantities, are numbers. Numerical,

as opposed to algebraical, is applied to the

values of quantities ; thus we say, that — 5

is numerically greater than — 3, although its

algebraical value is less.

Numerical Value of an expression, in

algebra, is the number obtained by attributing

numerical values to all the quantities which

enter the expression, and performing all the

operations indicated. Thus, the numerical

value of a'b — c'd, where a = 2, b = 3,

c = 1 and d — 9, is 10.

The numerical value of an expression gen-

erally varies with the values given to the

quantities which enter it, but not always

Thus, a — b is equal to 10, when a = 12

and b = 2 : or, when a = 16 and b = 6,

and so on, for an infinite number of sets of

values of a and b.

O, the fifteenth letter of the English alpha-

bet. As a numeral letter, it has been used

to denote the number 11. With a dash over

it thus, O, it denoted 11,000.

OB'JECT-GLaSS. The object-glass of a

telescope is the lens which is directed to-

wards the object viewed. It forms the image

of the object, which is then viewed by the

eye-glass or eye-lens, regarded as a simple

microscope.

OB-LaTE'. [L, oblatus ; ob, on account of,

and fcro, to bear]. Flattened or depressed.

If an ellipse be revolved about its conjugate

axis, the volume generated is called an oblate

spheroid. The earth, on which we dwell, is

of the general form of an oblate spheroid.

See Figure of the Earth.

OB-LIQUE'. [L. obliquus, oblique]. Not

direct, deviating from the perpendicular. A

right line is oblique with respect to another,

when it makes, on one side, an angle with it

less than a right angle, and on the other side,

an angle greater than a right angle.

E F

The line HE is oblique to the line CF.
One plane is oblique to another, when the

diedral angles which they form with each

other, are unequal. If two planes be passed

through the lines DF and HE, respectively

perpendicular to their plane, they will be ob-

lique to each other.

An oblique angle is one either greater or

less than a right angle ; . the angles HEF and

HED are both oblique angles. Oblique-angled

triangles are those in which all the angles are

oblique. An oblique circle, in Spherical Pro-

jections, is one whose plane is oblique to the

axis of the primitive plane. An oblique

plane, in Dialing, is one which is oblique to the

horizon. An oblique system of co-ordinates,

in Analysis, is a system in which the co-ordi-

nate axes are oblique to each other. Oblique

projections are projections made by lines ob-

lique to the plane of projection. An oblique

cylinder or cone is one whose axis is oblique

to the plane of its base.

OB'LONG. [L. oblongus ; ob, for, and

longus, long]. A name given to a rectangle

whose adjacent sides are unequal. Ih com-

mon language, any figure approximating to

to this form, is called an oblong ; in fact, any

body which is longer than it is wide, is often

called an oblong. The prolate spheroid is

often called an oblong spheroid.

OB-TtiSE'. [L. oblusus, from obtundo, to

beat against]. Blunt, opposed to sharp, or

acute. An obtuse angle is an angle greater

than a right angle : an obtuse polyhedral an-

gle is one whose measure is greater than the

tri-rectangular triangle. It is to be noted,

that the measure of any polyhedral angle is

the area of that portion of the surface of a

sphere having its centre at the vertex of the

angle and radius 1, which is intercepted by

the faces of the polyhedral angle. An ob-

tuse cone is a right cone, such that the angle
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formed by two elements cut from the cone by

a plane passed through the axis, is greater

than a right angle. An obtuse hyperbola is

an hyperbola in which the asymptotes make

with each other an obtuse angle, or it is one

in which the length of the conjugate axis is

greater than that of the transverse axis. An
obtuse hyperbola can only be cut from an ob-

tuse cone. To cut an obtuse hyperbola from

an obtuse cone, pass a plane through the

vertex, cutting out two elements, which make

an obtuse angle with each other, then will

any parallel plane cut from the conic surface

be an obtuse hyperbola. An obtuse ellipsoid

is the same as a prolate spheroid. See Pro-

late Spheroid.

OC'TA-GON. [Gr. oktu, eight, and yuvia,

angle]. A polygon of eight angles or sides.

A regular octagon is an octagon all of whose

sides and angles are respectively equal to

each other. The angle at the centre of a

regular octagon is 45°, and the angle at the

vertex of any angle is 135°. The area of a

regular octagon, whose side is 1, is equal to

4.8284271, and for a regular octagon, whose

side is equal to a, we have the formula,

A = 4.8284271 a'...

To construct a regular octagon on a given

line as a side.

Let AB be the given line. Erect at A and

B the perpendiculars AF and BE. Produce
AB, in both directions, to m and ™. Bisect

the angles EBm and FArc by the lines BC
and AH, and make BC and AH each equal

to AB. Through C and H draw CD, and
HG perpendicular to AB, and each equal to

AB. With D and G as centres, and with a

radius equal to AB, describe arcs of circles

cutting BE and AF in the points E and F :

join DE, EF, and FG ; then will the polygon
thus formed be a regular octagon.

To inscribe a regular octagon in a circle.

Draw two diameters at right angles, and

bisect both angles which they form with

each other by diameters
; join the adjacent

points, two and two, in which these four

diameters cut the circumference by straight

lines, and the figure formed will be the re-

quired inscribed octagon:

To circumscribe a given circle by a regular

octagon. Draw tangents to the circle at the

points in which these four diameters cut the

circumference, and they will, by their inter-

sections, determine the required octagon.

OC-TAG'ON-AL. Appertaining to an oc-

tagon.

OC-TA-Hfi'DRON, OR OCTAEDRON.
[Gr. o/CTO, eight ; and idpa, base]. A poly-

hedron bounded by eight polygons. A regu-

lar octahedron is an octahedron bounded by
eight equal and equilateral triangles. If the

centre of each face of a cube be taken, and

if planes be passed through these points, each

plane passing through those lying in faces,

which meet in the same angular point, these

planes will, by their intersections, determine

a regular octaedron ; and, conversely, if the

centre of each face of a regular octaedron be

found, and planes be passed so that each

plane shall pass through the centres of the

faces, which meet at the same angular point,

they will, by their intersections, determine a

cube. If we denote the length of one edge

of a regular octaedron by I, the area of the

entire surface by A, the volume by V, the

radius of the circumscribed sphere by R, and
that of the inscribed sphere by r, there will

exist the following relations between these

quantities :

/ =rv^=7ev¥=
v/i^v/3=v/| vYT.(i),

A =l3r\/3=iR °/3=2l*/3 (2),

V= 4rJ

y/3=$R
:>=yW~W (3),

R= rV3=\WZ=\^AVZ= \/%V
r
. . .

.

(4),

r=\RV%=\W'<o=\-^AV% (5).

OC-TAN"GU-LAR. Having eight angles.

OCTANT. The eighth part of a circum

ference of a circle, or the half of a quadrant

OC-T6'BER. The tenth month of the year

It contains 31 days.

ODD. An odd number is a whole number,

which cannot be exactly divided by 2. The
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alternate numbers beginning at 1, as 1, 3, 5,

7, 9, &c, form the series of odd numbers.
Every odd number, when divided by 2, leaves

1 for a remainder.

Oddly Odd Number. A number which,

when divided by 4, leaves 3 for a remainder.

or which is of the form in + 3. Thus, 3, 7,

U, 15, &c, are oddly odd numbers. The
alternate terms of the series of odd numbers,

beginning at 3, constitute the series of oddly

odd numbers.

O-DOM'E-TER. [Gr. odoc, way, and fie-

tpov, measure]. An instrument employed for

registering the number of revolutions of a

carriage-wheel, to which it is attached. Know-
ing the length of the tire of the wheel, and

the number of revolutions made between any

two places, we can find the distance between

the places. The principle of the odometer is

entirely similar to that of the vernier. Two
wheels of the same diameter, and turning

freely on the same axis, are placed face to

face ; the edge of one is cut into, 100 teeth,

and that of the other into 99 teeth, and an

endless screw works into the notches in each

wheel. When the screw has turned 100

times around, the wheel having 99 teeth will

have gained one notch on the other,' which

gain is shown by an index attached to one

wheel, which passes over a graduated arc on

the other. Every hundred turns are thus

registered on the second wheel, and all turns

less than 100, are shown by a separate index.

Now, instead of the screw turning on its

axis, it is found more convenient to have the

screw fast, and to allow the weight of the

machine to be suspended freely, so that as

the carriage wheel turns, the effect is the

same as turning the screw on its axis.

OFF'SET. In Surveying, a short course

measured perpendicular to a longer one. The

method of offsets is employed in surveying

fields bounded by irregular lines.

Let ABODE be a piece of ground to be

surveyed. Assume stations at the principal

points, A, B, C, D and E. Take with the

compass the bearings from A to B, from B to

C, from C to D, from D to E, and from E to

A ; measure with the chain, the distances

AB, BC, CD, DE, and EA. At convenient

points of the course AB, as e, c. and/, mea-

sure the offsets, cb, cd, and fg. Then, having

measured these as well as the distances,

Ac, ec. c/,_and/B, enough will be known to

determine the area which lies without the

station line AB. The points b, d and g, of

the fence which runs from A to B, are also

determined. Erect, in a similar manner, off-

sets to the other courses, and determine the

areas which lie without the station lines.

These several areas, being added to the area

within, will give the entire area of the ground.

If the offsets fall within the station lines, the

corresponding areas must be subtracted from

the area which is bounded by the station

lines.

The method of offsets is also employed

with advantage in Surveying, for the purpose

ofmaking a map of a portion of country ; as for

example, in mapping a shore line. Principal

stations are selected at the most prominent

points, in the general direction of the line to

be mapped, and the courses are run at suitable

intervals, and opposite the points where the

lines bend ; offsets are measured, and their

distances from the last station noted in the

field-book. These measurements enable us

to plot the principal points of the lines to be

determined, from which the line can be

sketched in by the eye.

The method of offsets is often employed in

surveying large estates. Several prominent

stations are selected, and the lines joining

them surveyed with great care. These form

a system of triangles, and may be plotted.

Now, from these stations, let lines be run in

suitable directions, noting where they cut
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fences, streams, &c, and from proper points

of them, let offsets be taken to angular points

in fences, Sec, then these lines and offsets

being plotted, the entire area may be found

from the plot. See Surveying.

Offset Staff. A rod used in surveying

for measuring offsets ; it is usually 10 links

in length, and is divided into ten equal parts,

which are numbered from one end to the

other.

0-PAKE'. [L. opticus, shady]. In Shades

and Shadows, a body which does not permit

rays of light to pass through it. Opake

bodies cast shadows and receive them.

OP-ER-a'-TION. [L. operatio, operation].

An operation in Mathematics is something to

be done ;
generally some transformation to

be made upon quantities, which transforma-

tion is indicated either by rules, or by symbols

The operations indicated by rules are suffi-

ciently explained in the rules themselves

;

those indicated by symbols cannot be fully

understood without a complete knowledge of

the nature and force of those symbols. There

are four kinds of symbols employed in Mathe-

matics. 1st. Those which stand for quanti-

ties ; such as letters standing for numbers,

time, space, or any of the geometrical magni-

tudes. 2d. Those of relation, as the signs,

=, >, : : : : , &c, which indicate respec-

tively, the relations of equality, inequality,

proportion, &c. 3d. Those of abbreviation,

as. :. . for hence, V , for because ; exponents

and co-efficients, are likewise symbols of

abbreviation, the symbol consisting in the

manner of writing these numbers. 4th. Sym-
bols of operation, or those employed to denote

an operation to be performed, or a process to

be followed ; such are the symbols of alge

bra and the differential and integral Calculus,

&c, which do not come under the preceding

heads. Those of the 3d. class are generally

regarded as symbols of operation.

Symbols of Operation are of two kinds

1st. Those which indicate invariable processes

and are, in all cases, susceptible of uniform

interpretations. This kind includes most of

what are usually called, the signs of algebra,

as +, — , X, -^-. • , <fcc. 2d. Those which

indicate general methods of proceeding without

reference to the nature of the quantity to be

operated upon ; for example, the symbol d in

the expression df[x), denotes that the func-

tion of x, whatever it may be, is to be differ-

entiated ; of this nature also, is the sign for

integration and many others which have been

employed in extending and generalizing the

processes of the higher branches of Mathe-

matics.

When a symbol is agreed upon, as denot-

ing a certain process, it often happens that in

the course of time, the meaning of the sym-

bol becomes very much extended and gene-

ralized, so that its primitive meaning is either

lost sight of, or at most, forms but an insigni-

ficant portion of its meaning. For example,

an exponent was originally employed to

denote the number of times that a factor was

to be taken to produce a given quantity. But

by extending this use, exponents have come

to be negative, fractional, and even imaginary,

and the operations which they denote, though

perfectly comprehensible to the mathemati-

cian, would cease to be intelligible, if the

meaning of the term exponent were restricted

to its original signification.

In common Arithmetic, the symbol —

,

when written before two numbers, implies

that the second is actually to be taken from

the first, and so long as the symbol has

this restricted signification, such expressions

as 4 — 7 are necessarily unintelligible ; but

in a more extended signification, it implies

the operation of finding a number, or quanti-

ty, which being added to 7 will produce 4;

this number is — 3. In this point of view,

the symbol can never give rise to any mis--

understanding.

Again, the symbol V implied, originally,

that the square root of the quantity written

under it is to be taken. But if we suppose

that quantity to become negative, as V — 1,

the expression is unintelligible. But if we

extend the signification of the symbol so that

it shall imply the operation of finding an ex-

pression, which being taken twice as a factor,

or being operated upon according to a certain

process, shall produce — 1, the symbol be-

comes as intelligible as any in the range of

Mathematics.

We see, then, that the language of mathe-

matical symbols is much more general than

common language ; in fact, as the science is

extended, it is universally found that the

symbols before used may be so interpreted as
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to be amply sufficient to express every new
operation that may arise from the process of

generalization.

Of late years, a very extensive branch of

analysis has been opened, called the Calculus

of operations ; this calculus is conducted on

the principle of separating the symbols of

operation from those of quantity, and then

combining them, according to established

principles, as though they represented quan-

tities, and then deducing from the results, by

interpretation, the truths required to be

demonstrated. This branch of science is yet

in its infancy, but already it has been the

instrument of greatly extending the domains

of science, and we may reasonably look to it

for the next great step in the direction of

mathematical progress. It is almost impossi-

ble to give any adequate account of the nature

of this branch of mathematics, in the narrow

limits to which we are restricted in this woik.

OP'PO-SiTE ANGLES. Angles lying on

opposite sides of two lines which intersect

D C

each other. The angles AOD and BOC are

opposite ; so are the angles AOB and DOC.

OR'DER [L. ordo, order, series]. Rank

I. Lines.

Order. Class.

'Ellipse,

or class. In analysis, magnitudes are classed

into orders, depending upon the degree of

their equations. Algebraic magnitudes only

are classed in this way. All algebraic lines

whose equations are of the first degree are of

the first order ; those whose equations are of

the second, third, &c, degrees, are respect-

ively of the second, third, &c., orders. All

lines of the first order are straight lines, and

conversely all straight lines are of the first

order. All lines of the second order are conic

sections, that is, either ellipses, hyperbolas,

parabolas, or some of their particular cases,

and conversely all conic sections and their

particular cases are of the second order.

Algebraic surfaces are classed into orders,

according to the degrees of their equations.

Those whose equations are of the first, second,

third, &c, degrees, are surfaces of the first,

second, third, &o, orders. All surfaces of

the, first order are planes, and conversely, all

planes are surfaces of the first order. All

surfaces of the second order are those whose

plane sections are conic sections ; that is,

ellipsoids, hyperboloids, paraboloids, and their

particular cases ; conversely, all ellipsoids,

hyperboloids, paraboloids, and their particular

cases, are surfaces of the second order.

The following tables show the divisions

and subdivisions of lines and surfaces of the

second order

:

Seconds
Hyperbola,

Parabola,

Species.

i Ellipse,

{ Circle,

( Hyperbola,

1 Equilateral Hyperbola,

J Parabola,

J
Two parallel straight lines,

Order.

Seconds

Class.

Ellipsoids,

Hyperboloids,

II. Surfaces.

Species.

i Ellipsoids,

< Ellipsoids of revolution,

' Sphere,

(
Hyperboloids of one nappe,

Varieties.

( Point.

\ Imaginary curve.

< Two straight lines in-

{ tersecting.

real, not coincident.

real coincident.

imaginary.

Varieties.

( Point.

( Imaginary surface.

t Hyperboloids of revolution of

1 one nappe.

( Conic surfaces.

t Hyperboloids of revolution of

Hyperboloids of two nappes, \ two nappes.
Jr

{ Conic surfaces.

( Paraboloids of revolution.

J

Elliptical Paraboloids,

Hyperbolic Paraboloids.

Parabolic Paraboloids,

1 Cylinders with elliptical bases.

( Cylinders with hyperbolic do.

( Two planes intersecting.

( Cylinders with parabolic

26
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These are distinguished analytically by the

relations which exist between the constants

which enter their equations.

Lines and surfaces of other orders might

be classified in a similar manner, but the

discussion becomes more intricate as the

order is higher.

OR'DI-NA-RY LIMITS of the roots of an

equation : the limits ordinarily used in search-

ing for the roots of a numerical equation.

The ordinary limit is equal to 1 increased by

that root of the numerical value of the great-

est co-efficient, whose index is the number

of terms that precede the first negative term.

If any of the terms, preceding the first nega-

tive one, are 0, they must be counted in

determining the index. Thus, the ordinary

superior limit of the roots of the equation

i* + llz3 - 25z - 67 = 0, is 1 + V&7 or 6.

It will be perceived that the cube root of 67

is between 4 and 5; and as it is desirable

that the limit should be expressed in whole

numbers, the highest number is taken. See

Limit.

OR'DI-NlTE. The ordinate of a point is

one of the elements of reference, by means

of which the position of a point is determined

with respect to fixed straight lines, taken as

co-ordinate axes. The ordinate of a point to

a diameter of a conic section, is the distance

of the point from that diameter, measured on

a line parallel to a tangent drawn at the ver-

tex of the diameter. The ordinate to a diam-

eter is equal to half the chord through the

point which is bisected ,by the diameter. See

Co-ordinate.

OR'I-GIN OF CO-ORDINATE AXES.
That point in the system in which the co-

ordinate axes intersect. It is called the ori-

gin, because the co-ordinates of any point

may be measured on the axes from this point.

See Co-ordinates.

OR-THOG'ON-AL. [Gr. opdoc, right, and

yuvia, angle]. Right angled. The orthog-

onal projection of a magnitude is that pro-

jection which is made by projecting lines

drawn perpendicular to the plane of projec-

tion. See Orthographic.

OR-THO-GRAPH'IC PROJECTION.
That projection in which points are projected

by means of straight lines drawn through

them, perpendicular to the plane of projection.

All the projections of descriptive geometry are

orthographic, also that particular kind of

spherical projection called the orthographic

projection. The name is almost exclusively

applied in the latter case. The rules for

making the orthographic projection of tho

circles of a sphere are few and simple. The

projection of a circle is always an ellipse or

some of its varieties. The rule for making

the projection is this : project that diameter

of the circle which is parallel to the plane of

projection ; this will be the transverse axis

of the projection
;
project the diameter per-

pendicular to it, and this will be the conjugate

axis of the projection. The length of tho

transverse axis is equal to the diameter of

the circle projected; the length of the conju-

gate axis of the projection, is equal to the

diameter of the circle multiplied by the cosine

of the inclination of the plane of the circle to

the plane of projection. When this inclina-

tion is 0, the cosine of it is 1, and the two

axes of the projection are equal ; that is, the

projection of any circle parallel to the plane

of projection, is an equal circle. If the

inclination is 90°, the cosine is 0, and the

conjugate axis is also ; that is, the projec-

tion of a circle whose plane is perpendicular

to the plane of projection is a limited straight

line, equal in length to the diameter of the

circle. These are the only particular cases.

The orthographic projection of the circles

of the sphere may be regarded as the per-

spectives of the circles, the point of sight

being at an infinite distance from the princi-

pal plane, or plane of projection, which is, in

this case, the perspective plane.

OS-CU-Ll'TION. [L. osculatio, a kissing].

A contact of one curve with another, at a

given point, of the highest order possible.

See Osculatrix.

OS'CU-LA-TO-RY. See Osculatrix.

Osculatory Ciecle. The osculatory cir-

cle is by far the most important of all the

osculatrices. The most general equation of

the circle is

(a; - af + (y - j3)' = R*.

By following the rule already given, the fol-

lowing equations of condition, for osculatory

circles, may be deduced, viz

:
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(i" - a)' + (y" - /3)» = R'

dy" x" - a

dx"

dy
dx"'

1 +

-P
dy"

dx 1"

(2).

y" - /3
' " (3)

;

from these the' values of a, (S and R may be

-deduced, which, being substituted in the

assumed equation of the circle, will render it

the equation of an osculatory circle to a given

curve, at the point whose co-ordinates are x"

and y". But in most cases the value of R
alone is all that is needed ; by combination,

we find

R = ± y
+

dx'")

dx"'

This value of R, when deduced for any

particular curve, is called the radius of curva-

ture of that curve, because at the point of

osculation, the curvature of the given curve

is the same as that of the osculatory circle at

that point. If x" and y" vary so that the

point of osculation shall coincide, in succes-

sion, with different points of the given curve,

the locus of the other extremity of the radius

of curvature is the evolute of the given curve

The radius of curvature of any given curve

is always normal to that curve, and tangent

to its evolute. See Curvature, Radius of Cur-

vature, Evolute, Involute, &c.

Osculatory Circle in Space. A circle

which passes through three consecutive

points in space. It lies in the osculatory

plane to the curve at the point of osculation.

The normal plane to a curve in space, at any

point, is a plane perpendicular to the tangent

to the curve at the point. The centre of the

osculatory circle is found at the point in

which the osculatory plane at the point is

pierced by the line of intersection of two

consecutive normal planes. The general for-

mula-for the radius of the osculatory circle,

or radius of curvature, at any point of a curve

in space is

ds'
R =

V(d'xf + (d'y)" + (d'zf - (d's)'

Osculatory Conic Sections. The most

general form of the equation^of the conic

sections is

ay' + bxy + ex' + dy + ex +f = (1)

which represents

the parabola when b' — iac = 0,

the ellipse when b' — iac < 0, and

the hyperbola when b' — iac > 0.

Suppose that the equation of the given

curve is

y=f(x) .... (2)

and denote the co-ordinates of the given point

of osculation by x" and y" ; then will

ay'" + bx"y" + ex'" + dy"+fx" +/=0(3)
be the equation ofcondition that the conic sec-

tion shall pass through the given point, and

y" = /(*»),

the equation of condition that the given point

shall lie upon the given curve. Now, since

there are five arbitrary constants entering the

most general form of the equation of the

conic sections, it follows that at every point

of the given curve there will always be an

osculatory conic section, having, with the

given curve, a contact of the fourth order.

The nature of the conic section will depend

upon the sign of b' — iac, in the equation of

the osculatrix at the point in question.

To determine the circumstances of oscula-

tion. Since b' — iac depends upon the co-

ordinates of the point of osculation, it will

vary as that point changes, and may, there-

fore, be regarded as a function of x" and y",

supposed variables. If we follow the process

indicated, the values of a, b and c, and con-

sequently that of b' — iac, may be found in

terms of x", y" and known quantities ; and

if this equation be combined with the equa-

tion y" =/(»")> and y" eliminated, there will

result an expression for the value of b' — iac

in terms of x" alone and known quantities.

Place this expression equal to 0, and solve

the resulting equation, and denote its roots

by x'", x", . . . &.c. Then for every point of

the curve corresponding to the real roots, the

osculatory conic section is a parabola, and for

all the points between each pair of these,

taken in order, the osculatory conic section

will be alternately an ellipse and a hyperbola,

since b' — iac can only change sign by

passing through 0. If the roots are all imag-

inary the sign of b* — iac will always remain

the same, and the osculatory conic section

will always be either an ellipse or an hyper-

bola. If tfie value ofV — iac is equal to f,
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independently of all values of x", the oscu-

latory conic section will always be a parabola.

Osculatory Plane, to a curve of double

curvature, is a plane which passes through

three consecutive points of the curve. Or,

if a plane be passed through three points of

the curve whose abscissas differ from each

other by the arbitrary quantity h, and then

the value of h be diminished continually, till

it is less than any assignable quantity, the

plane will reach its limiting position and be-

come osculatory. The angle between two

consecutive osculatory planes is called the

angle of torsion. The equation of an oscula-

tory plane to any curve in space, is

(z - x") (dy"d'z" - dz"d'y")
)

+ (y - V") (dz"tPx" - dx"d'z") \
= ;

+ (2 - z") (dx"d'y" - dy"d'x") )

in which x", y" and z" are the co-ordinates

of the point of osculation.

Osculatory Sphere, to a line of double

curvature. A sphere passing through four

consecutive points of the curve. If a circle

be passed through three consecutive points

of the curve, and a second circle pass through

the second of these points and the next two

consecutive ones, the two circles will have

two consecutive points in common, and con-

sequently will be tangent to each other

;

their planes will make with each other the angle

of torsion, and a sphere passed through them

both, will be the osculatory sphere tothecurve.

The general theory of osculatory surfaces

is intricate, and of but little practical utility.

08CULAT0RY SURFACES. If two surfaces

have a point in common, and the partial suc-

cessive differential co-efficients of the ordi-

nates of the two surfaces of the first n orders,

taken at the common point, respectively equal

to each other, the surfaces have a contact of

the n,b order. Since the most general equa-

tion of the sphere has but four arbitrary con-

stants, it is impossible to assign to it a con-

tact of the second order with any given sur-

face. But a sphere may be made osculatory

with any line drawn through the point of
osculation on the surface.

OSCOLATRICES TO CORVES IN SpACE. If

two curves in space have a point in common,
and the partial differential co-efficients of z,

of the first n orders of the two curves, taken

at that point, are respectively equal to each

other, the curves have a contact of the n">

order. This requires that the projections

of the curves on the co-ordinate planes

should have a contact of the nth order

;

hence, if the projections of two curves in

the three co-ordinate planes, respectively,

have a contact of the nth order, the curves

themselves will also have a contact of the nth

order ; and conversely, if one curve is given

in kind, and the other completely, and such

values be given to the constants as to make
the projection of the curves osculatory, then

will the curves in space be osculatory. We
see, therefore, that the subject of osculation in

space is reduced to a consideration of the mat-

ter of osculation in a plane. See Osculatrix.

OS-CU-LA'TRIX. If two plane curves

have a point in common, and the first differ-

ential co-efficients of the ordinates taken at

that point equal, the curves are said to have

a contact of the first order at that point. If,

in addition, the second differential co-effi-

cients of the ordinates of the curves, taken

at the point, are also equal, they have a con-

tact of the second order. In general, if two

plane curves have a point in common, and

the first n successive differential co-efficients

of the ordinates of the curves taken at the

point respectively, equal, the curves are said

to have a contact of the nth order. A curve

which has a higher order of contact with a

given curve, at a given point, than any other

curve of the same kind, is called an osculatrix.

The subject of the contact of curves may
be viewed in another light. If two curves

have a point in common, and if the consecu-

tive ordinates of the two curves differ from

each other by an infinitely small quantity of

the second order, the curves have a contact

of the first order. If this difference is of

the third order, the contact is of the second

order, and, in general, if it is of the (n+l),h

order, the contact is of the nth order. The

definition of an osculatrix remains the same

as before. These definitions indicate the

method of solving the following two pro-

positions :

First. To find whether two given curves

have any contact, and if so, to determine the

order of contact. Combine the equations of

the curves, and find the values of the varia-

bles. For every pair of real values found for
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x and y, there will be a point common to the

two curves. Suppose that there is one com-

mon point. Differentiate the equations of

the curves, and find the first differential co-

efficients of the ordinates of the curves, and

in them substitute for x and y the co-ordinates

of the common points ; if the results are

equal, the curves have a contact of the first

order, at least. Differentiate again, and find

the second differential co-efficients of the or

dinates of the two curves ; substitute as be-

fore, and compare the results. If these are

equal, the two curves have a contact of the

second order, at least. Continue the opera-

tion of successive differentiation, substitution,

and comparison, until two differential co-effi-

cients of the ordinates, taken at the common

point, are found, which are not equal ; then

will the number of successive differential co-

efficients of the ordinates, taken at the com-

mon point, which were found equal, denote

the order of contact of the two curves. If

by the first combination, more than one com-

mon point is found, the same operation is to

be gone through with for each common point.

The equations resulting from the total opera-

tions, will indicate whether the curves have

any contact, and the order of the contact.

Seconh. To assign to a curve, given in

kind, the highest order of contact that can be

assigned to curves of that kind, with a given

curve, at a given point.

Assume the most general form of the equa-

tion of the kind of curve given. Substitute

in it for x and y the co-ordinates of the given

point of the given curve ; there will result an

equation of condition that the assumed curve

shall pass through the given point. Differen-

tiate the equations of both curves ;
find the

first differential co-efficients of the ordinates

;

substitute in these for x and y the co-ordinates

of the given point, and place the results equal

;

there will result a second equation of condi-

tion, which, with the preceding one, will

cause the curves to have a contact of the first

order. Continue the operation of successive

differentiation, substitution, and formation of

equations of condition, till as many such

equations are formed as there are arbitrary

constants in the equation of the curve given

in kind. Combine these equations, and from

them deduce the values of the constants re-

quired, and substitute these values in the

assumed form of the equation of the curve

given in kind, and the result will be the equa-

tion of the osculatrix of that kind. It, will

be seen that the highest order of contact that

can be assigned to a curve, given in kind,

with a given curve at a given point, is de-

noted by the number of arbitrary constants

in the equation of that curve, diminished by

1. It may happen, however, that the condi-

tions which make that number of successive

differential co-efficients of the ordinate taken

at the given point equal, will also make one

or more of the successive ones equal, in which

case there may be a higher order of contact

at certain points, than that indicated. This,

however, can only take place at certain points

of any given curve. We have an instance of

this in the case of the ellipse at the vertices

of the axes. In general, it is impossible to

assign a higher order of contact to a circle

with the ellipse, at a given point, than the

second, but at the vertices of the transverse

and conjugate axes, the conditions which

make the circle have a contact of the second

order, will also make it have a contact of the

third order. In general, at any point of a

given curve, when the curve is symmetrical

with the normal at that point, it happens,

when the osculatrix is of an even order, that

the imposed conditions give a contact of the

next higher order. This is not to be regarded

as an exception to the general rule.

The equation of the osculatrix of any given

kind, with a given curve at a given point, may

be arrived at by means of the following con-

siderations :

If we denote the abscissa of the given

point by x1
, and substitute for x in the equa-

tion of the curve the successive values,

x", x + h, r' + 2ft, r' + 3ft, cV-c.,

(ft being arbitrary), we may deduce cories

ponding values for y, which, with the assumed

values of x, will determine the position of a

succession of points of the curve whose ab-

scissas differ by the arbitrary quantity h.

Now, the curve which is given in kind, may

be made to pass through as many of these

points as there are arbitrary constants in its

most general equation. Substitute for x and

y in the equation of the curve given in kind,

the co-ordinates of these points, in succes-

sion, beginning with the first point, until as
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many equations are found as there are con-

stants to be determined. Combine these equa-

tions, and find the values of the constants in

terms of the known quantities, and the arbi-

trary quantity h, and substitute them in the

general form of the equation. This will be

the equation of a curve of the given kind,

which passes through as many points of the

given curve as there are constants in the

second equation. Now, if we suppose h to

diminish, the several points will approach

each other and the given point, in accordance

with the law of the given curve, and when h

becomes less than any assignable quantity,

they will become consecutive, the curve will

be the osculatrix, and the resulting equation

will be the equation required. If the curve

passes through two consecutive points, the

contact is of the first order, if through three,

it is of the second order ; and, generally, if

through n + 1 points, the contact is of the

nth order.

OUNCE. [L. uncia, the twelfth part of a

thing]. A unit 'of weight. In Troy weight,

the ounce is the twelfth part of a pound, and

is equivalent to 480 grains. In avoirdupois

weight, the ounce is the sixteenth part of a

pound, and is equivalent to 437£ grains. See

Weight.
v

OUT'LSNE. The outline of a figure is a

contour line which bounds the figure ; thus,

in perspective, the outline is the intersection

of the enveloping visual cone of the body

with the perspective plane. See Perspective.

6'VAL. [L. ovum, an egg]. An egg-

shaped figure, or a figure resembling an

ellipse. An oval is sometimes used by car-

penters instead of an ellipse, and may be

formed from arcs of circles of different radii,

and tangent to each other.

Oval of Descabtes, ok Cartesian. A
curve such that the simultaneous increments

of two lines drawn from the generating point

of the curve to two fixed points, have always
to each other a constant ratio. If the ratio

is equal to — 1, the oval becomes an ellipse;

if it is equal to 4-1, it is an hyperbola. This

kind of oval may be defined to be the locus of

the vertex of a triangle having a given base,

one of whose sides has a constant ratio to the

other, increased or diminished by a given

straight line. To find the equation of the

Cartesian oval : denote the distance between

the fixed points by 2c ; the distances from

them to any point of the curve by r and r'

Then from the definition of the curve,

dr + mdr' = ;

or, by integration,

r + mr' = 2a (1),

2a being an arbitrary constant. Denoting

the angle between r and 2c by <j>, we have

r" + ic' - r"
cos = • • (2).

4cr

Combining equations (1) and (2), and elimi

nating r', we have

(ma- l)ra+4(a-maccos 0)r+4(m"e'-a')=

which is the polar

equation of a curve

of the fourth order,

except when

m = ± 1,

in which case, after

reduction, it becomes

a(l - e»)

1 — e cos

the polar equation of an ellipse or hyperbola.

The Cartesian oval being revolved about its

axis, generates a surface which must divide

two media of different densities, so that rays

of light emerging from a given point, shall be

refracted accurately to another given point.

If the radiant point is at an infinite distance,

or if the rays are parallel, the surface becomes

that of the ellipsoid.

OX'Y-GON. [Gr. ofrr, sharp, and yavia,

angle]. A triangle having three acute angles.

P. The sixteenth letter of the English

alphabet. As a numeral, it was formerly

used to denote 100 ; with a dash over it,

thus, P, it denoted 100,000.

PAIR OF VALUES. Two values so re-

lated that neither can exist without the other.

Thus, in an equation between two variables,

if any value be assumed for one, and the

corresponding value of the other be de-

duced, the assumed and deduced values are

called a pair of values. Conversely, if either

of the deduced values be substituted, the as-

sumed value will result.

PAN'TO-GRAPH. [Gr. nav, all, and

ypafa, to write]. An instrument used in
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copying plans, maps, and other drawings.
The principal parts of the pantograph °in

most general use, are shown in the diagram.

It is essentially composed of four Drass rulers

or bars, jointed to each other at B,D,E,F.

These joints should be executed with the

greatest care, to insure smoothness and
steadiness of motion, upon which the utility

of the instrument principally depends. At
the point C is fixed a small tube, which car

ries the tracing point or tracer, so fitted as to

move freely within it, without shaking. The
bar ED, and the lower part of the bar AB,
are furnished each with a tube similar to that

at C, but movable on the bar with a screw to

fasten it down at any point. A pencil stem

is arranged so as to fit either of the tubes in

the same manner as the tracer ; on the top

of this stem is a cup to receive a weight to

keep it down upon the paper, and the lower

end carries a pencil or marking point. A silk

cord is attached to the pencil stem, carried

through eyes made for the purpose over the

joints E,B,F, and fixed in a notch at the top

of the tracer, so that the pressure of the

thumb upon the cord lifts the pencil from the

paper. There is also a flat leaden weight A,

with a brass stem rising out of it, which fits

in the tube in the same manner as the pencil

and tracer ; this is called the fulcrum, and is

the point upon which the whole instrument

turns ; the weight has three or five short

points on its under side, to keep it from shift-

ing its place on the paper. The whole in-

strument is supported upon castors, which

admit of free motion in all directions. The

pin or fulcrum is placed near the edge of the
weight, so as to allow room for the castor to
work when the fulcrum is near the points
A or D.

The length of the bars is so arranged that
BF equals ED and BE equals FD, making
the figure BEDF always a parallelogram.

Now, if the tracer at C is carried over the
lines of the drawing to be copied, the fulcrum
being fixed at A, and the pencil tube at 6,
the pencil will make an exact copy of the
drawing half the size of the original ; that is,

each line will be half as long as in the draw-
ing to be copied ; for, the points A, G and C
are capable of being brought olose together,
and when the instrument is open as in the
figure, G is exactly half way between C and
A

;
C, then, travels twice as fast as G, in the

direction AGO, so that to whatever extent
the pantograph maybe opened, G and C being
considered as points in a lever of which A is

the fulcrum, it will be seen that C describes

an arc of a circle of any radius ; G at the same
time describing a circle of half the radius,

so that C moves in a direction perpendicular

to AGO, twice as fast as G. Now it was
shown above, that it moved twice as fast as

G in the direction AGO, and as by the com-
position ofthese two motions all lines,whether

rectilinear or curved, are produced, it follows

that the pencil at G will produce a copy, all

of whose lines are half the length of the cor-

responding ones in the original drawing, and
which will have the same relative situation

with respect to each other, that their homolo-

gous lines have to each other in the original.

It will be apparent that the actual area of the

drawing in the case considered, is only one-

fourth that of the original, but it is customary

to say that it is a drawing half the size of the

original, because its lines are half of those to

which they correspond.

To produce a copy whose lines shall be

one-fourth their homologous fines in the

original, we must shift the pencil to g, and

the fulcrum to a, ag being one-fourth the

length of oC, and so on for other proportions

We may express the rule thus :

As the distance from the pencil to the ful-

crum is to the distance from the tracer to the

fulcrum, so is any line in the copy to its

homologous line in the original.

For the purpose of producing copies of any
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fractional portion of the size of the originals,

the arms bearing the tracing and pencil tubes

are graduated and numbered so that these

tubes can be set with great ease and accu-

racy. If it be required to produce a copy

whose lines are more than half the length of

their homologous lines in the original, the

fulcrum must be placed on the arm ED, and

the pencil on AE : so that for a copy of the

full size of the original, the fulcrum must be

at G, and the pencil at A. In the case last

considered, that is, when the fulcrum is on

the arm ED, the copy will be inverted.

The principle of the pantograph just

described, is all that could be desired in the

way of perfection, but it is found in practice,

on account of the numerous joints and the

necessary imperfection in its mechanical con-

struction, that it is far from being an accurate

instrument.

The pantograph is principally useful to the

draughtsman, in enabling him to mark off the

principal points in a reduced copy, through

which the lines may afterwards be drawn by

the usual methods of construction ; for this

purpose it is found to work successfully.

The annexed engraving shows another

style of pantograph, which possesses some
advantages over the one last described. In

the first place, the fulcrum being in the cen-

tre, it requires but one castor, which is placed

at C, and makes it work much easier than the

old instrument which has six, besides which,

these six castors are a source of annoyance
by getting off the edge of the drawing board

and running over the drawing pins, or any-

thing else that may happen to be in the way.
Secondly, the shape of the instrument allows

it to move aB freely when nearly closed, as

when it was wide open, which is not the case

with the old one. The method of construc-

tion and of using the instrument is extremely

simple. It is composed of five bars moving
freely about each other at the points of junc-

tion, so arranged with regard to length, that

AP and TB are always parallel to each other.

F is the fulcrum furnished with a socket and

a screw, through which the centre bar can be

moved, and which can be fastened down at

any of the divisions on the bar. This socket,

with the bar, turns upon the pin rising out of

the centre of the flat weight, shown in the

diagram. The tracer, T, the fulcrum, F, and

the pencil, P, must always be in a straight

line. To produce a copy of the same size as

the original, the fulcrum must be in the cen-

tre, and the pencil and tracer at equal dis-

tances from their respective arms, and con-

sequently, from the fulcrum. For a half size

copy, the pencil must be moved half way up
the arm to p, and the fulcrum to /, in a

straight line Tfp, and so on for other propor-

tions. The rule given for the other instru-

ment is equally applicable to this.

PAN-TOM'E-TER. [Gr. nav, all, and

/isrpov, measure]. An instrument for mea-

suring all sorts of angles and distances.

PAN-TOM'E-TRY. Universal measure-

ment.

PaR VALUE. [L. par, equal]. In Mer-

cantile affairs, par value is the full value

represented on the face of a note, bond, or

other certificate of property. When any

paper sells for less than its face, it is below

par, if more than its face, it is above par.

The term is used in buying and selling stocks,

&c.

Par of Exchange is a term used in com-

paring the currency of different countries.

Thus, the English sovereign is valued by
law at $4,861, at our mints, and it is at this

value that it must be reckoned in estimating

the par of exchange.

Commercial Par of Exchange is a com-

parison of the coins of different countries,

according to their commercial values. Thus,

before the change of one standard of gold

coin, the value of the English sovereign was

$4,44$, and this is still the unit on which

the exchange is calculated. The legal value

of the English sovereign is fixed by Act of

Congress, a little below its intrinsic value,

viz.: at $4,86. Hence, the par exchange is

found by adding such a per cent, to $4,44$,

as -will make the amount equal to $4,86,

which is 9 per cent., very nearly. The par
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of exchange can always be found when we
know the unit in which the exchange is cal-

culated, and the mercantile value of that unit.

PA-RAB'O-LA. [L. parabola ; Gr. napa-

So/li?]. A curve having one or more infinite

branches without rectilineal asymptotes.

The conic, or common parabola, is one of

the conic sections. It is cut from the sur-

face of a right cone with a circular base, by

a secant line passed parallel to an element of

the surface. This plane cuts all of the ele

ments of the surface except one, and all in

the same nappe. Hence, the curve has but

one branch, and that extends to an infinite

distance ; the two parts of thebranch approach

parallelism as they recede from the vertex,

and at a very short distance become sensibly

parallel, so that, were the part towards the

vertex removed,the remaining portion might be

regarded as two parallel straight lines. If the

cutting plane be moved parallel to its first posi-

tion, towards the element to which it is paral-

lel, the curve approaches to coincidence with

a straight line, which is its axis, and finally,

when it reaches the element, it is reduced to

the axis or a single straight line extending

indefinitely in both directions from the vertex

of the cone. If the plane be moved still fur-

ther in the same direction, the parabola passes

to the other nappe of the cone, and has its

concavity turned in the other direction. If

the base of the cone remain the same, whilst

the vertex is removed farther and farther from

it, the two parts of the branch approximate

to parallelism, and finally, when the vertex is

at an infinite distance the cone becomes a

cylinder, and the parabola reduces to two

parallel straight lines. Now, if the secant

plane be moved parallel to its first position,

from the axis of the cylinder, the parallel

lines will approach each other, and finally,

when the plane becomes tangent to the cylin-

der, they will coincide. If the plane be

moved still further, it will cease to cut the

cylinder, and the parabola will then become

two imaginary parallel straight lines. From

this discussion we see that the parabola has

for its extreme case,two parallel straight lines,

which may be real and separate, real and coin-

cident, or imaginary.

The parabola, like the ellipse and hyperbo-

la, is a curve of the second order, and with

them makes up all the lines of that order. It

may be defined by means of any of its char-
acteristic properties. The following defini-

tion is the one most commonly given.

The parabola is a plane curve, any point of
which is equally distant from a fixed point

and a fixed straight line. The fixed point is

called the focus, and the fixed straight line

the directrix. It is evident, that a straight

line drawn through the focus and perpendic-

ular to the directrix, will divide the curve

symmetrically, for the conditions which deter-

mine a point above this line must also deter-

mine a second point at the same distance

below the line. This line is therefore called

an axis, and it is evident that it is the only

axis of the curve.

From the preceding definition, the following

constructions follow. 1. Let F be the focus,

and BL the direc-

trix of a parabola.

Take a triangular

ruler, LCI, and

press one side, LC,

against the direc-

trix. At the point

I, attach a string

equal in length to

IC, and fasten the

other end at F
;

then press a pen-

cil against the

string, keeping the point of it against the

ruler, and move the ruler along the directrix

;

then will the pencil-point trace an arc of the

required parabola ; for, in all positions of the

pencil, we shall have PF = PC.

2. Let BL be the directrix, and F the focus

of a parabola ; as-

sume any point on Iir

ED, perpendicular to

BL through F, and

at it, erect PP' per- j,

.

pendicular to ED.

With F as a centre,

and a radius equal

to ED, describe an J3l

arc of a circle cut-

ting the perpendicular in the points P and P'

;

these will be points of the required parabola :

for, by construction, we shall always have

PL — PF. Having found a sufficient num-

ber of points, draw a curve through them,

and it will be the curve required.
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The point in which the axis cuts the curve

is called the principal vertex, and if the origin

of co-ordinates be taken at this point, the axis

of X coinciding with the axis of the curve,

its equation is

y' = 2px,

in which x and y are the co-ordinates of every

point of the curve, and Zp is the parameter.

The curve may be constructed, when %p is

known as follows.

Let AX and AY be the co-ordinate axes.

Lay off a distance AB to the left of the ori-

gin, equal to 2p, and assume any distance

AP to the right, and through P draw an ordi-

nate. On BP as a diameter, describe a semi-

circle, cutting the axis of Y in the point Q ;

through Q draw a line QM, parallel to the

axis of X, cutting the assumed ordinate in

M ; then is M a point of the curve ; for from

the construction, we have

PM* = 2p X AP or y* = 2px,

In this manner any number of points may be

constructed; a curve drawn through them

will be the required parabola.

The following method of constructing an

arc of a parabola «is used in carpentry for

laying out arches, &c. Construct an isosceles

triangle, ABC, so that BC shall be equal to

the base of the required arc, and whose alti-

tude shall be equal to twice the altitude of the

required arc. Divide each of the equal sides

of the triangle into any number of equal

[PAR

parts, say eight, and number them as in the

figure. Join the corresponding numbers by

straight lines, and draw a curve tangent to

them all, and it will be the required arc.

If the curve is given, the elements may be

found by the following construction

:

Let PA be the curve traced on a plane

;

draw any two parallel chords, and bisect them

by a straight line ; this will be a diameter.

Suppose its vertex to be at P ; draw any

chord perpendicular to this diameter, and

bisect it by a straight line, parallel to the diam-

eter already found ; this line AA will be the

axis of the curve, and A will be its vertex.

Through the vertices P and A draw lines

respectively tangent to the curve ; they will

intersect each other at H. From H draw the

line HF perpendicular to PT, and find where

it intersects the line TF ; the point F is the

focus. Lay off from A a distance to the left

equal to AF, and draw a perpendicular to

the axis ; it will be the directrix of the curve.

The following are some of the properties

of the curve, and the constructions to which

they lead

:

1. The subtangent on the axis is bisected

at the vertex of the curve. This property

enables us to draw a tangent to the curve at

a given point P of the curve.
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Let AD be the axis, and A the vertex

;

draw PD perpendicular to AD, and lay off

AT to the left, equal to AD ; draw TP ; it

will be the tangent required.

2. A diameter bisects all chords drawn in

the curve, parallel to the tangent line at its

vertex. This enables us to draw a tangent

to the curve parallel to a given straight line.

Draw two chords, aa', W, parallel to the given

line AD and bisect them by a straight line

BC ; at the point B, where this line cuts the

curve, draw BT parallel to the given line, and
it will be the tangent required.

3. If a tangent line be drawn to the curve

at any point, and from the point of contact a

straight line be drawn to the focus, the angle

between this line and the tangent is.equal to

the angle between the axis and the tangent.

This indicates methods of constructing a tan-

gent at a given point, or parallel to a given

line. Let F be the focus, and B a point on
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centre, and GF as a radius, describe the arc

CFC, cutting the directrix in C and C
;

through C and C draw CP and C'P', parallel

to the axis, cutting the curve in the points

P and P' ; draw GP and GP', they will both
be tangent to the curve.

4. The subnormal is constant, and equal to

half of the perimeter, or to the focal ordinate.

This enables us to construct a normal and
tangent at a given point. Let P be a given

the curve. Draw BF, and with F as a cen-

tre, and FB as a radius, describe an arc of a

circle, cutting the axis in T ; draw TB, and

it will he tangent to the curve at B. Again,

let P be a given point. Draw FP, and pro-

long it to S ; draw PS' parallel to the axis,-

'

and make PS' = PS ; complete the parallel-

ogram SS', and draw the diagonal PT'; it

will be tangent to the curve at the point P.

Let AD be a given straight line ; with F
as a centre, and FD as a radius, describe an

arc cutting AD in A ; draw AF, and through

B, the point in which AF cuts the curve,

draw BT parallel to AD, and it will be tan-

gent to the curve at B.

To draw a tangent to the curve through a

point without. Let G be the point, F the

focus, and CC the directrix. With G as a

point ; draw PR perpendicular to the axis,

and lay off RN equal to half of the parame-

ter ; draw PN, and it will be normal to the

curve at the point P ; draw PT perpendicu-

lar to PN, and it will be tangent to the curve

at P.

Similar constructions to the above may be

made with respect to any diameter, and the

tangent at its vertex, using oblique co-ordi-

nates instead of rectangular ones.

5. A polar line with respect to a point

taken anywhere in the plane of the curve, "is

a line such, that if from any point of it, two

tangents be drawn to the curve, and a straight

line be drawn through the points of contact,

this will always pass through the given or

assumed point, which is then called the pole

of the polar line. Having given the pole to

find the polar line : Let Pbe the pole ; draw
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PA parallel to the axis, cutting the curve at

A ; from A lay off a distance AS equal to

AP j draw a tangent to the curve at the point

A, and through S draw ST parallel to the

tangent ; then will ST be the polar line of

the point P. If P lies within the curve, ST
will not cut the curve ; if it lies on the curve,

the polar line is the tangent at the point ; and

if it lies without the curve, the polar line cuts

the curve, and only the points of it without

the curve satisfy the definition of a polar line.

To find the pole of any line taken as the

polar line : Let ST be the assumed line ; draw

a tangent to the curve parallel to it, and

through the point of contact A draw a line

parallel to the axis. Lay off on this line AP
equal to AS, and P will be the pole sought.

If the polar line does not cut the curve, the

pole falls within the curve ; if it is tangent

to the curve the pole is at the point of con

tact, and if the polar line intersects the curve,

the pole lies without the curve. The polar

line of the focus is the directrix of the

curve.

6. The double ordinate through the focus,

is equal to the parameter of the curve. The

double ordinate to any diameter through the

focus, is equal to the parameter of that dia-

meter ; in all cases, the parameter of any dia-

meter is equal to four times the distance from

the focus to the vertex of the diameter. If

we denote the angle, which any diameter

makes with the chords which it bisects, by a,

then will the parameter of that diameter be

equal to the parameter of the curve divided

by sina
a. If a straight line be drawn from

the focus perpendicular to any tangent, the

locus of its intersection with the tangent, is

a straight line tangent to the parabola at its

vertex. The area of any portion of the

curve, bounded by the curve, axis, and an or-

dinate, is equal to two-thirds of the rectangle

described upon the abscissa and ordinate of

the extreme point.

The following equations seem to show the

analytical relations existing between the ele-

ments of the curve

:

1. The general equation,

ay' + bxy + ex' + dy + ex +/ = 0,

represents a parabola, when

b' — iac = ;

this reduces to two- parallel straight lines,

when
Id — 2ae — 0,

which will be real and separate, when

d'-iaf>0;
real and coincident, when

d' - iaf = ;

and imaginary, when

d'-4af<0.
The parabola may be constructed from the

general equation, as follows :

Solve the equation with respect to y, and

place y equal to that part of its value, which

is independent of the radical ; the resulting

equation is the equation of a diameter bisect-

ing a system of chords parallel to the axis

of Y, which construct. Place the radical

equal to 0, and find the value of x j
lay off

this value on the axis of X, and through its

extremity draw a line parallel to the axis of

Y ; this will be the limit of the curve in the

direction of the axis of X, and the point P,

in which it intersects the diameter already

constructed, is the point of contact of the

limit. Solve the general equation with re-

spect to x ; place x equal to that part of its

value independent of the radical, and this

will be the equation of the diameter bisecting

a system of chords parallel to the axis of X,

which construct
;
place the radical equal to

0, and find, from the resulting equation, the
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value of y ; lay this off on the axis of Y, and
through its extremity draw a straight line

parallel to the axis of X : it will be the limit

of the curve, in the direction of the axis of

Y ; and the point P', in which it intersects

the diameter last constructed, is the point of

contact. Through the point B, in which the

'.huts intersect, draw a line BC perpendicu-

lar to either diameter : it will be the directrix

of the curve. With either P or P', as

centre, and with the distance to the directrix,

as a radius, describe an arc of a circle cut-

ting the line PP', joining the points of con-

tact, in the point F. Then is F the focus, and

a straight line drawn through it perpendicular

to the directrix, is the axis of the curve.

With these elements, the curve may be con

structed with accuracy.

2. The equation of the curve referred to

any diameter and the tangent to the curve

at its vertex, is y* = 2p'x, in which 2p'

is the parameter of the diameter, taken as the

axis of X. If the axis of X coincides with

the axis of the curve, the value of 2p'

reduces to 2p, the parameter of the curve.

3. The general polar equation of the para-

bola is

ra sin3 » +2(isin» — pcosv)r +Ja — 'Zpa = 0,

in which r and v are the polar co-ordinates of

every point of the curve ; u and i, co-ordi-

nates of the pole, and p the parameter of the

curve.

If the pole is placed at the focus, which

requires that 4 = 0, and a = ip, the equa-

tion may be reduced to the form

P
r = i

>

1 — COS V

which is the form most used.

4. The equation of a tangent to the curve,

referred to a diameter and tangent at its ver-

tex, is

yy" =P'(z + *")>

x" and y" being the co-ordinates of the point

of contact ; and when the diameter coincides

with the axis, it becomes

yy"=p(x + x"),

the co-ordinate axes being rectangular.

5. The equation of a normal to the curve,

at a point x"y", when referred to any diame-

ter and the tangent at its vertex, is

y-y = 7 {x - X").

When the axis of X coincides with the axis
of the curve, the equation reduces to

y-y" = -y(x-x").

The curve whose properties have been
discussed, is called the common parabola.

There is a large class of curves, called para-

bolas. In general, any curve having an infi-

nite branch, without .having a rectilineal

asymptote, is called a parabola. Curves hav-
ing an infinite branch, or branches, to which
rectilineal asymptotes may be drawn, are

called hyperbolas. It sometimes happens
that a curve has both parabolic and hyperbolic

branches. The equation,

y«t = 2p'x",

embraces a large family of parabolas, of

which the common, the cubic, and the semi-

cubic parabolas are the most important. If

m = 2, and n = 1, the equation becomes

y' = 2p'x,

which represents the common parabola, a

curve already considered.

If m = 2, and n — 3, the equation takes

the form
y' = 2p'x3

, or y
1 = p*x",

and the curve is called the semicubical para-

bola. It is the evolute of the common para-

bola PAP'.

The form of the

curve is that repre-

sented in the figure.

It has two infinite pa-

rabolic branches, CC
and CC", both con-

vex towards the axis

of the curve AB, and both tangent to it at

the same point C : C is therefore a cusp

point of the first kind. If C be taken as the

origin of a system of rectangular co-ordinate

axes, the axis of X coinciding with the axis

of the curve, then is the length of any arc

of the curve, estimated from the origin, given

by the formula,

in which z' denotes the length of the arc, and

x the abscissa of the extreme point. The

area of any portion, included between the

axis, the curve, and any ordinate, is expressed

by the formula
A=%xy,
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in which x and y are the co-ordinates of the

extreme point.

If m = 1, and n = 3, the equation takes

the form

y = %px*, or y = ax3
,

and the curve is called the cubic parabola.

It has two infinite branches, AD and AC,

extending in contrary directions, and both

tangent to the axis at A. The branches are

both convex towards the axis AB. The

curve is not rectifiable ; but the area, esti-

mated from A to any ordinate, is expressed

by the formula,

A=ixy;
in which x and y are the co-ordinates of the

extreme point.

There is a remarkable parabola expressed

by the general equation,

ay2 - xs + (b - c) x1 + hex = (1).

By solving equation (1), we have

y- ±\f
1 (x - b) (x + c)

The general equation gives a curve of two

branches ; the one, AC, an oval, and the

other, EDF, bell-shaped ; both being symmet-

rical with respect to an axis, CD. The bell-

shaped branch is truly parabolic, and has two

points of inflexion ; one at F, and the other

at E. If we suppose c = 0, the oval reduces to

a point A, and the bell-shaped branch remains.

If we suppose a = 0, the curve takes e

looped form, the points of inflexion reduce

to the origin, and the oval joins the other

branch at the origin, which then becomes

a multiple point.

Finally, if we suppose both b and c to

become 0, the curve reduces to the cubic

parabola, and takes the form shown in the

figure, the origin becoming a cusp point.

There is a mul-

titude of other para-

bolas ; but we have

not the space to at-

tempt even an ac-

count of their pro-

perties.

PAR-A-BOL'IC. Appertaining to the par-

abola.

Parabolic Conoid. The solid generated

by revolving a parabola about its axis. The

term paraboloid is preferable, and is most

used. See Paraboloid.

Parabolic Spindle. A solid generated by

revolving a portion of a parabola, limited by a

straight line perpendicular to the axis of the

curve, about that line as an axis. The

volume of a parabolic spindle is equivalent to

^g of its circumscribed cylinder.

Parabolic Spiral, A curve whose polar

equation is

u* = %pt,

in which u denotes the radius vector of any

point, and t the corresponding angle. It is

named from its analogy to the common para-

bola. It will be observed, that its equation is

of the same form, and the curve can readily

be constructed when the corresponding para-

bola is given.

Describe from any point, as a pole, a cir-

cumference of a circle with the radius 1, and

through the pole draw an initial line. From

the point in which the directing circle cuts

the initial line, lay off, on the circumference

of the circle, the abscissa of any point of the

parabola, and through the extremity of the

distance draw a radius vector, making it

equal to the corresponding ordinate of the

parabola ; then is the point, thus determined,

a point of the spiral.

This is the curve, generally called the par-

abolic spiral. There is, however, another

curve known by the same name, which may

be conceived of from the following description

:

If the axis BD, of a semi-parabola BCD,

be wrapped around the circumference of a

circle whose radius is r, any abscissa, as B4,

will coincide with an equal arc of the circle

Bi', and the corresponding ordinate will take

the direction of the normal Ab'a' ; the curve

Ba'ii', drawn through the extremities of the
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ordinates in their new position, is called a

parabolic spiral. Its equation is

(u - r)a,= 2p(,
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If two planes be passed perpendicular to

the axis of a paraboloid of revolution, the

portion included between them is called a

frustum of the paraboloid. The following

formulas give the area of the surface and the

volume of a frustum of a paraboloid :

3 3

(2p + d*f - (2p + d"f;
A = 7T-

12p

V- 3927 (d' + d")h;

in which 2p is the parameter, d the diameter

of the lower base, d" that of the upper base,

and h the altitude of the frustum.

PAR-A-CEN'TRIC. [Gr. napa, beyond,

and Kevrpov, centre]. A curve having the

property that, when its plane is placed verti-

cally, a heavy body descending along it, urged

by the force of gravity, will approach to or

recede from a fixed point, or centre, by equal

distances in equal times.

PAR'AL-LEL. [Gr. irapaTi^n^oe, from

irapa, against ; aXkrikuv, one another]. Hav-

ing the same direction.

Parallel Circles, are those circles of the

sphere whose planes are parallel to each

other ; every system of such circles has a

common axis, and, consequently, their poles

are also common. Circles lying in the same

plane, and having a common centre, are some-

times, though improperly, said to be parallel

;

they are simply concentric.

Parallel Lines. Two straight lines are

parallel to each other when they lie in the

same direction. It follows from this defini-

tion, 1st., That they are contained in the

same plane ; and, 2d., That they cannot in-

tersect how far soever both may be prolonged.

Any number of straight lines arc parallel to

each other when they have' the same direc-

tion, or when they are respectively parallel to

a given straight line. Of a system of paral-

lel lines, it follows that any two lie in the

same plane ; hence, if a plane be passed

through any line of a system, and then be

revolved about it as an axis, the plane may
be made in succession to coincide with every

line of the system.

If the straight lines AB and CD, lying in

the same plane, be intersected by a third

straight line EF in the points G and O, the

angles formed about G and have received

particular names with reference to their rela-

tive positions, as follows :

1st.- Those which lie between the first two

and on the same side' of the third, are called

interior angles on the same side ; as

BGO and DOG ; also AGO and COG.

2d. Those which lie between the first two

and on opposite sides of the third, but not

adjacent, are called alternate interior angles ; as

AGO and GOD ; also COG and OGB.

3d. Those which lie without the first two,

and on the same side of the third, are called

exterior angles on the same side ; as

EGB and FOD ; also AGE and COF.

4th. Those which lie without the first two,

and on opposite sides of the third, are called

alternate exterior angles ; as

AGE and FOD ; also EGB and COF. '

If the first two lines are parallel, the fol-

lowing relations between the angles will

exist

:

1st. The sum of the interior angles, on the

same side, will be equal to two right angles.

2d. The alternate interior angles will be

equal to each other.

3d. The sum of the exterior angles in the

same side, will be equal to two right angles.

4th. The alternate exterior angles will be

equal to each other.

Conversely, if any one of these relations

exist, the first two lines will be parallel to

each other.

If two straight lines in the same plane are

perpendicular to a third straight line, the

right angles formed will be severally equal to

each other, the preceding conditions will be

fulfilled, and the two lines will be parallel.

An important property of parallel lines is

that their distance apart, at any point, is con-

stantly the same, provided the distance is

always measured in the same direction. The

shortest distance is always found in the direc-

tion perpendicular to the parallels.
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To draw a straight line through

point parallel to a given straight line.

Let A be the

given point, and B ~

BC the given

line. From the

point A, as a

centre, with a radius greater than the short-

est distance from A to BO, describe the inde-

finite arc ED ; from the point E, as a centre,

and with the same radius, describe the arc

AF ; make ED equal to AF, and draw the

straight line AD ; it will be the parallel

required.

This problem may be solved more readily

by the aid of a parallel ruler, or by means of

the rule and triangle. See the articles Paral-

lel Ruler and Rule.

In Analytical Geometry the condition that

two straight lines, in the same plane, shall be

parallel, is

a = a',

in which a and a' are the tangents of the

angles which the lines make, with one of the

co-ordinate axes. Hence, to ascertain whe-

ther two straight lines are parallel,when the

lines are given by their equations, solve both

< equations with reference to the same variable

;

if the co-efficients of the otlur variable are

equal, the lines are parallel.

If one straight line is completely given, and

the other given in kind, the second may be

made parallel to the first by the following

rule

:

Solve botn equations with reference to the

same variable, then assign to the co-efficient of

the other variable, in the second equation, a value

equal to the co-efficient of that variable in the

first equation, and the lines represented will

be parallel.

If two straight lines in space are parallel,

we have the analytical conditions,

a — a', b = b',

in which a and a' are the tangents of the

angles which the projections of the lines on

the planeXZ make with the axis of Z ; b and

V are the tangents of the angles which the

projections of the lines on the plane YZ
make with the axis of Z. Hence, to ascer-

tain whether two lines, in space, are parallel,

" /,"<.<» co-efficients of z are equal ; if so, soke the equa-
tions of their projections on the plane YZ, with
reference to y, and see if the co-efficients of z
are equal; if these are also equal, the lines

themselves are parallel.

If one line is completely given, and the
other given in kind, they may be rendered
parallel as follows : Make their projections on
the planes XZ and YZ respectively parallel by
the rule already given for making two lines in
the same plane parallel, and the lines themselves

will be parallel.

Parallel Planes. Two planes are paral-

lel when they lie in the same direction. From
this definition, it follows that they can never
intersect, or meet each other, how far soever
both may be extended.

Two planes are parallel when they are both

perpendicular to the same straight line : they

are also parallel when two lines of the one
which intersect are respectively parallel to

two lines of the other.

If two parallel planes be intersected by a

third plane, the lines of intersection will be

parallel to each other, and each will be pa-

rallel to the other plane.

A straight line is parallel to a plane when
all its points are equally distant from it.

In Analytical Geometry, two planes are

parallel when

e = c' and d — d',

in which c, c', d and d', are respectively the

co-efficients of x and y in the equations of

the planes, when both have been solved with

respect to z.

To ascertain whether two planes given by

their equations are parallel, solve both with

reference to z, and see if the co-efficients of x

and y are respectively equal, if so, the planes

are parallel.

If one plane is completely given, and the

other given in kind, the 'latter may be made

parallel to the former by solving both equa-

tions with respect to z, and then giving such

values to the arbitrary constants as shall make

the co-efficients of the other variables respect-

If two planes are parallel, their traces on

the co-ordinate planes are respectively pa-

rallel ; and conversely, unless both the planes
solve the equations of their projections on the

plane XZ, with reference to x, and see. if the |

are parallel to one of the co-ordinate axes.

27
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Parallel Ruler. A mathematical instru-

ment for drawing parallel lines. It is con-

structed as follows

:

ccE^ 3D

Two rectangular rules of wood or metal

are connected by cross pieces, usually of

brass, which are of equal length, and so

attached by means of a hinge joint, that the

two rulers may be made to recede from or

approach towards each other at pleasure, so

that if one remains fast the other will con-

stantly be parallel to it. Its use is obvious.

If it is required to draw a straight line par-

allel to another straight line, and passing

through a given point, the instrument is laid

down so that the lower edge of the part CD
shall coincide with the given line ; the instru-

ment is then opened till the upper edge of

the part AB passes through the given point

;

a line drawn along the extreme edge will then

pass through the given point, and be parallel

to the given line.

The mathematical principle on which the

construction of this instrument depends, is

simply this ; "if the opposite sides of a quad-

rilateral are equal to each other, they will also

be parallel." B
L ^

=Z^

^ 3

C D
Another form of the parallel ruler_ consists

of two rulers as before, connected by pieces

which cross each other and turn upon a com-

mon point 0, at their intersection. The ends

A, B, C and D, of the cross pieces, are fitted

so as to slide freely in narrow grooves, cut

longitudinally in the rulers.

Another ruler for drawing parallel lines,

consists of a heavy rectangular piece ofwood,

which has two longitudinal rollers on its

under side, and which are sunk nearly flush

with the lower surface. Its accuracy depends

upon the nicety with which the cylindrical

rollers are constructed, and upon their exact

parallelism.

Parallel Sailing, in Navigation, is sail-

ing on a parallel of latitude.

In the solution of problems, in parallel sail-

ing, three cases may arise.

1st. Having given the latitude of the paral-

lel, and the difference of longitude of the two

points, to find the distance sailed;

2d. Having given the latitude of the parallel

and the distance sailed, to find the difference of

longitude; and

3d. Having given the difference of longitude

and the distance sailed, to find the latitude of

the parallel.

Let a and b represent

the two places on the sur-

face of the sphere at any

arc of latitude, PA and

PB meridians through a

and b, and AB an arc of

the equator. Since the

radius ac of the parallel

of latitude is equal to the

radius of the sphere AO into the cosine of

the latitude, and because the circumferences

of the two circles are to each other as their

radii, it follows that the arc ab is equal to the

arc AB multiplied by the cosine of the lati-

tude of the parallel ; or designating ab, the

distance sailed, by d, AB the difference of

longitude by L, and Aa, the latitude of the

parallel by I, we shall have the formula

d = L cos I . . . (1)

;

from which we readily deduce

cos I

-T W.

and cos I =
d (»)

The interpretation of these formulas gives

rules for solving the three oases mentioned,

as follows

:

1st. The distance sailed is equal to the dif-

ference of longitude multiplied by the cosine

of the latitude

;

2d. The difference of longitude is equal to

the cosine of the latitude divided by the distance

sailed; and

3d. The cosine of the latitude of the paral-

lel is equal to the difference of longitude divided

by the distance sailed

:

The distance sailed is expressed in nauti-

cal miles, the difference of longitude in min-

utes, and the cosine used is the natural cosine.

Parallel Sphere, in spherical projec-

tions, is that position of the sphere in which

the circles of latitude are all parallel to the

horizon. This position evidently requires
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the axis to be perpendicular to the horizon
which must then coincide with the equator.

Parallels of Latitude, in Navigation,

are those circles of the sphere which have
their planes parallel to that of the equator.

There are an infinite number of such circles,

four of which have received particular names
;

the two whose planes pass through the poles

of the ecliptic are called polar circles, the

one north of the equator being the Arctic,

jnd the southern one the Antarctic circle ; the

two whose planes pass through the solstitial

points are called tropics, the one north of the

equator beirtg the tropic of Cancer, and the one

south of the equator the tropic of Capricorn

These circles relate principally to the pro

jection of the celestial sphere, but are usually

delineated on terrestrial projections.

In Astronomy the term parallel of latitude is

applied to those circles of the celestial sphere

whose planes are parallel to the Ecliptic.

PAR-AL-LEL'O-GRAM. [Gr. ttapak-

3.17/loc, parallel, and ypafi/ia, a diagram]. A
quadrilateral whose opposite sides are parallel

to each other, taken two and two. The oppo-

site sides are equal to each other, taken in

pairs, as are also the opposite angles. If one

angle of a parallelogram is a right angle, all

the other angles are also right angles, and the

parallelogram is a rectangle. If two adjacent

sides of a parallelogram are equal, the re-

maining sides are also equal to each other,

and the figure is a rhombus : If, in addition,

the included angles between the equal sides

are right angles, the figure is a square.

The diagonals of a parallelogram mutually

bisect each other ; and conversely, if the

diagonals of a quadrilateral mutually bisect

each other the quadrilateral is a parallelo-

' gram. The diagonals of an equilateral paral-

lelogram, or rhombus, are at right angles to

each other : and conversely, if two straight

lines mutually bisect each other at right an-

gles, the figure formed by joining their

extremities, two and two, is an equilateral

parallelogram or rhombus. The diagonals of

a rectangle are equal to each other. The

area of a parallelogram is equal to the pro-

duct of its base by its altitude. Any two

parallelograms having the same or equal

bases are to each other as their altitudes ; if

they have equal altitudes they are to each

other as their bases
; generally, any two par-

allelograms are to each other as the product
of their bases and altitudes. The sum of the
squares described upon the two diagonals of
a parallelogram, is equivalent to the sum of
the squares described upon the four sides.

PAR-AL-LEL-O-PIP'ED-ON. A poly-

hedron bounded by six parallelograms. If
the parallelograms are rectangles, the solid is

a rectanglar parallelopipedon. If they are

squares, the solid is a cube. The opposite
faces are equal to each other, as are also the
diagonally opposite polyhedral angles. If

straight lines be drawn through the centres

of the opposite parallel faces, they will all

intersect at the same point. If a plane be .

passed through any two diagonally opposite

edges, it will divide the solid into two equiv-

alent triangular prisms. The volume of any
parallelopipedon is equal to the product of

its base and altitude. Two parallelopipedons

having equivalent bases, are to each other as

their altitudes, -or having equal altitudes, are

to each other as their bases. Generally, any
two parallelopipedons are to each other as

the product of their bases and altitudes.

PA-RAM'E-TER. [Gr. napa/ierpea, to

measure with another thing]. A name given

to a constant quantity entering the equation

of a curve. The term is principally used in

discussing the conic sections. In the par-

abola the parameter of any diameter is a third

proportional to the abscissa and ordinate of

any point of the curve, the abscissa and ordi-

nate being referred to that diameter and the

tangent at its vertex. In all cases the par-

ameter of any diameter is equal to four times

the distance from the focus to the vertex of

the diameter. The parameter of the axis

is the least possible, and is called the par-

ameter of the curve.

In the ellipse and hyperbola, the parameter

of any diameter is a third proportional to the

diameter and its conjugate. The parameter

of the transverse axis is the least possible,

and is called the parameter of the curve. In

all of the conic sections, the parameter of the

curve is equal to the chord of the curve drawn

through the focus, perpendicular to the axis.

The parameter of a conic section and the foci,

are sufficient data for constructing the curve.

PIRT. [pars, partis, a part]. A portion



420 MATHEMATICAL DICTIONARY AND [PAS

of a thing, regarded as » whole. Thus, an

arc of a circle is a part of a circumference.

The term, part, is used technically to sig-

nify some particular element of a figure.

Thus, in a right-angled spherical triangle, the

sides adjacent to the right angle, the comple-

ment of the other two angles and the hypothe-

nuse, are called circular parts.

PaR'TIAL DIFFERENTIAL. A differ-

ential of a function of two or more variables

obtained by differentiating with respect to

one of the variables only. A partial differen-

tial may be of the first, or of a higher order.

There are as many partial differentials of the

first order, of a function, as there are indepen-

dent variables, and the number increases by

one for each successive order. There are two

kinds of partial differentials of a higher order

than the first, viz. : those obtained by differ-

entiating successively with respect to the

same variable, and those obtained by differ-

entiating successively with reference to dif-

ferent variables. If

u=f{x,y),

the partial differentials of the first order are

denoted by the symbols,

Tx
ix, and Ay-

Those of the second order, by

d'w d'u d'u

^ *"•
d^dy

dxdV' and w dy
l

and so on, for the higher orders. The system

of notation adopted, indicates the variables

with respect to which the differentiations has

been performed.

PIR-TICU-LAR CASE. In Analysis, an
extreme case, or one resulting from making
some extreme supposition upon the value or

relation of the arbitrary constants, which
enter the equation of a magnitude. Thus, if

ia - iac = 0,

in the general equation of the second degree,

between two variables, we have the general

case of the parabola. If, in addition, we
suppose

Id — 2ae = 0.

the equation represents two parallel straight

lines, which is called a particular case of the

parabola, and is to be regarded as the extreme

case of the curve, or the case towards which

the parabola approaches, as

id — 2ae

grows smaller and smaller. Extreme cases are

nearly the same as limits ; they maybe regard-

ed as limits of species, whereas, what we term

limits are generally limits, or extreme cases

of individual magnitudes. In the case of

cones, regarded as a species of surface, if we
suppose the vertex to recede from the base,

regarded as a fixed line, the cone approxi-

mates to the cylinder, and if we make the

extreme supposition that the vertex is placed

at an infinite distance, the cone becomes a

cylinder, which is then regarded as the limit,

or particular case of a cone. Almost every

general case admits of a particular case or

limit.

PiR-TICU-LAR INTEGRAL. The in-

tegral of a differential, in which a particular

value has been assigned to the arbitrary con-

stant. In every integral, as obtained by in-

tegrating, one arbitrary condition may always

be assigned ; this is done by giving a partic-

lar value to the arbitrary constant ; after the

particular condition has been assigned, the

integral is said to fulfill the particular condi-

tion, and is therefore called a particular inte-

gral.

To illustrate : let it be required to find an

expression for the area of a portion of the

common parabola. "We have the general

formula,

A - fyax,

which for the parabola becomes

-J V~Zp i

2V2px%
3

+ C=fxy + C.

This is the indefinite integral', and expresses

the area between the curve, the axis, and any

two ordinates. Let it now he required to

estimate the area from the principal vertex

,

when
x = 0, and y = ;

we have,

A =
for that ordinate, whence,

= + C, or, C = ;

making this substitution, we have,

4' = f«K
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in which f-xy is the particular integral ; it

expresses the area between the curve and the

axis of x, estimated from the particular ordi-

nate drawn through the vertex up to any

other ordinate.

PaTH. The path of a point is the curve

described by a point when it moves continu-

ously according to some definite mathemati-

cal law. It is the locus of the point when

moving in accordance with the same law. If

-a point moves, subject to the condition of

remaining on a double curved surface, the

path is necessarily a curved line, and is gen-

erally a curve of double curvature.

The problem of finding the shortest path

between two points on a curved surface, is

one belonging to a calculus of variations.

Let it be required to find the shortest path

between two points on the surface of a sphere.

The equation of a sphere is

x' + y* + z! = R\

from which we deduce the equation of varia-

tion,

xSx + yiy + zSz = (1),

which expresses the general relation between

the variations of the co-ordinates of the point

x, y, J, on the surface.

If we denote any arc of the path between

two points on the surface of the sphere by s,

we have the relation

d

which must be satisfied, in order that the

path be a minimum. Combining equation (2)

and (1), and eliminating 6z, and substituting

for dx, dy, and dz, their values, 2xdx, 2ydy,

izdz, we have

J-(£)-(i)l*

+ Hs)--(r)l*=°-»
Since ox and dy are entirely independent of

each other, equation (3) requires that we

should have

xd*z — zd'x = 0, and

yd'z - zcPy = 0, .-. yd'x - xd*y = 0.

Integrating these equations, we find

xdz — zdx = ads
;

yiz — zdy = bit, and ydx — xdy = cds.

Multiplying both members of these equations

respectively, by y, x and z, and dividing by

the common factor ds, we deduce

ay + bx + cz = 0,

which is the equation of a plane passing

through the centre, taken as the origin of

co-ordinates. Hence, the shortest path is

upon the arc of a great circle joining the

two points. It must be the arc of a great

circle, since it lies at the same time upon the

surface of the sphere, and in the plane pass-

ing through the centre of the sphere. In

like manner, the shortest path between any

two points lying on any double curved sur-

face may be determined'.

PEL'I-COID. In Geometry, a figure of a

hatchet-shaped form. The figure ABCD,
included between the

semi-circle BCD, and

the two quadrants BA
and DA, is a pelicoid.

The area of the peli-

coid is equivalent to

the square ABCD,
which is in turn

equivalent to the rect-

angle FBDE. The perimeter of the pelicoid

is equal to the circumference of the circle

whose diameter is BD.

PEN'CIL OF RAYS. In Shades and

Shadows, a system of rays diverging from a

point. If the point is taken at an infinite

distance, the rays may be regarded as parallel,

and the pencil becomes a beam of rays.

PEN'TA-GON. [Gr. jtctte, five, and yavta,

angle]. A polygon of five angles or five

sides. If the sides and angles are all equal,

each to each, the pentagon is regular, and

A

may be inscribed in a circle. To inscribe »

regular pentagon in a given circle :
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1st. Draw two diameters, Ap and ran, at

right angles to each other, and bisect the

radius on in r ; from the point r as a centre,

and with rA as a radius, describe the arc As,

and from the point A as a centre, and with

the distance A.s as a radius, describe the arc

*B
;
join AB and it will be one side of the

regular pentagon ; apply AB as a chord five

times from any point, and the polygon formed

will be a regular inscribed pentagon.

2d. Divide the radius AO in extreme and

mean ratio at the point M ; take OM, the

greater segment, and lay it off from A to B,

the side AB will be one side of a regular in-

scribed decagon, and if the alternate vertices

of this polygon be joined by straight lines

they will form a regular inscribed pentagon.

To construct a regular pentagon on a given

line as a side : Let CD be the given side ;

draw Dg perpendicular to CD at D, and equal

to one half of it. Draw Cy, and produce it

till gp is equal to Dg- ; from C and D as cen-

tres, with the radius Dp, describe arcs cutting

each other at o ; then with o as a centre, and
a radius oC describe a circle, and apply the

chord CD five times, and the figure formed

will be the regular pentagony required. A
pentagon may be circumscribed about a circle

by drawing tangents to the circle at the ver-

tices of a regular inscribed pentagon ; these

will, by their intersections, form a regular

circumscribed pentagon.

PEN-TAG'ON-AL. Having five angles.

PEN'NY-WEIGHT. A unit of weight

equivalent to the twentieth part of an ounce

Troy.

PERCH. [L. pertica, a perch]. A unit of

measure for surfaces, employed chiefly in

measurement of land. The perch is a square

rod, and is equivalent to 30J square yards,

or 272J square feet. There are 160 perches

in an acre.

PER'FECT NUMBER. fL. perfect™,

complete]. A number which is equal to

the sum of all its different divisors. Thus 6

is a perfect number, since

6 = 1+2 + 3;

and so is 28, for

28 = 1 + 2 + 4 + 7 + 14.

If the geometrical progression

1, 2, 4, 8, 16, &c,

be continued until the sum of the terms is a

prime number, then will the product of this

sum by the last term be a perfect number.

Or, the rule may be given thus : since the

sum of n terms of the progression is 2" — 1,

and the last term is 2"-1
, we shall have the

product of the sum by the last term

2"-1 (2» - 1),

and this will be perfect whenever 2" — 1 is

prime.

If we make » = 1, n = 2, n = 3, n = 5,

end n = 7, we find the corresponding perfect

numbers 1, 6, 28, 496, and 8128. The next

perfect numbers after these, in their order, are

33550336, 8589869056. 137438691328, and

2305843008139952128.

PE-RIM'E-TER. [Gr. irspi, about, and

jitrpov, measure]. The bounding line of a

plane figure. In a polygon the length of the

perimeter is equal to the sum of all of the

sides of the polygon. If the polygon is reg-

ular, and inscribed in a given circle, the

length of the perimeter increases as the num-
ber of sides is increased, having for its limit
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the length of the circumference of the circle

The perimeter of a plane curve is a curved
line, and the length is the same as the length
of the circumference.

Pfi'RI-OD. [L. periordus, a period]. In
Extraction of Roots, a number of figures

considered together. In extracting the nth

root of a number, we separate its digits into

groups of n, each beginning at the right hand

;

these groups are called periods.

PE-RI-OD'IC FUNCTIONS. A function

in which equal values recur in the same or-

der, when the value of the variable is uni
formly increased or diminished. Thus, the

sine of x is a periodic function of x, varying

from to I, as z varies from to 90° ; from

1 to 0, as x varies from 90° to 180° ; from
- to — 1 as x varies from 180° to 270°

; and
• from — 1 to as the arc varies from 270° to

360°. From 360° to 360° + 90°, the function

goes through the same variations as from

to 90° ; and in general, the function goes

through the same variations from n X 360°

to n X 360° + 90°, as it does from 1° to 90°,

and so on for the other quadrants. All the

direct trigonometrical functions are periodic.

The ordinate of the cycloid is a periodic func-

tion of the abscissa. There are many other

periodic functions.

PER-MU-TATION. [L. permutatio, from

per and muto, to change]. The results ob-

tained by writing any number of factors, or

letters one after another, in every possible

order, so that each shall enter every result and

enter it but once. To find the number of

permutations of n letters, let us denote the

number of permutations of n — 1 letters by

Q ; then, by introducing an n'h letter, it is

plain that in each of the Q permutations this

nth letter may have n places ; that is, it may

be written before the first letter, between

each two letters, and after the last letter,

succession, giving for each permutation n

new permutations. Hence, the whole number

of permutations is equal to Qn. Now, if

n = 2, Q = 1 ; hence, the number of per-

mutations of 2 letters is equal to 1 • 2. If

n = 3, then from what has just been shown,

Q = 1 • 2, and the whole number of permu-

tations is 1-2-3, and so on ; hence, in gen-

eral, the number of permutations of n letters

is equal tol-2-3-4---n

Xd

'3

XH

continued product of the natural numbers
from 1 to n inclusively. If the actual pro-
duct indicated in each permutation be found,
it will be the same in each case. The theory
of permutations is of use in deducing formu-
las for the number of combinations of m let-

ters or factors, taken in sets of n ; formulas
which are of extensive application in deduc-
ing other formulas, and in the expression and
summation of series. One of the most ele-

mentary demonstrations of the Binomial
Theorem depends upon the principles of
combinations.

PER-PEN-DIC'U-LAR. [L. per and pen-
deo, to hang]

. When one straight line meets
another straight

line, so as to

make the two an-

gles formed equal

to each other, the

lines are said to

be perpendicular

to each other. A
straight line is perpendicular to a plane curve

when it lies in the plane of the curve, and is

perpendicular to a tangent to the curve at

the point of contact. Such a line is gener-

ally called a normal. A straight line is per-

pendicular to a plane when it is perpendicular

to every straight line drawn through its foot

in that plane. A straight line is perpendicu-

lar to a curved surface when it is perpendicu-

lar to a tangent plane to the surface at the

point of contact. Such a line is generally

called a normal line to the surface. Con-

versely, these magnitudes are perpendicular to

the straight line under the same circumstances.

A plane is perpendicular to a plane or other

surface when it passes through a straight

line which is perpendicular to the surface.

Two curves in the same plane are perpendicu-

lar to each other at a common point of inter-

section of the curves, when the tangent lines

to the curves at this point are perpendicular to

each other. Two surfaces are perpendicular

to each other at a common point of intersec-

tion, when the tangent planes to the surfaces

at this point are perpendicular to each other.

Two straight lines in space which do not

intersect, are perpendicular to each other

when a straight line drawn through any

that is. to the
|

point of either one, parallel to the other, is
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perpendicular to the first; Or when two

straight lines drawn through any point what-

ever, respectively parallel to the two lines,

are perpendicular to each other.

To erect a line perpendicular to a given

line AB, at a given point C. Lay offon each

side of C convenient and equal distances CA
and CB ; with A and B as centres, and with

a radius greater than
ZD

X*

CB, describe arcs in-

tersecting each other

at E ;
join E and CE

by a straight line, and

itwillbe perpendicular

to AB at C. Either

point E, is sufficient

to determine the per-

pendicular, but by de-

termining both points

the correctness of the construction may be

tested. A third point maybe found by using

the same centres as before and a different radi-

us, which ought also to fall upon the same line,

if the perpendicular is correctly determined.

If it is required to

erect a perpendicular

to a straight line, AB,

at one extremity, B

;

take any point, C, as a

centre, and with CB as

a radius, describe a cir-

cumference of a circle,

cutting the line AB in E. Draw EC, and

produce it till it cuts the circumference in D
;

draw DB ; it will be the required perpendic-

ular. Perpendiculars to a straight line through

a point, either upon,or without a given straight

line, are usually drawn by the aid of a trian

gular ruler. See Ruler.

Perpendicular in Perspective. A
straight line perpendicular to the perspective

plane. A perpendicular may be drawn
through any point, and every such perpendic-

ular vanishes at the centre of the picture.

See Perspective.

PER-PE-TU'I-TY. [L. perpetuitas, ever-

lasting]. In Annuities, the sum of money
which will buy an annuity to last for ever. It

is equal to the product of the annual value of

the annuity, multiplied, by the number of

years it will take anv sum to double at sim-

ple interest. Thus, any sum at 5 per cent,

simple interest will double in 20 years, hence

the value of a perpetuity of $100 per annum

is $2000. In all cases, the perpetuity is

equal to the annual payment multiplied by thfe

reciprocal of the rate per cent, at which the

perpetuity is computed.

PER-SPEC'TiVE. [L. per and specio, to

see]. The object of perspective is to make

such a representation of an object upon a sur-

face as shall present to the eye, situated at a

particular point, the same appearance that the

objec^ itself would present, were the surface

removed.

Perspective consists of two parts : First,

the accurate delineation of the principal lines

of the picture : and Second, the shading and

coloring of the picture so as to produce the

desired effect of distance, &c. The first part,

called linear perspective, is purely mathemati-

cal, and this part only will be considered..

Perspective drawings may be made upon any

surface, but we shall only consider them made

upon « plane. The plane upon which the

representation is made is called the perspective

plane, and is generally supposed to be vertical.

The point at which the eye is supposed to be

situated is called the point of sight ; all that

part of space situated on the same side of the

perspective plane with the eye, is said to be in

front of the perspective plane, all on the other

side is said to be behind the perspective plane.

A visual nay is any straight line passing

through the point of sight. A visual plane is a

plane passing through the point of sight. A
visual cpne is a cone whose vertex is at the

point of sight.

The perspective of a point, is the point in

which a visual ray through the point pierces

the perspective plane ; if the given point and

its perspective are on the same side of the

eye, the perspective is said to be real, if on

opposite sides it is virtual.

The perspective of a straight line is the in-

tersection of the perspective plane with the

visual plane passing through the line.

The perspective of a curved line is the in-

tersection of the perspective plane with the

visual cone passing through the line.

The outline of the perspective of any body,

is the intersection of the perspective plane

with the enveloping visual cone ; the line of
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contact of this enveloping cone with the body,

is called the apparent contour of the body.

The term cone is here used in its most en-

larged sense. It may sometimes happen that

the enveloping visual surface may be pyra-

midal, as is the case in finding the perspec-

tive of a cube, or other polyhedron, or it may
be composed of both conical and pyramidal

surfaces ; all of these surfaces come under

the general denomination of conical surfaces.

The perspective of a body is generally ob-

tained by finding the perspective of the prin-

cipal lines of the body, embracing all those

included within the apparent contour. The
perspective of any point of a body may be

found by drawing a visual ray through it and

determining the point in which it pierces the

perspective plane. This operation is tedious,

and to shorten the process other methods

have been devised, the best of which is that

ofdiagonals and perpendiculars. The follow-

ing definitions of terms are given as necessary

to a complete understanding of this method

:

A perpendicular is a straight line perpen-

dicular to the perspective plane. A diagonal

is a horizontal line, making an angle of 45°

with the perspective plane. Through any

point in space one perpendicular and two di-

agonals can always be drawn.

The centre of the picture is the point in

which the perpendicular, through the point of

sight, pierces the perspective plane. The

horizon is the intersection of the perspective

plane with a horizontal visual plane. It

passes through the centre of the picture, and

is horizontal.

The vanishing point of a line is the point

in which a line drawn parallel to it, through

the point of sight, pierces the perspective

plane. Every system of parallel lines has the,

same vanishing point, which is a point com-

mon to the perspectives of all the lines of the

system. The centre of the picture is the

vanishing point of all perpendiculars. If a

line is parallel to the perspective plane, its

vanishing point is at an infinite distance.

The vanishing points of diagonals are the

points in which the diagonals, through the

pjint of sight, pierce the perspective plane.

They are in the horizon of the picture, and

at distances from the centre of the picture

equal to the distance from the point of sight

to the perspective plane.

Magnitudes, to be put in perspective, are

given by their projections, or by their distan-

ces above a horizontal visual plane, and from

the perspective plane. To find the perspec-

tive of any point, draw any two lines through

the point, and find their perspectives ; their

point of intersection is the perspective re-

quired. The most convenient auxiliary lines

are the perpendicular and a diagonal through
the point. To find the perspective of the

perpendicular, find the point where it pierces

the perspective plane, and join it by a

straight line with the centre of the picture

:

this will be the perspective. To find the per-

spective of the diagonal, find the point where
the diagonal pierces the perspective plane,

and join it by a straight line with the proper

vanishing point of diagonals ; this will be the

perspective of the diagonal. To ascertain the

proper vanishing point of any diagonal, con-

ceive it produced till a. part of the diagonal

comes in front of the perspective plane, then

if this line inclines to the right, it vanishes

at the right hand vanishing point of diagonals,

otherwise it vanishes at the left hand one.

The vanishing point of rays is the point

in which a ray of light through the point of

sight pierces the perspective plane ; the van-

ishing point of horizontal projections is the

point in which the projection of the same

ray on the horizontal plane through the point

of sight intersects the horizon of the picture.

These two points are in the same straight line,

perpendicular to the horizon. When the former

is assumed or given, the latter can be found

by drawing through it a. straight line per-

pendicular to the horizon and finding the

point in which it intersects the horizon.

The shadow which any point casts upon

any surface, lies upon the ray of light, and

upon the projection of that ray upon the sur-

face. Hence, to find the perspective of the

shadow cast by any point upon a horizontal

plane, find the perspective of the projection

of the point upon the plane, and join it by a

straight line with the vanishing point of

horizontal projections of rays. Join the per-

spective of the point with the vanishing point

of rays : the point in which these two lines

intersect, is the perspective required. These

principles are enough to find the perspective

of all bodies, and the perspectives of their

shadows ; but, certain constructions, in par-



426 MATHEMATICAL DICTIONARY AND [PER

ticular cases, serve to facilitate the operations

of finding the perspectives of bodies and of

their shadows.

To illustrate the rules above given, let it

be required to find the perspective of a cube

and its shadow in the horizontal plane.

For convenience, take the perspective plane

through the front face of the cube, and let

the horizontal plane of the base be taken as

the plane on which the shadow is cast, and

suppose AB to be the line of intersection of

B'
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tive ; this, with the perspective of the diame-
ter already found, are conjugate diameters of

the ellipse of perspective.

These methods, with suitable modifications,

serve to find the perspectives of circles, how-
ever situated.

The principles already explained, serve to

find the perspective of any body, whatever

may be its form, and also the perspective of

its shadow.

The principles of mathematical perspective

are intimately connected with the arts of de-

sign, and a knowledge of their application is

indispensable to the architect, the engraver,

and the skillful mechanic. The practice of

perspective is particularly necessary to the

painter and the sculptor. Perspective alone

enables us to represent fore-shortenings with

accuracy, and its aid is required in the accu-

rate delineation of even the simplest of na-

tural objects.

Oblique Pekspective. The perspective is

said to be oblique when the perspective plane

is taken obliquely to the principal face of the

object delineated.

Parallel Perspective. The perspective

is said to be parallel when the perspective

plane is taken parallel to the principal face

of the object represented.

Isometrical Perspective. See Isometri-

cal Projection.

PIeRCE. [Fr. percer, to penetrate]. A line

is said to pierce a surface, when of three con-

secutive points of the line, the middle one

lies in the surface, and each of the re-

maining two lies on opposite sides of the

surface.

PILING SHOT AND SHELLS. Shot

and shells are generally piled at arsenals,

navy yards, &c, in regular piles of a pyra-

midal or wedge-shaped form. The piles are

named from the form of their bases, triangu-

lar, square and rectangular.

The triangular pile is made up of a suc-

cession of triangular layers, equilateral, and

diminishing from bottom to top, so that the

number of shot in a side of any layer shall

be one less than in the layer directly below

to the top layer, which consists of a single

shot.

The number of balls in a complete trian-

gular pile is equal to

the sum ofthe series,

1, 1+2, 1+2+3, Ac-

•

tol+2+3+...+M,

or,

1+3+6+..+^±-1)
A

The formula for sum-

ming a series by the

method of differences,

is

S = na +

+

n(n-

~l72~ d
'
+-T

n (n—1) (n—2) n-

1X-2),

1.2.3.4 -<*.+&> •(!)•

Series, 1 3 6 10 15 21, &c.

1st order of diff., 2 3 4 5 6 &c.

2d " ". 1111 &c.

3d " " &c.

Hence,

a=l, ^=2, d,=\, d3 =0, dt=0, &c. ..

Substituting these in formula (1), and reduc-

ing, we have

«(» +!)(« + 2)
S = -

1.2.3 (2).

The square pile is formed, as in the annex-

ed figure.

MB
## *%##### !

The number of balls in the top layer is l
a
,

in the next layer 2!
, in the next, 3s , and so

on. To find the number of balls in a pile of

n layers, we have the series,

1 4 9 16 25 36, &c.

1st order of diff., 3 5 7 9 11 &c.

2d " " 2 2 2 2 &.O.

3d " " &c.

Hence,

B=l, ^,=3, da=2, d3
=0, dt-0,&c.
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Substituting these in formula (1) and reduc-

ing, we have,

B («+l)(2n+l)
s = 17273 (3) -

The rectangular pile is formed as in the

annexed figure. The top layer contains

(m + 1) balls, the second layer contains

2 (m + 2), the third, 3 (m + 3), and so on.

To find a formula for the number of balls in a

complete rectangular pile, we have the series

l.(m+l),2(m+2),3(m+3),4(m+4)<fcc.

1st ord. diff, m+3, m+5, m+7, &c.

2d " " 2 2 &c.

3d " " &c.

Hence,

a=m+ 1, d1 =(m+3), d2=2, d3=0, dt=0, &c.

Substituting in formula (1) and reducing, we
have,

n(M + l)(l +2n + 3m)
« = r^g— •••i*)-

In order to find the number of balls in an

incomplete pile, compute the number that the

pile would contain if complete, and the num-
ber required to complete it ; the difference of

these two numbers is the number of balls in

the pile.

Formulas (2), (3) and (4), may be written

thus,

ln(n+l)
Triangular, S=-.~— (»+l+ l) • • (2),3

i M"+i)
,Square,

Rectangu'r, S= —•

2
{n+n+1)

1 n(n+l)

(3),

Now, since

((n+m)+(rc-f-m)

+(m+l))--(4).

n (n + 1)

is the number of balls in the triangular face

of each pile, and the next factor in each case

denotes the number of balls in the longest

side of the base, plus the number in the sides

of the base opposite, plus the number in the

top parallel row, we have the following prac-

tical rule for finding the number of balls in

any pile.

Add to the number of balls in the longest

side of the base the number in the parallel side

opposite, and also the number in the parallel

top row ; multiply this sum by one-third of the

number of balls in the triangular face of the

pile, and the result will be the number of balls

in the pile.

This rule is easy to remember, and is

equally applicable to each of the three forms ;

it is often called the workman's rule.

Where space is an object, the rectangular

pile is preferable to either of the others, and

the longer the pile, the greater the number of

balls that can be piled upon a given area,

having a given breadth. One long pile is

more economical of space than two or more

short ones. The square pile occupies most

space for the number of balls contained in it.

PINT. A unit of measure of capacity,

equivalent to one-eighth of a gallon, or about

39$^ cubic inches. See Measures.

PLAN. In Descriptive Geometry and Sur-

veying, a representation of the horizontal

projection of a body. The plan of an object

is the same as its horizontal projection. The

term is particularly applied to architectural

drawings.

PLANE. [L. planus, even, flat], A sur-

face such that, if any two points be taken at

pleasure and joined by a straight line, that

line will lie wholly in the surface. A plane

is supposed to extend indefinitely in 'all

directions. A plane maybe generated by a

straight line moving in such a manner as to

touch a given straight line, and continue

parallel to its first position. A plane may



PL A] CYCLOPEDIA OF MATHEMATICAL SCIENCE. 429

also be generated by revolving one straight

line about another straight line, perpendicular

to it, as an axis of revolution. The recti-

lineal equation of » plane may be reduced to

the form,

z = ex + dy + g,

in which x, y and z, are the co-ordinates of

every point of the surface, and c, d and g,

constants. The plane is given when c, d and

g are known, andmay be constructedby points,

as follows : Assume any two values for x and y,

and substitute them in the equation ; there

will result a corresponding value for z, which

with the assumed value of x and y will be

the co-ordinates of a point that may be con-

structed by known principles. In like man-

ner, any number of points may be found and

constructed ; a surface passed through them

will be the surface required ; three points are

sufficient to fix the position of a plane pro-

vided they are not in the same straight line.

Planes are generally constructed by find-

ing the points in which they cut the co-ordi-

nate axes, and then passing a plane through

these three points. Planes are given in De-

scriptive Geometry by their traces, that is, by

their intersections with the planes, of projec-

tions ; they may, in like manner, be deter-

mined analytically. To find the equation of

the trace of a plane upon the planes XY,

XZ and YZ respectively : make in the equa-

tion of the plane, z, y and x, respectively

equal to in the equation ; the resulting

equations will be the equations of the requir-

ed traces. Two traces will be sufficient to

fix the position of a plane.

If we take, two planes, whose equations

are

z=cx+dy+g, and z=c'x+d'y+g',

they will be parallel when

c=-d and d = d'.

They will be perpendicular to each other,

when

1 + cc' + dd' - 0.

In general, the angle which they make with

each other, may be determined by means of

the formula,

1 + cc' + dd/

cosF= VT+lMrSJVl + c" + d'
r

To find the line of intersection of two

planes, combine their equations and elimi-

nate one variable ; the resulting equation will

be the equation of the projection of their

intersection on the plane of the other two.

Combine the equations again, eliminating a

second variable, and the resulting equation

will be that of the projection of the line of

intersection upon a second plane, and these

will be sufficient to determine the line of

intersection.

If the equation of a plane is

z = ex + dy + g,

and the equations of a straight line are

x = as + a, and y = bz + /?,

the line and plane will be parallel when

1 — ac — bd = ;

they will be at right angles when

a = — c and b = — d

;

and in general, the angle] which they make

with each other is given by the formula

..
A

1 — ac — bd
SU1 ~ Vl + a' + b'Vl + c' + d'

To find the point in which a line pierces a

plane, combine their equations and find the

corresponding values of the variables ; these

will be the co-ordinates of the required point.

Plane Angle. A portion of a plane lying

between two straight lines, meeting at a

point. The lines are called sides of the an-

gle, and their common point is the vertex.

See Angle.

Plane Chakt. A chart constructed so that

the parallels of latitude and longitude are

represented by straight lines parallel to each

other, and at the same distance from each

other, in every latitude.

Plane Curve. A curve all of whose

points lie in the same plane.

Plane Director. A plane parallel to

every element of a warped surface of the

first class. See Warped Surface.

Plane Figure. A portion of a plane lim-

ited by lines either straight or curved. "When

the bounding lines are straight, the figure is

rectilinear, and is called a polygon. When

they are curved, the figure is curvilinear.

Plane Geometry. That part of Geometry

which treats of the relations and properties

of plane figures.

Horizontal Plane. A plane parallel to

the surface of still water, or, parallel to a
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tangent plane to the earth's surface at the

place. In Perspective the term implies a

horizontal plane passing through the point

of sight. See Descriptive Geometry.

Oblique Plane. A plane making an

oblique angle with a horizontal plane.

Objective Plane. In Surveying, the

horizontal plane upon which the object to be

delineated is supposed to stand. It is usually

taken as the horizontal plane of projection.

Plane op a Dial. The plane upon which

the hour lines of the dial are constructed.

See Dial.

Plane op Projection. One of the planes

to which points are referred in descriptive

geometry for the purpose of determining

their relative position in space. See Descrip-

tive Geometry.

Plane op Rays. In Shades and Shadows,

a plane parallel to a ray of light.

Perspective Plane. The plane upon

which the perspective of an object is drawn.

See Perspective.

Principal Plane. In Spherical Projections,

the plane upon which the projection of the

different circles of the sphere are projected.

It is generally taken through the centre of

the sphere to be projected.

Plane Problem. A problem which can be

solved geometrically, by the aid of the right

line and circle only.

Plane Sailing. The method of computing

the, position of a ship and her path, under

the supposition that the surface of the earth

is a plane. See Navigation.

Plane Scale. A scale upon which are

graduated chords, sines, tangents, secants,

rhumbs, geographical miles, cec. The scale

is principally used by navigators in their com-
putations, in plotting their courses, &c.

Plane Surveying. That branch of Sur-

veying in which the curvature of the earth's

surface is not taken into consideration. In

this branch the surface of the earth is re-

garded as a plane. Such is the ordinary field

and topographical surveying, where only very

limited portions of the earth's surface are

considered. See Surveying.

Plane Table. An instrument used in

surveying for plotting in the field without the

necessity of taking field notes. It is particu-

larly employed in the filling in of a trigono

metrical survey ; it is also of some use in

land surveying. Where exactness is required,

the plane table is of little value, but in making

approximate sketches, it commends itself or

account of the rapidity with which operations

can be carried on.

The plane table consists of a square board

or limb, mounted upon a tripod. Two lev-

eling plates are attached, one to the tripod

and the other to the limb, and are connected

by a ball and socket joint. Four leveling

screws, working through one leveling plate

and against the other, serve to regulate the

lateral motions of the table with respect to

the axis of the instrument. The limb may
be moved in azimuth around the axis of the

instrument, which motion may be checked

by a clamp screw ; small motions in azimuth

are then communicated by a tangent screw.

The limb of the instrument is made horizon-

tal by the aid of a small detached spirit level,

by laying it over two of the leveling screws,

and bringing the bubble to the centre, then

placing it over the other two, and again bring-

ing the bubble to the centre.

The upper face of the limb is bordered by

a brass plate about an inch in width, and its

centre is marked by a steel pin, F. The

perimeter of the limb

is graduated to de-

grees and fractions

of a degree, as fol-

lows ; suppose a cir-

cle to be described^

with F as a centre,

and tangent to the

sides of the brass plate. Let the circle be

graduated to the required unit, and then sup-

pose straight lines to be drawn from the cen-

tre, F, through these points of division;

the intersection of these lines with the brass-

plate are marked and numbered from the

point I through 180° around to L, and from

L through 180° around to I again. In some

plane tables the numbering is from 0° to 360°.

There are generally diagonal scales of equal

parts, DC and AB cut in the plates. Used, in

'
<tting. Near the outer edges of the limb,

two small grooves are made to receive two

plates of brass, DC and AB, which are drawn

to their places by means of milled-headed

screws, which pass through the table from the
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under side and screw firmly into the plates.

The object of these plates is to secure the

paper on which the drawing is to be made.

By loosening the screws, and pushing up the

plates, the paper may be introduced
; then,

by turning the screws back again, the plates

are drawn down, and the paper is held tightly.

The paper might be slightly moistened, which

would secure a smoother surface when it is

dried. A ruler accompanies the table, with

two sights like compass sights, or sometimes

with a telescope, in their stead. One edge of

the ruler is beveled, and this edge is so placed

that it is in the plane of the openings through

the sights. The sights are constructed so as

to fold down for convenience in carriage. A
compass is sometimes attached for determin-

ing the bearings of lines.

The plane table, as described, is used for

two distinct purposes ; 1st. To measure hor-

izontal angles ; and 2d, For determining the

shorter lines of a survey, both in extent and

position.

To measure a horizontal angle. Place, by

means of a plumb line, the centre of the table

exactly over the angular point; then level the

table and clamp the limb ; after which place

the ruler with the sights raised so that the

beveled edge shall rest against the steel pin

at the centre ; direct the sights to the left

hand object, and read the reading at each end

of the ruler, and take a mean of the results

for the first reading. Then direct the sights

o the right hand object, and take the second

reading in like manner. If the ruler has not

passed over the 0° point ofthe limb, the excess

ofthe second reading over the first is the value

of the required angle. If the ruler has passed

the 0" point, the first reading must be subtract-

ed from 180° and the difference added to the

second reading ; the sum will be the value

of the angle required.

• To determine lines in extent and position.

Having fastened a sheet of paper on the table,

examine the lines and objects which are to be

determined in position and select for a base a

convenient line which is connected with some

point of the triangulation, taking care that as

many prominent objects as possible may be

seen from its two extremities. Then place

the plane table over one extremity of the base,

so that the point on the paper corresponding

may be exactly over the extreme point of the

base. Clamp the limb and make it truly hor-

izontal. Mark the point corresponding to the

end of the base by a needle, and pressing the

ruler against the needle, direct the sights to

the other extremity of the base. With a fine-

pointed pencil, draw a straight line along the

beveled edge of the ruler, and lay off on it,

from a scale of equal parts, the length of the

base, and mark the second point ; then direct

the sights, in succession, to all the principal

objects that are visible from the first station,

and draw pencil lines along the edge of the

ruler. Next plant the plane tabic so that the

second end of the plotted base line shall be

over the second end of the base line in the

field ; level the instrument, and having placed

the needle at the second end of the base line,

bring the beveled edge of the ruler to coin-

cide with the plotted base, and then turn the

limb of the instrument till the sights are di-

rected to the first end of the base ; clamp the

limb and direct the sights, in succession, to

every object sighted from the first station,

marking the points of intersection of these

lines with the corresponding ones from the

first station. To illustrate : let it be required

to determine the relative position of several

houses. From station A, and on one of the

line of the triangulation, as AB, measure the

base line AB, which we will suppose equal

to 300 yards. Place the plane table over A,

and sight to the corners of the houses, and

mark the lines 1, 2, 3, 4, &c. Then move the

table to B, place the plotted line AB in the

direction from B to A, and sight to the same

corners as before, and draw the lines as in the

figure ; the points at which they intersect

the corresponding lines before drawn, de-

termine the plot of the corners of the houses

;

the front lines of the houses may then

be drawn on the paper, and upon these the

plots of the houses themselves may be con-
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Etructed. In like manner the plot in the next

figure is constructed.

When one sheet of paper is filled, and there

is yet more work to be done, let the paper be

removed and another sheet substituted in its

stead, after which the table may be used as

before. In order that the two sheets may be

put together, and form one entire plan, it is

necessary that two points that were determin-

ed on the first sheet should also be determined

on the second sheet ; then by placing the line

joining these points in the two sheets one

upon the other, all the lines in the two sheets

will have the same relative position as the

corresponding lines in the field, and so on for

as many sheets as it may be desirable to use.

In the example, the two points F and B have

been determined on each sheet, and the two

parts, when placed as shown in the figure,

make up a continuous plan.

The plane table is much used in surveying

for plotting coast line, the prominent points

being determined by it, and the minor details

sketched in by the eye.

Plane Triangle. A triangle lying entire-

ly in the same plane.

Plane Trigonometry. That part of trig-

onometry which treats of the relations and

properties of the sides and angles of plane

triangles.

Vertical Plane. A plane perpendicular

to the horizon, or to a horizontal plane. In
perspective it is the vertical plane passing

through the point of sight and perpendicular

to the perspective plane.

PLA-NIM'E-TRY. [L. planus, plane, and
Gr. /lETpov, measure]. That branch of ap-

plied geometry which treats of the measure-

ment of plane areas. The term is used in

contradistinction to stereotomy, which treats

of the measurement of volumes. See Men-
suration, Surveying, &c.

PLAN'I-SPHERE. [L. planus, plane and

sphere], A projection of the various circles

of the sphere upon a plane. See Spherical

Projections.

Platonic Bodies. So called from Plato,

who treated of them. They are the five reg-

ular polyhedrons, viz. : the tetrahedron, hexa-

hedron, octahedron, dodecahedron, and the icos-

hedron. See Polyhedron regular.

PLOT. A drawing of the projections of

the prominent objects ' of a portion of the

earth's surface upon a plane, in which the

lines are proportional to the corresponding

lines in nature.

PLOT'TING. The operation of repre-

senting the lines of a survey upon paper

drawn to a scale, and bearing to each other

the proper relative positions and lengths.

There are various methods of plotting ; some

of the principal ones only will be considered.

To plot afield survey from the field notes.

1st method:

Field-notes of a Survey.

Sta.
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and lay off C/ equal to — 6.01, and at / erect

the perpendicular /D, making it equal to

4.46 ; draw CD : it is the plot of the second

course. Plot, in the same manner, the re

maining courses.

N
s

B

S
2d method :

With a protractor lay off the angle NBC
equal to 62$°, and on the line BC lay off, from

the scale of equal parts, BC equal to 9.25.

Through C draw the line C/ parallel to NS,

and at C construct the angle /CD equal to

36°, and make CD equal to 7.60. In the

same manner, plot the remaining courses

Or, the angle at each point, as C, between

two adjacent sides, may be computed and

laid off, and the plot continued, as before.

Both of these methods of plotting are lia-

ble to error, particularly the latter ; and an

error, once committed, is carried on through

the work, to be swelled by the continual er-

rors made at each step of the operation. To

avoid, as much as possible, this accumulation

of error, a third method is adopted.

3d method

:

With any radius, AE, describe a circle,

and draw two diameters, NS and EW, at

right angles to each other. Then construct

the angles

28

433

SAD = 45J°,
NAB = 621°, SAC = 36,

and NAF = 31|°.

Through P, any assumed point, draw PQ
parallel to AB, and equal to 9.25 ; through Q
draw QR parallel to AC, and equal to 7.60

;

through R draw RS parallel to AD, and equal

to 10.40 ; and through S draw SP parallel to

AE, and equal to 10 : the work, if right, ought
to close ; the last end of the last line falling

upon the first end of the first line.

This method of laying off angles admits

of great accuracy. The angles may be laid

off with a circular protractor ; or, what is

still better, they may be determined by the

Method of Chords.

The principle of this method is, that the

chord of a given arc is equal to the sine of

half the arc with double the radius.

Let DAF be any given angle, and AH a

line bisecting it. Let DC be the chord of the

arc CD described with a given radius, and

HF, parallel to CD, the sine of half the given

angle to a radius AF equal to 2AC. Then,

from the similar triangles of the figure, since

AF = 2AC, we have

HF = 2KC = CD.

To apply this principle : let a circle be de-

scribed upon some convenient portion of the

paper with a radius of five units of the scale,

say 5 inches, and draw two diameters at right

angles to each other, taking care to make one

one of them parallel

to the meridian, base

line, or other promi-

nent line of the sur-

vey. Now, if we re-

gard the radius of the

table of natural sines

as 1 ten, say ten

inches, the number

of inches in the length of the sine of any

arc will be found by removing the decimal

point one place to the right. To lay off

any angle, say 14° 29' : half the angle

7° 14' 30", and the natural sine of this

angle, as found in the tables, is 0.126005 ; or,
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to the radius 10 inches, it is 1<*.%6. Take

l
iD.26 in the dividers, and with 0, as a centre,

describe an arc cutting the circle in b ; from

the opposite end of the same diameter 0, de-

scribe a second arc cutting the circle in b

;

draw bb : it ought to pass through the centre

of the circle, and if it does so, it will make

with 00 an angle equal to 14° 29'. In the

same manner, lines may be constructed, mak-

ing any given angle with a given line. After

one circle has become defaced by continued

constructions, a new circle may be taken on

some other portion of the plot ; but care must

be taken to make the new 00 line parallel to

the primitive one.

It is plain that we might employ the points

90° as centres, by using the complements of

angles instead of the angles themselves.

4('t method:

Tho fourth method is that of rectangular

co-ordinates. Draw, in the plane of the plot,

two straight lines at right angles to each

other, taking one through some prominent

point, and parallel to the meridian or some

principal line of the survey. Then, from the

field-notes, compute the distance of each

point to be plotted from these right lines
;

then, any point may be constructed by laying

off, on each axis, a distance equal to the dis-

tance of the point from the other axis, and

drawing through the extremities of these dis-

tances lines parallel to the axes, respectively :

the point in which these intersect, is the plot

of the required point. This method of plot-

ting is applicable to the projection of maps
of a portion of the surface of the earth, suf-

ficiently great to take into account the curva-

ture. See Projection of Maps.

To plot a survey made by means of offsets

:

Plot the main lines by one of the preceding

methods, and lay off on them distances corre-

sponding to the offsets. At each point, thus

determined, erect a perpendicular to the

plotted course, and on it lay off a distance

equal to the offset : the points, thus deter-

mined, are points of the required plot. The
plotting-scale is a useful instrument in plot-

ting by offsets. See Plotting-Scale.

To plot the problem of the three points :

Let A, B, and C, be three points whose
positions are absolutely determined and plot-

ted upon paper, and suppose that the angles

APC = a, CPB = b, and APB = a + b,

have been measured from a fourth point P, to

find the position of the point P upon the plot

C

of the survey. Construct the angles ACO
and CAO, each equal to 90° — a, and with

the point O, as a centre, and radius OA,

describe a circumference of a circle. Then

construct the angles CBO' and BCO', each

equal to 90° — ,b and with O' as a centre,

and O'B as a radius, describe a second cir-

cumference intersecting the first in P. Then

is P the plot of the required point.

This method is used for locating buoys, and

sounding points upon a harbor; P, repre-

senting the position of a boat, at the required

point, and A, B, C, fixed points on shore, as

light-houses, spires, &c.

A second method of plotting the problem

of the three points, is the following. The

data being the same as before, construct the

angle ABO equal to APC, or ii, and the

angle BAO equal to BPC, or b. Pass a cir-

cle through the three points, O, A and B.

Draw the line CO, cutting the circumference
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in P : then will P be the plot of the point

required. When the point falls near C,

the first construction will be the most accu-

rate. If the auxiliary circle passes through

C, the problem is indeterminate. The plot

may also be made by means of the station

pointer. See Station Pointer.

PLOT'TING SCALE. The plotting scale

consists of two ivory scales at right angles to

each other, as shown in the figure. Tfte

^g I' l
'l'IT'

lo
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longer scale, AA, contains a slit, or dovetail

groove, nearly its whole length, in which

slides a button carrying the cross scale, BB.

The scale AA is graduated into equal parts,

numbered from to the limit of the scale,

beginning at one end of the groove. The

portion of the cross scale, projecting beyond

AA, is divided into two equal parts, by a line

parallel to AA, and these points are graduated

into parts equal to those on the main scale,

AA, and numbered from the middle division

each way to the limits of the scale.

To use the scale in plotting, lay it upon

the paper so that the edge of the scale, AA,

shall be parallel to the plot of the line from

which the offsets are taken, and so that the

point of the scale shall fall in a line through

the beginning of this line, perpendicular to it,

and at such a distance from it, that the

point of the cross scale shall fall upon the

station line. The scale is held fast in this

position by small points of needles, project-

ing from the lower side of the scale.

Then slide the button and cross scale along

till the edge of the scale, BB, indicates upon

AA, the distance of the first offset from the

beginning of the line. Then mark with a

point the extremity of the offset as shown by

the cross scale. This extremity will some-

times fall above and sometimes below the

station line. Having found, in this manner,

a sufficient number of points, draw a line

through them, and it will be the plot of the

line required. This method of plotting is of

use in plotting the course of a crooked stream,

or a winding line of coast. The plotting

scale has other applications which will readi-

ly suggest themselves to the experienced

draughtsman.

PLDMB'-LiNE. [L. plumbum, lead]. A
line, or string, having a heavy piece of lead

attached to one extremity, used for the pur-

pose of fixing the axis of an instrument ex

actly over a given point. In the axis of the

instrument, as the theodolite, for example,

and at the lower part, a hook is fastened, over

which the thread of the plumb-line is passed,

and the piece of lead, generally of a conical

shape, is suffered to swing freely. When
the bob of the plumb-line-settles, the direction

of the string indicates the vertical through the

hook, and by moving the instrument back-

wards and forwards, the point of the bob may
be brought exactly to coincide with the given

point of the surface of the earth. The plumb-

line is also used in the carpenter's and stone-

layer's level. See Level.

POINT. [L. punctun, from pungo, to

prick]. A point is that which has position

only, but neither length, breadth, or thick-

ness. The extremities of a limited line are

points. That which separates two adjacent

parts of a line is a point.

Conjugate Point of a Curve. A point

of a curve which has no consecutive points,

that is, a point whose co-ordinates satisfy the

equation of the curve, but those of its con-

secutive points do not. Conjugate points

arise from oval branches reducing to points.

The analytical test of a conjugate point, is

that the first differential co-efficient of the

ordinate of the curve, taken at the point, is

imaginary. Hence, to find the conjugate

points of a curve, differentiate its equation

and find an expression for the differential

co-efficient of the ordinate, and seek for those

values of the variables that will, at the same

time, satisfy the equation of the curve and

render the differential co-efficient imaginary

:

each pair of values that will satisfy these

conditions will correspond to a conjugate

point. See Singular Points.

Point of Concurrence. A point common

to two lines, but not a point of tangency, or

a point of intersection. Such, for instance, is
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the point in which a cycloid meets its base.

In this case, the point of concurrence is also

a cusp point.

Point of Contact. The point of a given

line at which tangcncy takes place. The

union of the curve and tangent at that point

is so intimate, that they may be regarded as

coinciding, for an infinitely short distance, in

the immediate neighborhood of this point.

The point of contact is such a point, that

if any secant be drawn through it, and then

be revolved about this point till the second

point of secahcy unites with it, the secant

will become a tangent.

The point of contact of two curved lines, is

a point common to the two lines, at which, if

a straight line be drawn tangent to one of the

lines, it will be tangent to the other also.

The point of contact of two surfaces, is a

point such that if any number of secant

planes be passed through this point, the sec-

tions cut out of one surface will be respec-

tively tangent to the sections cut out of the

other ; or, if a plane be passed tangent to one

surface at the point, it will also be tangent to

the other surface at the same point.

Point op Contrary Flexure, or, Point

of Inflexion. A point at which a curve,

from being convex towards a line not passing

through it, becomes concave towards the same

line, or the reverse. See Inflexion : Singular

Points.

Point of Intersection. A point in which

two lines cross each other. See Intersection.

Point in Perspective. Is used techni-

cally to designate some of the principal posi-

tions connected with the perspective of an

object : for which, see Perspective.

Point of Sight. The point at which, if

the eye be placed, the picture will present

the same appearance as the object itself

would, were the picture removed. This is

sometimes called the point of view. See Per-

spective.

The point of sight, sometimes means the

point from which the object is actuallyviewed,

to have the appearance of the picture.

Points of the Compass. In Navigation,

the 32 points of division of the compass-card

in the Mariner's Compass. The angular space

between two consecutive points is 11° 15',

and each space is sub-divided into half and

quarter points. The 4 principal points are

called cardinal points, and are lettered on the

card, N., S., E., W., the initial letters of North,

South, East, and West. See Navigation.

Po'LAR CIRCLES. Two circles of lati-

tude, whose planes pass through the poles of

the ecliptic. They are about 23° 28' from

the poles, and limit the regions on the surface

of the earth, in which the sun never sets for

a -portion of the year, and never rises for an

equal portion : the length of duration of this

phenomenon increases as the place is nearer

to the pole, where there is six months of light,

and 6 months of darkness. The circle near-

est the north pole, is called the Arctic Circle

;

that nearest the south pole, the Antarctic

Circle.

Polar Co-ordinates. Elements of refer-

ence, by means of which points are referred

to a system of polar co-ordinates. In a plane

system, these elements consist of » variable

angle and a variable distance called the

radius vector. In space, they consist of

two variable angles and a variable right

line, still called the radius vector. See Po-

lar System.

Polar Dial. A dial whose plane is paral-

lel to a great circle passing through the poles

of the earth. It is generally perpendicular

to the meridian of the place. The style is

then parallel to the plane of the dial, and the

hour lines will therefore be parallel to each

other. At the equator it is a horizontal dial.

Polar Distance. The distance of the circle

of a sphere from its pole, estimated on the

arc of a great circle of the sphere passing

through the pole of the circle. This distance

is generally expressed in degrees.

Polar Distance of a point on the surface

of a sphere, is the distance of the point from

the pole of the sphere, measured on the arc

of a great circle passing through the point

and the pole. Every circle, and every point

on the surface of a sphere, has two polar dis-

tances, and unless the contrary is expressed,

the lesser one is understood.

Polar Equation of a line, or surface ; an

equation which expresses the relation be-

tween the polar co-ordinates of every point

of the line or surface. To find the polar

equation of any magnitude, substitute in the

rectangular equation of the magnitude, in
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the variables, their values taken from the for-

mulas for passing from a rectangular to a

polar system ; the resulting equation will be

the polar equation required,

i Polar Line or a Point, in the plane of a

conic section, a line such that if from any
point of it two straight lines be drawn tan-

gent to the conic section, the straight line

joining the points of contact, will pass

through the given point, which is called a

pole. The terms polar line and pole are cor-

relative, and neither has any signification ex-

cept with regard to the other. Every straight

line in the plane of a conic section, is a polar

line with respect to some point. The polar

line of a point is always parallel to a tangent

to the curve at the vertex of the diameter

drawn through that point. The polar lines of

all points on the same diameter, are parallel to

each other. The point in which any polar

line intersects the diameter through the pole,

is called the polar point. The polar point

and pole lie on opposite sides of the curve,

but on the same side of the centre. If the

pole approach the curve, the polar point also

approaches it ; and, conversely, if the polar

point approaches the curve, the pole also ap-

proaches, and the two meet and pass each

other on the curve. When the pole is at the

centre, the polar point is at an infinite dis-

tance, and when the pole is at an infinite dis-

tance, the polar point is at the centre. These

two points are conjugate to each other.

To construct the polar line of any point in

the plane of a conic section. Draw a diame-

ter through the point, and draw a tangent to

the curve at its vertex ; then, if the given

point lies within the curve, draw a chord pa-

rallel to the tangent through the given point,

and at the point in which it intersects the

curve, draw a tangent to the curve ; the point

in which it cuts the diameter, before drawn,

is the polar point ; through this point, draw

a straight line parallel to the tangent at the

vertex of the diameter ; it will be the polar

line required : if the given point lies without

the curve, draw a tangent to the curve through

the point, and through the point of contact

draw a chord parallel to the tangent at the

vertex of the diameter, and produce it inde-

finitely ; this is the polar line required.

In the case of the parabola, the polar point

and the pole are always at the same distance

from the vertex of the diameter drawn through
them. In all the conic sections the directrix

is the polar line of the focus. From the pre-

ceding discussion, it would seem that there is

no polar line to points when the diameter

passing. through them does not intersect the

curve ; but the exception is only apparent,

for, in that case, the polar line is parallel to

the tangent to the conjugate of the given

hyperbola at the vertex of the diameter

through the point of contact. Since there

are an infinite number of diameters passing

through the centre of a conic section, it fol-

lows that the centre has an infinite number
of polar lines, all of which must necessarily

be at an infinite distance.

Polar Projection of the Sphere. A
projection of the circles of the sphere on the

plane of one of the polar circles. This pro-

jection is employed in connection with Mer-

cator's, to represent the region of the earth

about the polar circles. Charts of the polar

regions are generally constructed in accord-

ance with the principles of this projection for

nautical purposes. See Projection.

Polar System of Co-ordinates in a

Plane. A system of co-ordinates in which

points are referred to a fixed straight line, and

a fixed point of that line by means ofa variable

angle and a variable distance. Let AX be

a ' fixed straight line,

called the initial line,

A a fixed point of that

line, called the pole,

and S any point what-

ever in the plane SAX ; then will the posi-

tion of the point S be completely given with

respect to the system when the angle SAX
is given, and the distance AS is known. The

first element of reference is denoted by v,

and is estimated from the initial line AX
around in a direction contrary to the motion

of the hands of a watch through any number

of degrees. The second element of reference

is denoted by r, and is estimated from A out-

wards to any limit whatever, but it can never

be negative.

Let AX and AY be two axes of co-ordi-

nates at right angles to each other. Let

A'R' be the initial line, A' the pole of any

polar system in the same plane, and P any

point in that plane. Denote the co-ordinates
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of the point referred to the rectangular sys-

tem by x and y, the polar co-ordinates of the

same point by v and r, the co-ordinates of the

pole by a' and b', and the angle, which the

initial line makes with the axis of X, by a
;

then from the figure we shall have

x=a'+r cos (v+a), y—b+r sin (v+a).

These are the formulas for passing from a rec-

tangular system to a polar system in the

same plane. It is customary to take the ini-

tial line parallel to the axis of X, in which

case, the formulas become

x = a' + r cos v, y = b' + r sin v.

A polar system, in space, is a system in

which points are referred to a fixed plane, a

fixed line of that plane, and a fixed point of

that line, by means of two variable angles,

and a variable distance. The fixed plane is

called the initial plane, the fixed line is the

initial line, and the fixed point is the pole.

In passing from a rectangular system to a

polar system in space, the initial plane is

taken parallel to the plane XY, and the ini-

tial line parallel to the axis of X. If we de

note the rectangular co-ordinates of any point

8

in space by x, y and z, the co-ordinates of

the pole by a, b, and c, the radius vector of

any point S by r, the angle which it makes'

with the initial plane by u, and the angle

which its projection on the initial plane makes

with the initial line by v, we shall have, from

the figure,

x = a-\-r cos u cos v, y = b + r cos u sin «,

2 = c + r sin u.

These are formulas for passing from a rectan-

gular system in space to a polar system in

space.

FoLE. A unit of measure, equivalent to

16J feet, or 5$ yards. It is called a rod, and

is principally used in land surveying.

In a polar system of co-ordinates, the point

from which the radius vector of any point is

estimated.

Pole op a Polae Line. A point in the

plane of a conic section, such that if any

straight line be drawn through it, cutting the

curve in two points, and tangents be drawn

to the curve at these points, they will intersect

each other on the given line. See Polar Line.

Poles of a Circle of a Sphere. The

points in which a diameter of the sphere,

perpendicular to the plane of the circle, pierces

the surface of the sphere.

Poles of a Sphere. The two points in

which the axis of the sphere pierces the sur-

face. See Axis.

POLY-GON. [Gr. itolvc, many, and

yuvia, angle]. A portion of a plane bounded

on all sides by limited straight lines. These

lines are called sides of the polygon, and the

points in which they meet are called vertices

of the polygon.

Polygons are classified according to the

number of their sides or angles. Those of

three sides are called triangles ; those of four

sides, quadrilaterals : those of five sides, pen-

tagons; those of six sides, hexagons; those

of seven sides, heptagons; those of eight

sides, octagons ; those of nine sides, nona-

gons ; those of ten sides, decagons ; those of

eleven sides, undecagons ; those of twelve

sides, dodecagons ; and so on. Polygons

having all their sides equal to each other

are called equilateral ; those having all their

angles equal to each other, are called equi-

angular. Polygons which are both equilat-

eral and equiangular are called regular poly-

gons. Regular polygons may have any

number of sides. When the number of sides

is infinite, a regular polygon becomes a cir-

cle ; hence, the circle is the superior limit of
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regular polygons. The regular triangle is

the inferior limit of regular polygons. Of
regular polygons inscribed in the same circle,

the greater the number of sides the greater

the perimeter. Of regular polygons circum-

scribed about the same circles, the less the

number of sides the greater the perimeter.

The perimeter of a regular circumscribed tri-

angle is equal to

r X 10.39236
;

that of a regular inscribed triangle is

rX 5.19618;'

and the perimeters of all regular polygons,

whether inscribed or circumscribed, lie be-

tween these limits.

The following properties are common to all

convex polygons :

1. Every polygon may be divided into as

many triangles as it has sides, less two.

2. The sum of the interior angles of every

polygon is equal to two right angles, taken

as many times as the polygon has sides, less

two.

3. If all the sides be prolonged in the same

direction, the sum of the exterior angles thus

formed, is equal to four right angles.

The following are some of the properties

of regular polygons

:

1. Every regular polygon may have a cir-

cle inscribed within it, and another circum-

scribed about it.

2. If at the vertices of a regular inscribed

polygon, tangents be drawn to the circle,

they will, by their intersection, determine a

regular polygon of the same number of sides

circumscribed ahjout the circle. If the points

of contact of a regular circumscribed polygon

be joined, two and two, in their order, by

straight lines, these chords will form a regu-

lar inscribed polygon, having the same num-

ber of sides.

It has been stated that any regular polygon

may be inscribed in a circle, but geometrical

constructions have only been discovered for a

limited number. The only regular polygons

having less than 100 sides, which can, by

known methods, be inscribed in a circle by

geometrical construction, are those having the

following number of sides; viz : 3, 4,v5, 6, 8,

10, 12, 15, 16, 17, 20, 24, 30, 32, 34, 40, 48,

51, 60, 64, 68, 80, 85, 96, or not quite one-

fourth of the entire number.

In general, since a regular triangle, square,-

and pentagon may be inscribed in a circle,

and since, also, having any inscribed polygon,

we may always inscribe one having double

the number of sides, it follows that whenever

the number of sides of a regular polygon is

equal to 2", 3 X 2", or 5 X 2", it can always

be inscribed. To these may be added those

in which the number of sides is equal to

2" + 1, whenever this number is prime.

Spherical Polygon. A portion of the

surface of a sphere bounded by arcs of more

than two great circles, which are called sides.

Spherical polygons are classed like plane

polygons, according to the number of sides

which bound the figure, or according to the

number of their angles.

The sum of all the sides of a convex spher-

ical polygon is always less than the circum-

ference of a great circle.

The area of a spherical polygon is equal to

that of the trirectangular triangle of the same

sphere, multiplied by the quotient obtained

by dividing the sum of all its angles, dimin-

ished by two right angles taken as many

times as the polygon has sides less two, by

90°. Or, denoting the right angle by 1, and

the area of the trirectangular triangle by T,

A =(s-2n+4)T.
POL-YG'ON-AL. Appertaining to a poly-

gon.

Polygonal Numbers. Series of numbers,

each term of which is formed from the pre-

ceding by adding to it the corresponding term

of an arithmetical progression. They are

called polygonal numbers because the number

of points in each series can be arranged in

the form of a polygon, which gives the name

to the series. Thus the numbers 1, 3, 6, 10,

15, &c, are triangular numbers, because they

indicate the proper number of points neces-

sary to form triangles, as

The numbers 1, 4, 9, 16, 25, (fee, are square

numbers, since the corresponding number of

points may be arranged in squares, as indi-

cated in the figure

The numbers 1, 5, 12, 22, Ac, are pentag-
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onal numbers. The rule for arranging the

points in figures is this : draw a small regu-

lar polygon of the required number of sides,

and from one vertex draw lines to each of

the other vertices and prolong them indefi-

nitely. On one of the sides, through the

assumed vertex, lay off distances equal to

two, three, four, &c, times the length of one

side of the first polygon and on these lines

construct polygons similar' to the first poly-

gon and having for a common angle that

whose vertex was assumed. Then distribute

the points at distances on the perimeters of

these several polygons equal to the> side of

the first polygon, and the polygonal figures

will be formed.

The particular progression employed in

deducing a series of polygonal numbers is

called the directing progression. The com-

mon difference of the directing progression

is always equal to the number indicating the

order of the polygonal number, less two.

The following table will indicate the method

of forming series of polygonal numbers :

| J Direct. Progress'n, 1, 2, 3, 4, 5, 6, 7, 8, 9, &c.

1 1 Triangular Num. 1,3,6,10,15,21,28,36,45, &c

| j Direct. Progress'n, 1,3,5, 7, 9,11,13, 15,17, &c.
°

j Square Numbers, 1,4,9,16,25,36,49,04,81, &c.
* I

| j Directing Progression, 1, 4, 7, 10, 13, 16, 19, &c.
°.

)
Pentagonal Numbers, 1, 5, 12, 22, 35, 51, 70, &o.

i I

| J
Directing Progression, 1, 5, 9, 13, 17, 21, 25, &c.

g 1 Hexagonal Numbers, 1, 6, 15, 28, 45, 66, 91, &c.

I J Directing Progression, 1, 6, 11, 16, 21. 26, 31, &c.

j j
Heptagonal Numbers, 1, 7, 18, 34, 55,81, 112,&o.

&c, &c., &c, &c.

•fj J Directing Progression, 1, n - 1, 2n-3, 3re-5,&o.

J |
JVgonal Numbers, 1, n 3n- 3, 6n-8,&c.

a
*

To find the general term of any series of

polygonal numbers. The mth term of a series

of polygonal numbers of the ntb order is evi-

dently equal to the sum of m terms of an

arithmetical progression, whose first term is

I, and common difference n — 2 : hence,

denoting this term by t, we have the formula,

t = i [(« - 2)ma - (n - 4)m],

which becomes for the series of

Triangular numbers, t = \ (m? + m).

Square "
t = m*.

t.

[POL

Pentagonal numbers, t = J [3m' — m).

Hexagonal '« t = i (4m
! — 2m).

Heptagonal " t = $ (5m
a — 3m)

&c. &c. &c.

Multagonal numbers, <=^[(n-2)ms-(?i-4)m].

To find the sum of m terms of a series of

polygonal numbers of the ntt order.

The first term if, of the first order of differ-

ences is equal to n + 1 ; the first term d, of

the second order ofdifferences n ; and the first

terms of the remaining orders of differences,

are all 0. Substituting these in the formula,

m(m— 1) m(m— l)(m— 2)

and we have,

,
ro(m-l) m(m-l)(m-2)

S=™+-T^-(*+1>+ 1.2.3 ""

If we make n, in succession; equal to 1, 2, 3,

&c, we have for the sum of m terms, in the

Triangular series, S=im{m'+3m+2),
Quadrangular " S=im(2m* +3m+l),
Pentangular " S=bm(3m?+3m+0),
Hexangular " S=\m(im? Jr3m—\),
Heptangular •' S=^m(5ma+3m— 2),

&c, &c, &c, &c.

It is a property of polygonal numbers that

every number is the sum of one, two, or three

triangular numbers : the sum of one, two,

three, or four square numbers ; the sum of

one, two, three, four, or five pentagonal num-

bers ; and in general, the sum of one, two,

three, &c. n, multangular num-
bers.

POL-Y-GON-OM'E-TRY. [Gr. noXvs

many, yavia, angle, fierpov, measure]. This

is an extension of some of the principles of

Trigonometry to the case of polygons. The

following enunciation of some of the leading

principles of polygonometry, will show the

analogy between this branch of Mathematics

and Trigonometry.

1. In any polygon, any one side is equal to

the algebraic sum of the products, obtained

by multiplying each of the other sides into

the cosines of the angles which they several-

ly make with the required side. Thus, in the

polygon, ABCD, we have

AB = BC cos QBE + DC cos DEL '

+ DA cos DAB.
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The angles are estimated from the prolonga-

s

B JS. B
tion of AB around to the sides, or sides pro-

duced.

3. The perpendicular let fall from any ver-

tex of the polygon, upon any side taken as a

base, is equal to the algebraic sum of the pro-

ducts of the sides from this point, around to

the base in either direction, multiplied re-

spectively by the sines of the angles which

they make with the base. Thus,

DK = DA sin DAB,
or,

DK = DO sin DEL + OB sin CBE . .

.

and so on, for a polygon having any number

of sides.

3. The square of any side of a polygon, is

equal to the sum of the squares of all the other

sides, minus twice the algebraic sum of the

products of the sides, taken two and two by

the cosines of their included angles. Thus,

in the quadrilateral ABCD, we have,

AB' = BC + DC
+ AD'-1(BC X CD cos BCD

+CDXDA cos GDA+BCxAD cos AEB).

T.

This proposition is equally true whatever

may be the number of sides of a polygon.

POL'Y-GRAM. [Gr. nolvg, many, ypafifia,

writing]. In Geometry, a figure composed

of many lines.

POL-Y-He'DRAL ANGLE. An angle

bounded by three or more plane angles, hav-

ing a common vertex, which is called the

vertex of the polyhedral angle. The plane

angles are the faces of the polyhedral angle.

The lines in which the plane angles meet, are

the edges of the polyhedral angle. If we

describe a sphere having its centre at the

vertex of the polyhedral angle, and a radius

equal to 1, the portion of the surface inter-

cepted between the faces of the polyhedral

angle may be taken as the measure of the

angle, the area of the trirectangular triangle

of the same sphere being regarded as 1. A
polyhedral angle is acute when its measure is

less than 1, it is right when its measure is 1,

and it is obtuse when its measure is greater

than 1.

If two planes meet, they form an angle

which is called a diedral angle, and this may
be considered as the limiting case of a poly-

hedral angle, being bounded by two angles,

each equal to 180°
; any point of the edge

may be taken as the vertex, and the measure
of the angle will be a lune, having the same
angle as that included within the planes. It

is more usual, however, to take as the mea-

sure the plane angle formed by two straight

lines, one in each plane, both drawn perpen-

dicular to the common intersection at the

same point. Both these measures amount to

the same thing, so far as comparison of die-

dral angles with each other is concerned.

When an angle is bounded by three plane

angles, it is called a triedral angle. When
the plane angles which bound a polyhedral

angle are equal, and equally inclined to each

other, the polyhedral angle is said to be

regular.

POL-Y-He'DRON. [Gr. nolvc, many, and

edpa, sides, or faces]. A solid, bounded by

polygons. The bounding polygons are called

faces ; the lines in which they meet are called

edges, and the vertices of the polyhedral

angles are called vertices of the polyhedron.

A straight line joining two vertices not in

the same face, is called a diagonal, and a

plane passing through three vertices not in

the same face, is called a diagonal plane.

When the faces are* regular polygons, the

polyhedron is said to be regular ; there are

but five such polyhedrons, viz. . the regular

tetrahedron, hexahedron, octahedron, dodecahe-

dron, and icosahedron. See Regular Polyhe-

drons.

The principal irregular polyhedrons con-

sidered in Geometry, are the parallelopipedon,

the pyramid, and the prism. For an account

of these several solids, see the corresponding

articles.
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Polyhedrons are classed, according to the

number of faces which bound them, into

tetrahedrons, pentahedrons, hexahedrons, hepta-

hedrons, octahedrons, nonahedrons, decahedrons,

Ac.

POL-Y-No'MI-AL. [Gr. koT.vc, many,

ovofia, name]. In Algebra, an expression

composed of two or more terms connected

by the signs, plus or minus. A polynomial

of two terms is called a binomial ; one of

three terms, a trinomial, &c.

.Polynomial Fokmula. See Multinomial

Formula.

PO'RISM. [Gr. iroptc/ioc, acquisition
;

from nopoc, a passage]. A name given by

the ancient geometers to a class of proposi-

tions having for their object to find the con-

ditions that will render certain problems in-

determinate. The determinate solution of a

problem requires that there should be given

as many independent conditions as there are

required parts. Now if any supposition made

upon the data of the problem causes one of

the given conditions to become dependent

upon the others, it is evident that the solution

will be no longer determinate. The discovery

of the conditions necessary to make the given

conditions dependent upon each other, is the

object bf the porism.

The nature of porisms, and the difference

between them and ordinary problems, will be

best illustrated by an example.

C

Having giving a triangle ABC, and a point

D, in the plane of the triangle, to find a

straight line through D, such that the sum of

the perpendiculars let fall upon the line, from

the two vertices of the triangle, on one side

of the line, shall be equal to the perpendicular

let fall upon it from the vertex on the other

side of the line. Suppose the problem solved

and that DE is the required line, and that the

sum of the perpendiculars AE and BG is

equal to the perpendicular CF. Bisect AB
in H, and draw CH cutting DE in L ; draw

also HK perpendicular to DF. Then from

the figur.3 we shall have

HK = -HAE + BG)

whence 2HK = CF. But from the similar

triangles, LHK and LCF, we have

HK : CF •
: HL : CL

whence 2HL = CL : that is, the line DE
cuts the line CH at a point, one-third of the

distance from H to C. We have therefore

the following construction for the required

line. Bisect the base by a straight line drawn

from the vertex ; take a point in this line one-

third of the distance from the base to the ver-

tex, and through this and the given point draw

a straight line, and it will be the right line

required. This is a determinate problem, and

evidently admits of but one solution in the

general case. It is plain that for the same

triangle, whatever may be the position of the

point D, the point L will remain the same,

and as long as D and L do not coincide, there

will be but one solution. Now if we suppose

the point D to coincide with L, it is evident

that there will be an infinite number of solu-

tions, for every straight line drawn througrl L
will fulfill the required conditions. We may

enunciate this new and indeterminate prob-

lem as follows

:

To find in the plane of a triangle a point such

that any straight line being drawn through

it, and perpendiculars let- fall upon it, from

the vertices of the three angles, the sum of

the two perpendiculars on one side will be

equal to the perpendicular on the other side

;

or the algebraic sum of the perpendiculars

will be equal to 0.

This proposition is a porism, and the

method of deducing it from that of a common

problem indicates the distinctive properties

of the porism.

The preceding porism is only a particular

case of a more general one, which may be

enunciated as follows :

To find a point in the plane of a polygon

such that any straight line being drawn through"

it, and perpendiculars being let fall upon

it from the vertices of the polygon, the sum

of the perpendiculars on one side will be

equal to the sum of the perpendiculars on

the other side, or the algebraic sum of all

the perpendiculars will be equal to 0.

If we regard the perpendiculars on one

side as positive, and those on the other side as

negative, the algebraic sum of all the perpen-
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diculars must be equal to 0. The point to be

determined is evidently the centre of gravity

of the polygon.

As an illustration of the difference between

a theorem and porism, let us take the fol-

lowing :

Having given a circle AFC, and a point E,

in its plane, let a point D be assumed on £0,

so that

EO X OD = AO»
;

then, if from a given point F on the circum-

ference, the straight lines FE and FD be

drawn, it is required to show that the ratio

of EF to DF is equal to the ratio of EA to

DA.
This proposition is a theorem. If now the

proposition be enunciated as follows, it be-

comes a porism, viz

:

Having given a circle, and a point E in

the plane of the circle, to find a second point

D, on EO, such that two lines EF and FD,

drawn from any point F of the circumfer-

ence shall bear to each other a given ratio.

Playfair's definition of a porism is the fol-

lowing:
" A porism is a proposition affirming the

possibility of finding such conditions as will

render a certain problem indeterminate, or

capable of innumerable solutions."

PO-SI'TION. [L. positio ; from positus, a

placing or setting]. A rule in arithmetic for

solving certain problems, which would other-

wise require the aid of algebra, [t is some-

times called false position, or false supposi-

tion, because in it, untrue numbers are as-

fumed, and by their means the true answer

to a problem is determined. It is also some-

times called the rule of trial and error,

because it proceeds by the trial offalse.inum-

bers, and thence discovers true ones by a

comparison of the errors committed.

The exact solution of problems can only be

made by the rule of position, when they give

rise to equations of the first degree. When
the problems are of a higher degree than the

first, results may be found which are approx-

imately correct, and by continued application

a high degree of approximation may be

attained. In this way the rule has been

applied to find the roots of equations of the

higher degrees. It is also useful in solving

exponential equations; and in general, all

kinds of transcendental equations. It may
be applied with advantage in extracting the

higher roots of numbers.

It is divided into two parts, single and

double position. Single position explains the

method of solving problems in which the

results are proportional to the assumed num-
bers. That is, when the required number is

to be multiplied and divided by certain num-

bers, or when it is to be increased or dimin-

ished by any aliquot part of the number, &c.

The rule is as follows :

Assume any number, and perform upon it

the successive operations indicated in the

enunciation of the problem ; then will the

result obtained be to the true result, as the

number assumed is to the number required.

Example: What number is that, which

being increased by i, $, and £ of itself, the

sum will be 125 1

Assume the number 72. Then, from the

conditions of the question,

72 + 36 + 24 + 18 = 150

;

now, by the rule,

150 : 125 : : 72 : x, .: x = 60,

the required number.

Double Position explains the method of

solving problems in which the results are

not proportional to the assumed numbers

;

that is, when the numbers sought, or their

parts, or their multiples, are increased or

diminished by some absolute number, or the

like.

Rule. Take any two convenient numbers,

and proceed with them separately, according

to the conditions of the problem, noting the

results. Then, as the difference of these

results, is to the difference of the assumed

numbers, so is the difference between the

true result and either of the deduced results,

to the correction to be applied to the number

corresponding to that result.

When the deduced result is too small, the
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correction is to be added ; when too large, it

is to be subtracted.

Example : What number is that, which,

being multiplied by 6, the product increased

by 18, and the sum divided by 9, the quotient

will be equal to 20?

FIRST POSITION.

18

6

108
18

SECOND POSITION.

30
6

180
18

9)198

22 2d result.

9)126

14 1st result.

Then, by the rule,

8 : 12 :: 20 - 14 : x ,\x = 9;

hence, 18 + 9 = 27, true result. Or,

8 : 12 : : 22 - 20 : x .'. X = 3

;

hence, 30 — 3 = 27, true result.

Position of a point or magnitude, ins

Geometry, is its place with respect to certain

other objects, regarded as fixed. Thus, in

the system of rectilinear co-ordinates, a point

is given in position, when its distances from

three co-ordinate planes are known. In

analysis, the constants which enter the equa-

tion of a magnitude of any kind, make known
its position with respect to the co-ordinate

axes, or the system in which the magnitude

is taken. Analytical Geometry is sometimes

called Geometry of Position.

POS'I-TIVE QUANTITIES. [L. positivus,

placed]. Those affected with the sign +.
The term positive is used in contradis-

tinction to negative ; the two indicating quan-

tities taken in a diametrically opposite sense.

The sense in which a positive quantity is to

be taken is purely conventional, but when
once assumed, the negative quantities must
be regarded in a contrary sense.

For instance, if it is agreed to represent

distances estimated from a point along a

straight line in either direction, by a positive

symbol, then will a negative symbol indicate

distances estimated from the same point in

the contrary direction. If it is agreed to

estimate time, from a particular epoch, for-

ward, by a positive symbol, then will time

backward from the fixed epoch be represented

by a negative symbol, and so on. It is ini,

accordance with this principle that positive

and negative results are to be interpreted in

analysis.

POS'TU-LATE. [L. postulatum; from

postulo, to demand]. The enunciation, in

Geometry, of a self-evident problem. It dif-

fers from an axiom, which is the enunciation

of a self-evident proposition. The axiom is

more general than the postulate. The fol-

lowing are some of the postulates of Geome-

try:

1

.

A straight line may be drawn from one

point to another.

2. A limited straight line may be prolonged

to any length.

3. A limited straight line may be bisected,

that is, divided into two equal parts.

4. If two limited straight lines are unequal

in length, the length of the shorter one may
be laid off upon the longer one.

5. A straight line may always be drawn,

bisecting a given angle.

6. A perpendicular may always be drawn

to a given straight line through any point,

either upon or without the line.

7. An angle can always be constructed

equal to a given angle.

8. A straight line may always be drawn

through a given point parallel to a given

straight line. •

9. A circle can always be described, having

its centre at a given point, and with any

given radius.

POUND. [L. fortius, weight, pendo, to

weigh]. A unit of weight. Pounds are of

different kinds, as pounds Troy, pounds

Avoirdupois, &c. A cubic inch of distilled

water, at 62° Fahr., the barometer being 30

inches, weighs 252.458 Troy grains, and the

Troy pound is equal to 5760 of these grains.

The Avoirdupois pound is equal to 7000 Troy

grains, so that the Troy pound is to the Avoir-

dupois pound as 144 is to 175. See Weights.

POUND'. A unit of currency in the British

system, also in several other foreign systems.

The British pound sterling is equivalent to

$4,84 of our currency, though its commercial

value varies from $4,83 to $4,86.

POWER. The power of a quantity in

Algebra, is the result obtained by taking that

quantity a certain number of times, as a fac-

tor. We may regard the unit 1 as the base

of the powers of all quantities, the base itself

being called the power. Now, denote any

quantity whatever by a, and multiply 1 by it,
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the result may be written a and is called the

first power of a ; multiply this by a, the re^

suit may be written a2
, and is called the

second power of a, and so on ; after n succes-

sive multiplications by the same quantity a,

.the result may be written a", and is called the

n"> power of a.

Commencing with 1, or the power of a,

we have the series

1, a, a", a3
, a*, a5 a*

which is called the series of ascending pow-
ers. Were we to commence with a", and
divide successively by a, or what is the same

1

thing, multiply by -, we should obtain the

same series in an inverse order ; if on reach-

1 we "continue the successive division by a,

1

or multiplication by -, we shall have

i -L — _L &c J-
a a" a3 a4 a"

which, from analogy with the terms of the

ascending series, are denoted by the symbols

a—1
, a.—*, a~ 3

, a-*, .... a—»;

this is called the series of descending powers

The two series may be written tpgether, thus

:

in which any term may be derived from the

preceding one by multiplying it by a, or from

the succeeding one by dividing it by a, or

1
- multiplying it by -• The numbers written

at the right and above the quantity a, are

called exponents, and denote the degree of

the power, or the number of times that a has

been taken as a factor, or the number of suc-

cessive multiplications that have been made,

beginning at the lose I. In accordance with

the well established rules for the interpreta-

tion of negative results, it follows that a neg-

ative exponent indicates the number of suc-

cessive divisions by the quantity a, beginning

at the base 1. We have seen above that any

quantity affected with a negative exponent is

equal to that power of the reciprocal of the

quantity which would be denoted by the same

exponent, with its sign changed. Thus,

(1

The number a is called a root of the different
powers

;
thus, a is the square root of a2

, the
cube root of. a3

, the nth root of a". The terms
power and root are correlative, and are thus
used in mathematics.

Fractional powers are those indicated by
m

fractional exponents, as, an. By the rules

for the multiplication of quantities we have-LI / L\m
-«* =a"Xa a ... = {a ,i )'

These principles enable us to explain the na-
ture of all quantities affected with negative

and fractional exponents. By a combination
of these principles we have the following

table of analytical equivalents :

y«(!)•
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same as that from the division of i™ by m,

and consequently X™—i — 1 will be exactly

divisible by m.

By means of this principle we readily de-

duce the following table of the forms of pow-

ers of numbers with regard to certain fixed

numbers taken as moduli

:

2d powers are of the form 5n or 5re ± 1

3d powers " " 7n or 7n ± 1

4th powers " " 5« or 5n + 1

5 th powers " " lire or lire ± 1

6th powers " " 13b or 13n ± 1

7 lh powers " " 17« or 17n ± 1

and generally, when m + 1 is prime,

mth powers are of the form (m + l)n, or

(m + l)re + 1 ; and when 2m + 1 is prime,

mth powers are of the form (m + \)n, or

(m + l)n+ 1.

8. All the terms of the (n + 1)
(J order of

differences of a series of like powers of the

natural numbers, are equal to 0.

The same principle holds in regard to

the differences of any series of like powers of

the terms of any arithmetical progression.

Commensurable in Power. Two quanti-

ties that are not commensurable, but which

have any like powers commensurable, arc said

to be commensurable in power. Thus, the

side and diagonal of a square are incommen-

surable, but their squares are commensurable,

being to each other as 1 to 2 : they are thus

commensurable in the second power.

Power of an Hyperbola. The rhombus

described upon the abscissa and ordinate of

the vertex of the curve when referred to its

asymptotes. It is equivalent to one-eighth of

the rectangle of the axes, or to one-eighth of

the parallelogram described upon any pair of

conjugate diameters.

PRAC'TI-CAL. An application of what

Is theoretical or scientific. That which may
be accomplished or effected.

Practical Arithmetic, Geometry, &c.

The application of the principles and truths of

the science of arithmetic, geometry, &c, to

the wants of life.

Most of the ordinary operations of business

are only so many practical applications of

rules or principles which have been deduced

from a consideration of the truths of science.

PRACTICE. [Gr. npaxTuai, from wpao-

aa, irpaTTQ, to do, to act]. An easy and

concise method of applying the rules of arith-

metic to questions which occur in trade and

business. It is only a particular case of the

Rule of Three, in which the first term is 1.

For example, If 1 yard of cloth cost half a

dollar, what will 60 yards cost ? This is an

example of the nature of the questions that

are solved by the rule of Practice.

The general rule for Practice is : take the

sum of such aliquot parts of the given number

of things, as the given price is of the unit of

currency of the next higher order, and the

result will be the price of the thing in terms

of that unit. Thus: What will be the cost of

5320 bushels of wheat be at 3' &d per bushel?

6)5320

3«¥ is £ of a £ • £ of 5320 is 20;886.6666
%" is jbs 0I

ifa
o{ i o{ a £

• ,-!„ of5320is 44.3333

931

Hence, the cost is £931.

It is only experience that can give facility

in the application of the rules of Practice.

PRE-FIX'. [L. prafigo, to fix before]. To

write before, as, to prefix a co-efficient, to pre-

fix 0's, &c.

PREM'I-SES. [L. pramissa, dispatched

before]. In logic, the first two propositions

of a syllogism, from which the inference is

drawn. Thus

:

All tyrants are detestable.

CiEsar was a tyrant,

are premises, and if their truth be admitted,

the conclusion, that Caesar was detestable,

follows as a matter of irresistible inference.

The entire syllogism reads as follows :

All tyrants are detestable

;

Caesar was a tyrant

;

Therefore, Caesar was detestable.

Of the two terms of the conclusion, the

predicate (detestable) is called the major term,

and the subject
(
Casar) the minor term ; and

these, with the middle term (tyrant) make up

the three terms of the syllogism, each being

used twice. The premiss into w'lich the

major term enters is called the majt.- premiss,

the one into which the minor term enters is

called the minor premiss. In the example

given.

All tyrants are detestable,

is the major premiss, and

Casar was a tyrant

is the minor premiss. In the reasoning o(
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mathematics the premises are axioms, defini-

tions, and propositions already established,

whether expressed in mathematical or in com-

mon language. See Demonstration.

PRl'MA-RY. [L. pimarius, chief, prin-

cipal]. First or lowest in order ; that which

stands highest in rank, as opposed to second-

ary. Thus, we say that the unit 1 is the

primary base of all numbers, because to it all

numbers are ultimately referred in order to

Bhow the relations which they bear to each

other. Beginning with the first or primary

order of units, they are collected upon the

base 1 till ten are collected ; then, beginning

with tens, we collect upon the secondary base

10 or 1 ten, till ten of these are collected

;

then, we collect upon 100 or 1 hundred, as a

base of the third order, and so on ; and before

we can acquire a distinct idea of a number,

we are obliged to refer it back through the

different units to the primary base 1. The

base 1 is the measure of the relation of

equality ; that is, it is the result obtained by

dividing one thing by an equal thing of the

same kind. See Number.

PRIME. [L. primus, first]. A number

or quantity, is prime, when it cannot be ex-

actly divided by any other number or quantity,

except 1. Two numbers or quantities are

prime with respect to each other, when they

do not admit of any common divisor except

1. The numbers 2, 3, 5, 7, &c., are prime

numbers, and the numbers 7, 12, and 25, are

prime with respect to each other.

There has not been any rule discovered by

means of which prime numbers can be found

by a direct process. A method of finding

prime numbers by sifting out those which are

not prime, was discovered by Erastosthenes,

and called by him, for that reason, a sieve.

The method is as follows : Since every even

number is divisible by 2, we may confine our

attention to the odd numbers. For this pur-

pose, write down the series of odd numbers

from 1 to any desired limit—suppose to 99,

for example.

1 3 5 7 9 11 13 16 17 19 21 23 25 27

29 31 33 35 37 39 41 43 45 47 49 51 53

65 57 59 61 63 65 67 69 71 73 75 77 79

81 83 85 87 89 91 93 95 97 99.

We begin with the first prime number after

2, which is 3, and over every third number,

from that place, we put a point, because those

numbers are divisible by 3 ; as, 9, 15, 21,

&c.

Then, from 5 a point is placed over every

fifth number, they all being divisible by 5

;

as, 15, 25, 35, &c.

Again, every 7th number from 7 is pointed

as before ; as, 21, 35, 49, &c.

Now, all that remain, viz.

:

1, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,

43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, and

97, are prime numbers ; for there is no prime

number between 7 and i/lOO that will divide

either of them ; and if a number cannot be

divided by a. prime number less than the

square root of itself, it is a prime number.

If, therefore, we add to the numbers thus

found, the only even prime number, 2, we
shall have all the prime numbers in the first

hundred. This method becomes exceedingly

tedious, beyond a certain limit, and, in order

to find prime numbers beyond this limit, an-

alysts have sought to find a formula ; but,

thus far, none of general application has been

found.

I.

—

Table of Prime Foems.

o
S3



448 MATHEMATICAL DICTIONARY AND [PBI



FBI] CYCLOPEDIA OF MATHEMATICAL SCIENCE. 449

1 + 1.2.3.4. ..n

is divisible by n.

5. If n is a prime number, and r any num-
ber whatever, not divisible by n, then will r",

when divided by n, leave the same remainder

as r when divided by n.

6. Under the same supposition as before,

T*—l — 1 is divisible by n.

7. The square of every prime number of

the form in -+ 1, is itself of the form

y* + 252s
.

Table I. gives, in a condensed form, most

of the properties of prime numbers.

The distribution of prime numbers does

not follow any known law; but from the

preceding table and from other tables conti-

nued much further, it is evident that for a

given interval, the number of primes is gene-

rally less, the higher the beginning of the in-

terval is taken. The whole number of

primes, up to 10,000, is 1230 ; between

10,000 and 20,000, it is 1033; between

20,000 and 30,000, it is 983, and so on ; be-

tween 90,000 and 100,000, it is 879.

The following formula has been given for

determining the number of primes, up to the

number x, when a; is a very great number, viz.:

N=
Alogx —B '

in which N denotes the number of primes,

and A and B constants to be determined by

trial.

When z is a very great number, and the

Naperian system of logarithms is used, A is

nearly equal to 1, and B is nearly equal to

1.08366, giving the formula

N =
Ix -1.08366'

This formula is deduced empirically ; that

is, it is found to satisfy the results given in

the tables ; but no demonstration of it can be

given. It has been found, that of all the

numbers less than a million million of mil-

lions, dnly one out of 40 is a prime, whilst

the number of primes under the square of

the same number is but one out of 82. We
infer from this, that we might name a series

of numbers beginning with one so high, that

a million, or any other number, however

great, of numbers should succeed without

containing one prime number. Nevertheless,

there cannot be an end of prime numbers ;

29

for if so, let p be the last prime number, and
let N denote the product of all the prime
numbers, 2, 3, 5, . . . p. Now, every number
is either prime or divisible by a prime ; but
iV + 1 is not divisible by 2, 3, 5, . . ., or p,
since it leaves a remainder 1 in every case.

Hence, N + 1 is prime, which is necessarily

greater than p, the greatest prime' number,
which is absurd ; hence, there can be no
limit to the number of prime numbers.

Pkime Factors. The prime numbers that

will exactly divide the number.

If we denote the prime factors of any
number by a, b, c, d, &c, and the number of

times that they enter, respectively, by m, n, p

q, &c, the number itself will be denoted by
am • 4* • cf di . . . &c. ; and the whole number
of its divisors (including 1 and the number
itself,) will be

(m + 1) (n + l)(p + 1) (q + 1) &c.

;

call this number N; then the number of

numbers less than N, and prime with respect

to N, is denoted by

«i-1«t1 p— 1 q— 1
N- -^ ...&c.m n p q

To resolve any number into its prime fac-

tors, we commence by dividing it successively

by 2. as often as possible ; after which we
divide it successively by 3, as often as pos-

sible ; then by 5, and so on until we see,

from the table, that the quotient obtained is

prime ; then we gather the divisors and the last

quotient together : these are all of the prime

factors. For example, let it be required to

resolve 504 into its prime factors :

Operation. 2)504

"

2)252

2)126

3) 63

3) 21

7)

> hence, 504=2s-3*-7.

To find all the different divisors of 504, we
form all the different products of the prime

factors taken in sets of 1 and 1, 2 and 2, 3

and 3, &c. ; these will be the required divi-

sors. The highest prime number that has

hitherto been shown to be prime, is

2147483647.

Pkime and Ultimate Ratios. A method

of analysis, devised and first successfully

employed by Newton in his Principia. It is

an extension and simplification of the method
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known amongst the ancients as the method

of exhaustions. To conceive the idea of this

method, let us suppose two variable quanti-

ties constantly approaching each other in

value, so that their ratio continually ap-

proaches 1, and at last differs from 1 by less

than any assignable quantity ; then is the

ultimate ratio of the two quantities equal to 1.

In general, when two variable quantities

simultaneously approach two Other quanti-

ties, which, under the same circumstances,

remain fixed in value, the ultimate ratio of

the variable quantities is the same as the

ratio of the quantities whose values remain

fixed. They are called prime, or ultimate

ratios, according as the ratio of the variable

quantities is receding from or approaching to

the ratio of the limits. This method of analy-

sis is generally called the method of limits.

Prime Vertical. In Navigation and Sur-

veying, a vertical plane which is perpendic-

ular to a meridian plane at any place.

Prime Vertical Dial. In dialing, a dial

drawn upon the plane of the prime vertical

of the place, or a plane parallel to it.

PRIM'I-TIVE. Original, not derived.

Primitive Axes op Co-ordinates, or

Primitive System. That system to which

the points of a magnitude are first referred

with reference to a second set or second sys-

tem, to which they are afterwards referred,

and which is called the new set of axes, or

the new system. See Transformation of Co-

ordinates.

Primitive Circle. In Spherical Projec-

tions, the circle cut from the sphere to be

projected, by the primitive plane. It is gen-

erally a great circle.

Primitive Plane. In Spherical Projections,

the plane upon which the projections are

made. This plane is generally taken through

the centre of the sphere, and in most cases is

made to coincide with some principal circle

of the sphere, as the equator, or one of the

meridians.

PRIN'CI-PAL. [L. principalis, from prin-

ceps\ In Arithmetic, the name given to a

sum of money put out at interest.

Principal Axis of a conic section, that

axis which passes through the foci. In the

case ofthe parabola, it is the diameter through

the focus.

In the case of the circle, the foci coincide

at the centre, and every straight line through

that point is a principal axis.

Principal "Plane. In surfaces of the

second order, a plane that bisects a system of

parallel chords of the surface perpendicular to

it. In every surface of the second order

there is always one principal plane. A prin-

cipal plane of a surface of the second order,

is analogous in its properties to an axis of a

line of the second order.

Whenever the surface has one centre only,

and that at a finite distance, it always has

three principal planes, which, by their inter-

section, determine the position of the axes of

the surface.

If the surface is one of revolution, any

plane passed through the axis is a principal

plane, and consequently, there are an infinite

number of them.

In the case of the sphere, any plane passed

through the centre is a principal plane.

The principal plane of a surface always

divides the surface, as well as the volume

bounded by the surface, into two equivalent

and symmetrical parts.

Principal Point. In Perspective, the pro-

jection of the point of sight upon the per-

spective plane ; it is the same as the Centre

of the picture.

Principal Ray. In Perspective, the ray

drawn through the point of sight, perpendic-

ular to the perspective plane.

PRIN'CI-PLE. [L. principium']. A truth

which has been proved, or which is evident.

Principle of 9's. See Njnes.

PRISM. [Gr. Kftifjia ; from irptu, to cut

with a saw]. In Geometry, a polyhedron in

which two of the faces are equal polygons of

any kind, having their homologous sides

parallel ; all of the remaining faces arc paral-

lelograms. The equal and parallel polygon!)

are called bases of the prism, and the paral-

lellograms taken together make up the lateral,

or convex surface. The distance between the

bases is called the altitude. The lines in

which the lateral faces meet, are called lateral

edges. When the lateral edges are perpen-

dicular to the planes of the bases, the prism

is right, when they are oblique to them, the

prism is oblique. Prisms take their names

from the polygons which form their bases
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A triangular prism is one whose bases are

triangles. A quadrangular prism is one whose

bases are quadrilaterals, and so on. When
the base of a prism is a regular polygon, and

the lateral edges perpendicular to the plane

of the base, the prism is called a regular

prism. A regular prism, with an infinite

number of faces, differs insensibly from a

cylinder, and we therefore regard the cylin-

der as the limit of a regular prism.

The following are some of the properties

of prisms :

1. The convex surface of any right prism

is equal to the perimeter of either base, mul-

tiplied by the altitude.

2. The volume of any prism is equal to the

area of the base, multiplied by its altitude.

3.- The convex surfaces of any two right

prisms, are to each other as the products of

' perimeters of their bases and altitudes.

The volumes of any two prisms are to each,

other as the products of their bases and alti-

tudes.

4. The sections made in the same prism by

secant parallel planes are equal polygons.

5. Every prism is equivalent to the sum of

three pyramids, having an equal base and an

equal altitude.

PRIS'MOID. [Gr. wpicfia and e«5oc]. A
volume somewhat resembling a prism. The

right prismoid is the frustum of a wedge

made by a plane parallel to the back of the

wedge. Its volume may be found by adding

together the areas of the two bases, and four

times the area of a section midway between

the bases, then multiplying the sum by one-

sixth of the altitude.

The prismoidal solids used in railroad cut-

ting and embankment, are bounded by six

quadrilaterals, the end ones parallel to each

other, the base horizontal, or slightly inclin-

ed, the sloping sides making equal angles

with the base, and the superior surface mak-

ing any angle with the horizon. The volume

of such a solid is equal to one-sixth of the

sum of the end sections, plus four times the

mean sections multiplied by the length of the

section.

PROB-A-BIL'I-TY. [L. probability, likeli-

hood]. Likelihood of the occurrence of an

event, in the doctrine ofchances. The quotient

obtained by dividing the number of favorable

chances by the whole number of chances,

both favorab]e and unfavorable. The word

chance is here used to signify the occurrence

of an event in a particular way, when there

are two or more ways in which it may occur

and when there is no reason why it should

happen in one way rather that in another.

Thus, if a die is thrown into the air, it will

necessarily fall upon one of its six faces, but

no reason can be assigned why it should fall

upon one rather than upon another, and we
therefore say that the chance of its falling on

one face is equal to the chance of its falling

on another. Now the whole number of

chances in this case is six, and since it can

fall upon but one face, we say that the proba-

bility of its falling on any one face is ^. The

probability that a given face will not turn up

is 4, because in this case the whole number

of chances is 6, and the number of those

unfavorable to the occurrence of the event

is 5.

Again, suppose that there are five balls,

three black ones and two white ones, placed

in an urn, and one of them drawn out. In

this case there are five chances in all, three

in favor of drawing a black ball, and two in

favor of drawing a white one ;
hence, the

measure of the probability of drawing a white

ball is -|, and the measure of the probability

of drawing a black one is -|. The sum of

these two probabilities is 1, which indicates

a certainty of drawing either a black ball or a

white one.

Every contingent event gives rise to two

complementary probabilities, one in favor of

the occurrence of the event, and the other

against its occurrence, and. as it must eithei

occur or not occur, the sum of these proba-

bilities is always equal to 1, which indicates

a certainty.

In "eneral, denote the number of chances

in favor of the occurrence of an event by m,

and the number of chances opposed to its

occurrence by n ; the whole number of chances

will be m + n. Now the probability of the

occurrence of the event is measured by the

fraction
; + n

non occurrence

and the probability of the

of the event is measured by

m +n'
and we have
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+ :wi -f* n m ~h n

Now, if we denote the probability of the

occurrence of any event of p, the probability

that it will not occur is 1 — p.

Probability of the simultaneous occurrence

of two or more events. In order to investi-

gate this subject, let us consider the case of

two dice, having each 6 faces, and let it be

required to find the measure of the probabil-

ity that on being thrown into the air both

will turn up aces. The probability that the

first die will turn up ace is -'-, but the second

die may turn up any one of its six faces in

connection with this ace ; hence, the proba-

bility that the aces will turn up together is

Jth of 1, or Jj. The same reasoning may
be applied to any number of independent

events ; hence, we conclude, in general, that

the probability of the simultaneous occurrence

of any number of independent events, is

measured by the continued product of the

probabilities of the occurrence of the events

taken separately. Thus, the probabilities of

throwing three aces with three dice, is

1 1 1 1_

6
X

6
X

6
_

316'

Probability of successive events occurring in

any given order. The probability of the same

event occurring twice, successively, is deter-

mined in the same manner. The probability

that a single die will turn up ace twice in

succession is ^ X ^ or ^, and the proba-

bility that it will turn up ace three times in

succession is

1 I 1 1

6
X

6
X

6
_

216'

and so on. The probability that an ace will

not turn up the first throw is #, and the pro

bability that it will not turn up twice in sue

cession is |4.

This result is entirely independent of the

probability that an ace will not turn up at

either of the two throws. To investigate the

nature of this probability, it maybe remarked

that four cases may occur. First, an ace

may turn up at both throws ; second, an ace

may not turn up at either throw ; third, an

ace may turn up at the first throw, and not

at the second ; and fourth, an ace may turn

up at the second throw and not at the first.

The measure of the first probability is, as we
have seen, equal to ^ ; the measure of the

second probability is $£ ; the measure of the

third probability is

1 5 5
;X- or
6 6 36

and the measure of the fourth probability is

£ I A
6
X

6'
0r

36'

and the sum of these is

36
+

36
+ 3636 -1 '

To generalize this case, suppose m to be

the number of white balls in an urn, and n

the number of black balls, and that when a

ball has been drawn it is immediately replaced,

so that at each trial the number of chances

is m + n. Let p denote the probability of

drawing a white ball, on any trial, and q the

probability of drawing a black ball ; whence,

V and q —m + n * m + n

First, let us consider the probabilities of the

occurrence of the diflerent possible events on

two trials. There are but four ways in which

the results can occur, viz : First, a white ball

may be drawn at both trials ; second, a black

ball may be drawn at both ; third, a white

ball may be drawn at the first, and a black

ball at the second ; and fourth, a black ball

may be drawn at the first and a white one at

the second trial.

The probability of the first occurrence is

p X p = p'.

The probability of the second occurrence is

q X q = q>.

The probability of the third occurrence is

p X q=pq.
The probability of the fourth occurrence is

q Xp-pq.
And the sum of these is equal to

p> + 2pq + q* = (p + qf = 1,

as it should, since these together embrace

every possible chance.

The expression Ipq is the measure of the

probability of drawing a black and a white

ball at two trials, without regard to the order

in which they may be drawn. If now we

consider n trials, we shall, in like manner, find
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the sum of the different probabilities of all

the possible chances, given by the formula

Q T -

* 1 . •>13
- p*(P + 9)" = ?" + «P'

+ &c. + j".

The first term of the second member ex-
presses the probability of drawing a white
ball at every one of the n trials ; the second
term expresses the probability of drawing
» — 1 white balls, and 1 black ball, without
regard to the order of the occurrences

; the

third term expresses the probability of draw-
ing n — 2 white balls and two black ones,

without regard to the order of their occur-

rence, and so on ; and the last term expresses

the probability of drawing n black balls, or a
black ball at every trial.

In practice it is in general required to de-

termine the probabilities that an occurrence

will not be repeated less than a certain num-
ber of times in a given number of chances.

In the preceding example, let it be required

to find the measure of the probability that no
fewer than n — v white balls will be drawn

in ii trials. It is evident, that as the first

term expresses the probability of drawing n

white balls, the second term that of drawing

n — 1 white balls, the third that of drawing

n — 2, and so on ; and as each of these com-

binations satisfies the given condition, the

required probability will be found by taking

the sum of the terms from the first to the

(» + 1)", inclusively.

For example : let it be required to ascer-

tain the probability of throwing two aces in

four throws of the same die. Here

1 5

* = ••
n = 4, and v = 2

:

hence the probability is expressed by

+ 4
6

Xg + 6
171

1296

or the probability lies between \ and
-J.

Again, suppose it were required to find the

probability of throwing an ace, at least once

in four throws. Here p, q, and n, are the

same as before, and v = 3. In computing

the sum of the first four terms of the develop-

ment, much may be saved by recollecting

that the sum of all the terms of the develop-

ment is 1, and consequently, the required

J -
6
1=1 -

sum is equal to 1, diminished by the last

term, or the probability is equal to

525 __ 671

1296 ~1296'

Probability derived from experience. We
have thus far supposed that the number of

different ways in which an event can happen,
is known ; but in the greater number of the

most important questions to which the method
of probabilities is applied, it happens that the

number of chances, favorable and unfavora-

ble to the occurrence of the event, is un-

known. In such cases, the ratio which is

taken as the measure of probability can only

be inferred, from considering the ways in

which the event has already been observed

to happen. Taking the case of the urn once

more, let us suppose it to contain a certain

number of balls, of different colors, but that

the number of each color is unknown. Let

it be required to determine the measure of

the probability of drawing a ball of a particu-

lar color, at the first trial. The method is

this : taking a simple case, suppose the urn

to contain only four balls, two white, and two

black, and that in four successive trials, (the

ball being replaced at each trial,) three white

ones and one black one, have been drawn.

Now, three hypotheses may be formed, with
,

respect to the number of balls, of each color,

in the urn :

1 st. That there are three white balls and

one black one.

2d. That there are two white balls and two

black ones ; and

3d. That there is one white ball and three

black ones.

If we denote the probability of drawing a

white ball at a single trial, by p, and that of

drawing a black one, by g, we shall have,

under the first hypothesis,

V = h ? = i i

under the second hypothesis,

and under the third hypothesis,

P = h 9l
= i-

Now, calculating by the preceding princi-

ples the probability of drawing three white

balls and one black one, in four successive

trials, we find the following results :
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On the 1st. hypothesis, ip'q =
|-J,

on the 2d. hypothesis, ip% = £f

,

and on the 3d. hypothesis, ip3
q = ^j.

The numerators of these results, may be taken

as expressions of the relative probabilities of

the observed event, on each of the hypothe-

ses. Now, since one or the other of these

hypotheses must be true, the sum of the pro-

babilities must be 1. Whence, the probability

of the truth of each hypothesis is expressed

by the several fractions, ^J, ^-|, £%,

Now, in order to find the probability of

drawing a white ball at the next trial, we
may reason as follows :

If the first hypothesis is true, the probabil-

ity of drawing a white ball is £ ; but the pro-

bability of the hypothesis being true, is only

£J, hence, the combined probability of the

occurrence of the event, and the truth of the

first hypothesis, is

3 27 _ 81

4
X

46 ~ 184

If the second hypothesis is true, the proba-

bility of drawing a white ball is \ ; but the

probability of the hypothesis being true, is

only i|, hence, the combined probability is

2 16 _ 32_

4
X

46 ~ 184

If the third hypothesis is true, the probability

of drawing a white ball is £, but the proba-

bility of its being true is only
-fe ; hence, the

combined probability is

A 1 __3_
46

X
4

~~
184

Adding together these partial probabilities,

the whole probability of drawing a white ball

is

81 ji2 3 116

184
+

184
+

184
~~

184

Of course, the probability of drawing a

black ball at the next trial, is

116 68
1 —

184
=

184

The method of reasoning in this particular

case may be rendered general. Let c, c', c",

r'", &c, denote separate hypotheses, either

of which may account for the occurrence of

an event E. Let the probability of the truth

of these hypotheses be denoted, respectively,

by h, h', h", V" . &c. . denote the probability

of the occurrence of the event calculated on

these hypotheses, by p, p'. p", p'", &c, then

is the probability of the occurrence of the

event given by the following formula,

p=hp+hy+h"p"+h"'p ,,"+&c
The preceding course of reasoning exhi-

bits the method of submitting the probability

of the occurrence, or failure of any contin-

gent event to numerical computation.

One of the most common and useful appli-

cations of the methods of probabilities is, in

computing the elements employed in the sub-

jects of annuities, reversions, assurances,,and

other interests, depending upon the probable

duration of human life. See Annuities, Re-

versions, Assurances, <fyc.

Another important application is to deter-

mine the most probable mean, or average, of

a great number of observed results, in practi-

cal Astronomy and general Physics. See

Probable Error.

PROB'A-BLE ERROR. [L. probaUlis,

from probo, to prove]. When a great num-

ber of observations have been made, for the

purpose of determining any element, each of

which is liable to error, the element to be

determined is also liable to error ; the pToba-

ble error is the quantity such, that there is

the same probability of the true error being

greater or less than it. Thus, if twenty mea-

surements of an angle, with a theodolite,

give results whose arithmetical mean is

15° 18' 23", and if there is the same proba-

bility that the error of this result is greater

than 3", that there is of its being less than

2", then is 2" the probable error of the mean

result, obtained.

Let I, I', I", &c, denote the results of h

observations, and let m denote their arithme-

tical mean, that is, their sum divided by their

number. Now, if m be subtracted from each

of the results I, I', &c, and the sum of the

squares of these differences or errors, be de-

noted by
2 (Z - m)»,

we shall have, if we denote the probable error

by P, the formula

.674489
VZil-mf

that is, the square root of the sum of the

squares of the errors divided by the number

of observations, and multiplied by .674489.
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It is often found more convenient to find

the probable error, by means of the weight.

See Weight.

Instead of using as above, the arithmetical

mean, we may use the result deduced from

the method of least squares. See Squares,

least method of.

PROB'LEM. [Gr. wpopliifia, from irpo,

and /3aAAu, to throw]. A question proposed

that requires solution. The solution of a

problem, is the operation of finding such a

value or values as will satisfy the given con-

ditions of the problem. Problems may be

algebraical or geometrical. The solution of

an algebraical problem consists of two parts

;

the statement and the solution of the result-

ing equation or equations.

The statement of a problem, is the opera-

tion of translating the conditions of the pro

blem into algebraic language. In order that

the solution may be determinate, there must

be, as many independent equations as there

are independent conditions. Having found

the equations of the problem, their solution is

effected by the usual operations of algebra, and

the interpretation of the roots found, makes

known the required parts of the problem.

Geometrical problems may be solved either

by the constructions of Geometry directly, or

more simple relations may be deduced bymeans

of Algebra, and the results constructed by

means of geometrical principles. The number

of geometrical constructions is infinite, and

no general principle can be laid down for the

solution of problems by means of Geometry

Geometrical problems may be solved by

means of Algebra, by the following rule.

Conceive the problem solved, and draw a fig-

ure which shall represent the known and re-

quired parts of the problem, and draw such

auxiliary lines as may be necessary to esta-

blish the relations between the known and

required parts of the problem. Denote the

known parts of the problem by the leading

letters of the alphabet, and the required parts

by the final letters. Then consider the rela-

tions existing between the known and requir-

ed parts of the problems, and express them

by equations. Find as many independent

equations as there are required parts of the

problem. Solve these equations and find

from them the values of the required parts
:

and construct their values ; the problem will

be solved.

Problem of the three points. A problem of

much use in surveying, particularly in off-

shore surveying, for fixing the location of

buoys, sounding-boats, &c.

The problem is this : From a station P,

there can be seen three objects, A, B and C,

whose distances from each other, viz., AB,
AC and BC, are known. Having measured

the angles APC, CPB and APB, it is re-

quired to find the distances AP, BP and CP
or the position of the point P.

C

p --'

This problem may be solved, trigonome-

trically, as follows : Conceive a circle to be

passed through the three points A, B, and P,

cutting the line PC in : draw OA and OB ;

ihen is the angle OAB equal to the angle

CPB, and the angle OBA equal to the angle

CPA, both of which are known. In the tri-

angle AOB, we have given one side and

two angles, and we may therefore compute

the two sides OB and OA. In the trian-

gle ABC, the three sides being given, we

may compute the angles CAB and CBA.

Subtracting the angle OBA from the angle

CBA, we have the angle OBC ; and in the

triangle OBC, we shall then have the sides

OB and CB, together with their included

angle ; and we may, therefore, compute the

angle OCB. In the triangle CPB, we now

know the side CB, the angle PCB, and the

angle CPB, and may, therefore, compute the

sides BP and CP. Subtracting the angle

OCB from ACB, we have the angle OCA

;

and then in the triangle ACP, there will be

known the sides AC and CP, and the angles

ACP and APC ; whence, we may compute

the remaining side AP, and the problem will

be completely solved.

For a general solution of this problem,
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geometrically, see Plotting. The solution there

given admits of several modifications, depend-

ing upon the relative position of the points.

There may be 6 cases, which will be con

sidered individually.

1. The three given points may be situated

on the same straight line. Denote in all of

the cases the measured angle APB by a, and

the measured angle BPC by b. The first

case admits of two constructions, or the point

maybe situated on either side ofthe lineABC.
."D

Construction. Construct the angleAGD=a,
the angle CAD = 4, and through the three

points A, C, and D, describe the circumfer-

ence of a circle. Draw DB, and produce it

till it cuts the circumference in P ; then will

P be the point required. A similar construc-

tion gives the other point above the line.

2. When the point P lies on the prolonga-

tion of the side AC. In this case, a = 4.

Construction. Take any point Q on AC,
and draw QS, making the anglesAQS= o

=

b
;

through B draw BP parallel to SQ, inter-

secting AQ in P ; then is P the required point.

3. When the point P falls between A and
C : in this case, a = 180° — 4.

Construction. Take any point Q in AC,
and through it draw QS, making the angle
AQS=a; through

B draw BP paral- Js; -*i I ? •. ll

lei to SQ, inter- \ / i>

secting AC in P

;

then is P the point

required. u

4. WhenP lies on the same side ofAC with B.

Construction. Make the angle ACD = a,

[PRO

and the angle CAD = 6 ; through the points

A, C, and D, draw a circle, and draw a line

DB, intersecting the circumference at P ; then

is P the required point. This is the same as

the construction in the general case.

D

5. When the point P falls within the tri-

angle ABC.

Construction. Make ACD = 180° — a and

CAD = 180° — b : through the points A, C
and D draw a circle, and draw the line DB,

cutting the circumference in P ; then is the

point P the point required.

6. When the point P lies on the side of

AC opposite to B.

R

Construction. On AB construct a segment

whose inscribed angle is equal to a + b ;

make BAD = 4, and through D draw the line

DC, and prolong it till it cuts the circumfer-

ence at P ; then is P the point required.

If the circle passes through the three points

A, B, and C,the problem is indeterminate. In
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the first case, if P is on the line ABO, the'

problem is also indeterminate.

The following analytical solution appears

simpler than the one already given :

457

Lay off BAO = ABO = 1 a, also

ACO'=CAO'=4J,

with and 0' as centres, and with radii equal

to OB and O'A, describe circles cutting each

other in P ; draw PA, PB and PC. Then

we have

£AB _, iAC
A0 = AO': -, and ang

cos^a' '" cos ^6

O'AO = CAB - i(a + b) = y.

AO' + AO : AO' - AO : : tan 4(0 + 0')

: tan £(0 - 0').

2A0' sin 0' = AP.

O'AP = 90" - 0' = 6, CAB = £i + 6.

CA + AP CA - AP : : tan-i(C + P)

: tan ^(C - P).

0' = $b + O'CP ; whence, O'CP = 0'~lb,

CP = AO' cos (O - lb).

PROCESS. [L. processus}. A course of

proceeding.

PROD'UCE. In Geometry, to extend. We
are said to produce a limited straight line

when we prolong it in either direction. Pro-

duce, in Algebra, means to give rise to, or to

generate ; thus, we say that the multiplica-

tion of two factors produces a result called

the product.

PROD'UCT. [L. productus, brought forth]

The result obtained by taking one quantity

as many times as there are iftiits in another.

The two quantities are called factors, and the

operation is called multiplication,

The continued product of any number of

factors is the result obtained by multiplying

the first factor by the second, that result by

the third, that by the fourth, and so on to the

last. If the factors are equal, the product is

called a power, and the degree of the power
is denoted by the number of factors.

The following are some of the properties

of products with respect to their forms :

1. The product of the sum and difference

of two quantities is equal to the difference of

their squares ; that is,

(x + y) (x-y) = x°-y>.

.
2. Twice the sum of two squares is equal

to the sum of two squares ; that is,

2(z! + y
2
) = (x + yf + (x- yf.

Consequently, the sum of two squares mul-

tiplied by any power of 2, is also the sum of

two squares. Thus, 5 = 2! + l
a and

8 X 5 = 40 = 6 2 + 22
,

also 5 X 16 = 80 = 8! + 4a
, &c.

3. The product of the sum of two squares

by the sum of two squares, is the sum of

two squares ; that is,

(x2 + y') (u' + »s
) = (xu + yv)'

+ (xv — yuf = (xu — yv)' + (xv + yu)'.

Thus 5 = 2 2 + l
2

13 = 32 + 2a

65 = 8 2 + l
2 = T + 4s

.

4. The product of the sum of four squares

by the sum of four squares, is the sum of

four squares ; that is,

(wa + x* + y* + z') (w" + x" + y'' + z'%

=(vyw'+xx'+yy'+zz')2 +(wx'-xw'+yz'^y'z)'

+ (wy'~ xz'-yw'+zx')2+ (viz'+xy'^yxf-zw'f.

5. The- products of two numbers of the

form x' + ay?, is also of the same form ;

that is,

(i
2+ ay'){x"+ at/ 2)=(xx'+ ayy'f+ a(xy'^yx'Y

+(xx'— ayy')*+a(xy' +yx'y=z*+aw*,

in accordance with the preceding principles.

6. Two numbers of the form z2 + y'+z',

x'
2 + y'' + 2z' 2

, are such that either multi-

plied by 2, gives a result of the form of the

other ; that is,

2 (x2 + y' + 22)=(i + y)« + (i - y)'+ 2*',

and,

2(x"+y"+2")=(,x'+y')''+(.x'-y'y+(2zy.

The binomial formula, in the case of a posi-

tive exponent of the power to which the bino-

mial is to be raised, may be deduced from the

law for the formation of the continued pro-

duct of any number of factors of the form of

x + a, x+ b, &c. The product is indicated
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by the formula,

{x + a)(x + b)(x + c)...

=xm+Axm~'
i +B2m-2+ . . . Nx*** + . .. +U.

The law of the exponents is, the exponent

of the first term of the product is equal to the

. number of binomial factors employed, and it

goes on diminishing by 1, in each term to

the right, until the last term, where it is

0. The law of the co-efficients is this
;

the co-efficient of the first term is 1 ; that of

the second term is equal to the sum of the

different products of the second terms of the

factors taken in sets of 1 ; that of the third

term is equal to the sum of the different pro-

ducts of the second terms of the binomials,

taken in sets of two, and so on ; the co-effi-

cient of the term which has n terms preceding

it, is equal to the sum of the different pro-

ducts of the second terms of the binomials

taken in sets of n, and so on ; the last term,

or the co-efficient of a; , is equal to the con-

tinued product of the second terms of the

binomials employed.

The terms, product of a line by a line, and

of a line by a surface, are often used in a tech-

nical sense ; the former signifies the opera-

tion of forming * rectangle, whose adjacent

sides are equal in length, respectively, to the

two lines multiplied together ; the latter sig-

nifies the operation of forming a volume

equivalent to the volume of a right prism,

whose base is equivalent to the area of the

surface, and whose altitude is equal to the

length of the line. These are the technical

meanings of the terms ; when used in an

arithmetical sense, they might be explained

as follows :

To multiply a line by a line, we simply

multiply the number of units in the length

of one line, by the number of units in the

length of the other, and the result is the

number of square units in the surface of the

rectangle already described. To multiply a

surface by a line, we simply multiply the

number of square units in the surface by the

number of linear units in the line, and the

result is the number of units of volume in the

solid described. The idea of multiplication in

these two cases, is entirely analogous to the

sense in which it is constantly used in ordi-

nary life. Thus, we say, that if we multiply

the rate of travel by the time employed, we

shall get the space passed over. Here, we
simply mean, that if the number of units in

the rate be multiplied by the number of units

of time employed, the product will be the

number of units in the space passed over.

PRo'FiLE. In^Surveying, a section of the

surface of the earth, or of some ideal surface

made by a vertical plane, or vertical cylinder.

Profiles are made to show the irregularities of

the earth's surface along a proposed line of

communication, as a railroad, canal, aqueduct,

&c Profiles are also made in connection

with them, to show the grades of the work

along different sections.

The name, profile, is applicable not only to

the line of contour in the field, but also to its

representation upon paper. The horizontal

projection of the line of contour, along the

line proposed, is called the plan. In repre-

senting a profile on paper, we suppose the

projecting cylinder to be developed upon a

tangent plane.

The data for making a profile drawing of

any section of the earth's surface, are the

heights of its different points above some

assumed horizontal line, called a datum line,

together with the horizontal distances of the

same points from some fixed point of the

line. The vertical distances being generally

very small, compared with the horizontal

ones, two different scales become necessary

in plotting a profile. In order that the verti-

cal distances may be fully exhibited in the

drawing, the scale used is much larger than

that used for lines in a horizontal direction.

See Leveling for Profile.

PRO-GRES'SION. [L. progress™, from

progredior, to advance]. A series in which

the terms increase or decrease according to a

uniform law. There are two kinds of pro-

gressions, Arithmetical and Geometrical.

An Arithmetical progression, is a series in

which each term is derived from the preced-

ing one by the addition of a constant quan-

tity, called the .common difference.

If the common difference is positive, each

term will be greater than the preceding, and

the progression is said to be increasing. If

the common difference is negative, each term

is less than the preceding, and the progression

is decreasing. Thus.

... 1, 5, 9, 13, . .

.
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is an increasing progression, and the common
difference is + 4

;

19, 16, 13, 10 . .

.

is a decreasing progression, and the common
difference is — 3. There is always an infi-

nite number of terms in any progression, but

it is customary to consider a limited number

of them as constituting ~ progression ; in

this case the first and last are called extremes

;

all the other ones are called arithmetical

means. Such a progression should be called

a limited, progression.

In any limited arithmetical progression, let

us denote the first term by a, the last term by

I, the common difference by d, the sum of all

the terms by s, and their number by n ; then

will the following formulas be sufficient tc

solve any problem in which three of these

quantities are given, and the other two re-

quired.

TABLE.

Given. Required Formulas.

1

2

3

4

5

6

7

8

9

10

a, d, n,

u, a, /,

a, d> a' f

a, n, I,

a, n, »',

«, I, Sj

dy /A, I,

d, n, 5,

d, lj s,

n, I, s,

I, s,

n, s,

n, I,

s, d,

d, I,

n, d,

u, s
t

a, I,

n, a,

I = a + (n - 1) d ; s = -J n [2a + (n - 1) d].

I-

a

_ (l-ba)(l-a + d)

+ 1:
2d

d-2a± V(d-2af+8ds
n = — —si

""""
; l = a + (n — l)d.

2d

s = $ n (a + I) ;

2 (*, — an)
d- n(h-\) '

2s

d-

l = -

I — a

n — \

2s— —a.
n

(I + a) {I -a)
n ~ a + r 2s-(l + a)

a = l-{n-V)d; s = $ n [2Z - (n - 1) d\
2s — n (n — 1) d

2n
I:

21 + d ± V (2Z + d)' - 8ds

- 2S
I-" = ~Z ~~ '

'

2d

2 (nl — s)

d ~ n(n- T)

2s + n (n—\)d
2n

[

n = I — (n - Vd.

Any two numbers may be taken as the

extremes of an arithmetical progression of

any number of terms : To find the common

difference of the progression, subtract the

first term from the last, and divide the re-

mainder by the number of terms in the re-

quired progression less 1, the result will be

the common difference. Thus, to insert 4

arithmetical means between 7 and 17, we

have = 2, the common difference

;

hence, the progression

7, 9, 11, 13, 15, 17.

A geometrical progression is a series in

which each term is derived from the preceding

one by multiplying it by a constant quantity

called the ratio of the progression.

If the ratio is greater than 1, each term is

greater than the preceding one, and the pro-

gression is increasing. If the ratio is less

than 1, each term is less than the preceding

one, and the progression is decreasing. If

the ratio is negative, the terms are alternately

plus animinus ; the plus terms taken together

form a series, whose ratio is the square of

the given ratio, and the negative terms, with

their signs changed, form a series whose ratio

is also the square of the given ratio. Hence,

in the following discussion, the ratio may

always be regarded as positive

:

The series ... 3, 6, 12, .... is an increas-

ing progression, whose ratio is 2.

The series .... 16, 8, 4, 2, is a de-

creasing progression, whose ratio is £.

If the terms of a decreasing progression

be taken in an inverse order, they will consti-

tute an increasing progression , and conversely.

If we denote the first term of a limited
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geometrical progression by a, the last term

by I, the number of terms by n, the sum of

the terms by s, and the ratio of the progression

by r, we shall have the following relations :

I = ar—1 (1)

ar» — a Ir — a

n-l

(3)

Formula (1) enables us to find the value of

the last term of a progression, when we know

the first term, the ratio, and the number of

terms ; formula (2) enables us to find the

sum of the terms, and formula (3) enables us

to interpolate any number of geometrical

means between two given numbers taken as

extremes. The rale deduced from the for-

mula for finding the ratio, is this : Divide the

last term by the first, and extract the root of

the quotient whose index is equal to the num-

ber of means required, plus 1. Thus, let it

be required to insert 6 geometrical means

between 3 and 384 ; we have

and the scries 3, 6, 12, 24, 48, 96, 192, 384.

If we resume formula (2), changing the

signs of both terms of the second member, it

may be written

a ar"

*
=
T^~r ~ T^V

If the progression is a decreasing one, r is a

proper fraction, and r" is also a fraction,

which diminishes as n increases. The greater

the number of terms we take the more will

a

_ X r* diminish, and consequently, the

nearer will the value of s approximate to the

value
1

_, and finally, when n = <x>, we

shall have * = . ; hence, the sum of the
1 -r

terms of a decreasing progression, in which

the number of terms is infinite, is equal to

the first term divided by one minus the ratio.

PRO-JEC'TION. [L. projeclio, a throwing

out]. The projection of a point upon a plane,

in Descriptive Geometry, is the foot of a per-

pendicular to the plane, drawn through the

point.

Projection of a Straight Line. The

projection of a straight line upon a plane, is

the trace of a plane passed through the line

and perpendicular to the given plane.

Projection of a Curved Line. The

projection of a curved line upon a plane, is

the intersection of the plane with a cylinder

passed through the curve, and perpendicular

to the given plane. In Descriptive Geometry,

points and lines are given by their projections

upon two planes, taken at right angles to

each other, called planes of projection. We
have described the projection as being made

by the projecting lines perpendicular to the

plane of projection ; this is called Ortho-

graphic or Orthogonal Projection. When the

projection is made by oblique and parallel

lines, it is called oblique projection ; when
the projection is made by drawing lines

through a point, called the point of projec-

tion, it is called divergent projection. See

Descriptive Geometry.

Spherical Projection. A representation

of the surface of the sphere upon a plane,

according to some geometrical law, so that

the different points in the representation can

be accurately referred to their positions on

the surface of the ' sphere. The plane upon

which the projection is made is called the

primitive plane. The primitive plane is gen-

erally taken through the centre of the sphere,

and when so taken, the great circle cut out

by it is called the primitive circle.

When the primitive plane is taken through

the centre of the sphere, there are three dif-

ferent kinds of projection, depending upon

the position of the eye or the projecting

point. 1. When the eye is taken in the axis

of the primitive circle, and at an infinite dis-

tance, the projecting lines are perpendicular

to the primitive plane, and the projection is

called the Orthographic projection 2. When
the eye is taken at the pole of the primitive

circle, the projection is divergent, and is

called the Stereographic projection. 3. When
the eye is taken in the axis of the primitive

circle, and without the surface, equal to the

radius of the sphere into the sine of 45°, the

projection is also divergent, and is called the

Globular projection.

These are the only kinds of projection used

for projecting the entire sphere. When only

a portion of the sphere is to be projected,
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other kinds of projection are used, amongst
which, the most important are the

Gnomonic Projection, in which the eye

is taken at the centre of the sphere, and the

principal plane is tangent to the surface of

the sphere at a point which is called the prin-

cipal point.

Polar Projection is when the eye is

taken at the centre of the sphere, and the

principal plane passes through one of the

polar circles.

Conic Projection is when the eye is

taken at the centre of the sphere and the sur-

face of a zone is projected either upon the

surface of a cone tangent to the surface, along

•he middle circle of the zone, or upon a secant

cone passing through two circles of the zone

cqui-distant from each other, and from the

bases of the zone, which surface, with the

projection, is developed upon a plane tangent

to it, along one of the elements of the sur-

face.

Cylindrical Projection is when the eye

is taken at the centre of the sphere, and the

surface of an equatorial zone is projected

upon a cylindrical surface tangent to the sur-

face of the sphere, along the equator, which

cylinder, with the projection, is developed

upon the surface of a plane tangent to the

surface of the cylinder along one of its ele-

ments.

Mercator's Projection. A modification

of the cylindrical projection.

Flansteed's Projection. A modification

of the combined cylindrical and conic pro-

jections.

Besides these, several others have been

proposed, but have not been very extensively

employed.

We shall consider these in their order.

The principal circles of the sphere which

are projected, are the Equator, which is a

great circle, whose plane is perpendicular to

the axis of the sphere.

The Ecliptic, a great circle, whose plane is

inclined to the plane of the equator, in an

angle equal to about 23° 28'. The points in

which it cuts the equator are called equinoc-

tial points, aud the points which are 90° dis-

tant from these are called solstitial points.

Circles of Latitude, which are small cir-

cles whose planes are parallel to that of the

equator
; the circles of latitude which have

received particular names, are the tropics,

which pass through the solstitial points, and
the polar circles, which pass through the poles
of the ecliptic. The northern tropic is the
Tropic of Cancer, and the southern one is

the Tropic of Capricorn; the northern polar
circle is called the Arctic circle, and the south-
ern one is the Antarctic circle.

Meridians are great circles, whose planes
pass through the axis of the sphere. Twelve
entire meridians, or twenty-four semi-merid-
ians, called hour circles, making angles of
15° with each other, are generally projected.

Two principal meridians have received par-

ticular names ; the one passing through the

equinoctial points is called the equinoctial

colure, and the one through the solstitial

points is called the solstitial colure.

The ecliptic and the colures are of particu-

lar importance in projecting the celestial

sphere.

1. Orthographic Projection.

In orthographic projection, the eye is taken

at an infinite distance. In it the projection

of a point is made by drawing a straight line

through the point perpendicular to the primi-

tive plane, and finding where it pierces that

plane. A limited straight line is projected,

by projecting its two extremities, and joining

these projections by a straight line. The
length of the projection of a straight line is

equal to the length of the line multiplied by

the cosine of its inclination to the primitive

plane". If the inclination is 0, the line is

parallel to the primitive plane ; the cosine of

the inclination is 1, and the projection is

equal in length to the line itself. If the in-

clination is 90°, the cosine of the inclination

is 0, and the length of the projection is ;

that is, a straight line which is perpendicular

to the primitive plane, is projected into a

point.

Every circle of the sphere is projected into

an ellipse by the following rule :

Project that diameter which is parallel to

the primitive plane, and the result will be the

transverse axis of the ellipse. Then project

the diameter perpendicular to this one, and

its projection will be the conjugate axis of

the ellipse. On these axes describe an el-

lipse, and it will be the projection required.

The length of the transverse axis is always
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equal to the diameter of the circle to be pro-

jected, and the length of the conjugate axis

is equal to that diameter into the cosine of the

inclination of the plane of the circle to the

primitive plane. When the inclination is 0,

the plane of the circle is parallel to the pri-

mitive plane, the cosine of the inclination is

1, the axes are equal, and the projection is a

circle equal to the given circle. When the

inclination is 90°, the plane of the circle is

perpendicular to the primitive plane, the co-

sine is 0, the length of the conjugate axis is

0, and the projection is a limited straight

line equal in length to the diameter of the

circle to be projected. These principles en-

able us to project every circle of the sphere

under every possible supposition.

In making the projection, only one-half of

the sphere is projected from one position of

the sphere. In order to project the remain-

ing hemisphere, it is revolved through an

angle of 180° about a line drawn tangent to

the primitive circle ; the primitive circle again

comes into the original position of the pri-

mitive plane, and the projection is finished.

This operation is common to the orthographic,

stereographic, and globular projections.

The orthographic projection is generally

made either upon the plane of the equator,

or' upon the plane of a meridian. In the

former case, the meridians are projected into

straight lines, intersecting each other at the

centre of the primitive circle. In the latter

case the circles of latitude are projected into

straight lines perpendicular to the axis of the

sphere. The annexed figures show a projec-

tion of one hemisphere, made upon the plane

of a meridian and upon the plane of the

equator. They also show the method of

making a graphical construction in each case.

The first figure is the projection upon the

plane of a meridian, made as follows :

A circle NESW is described, and two di-

ameters, NS and EW, are drawn at right an-

gles to each other ; the first represents the

axis, and the second the projection of the

equator. The quadrants of the circle are

next divided into spaces of 10° each, and

numbered from E and W to N and S. We
have only projected some of the elements,

but enough to show the method of proceed-

ing, in all cases. From the points of divi-

sion draw lines parallel to EW, and they will

represent the projections of parallels of lati-

tude. From the same points let fall perpen-

^4°

diculars upon EW, and describe ellipses,

having a common transverse axis NS, and

semi-conjugate axes, respectively equal to Ga,

Cb, &c. These will be the projections of

meridians.

The second figure is the projection upon

the plane of the equator. In the figure, we

have only drawn some of the simplest ele-

ments to indicate the method of projection

pk°

ft is customary to project circles of latitude

10° or 5° apart, and to project meridians also

10° or 5° apart. Let us suppose that circles,

at distances of 10° apart, are projected ; then

would the quadrangular spaces, in both figures,

represent spherical quadrilaterals on the sur-

face of the sphere, 1 0° of latitude in length, and

10° of longitude in breadth. A simple in-

spection of the figure would show that, with

the exception of those which occupy the

centre of the projections, the several regions,

particularly those nearest the circumference,

would be much distorted and diminished in

magnitude. This fact renders this kind of

projection of little value.

2. Stereogrctpliic Projection.

In this projection, the eye is taken at tho
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pole of the primitive circle, and each hemi-
sphere is projected separately.

The advantages of this projection over the
orthographic are : that there is not so much
dtstortion of figure, not so much crowding
of parts together, and it is easier of execution.

In the stereographic projection, every circle
of the sphere is projected into a circle. In
general, only one diameter of the circle is
projected into a diameter, and that one is cut

-A.

out by a plane passed through the axis of the
circle to be projected and the axis of the pri-

mitive circle. This plane cuts from the pri-

mitive plane a line, called the line of meas-
ures. In order, therefore, to project any
circle, we have only to project that diameter,
and on this projection, as a diameter, to de-

scribe a circle. The following rules enable
us to project any circles of the sphere stereo-

graphically :

1. To project a great circle. The centre of
the projection is in the line of measures at a
distance from the centre of the primitive cir-

cle equal to the tangent of the inclination of
the circle, and the radius of the projection is

equal to the secant of the inclination, the ra-

dius of the sphere being 1.

2. To project a small circle whose plane is

parallel to the primitive plane. The centre

. of the projection is at the centre of the prim-
itive circle, and the radius with which it is

described is equal to the semi-tangent of the

circle's polar distance. The semi-tangent of

an arc, in this connection, is used to signify

the tangent of half the arc.

3. To project a small circle whose plane is

perpendicular to the primitive plane. The
centre of the projection is in the line of meas-

ures of the circle, at a distance from the cen
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of the projection is equal to the tangent of
the polar distance.

4. To project a small circle whose plane is
oblique to the primitive plane. The extrem-
ities of a diameter of the projection are found
in the line of measures at distances from the
centre of the primitive circle, one equal to the
semi-tangent of the circle's inclination, plus
its polar distance, and the other at a distance
equal to the semi-tangent of the circle's in-
clination, minus its polar distance. In all

cases where the plane of the circle passes
through the point of sight, the projection is a
straight line, being the case in which a circle
passes to its limit, tho radius being infinite.

In this projection the sphere may be repre-
sented either upon the plane of a meridian,
the plane of the equator, or upon an oblique
plane.

The figure represents a part of the projec-
tion of a hemisphere upon the plane of a

meridian constructed as follows : Describe a
circle NESW to represent the meridian.

Draw two diameters NS and EW at right

angles to each other ; the former represents

the axis of the sphere, and the latter the

equator. Divide the quadrant NW into equal

parts and number them as indicated in the

figure. At the points of division draw tan-

gents to the meridian, cutting NS produced

at a, b, &C: With these points as centres,

and radii equal to the respective tangents,

describe arcs of circles ; these will be the pro-

jections of the corresponding parallels of lat-

itude. Draw through S the line Sa', Si',

&c, making with NS the angles 20°, 40°,

&c. With a', V, &c, as centres, and the

distances from these points to S as radii, des-

tre of the primitive circle equal to the secant cribe arcs of circles ; these will be the projec-

of the circle's polar distance, and the radius] tions of meridians making angles of 20°, 40
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&c. with the assumed meridian. In this man-

ner all the meridians may be projected.

The construction below represents the ste-

reographic projection of a portion of a hemi-

sphere on the plane of the equator.

Draw a circle ACBD to represent the equa-

tor, and in it draw two diameters, AB and

1)

CD, at right angles. Divide each quadrant

into equal parts, and number them as indicat-

ed on the figure. Through their points of

division draw diameters, and they will repre-

sent the projections of meridians. Through

A, and the points of division, draw straight

lines, cutting CD in the points a, b, &c. With
the centre of the primitive circle as a centre,

and with radii respectively ejual to the dis-

tances from the centre to a, b, &c, describe

circles ; these will be the projections of par-

allels of latitude 10° apart.

The disadvantages of this projection are

that the projections of parts of the sphere

are much crowded together, though the in-

convenience from this cause is not so great as

in the orthographic projection. This crowd-

ing is evidently the greatest near the centre

of the primitive circle.

The sphere may be projected on the plane

of any great circle, but the two cases already

illustrated are those most generally used.

3. Globular Projection.

In this projection the eye is taken without

the surface of the sphere in the axis of the

primitive circle, and at a distance from its

pole equal to the sine of 45°. The nature of

the projection is indicated by the figure. If

AD is equal to 45°, it can easily be shown
that OF = FC. that is, the arc AD = 45° is

projected into a line equal to the projection

of its equal arc DC. If visual rays be drawn
from S to the points of division of the quad-

rant, their intersection with the plane BC will

determine spaces much more nearly equal

than in either of the other projections consid-

ered.

This projection is still very defective, inas-

much as the projections of portions of the sur-

face of the sphere are very much distorted.

A modification of this projection, called the

equidistant projection, is sometimes used in

practice, constructed as follows

:

Draw a circle, and in it two diameters, at

right angles to each other. Assume the ver-

tical diameter as the axis of the sphere, and

divide the horizontal one into equal parts.

Through the poles, and each point of division,

draw a semicircle. These will represent the

projections of the meridians. Divide each

quadrant into equal parts, and number them

from the equator towards each pole. Divide

the vertical semidiameters into the same num-

ber of equal parts, and number them from the

equator. Through corresponding points of

division, on the same hemisphere, draw arcs

of circles ; they will represent the projections

of circles of latitude.

The circles of the sphere may be projected

on the plane of the equator, as follows : Draw

a circle, and divide it into equal sectors by

diameters ; these will represent the projec-

tions of meridians. Divide any radius into

equal parts, and through the points of division

draw circles concentric with the assumed

circle ; they will represent the projections of

equidistant circles of latitude.

This method, as before stated, is not strictly

speaking a projection of the sphere, but it is

what is usually known as the globular projec-

tion. With respect to the three kinds of pro-

jection considered, the following remarks will
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serve to show their defects and their relative

1. In the orthographic projection upon the

plane of a meridian, the parallels of latitude

are projected into straight lines, and the me-
ridians into ellipses. Equal spaces and equal

distances on the surface of the sphere are

represented by unequal spaces and unequal
distances in projection. These spaces and dis-

tances lessen successively from the centre to

the circumference of the projection. Conse-

quently, whilst the central parts of the pro-

jection are in tolerable proportion, those at a

distance from the centre are much distorted,

and diminished in magnitude.

2. In the stereographic projection, parallels

and meridians are all projected in circles.

Equal distances and equal spaces on the sur-

face of the sphere, are represented by unequal

distances and unequal spaces in projection.

These distances and spaces increase succes-

sively from the centre towards the circumfer-

ence, so that the parts near the circumfer-

ence are represented on a larger scale than

those near the centre ; but the projections of

circles intersect under the same angles as the

circles do upon the surface of the sphere, and

consequently, the relative forms of the seve-

ral regions are better preserved than in the

orthographic method.

3. In the globular and in the equi-dislant

projection, (which differs from the globular

chiefly in this, that in the former all circles

of the sphere are projected into ellipses with

small eccentricities, whereas, in the latter,

they are taken to be perfect arcs of circles,)

equal distances and equal spaces on the sur-

face of the sphere, are represented by equal

or nearly equal spaces in projection ; and

consequently, the relative dimensions of the

different regions are preserved better than in

either of the preceding projections. But as

the projections of circles do not intersect

under the same angles as the lines themselves,

the forms of parts of the surface are greatly

distorted, and the more so as they are more

distant from the centre of the projection.

The equi-distant projection is most easily ex-

ecuted, but on the whole, the stereographic

projection seems to unite more advantages

with fewer disadvantages, in a practical point

of view, than either of the others, »nd is the

one most commonly adopted.

30

i i. Gnomonk Projection.

In the gnomonic projection, the eye is

taken at the centre of the sphere, and the
primitive plane is tangent to the surface at

some point. This point is called the princi-

pal point. The meridian through the princi-

pal point is called the principal meridian ; the
circle of latitude through the principal point,

is called the principal parallel ; and the polar
distance of the principal point is called the

principal polar distance. There are three

cases.

1. When the principal point is at the pole of
the sphere. In this case, the meridians are

projected into straight lines passing through
the principal point, and making angles equal
to those contained between the meridians
themselves. The circles of latitude are pro-

jected into circles, having their centres at the

principal point, -and described with radii

respectively equal to the tangents of their

polar distances.

2. When the principal point is on the equa-

tor. In this case, the meridians are projected

into straight lines symmetrically disposed on

each side of the projection of the principal

meridian, and at distances from it equal to the

tangent of the inclinations of the meridians

to the principal meridian. The circles of

latitude are projected into arcs of hyperbolas,

whose transverse axes are coincident with the

projection of the principal meridian, and

whose centres are at the principal point ; the

lengths of the semi-transverse axes are equal

to the tangents of the latitude of the parallels.

The asymptotes of these curves make with

the projection of the meridian, angles respect-

ively equal to the complements ofthe latitudes

of the parallels.

3. When the principal point is on the arc of

any circle of latitude. In this case, the meri-

dians are projected into straight lines passing

through a point on the projection of the prin-

cipal meridian, and at a distance from the

principal point equal to the tangent of the

principal polar distance ; the angles which

these projections make with that of the prin-

cipal meridian, has for tangents the quotient

of the tangent of the angle which the meri-

dians make with the principal meridian, by

the tangent of the principal polar dis-

tance.

The circles of latitude, whose polar distan-
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ces are less than the inclination of the axis

of the 6phere to the primitive plane, are pro-

jected into ellipses ; the circle whose polar

distance is equal to the inclination is project-

ed into a parabola, and all other circles are

projected into hyperbolas, whose principal

axes are all coincident with the projection of

the principal meridian. The projection of

any one of the ellipses may be made graphi-

cally, as follows.

Let PQ be the principal meridian, EF the

diameter which it cuts out of the circle to be

projected, P the principal point, and PC the

projection of the principal meridian. Draw

AE and AF, producing them to D and C
;

then will CD be the projection of the diame-

ter FE, and also the principal axis of the pro-

jection of the circle. Bisect CD in B, and

draw BA intersecting FE in K : at K draw

the chord of the circle which is perpendicular

to FE, and project it upon the primitive

plane : this will be the remaining axis of the

projection : on these describe an ellipse.

By a somewhat analogous construction, the

projections of the circles giving hyperbolas

may be made. The transverse axis of the pro-

jection is found as in the case of the ellipse.

Then pass a plane through the centre of the

sphere and find the two points in which it cuts

the circle to be projected ; through these and
the centre of the sphere draw two straight

lines, and project them upon the principal

plane ; these will be the asymptotes of the

projection, and from these data the construc-

tion may be made.

To project the circle which gives the para-

bola : draw a straight line through the eye

and the lowest point of the circle, and find

where it pierces the primitive plane ; this

will be the principal vertex. Draw a straight

line through the eye and one extremity of

the diameter, which is parallel to the primi-

tive plane, and project this upon -the princi-

pal plane. Draw from the principal vertex a

straight line perpendicular to the projection

of the principal meridian, and from the point

in which it intersects the first projection

draw a line perpendicular to it, then will the

point of intersection be the focus.

This projection is but little used, and then

only for projecting a limited portion of the

sphere in the neighborhood of the principal

point. The only case in whicK it can be

applied with any advantage, is when the

principal point is taken at the pole, in which

case it seems to supply a defect existing in

^lercator's projection.

5. The Polar Projection.

In this projection,

the eye is taken at

the centre of the

sphere, and the prim-

itive plane is taken

through one of the

polar circles. In this

case the meridians

are projected into straight lines intersecting

each other at the point in which the primitive

plane cuts the axis of the sphere, making an-

gles with each other equal to the angles made
by the meridians themselves. ' The circles of

latitude are projected into concentric circles,

having their common centre at the same point,

and with radii equal to the product of the tan-

gents of their polar distances by the cosine

of the polar distance of the polar circle, or

the cos 23£°.

This projection only answers for a zone

lying a few degrees on each side of the polar

circle, and like the preceding projection, is

used as supplementary to Mercator's projec-

tion.

6. The Conic Projection.

There are two principal varieties of the

conic projection. In both, the eye is taken

at the centre of the sphere, and the circles are

projected upon a cone which is afterwards

rolled or developed upon a plane tangent to it,

along one of its elements.

1st. When the projection is made upon a

tangent cone.

In this case we suppose a cone to be

passed tangent to the surface of the sphere
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along the middle circle of latitude of the

zone to be projected. In the diagram we
have supposed that

the zone to be project-

ed extends from lati-

tude 20° to 60° N,
and have taken the

cone tangent along

the circle of 40° N.

latitude. In this case

the meridians are pro-

jected into right-lined

elements of the conic surface, and are develop-

ed into straight lines intersecting at the de-

velopment of the vertex of the cone. The
circles of latitude are projected into circles of

the conic surface, and are developed into arcs

of circles, whose common centre is the devel-

opment of the vertex of f£e cone. The dis-

tances CG and CI, which measure the distan-

ces between the projection of the middle

•parallel and the extreme parallels, are each

equal to the tangents of half the difference

of latitude of the extreme parallels. In prac-

tice they are usually taken equal to half the

length of the circle of longitude between the

extreme parallels ; and then to find the projec-

tion of the intermediate parallels of latitude

these are divided into equal parts, and arcs of

circles are drawn through the points of divi-

sion concentric with the projection of the

middle parallel. These principles indicate

the following constructions

:

Let I denote the latitude of the middle par-

allel of the zone to be projected, and d the

number of degrees of longitude to be em-

braced in the map ; then will the absolute

length of the middle parallel of the map be

equal to

Iso^-
003 '-

the length of the tangent AC is equal to the

cotangent of the latitude, and consequently,

the number ofdegrees which the development

of the arc subtends at the centre of the devel

opment, is denoted by (d sin l)°. Now if we

denote the number of degrees of latitude be

tween the extreme parallels by d', the length

of the map along any meridian will be equal

to 0I and the length from the middle par-
180

ird'
allel to either extreme, will be , the ra

360
dius of the sphere being V.

Construct the angle BAC
equal to (rfsinZ) ; with A
as a centre, and a radius AB
equal to the cotangent of

the latitude, describe an arc

BC ; this will be the projec-

tion of the middle parallel. **
Lay off the distances BD and BF, each equal

nd'— and describe DE, FG : these will

be the projections of the extreme paral-

lels. Divide BC into any number of equal

parts, and draw through A and these points

straight lines : these will be the projections

of meridians. Divide FD into any number
of equal parts, and through the points of di-

vision describe concentric circles having their

centre at A ; these will be the projections of

intermediate parallels.

2d. "When the projection is made upon a

secant cone.

In this case we suppose the eone to be

passed through parallels of latitude equidistant

from each other, and from the extreme paral-

lels. The method of constructing the projec-

tions in this case are entirely the same -as in

the case last considered. There is a method

somewhat like the conic projection, called

Flamsteed's projection.

We shall explain the method of projecting

a map by Flamsteed's projection, taking the

circles of latitude and longitude 1° apart.

Draw a straight line NS, through the mid-

dle of the paper, to represent the middle

meridian, and through the middle point of it,

0, describe an arc of a circle EW, having its

centre on NS produced, and having a radius

equal to the cotangent of the latitude of the

parallel. From 0, on NS, lay off distances

IT
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equal to the length of a degree of latitude, to

the scale of the map, in both directions, and

through these points describe circles concen-

tric with EW. Having computed the length

of a degree of longitude for the latitude of

each parallel, set this length off' from NS, in

each direction, and through the point thus

determined, draw curved lines, and they will

represent the projections of meridians. In

the diagram these are sensibly straight lines.

7. The Cylindrical Projection.

This projection differs from the conical pro-

jection in the fact that the projection is made

upon the surface of a cylinder taken tangent

to the surface of the sphere along the equator,

instead of the surface of a tangent or secant

cone.

The pure cylindrical projection is little

used, but a modification of it, called Merca-

tor's projection, is much used in projecting

sailing charts. In this projection both merid-

ians and parallels of latitude are represented

by straight lines. The meridians are repre-

sented by parallel straight lines at equal dis-

tances from each other. The parallels of lat-

itude are represented by straight lines whose

distances apart increase inversely as the

lengths of a degree of longitude decreases.

In this projection the loxodromic curve, or the

path of a ship, when her course makes a con-

stant angle with all the meridians crossed, is

represented by a straight line, and this is the

great advantage possessed by this kind of

projection. See Mercator's Projection. Un-

der the head of Mercator's Projection a method

was given for constructing a chart on this

principle. We add here an analysis of the

method of computing the distance of the pro-

jection of any parallel of latitude from the

equator.

Let I denote the distance of any parallel of

latitude from the equator, and L the corres-

ponding distance on the projection, and denote

by dl and dL corresponding increments of

their elements. Then from the law of the

projection

dl
dl : dL : : cosl : 1, dh =

cos I

dx
dl = Vdx + dy1 = ~F=^.

and cos I = Vl — x' ;

hence, dL
dx

1-x"
1/ dx dx

\

whence, by integration,

L = i {K1 + x)
~ l°g(l~ x)

\ + O.

But x = 0, when L = ; hence, C = 0, and

we have

But from the figure

MN = Vl-x', SN=\+x;
SN

consequently, tttj or tangent of the angle

SMN, is equal to

1+x
(£-y-

If we denote CN by x, and MN by y, we
shall have the relation,

x' + y* = 1.

We have also

Vl-x1
'

hence, L = Z(tan SMN) = /(cotPSM ),

or L-l(cotiPCM);

that is, the projection of the length of a me-

ridional arc measured from the equator, the

latitude of the extremity being I, is equal to

the Naperian logarithm of the tangent of

one-half of I, the radius of the sphere being

1 . The above formula may be used to com-

pute a table of meridional parts, or in any

particular case, it may be used to make a pro-

jection of a portion of the sphere.

On account of the rapidly increasing scale

of the map, as we approach the polar circles,

it becomes impossible to represent the polar

regions on a Mercator's chart. To supply

the deficiency, those regions are projected

either on the plane of the polar circle, or

gnomonically, on the tangent plane to the

sphere at the pole.

Projection of Maps. In addition to the
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methods described under the head of spheri-

cal projections, the following method, em-
ployed by the French Topographers, seems
peculiarly worthy, of attention. It is a com-

bination of Flamsteed's projection, and the

conical method. In it, circles of latitude are

represented by concentric circles, described

from a centre situated on the central meri-

dian. The radius of the circle of middle lati-

tude is equal to the cotangent of the latitude,

and the distances between the parallels of

latitude, for each degree, are laid off on the

central meridian, being made equal to the

actual distance on the terrestrial spheroid,

whilst the lengths of the degrees of longitude

are made proportional to the cosine of the

latitude.

Let A be the centre of the development,

AY the central meridian, and AX perpendi-

cular to it ; AC, laid off on the central meri-

dian, being the radius for describing the

parallel of middle latitude passing through A,

and equal to the cotangent of the latitude of

A by the normal of the same point, termina-

ting at the axis of the spheroid : AK a por-

tion of the parallel of middle latitude ;
these

distances, equal to the length of 1° or 5°,

being set off from A, along the line AC, fur-

nish points through which the concentric

parallels of latitude are to be drawn. If

along these parallels distances be laid off

from the central meridian, equal to 1° or 5°

of longitude, on the spheroid corresponding

to the particular latitude, the slightly curved

lines joining these points will represent the

meridians. For small differences of latitude,

these lines will not differ sensibly from straight

lines. In order to make this projection prac-

tically, it is usual to compute the rectangular

co-ordinates of the points to be laid down,

these being estimated for the' lines AX and
AY as axes. These co-ordinates are com-

puted from the latitudes and longitudes of

the points ; and conversely, if these co-ordi-

nates are given, the latitudes and longitudes

of the points may be determined.

To investigate the necessary formulas for

making this projection, let r denote the radius

AC for the parallel of middle latitude, equal

to N cot I ; let N denote the normal at A, and

I the latitude of A ; let s denote the distance,

in feet, between two parallels of latitude, w
the difference of longitude, or the angle

AP'M, and 8 the angle ACM, subtended at

C by the difference of longitude :

CM = p, QM = z = p sin 0, QC = pcos0;
PM = y = BQ +s = s + BC - CQ = * + p

— p cos 8 — s + p(l — cos 8) =
I 8 \ 8

s + pll-{l-2sm'—)\=s+pism'

x
Substituting for p, its value, —

—

-„,

x 8 I — cos 8
y= H X 3 sina— = s + x ;-—

—

sm0 2 sin0

= s + x tan —

•

2

Since p is known, being equal to r ± s, ' it

only remains to find 0, in order to be able to

determine x and y for every point in the arc

BM. Now, the given longitude w is an arc

of the equator, and if an arc 8 be taken of

the same length on the circle BM, w and

will be to each other inversely as their radii.

Now, the radius of the circular arc BM is

p, and that for w is the radius of the parallel

of latitude of B represented by ?,, is

x' = p' cos A,

p' representing the normal terminating at the

minor axis for the latitude A, so that

8
wx p

or 8 =— = w cos A —
P P

Hence, x and y are easily found, and may be

tabulated for convenience.

Again, if the co-ordinates of any point of

the plane of projection are given, the latitude

and longitude of that point may readily be

computed from them. Thus,

CQ = r- and tan 8 = jy — r — y
and CM = p = CQsec0 = (r-¥)«>c0;

or, otherwise,
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CM = V(r — y)' + x' and r — p = s, in feet.

Then, with the given latitude of the point

A, or parallel of middle latitude, convert by

the aid of the requisite table the meridional

distance x into secowls of arc, approximately

in the first instance, and correctly after the

first approximation, by which the first lati-

tude of B or M is found, and the normal p'

corresponding to it from the tables ; and then

e P
J) = r —

•

COS A p

Peojecthto Coke. A cone whose directrix

is the givon line, and whose vertex is the pro-

jecting point.

Peojeciino Cylindee. In the orthogonal

projection, a cylindrical surface passing

through the line, and having its elements per-

pendicular to the plane of projection.

Peojecting Lime of a Point. In the

orthogonal projection, a straight line passing

through the point and perpendicular to the

"plane of projection. In the divergent pro-

jection a straight line drawn through the

point and the projecting point.

Peojecting Plane of a Straight Line.

In the orthogonal projection, a plane passing

through the straight line, and perpendicular

to the pline of projection. In the divergent

projectioi , a plane passing through the line

and the projecting point.

Projtt lting Point. The assumed position

of the -ifje.

Prif'.fLATE SPHEROID. [L. prolalum,

drawr. mt]. A solid that may be generated

by rti i >ving an ellipse about its transverse

axis. Jts volume is equivalent to two thirds

of that of its circumscribing cylinder.

PROOF. A verification of a rule or result.

A converse rule for testing the accuracy of

in operation. Addition may be proved on the

principle that the whole is equal to the sum
of all the parts, by a second addition. But

this, strictly speaking, is no proof, but another

way of arriving at the result, which, if found

to agree with the first result obtained, is said

to confirm it. Addition might be proved by

the converse operation of continual subtrac-

tion, or by taking in succession each part

from the sum, until the last, when the final

result should be 0. Subtraction may be

proved by adding the remainder, or difference,

to the subtrahend, which, when the operations

are correctly performed, give a result equal to

the minuend.

Multiplication may be proved by Division.

The quotient obtained by dividing the product

by either factor should be equal to the other

factor.

Division may be proved by Multiplication.

The product of the divisor by the quotient,

increased by the remainder, ought to be equal

to the dividend.

All of these operations may be proved by

the method of casting out the 9's. See

Nines.

Raising to powers, or evolution, may be

proved by the extraction of roots, or Involu-

tion. The root of a power of the same de-

gree ought to be equal to the quantity, raised

to the power.

Extraction of roots may be proved by rais-

ing to powers, or Evolution. The power of a

root of the same degree ought to be equal to

the quantity whose root was to be extracted.

PROP'ER-TY. [L. proprietas, a, quality].

An essential attribute of an expression or

magnitude. Thus, it is a property of a tri-

angle that it has three sides and three angres.

A characteristic property is an attribute

which characterizes the magnitude, and which,

if it exists, the magnitude must be of a par-

ticular kind. Thus, it is a characteristic pro-

perty of the hyperbola that the portion of a

tangent to the curve at any point, which is

intercepted between the asymptotes, is bisected

at the point of contact. If it can be proved

that a curve has two asymptotes, and that the

portion of any tangent between these asymp-

totes is bisected at the point of contact, the

curve must necessarily be an hyperbola.

PRO-PoR-TION. [L. proportio ; from pro

and portio, a part]. The relation which one

quantity bears to another of the same kind,

with respect to magnitude or numerical value.

This relation may be expressed in two ways :

1st, by the difference of the quantities, and

2d, by their quotient. When the relation is

expressed by their difference, it is called

an Arithmetical relation ; when by then

quotient, Geometrical Proportion, or simply

Proportion. The latter method of compari-

son is by far the most used.
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When we divide one quantity by another

of the same kind, to ascertain their relative

magnitudes or numerical value, one of the

quantities is regarded as a standard, and the

quotient, which is always a^umber, is then

the measure of the relation which the stand-

ard bears to the quantity whose magnitude

or value is to be ascertained. The quantity

taken as a standard is assumed as known be-

fore the comparison is made, and is called the

antecedent ; the quantity to be determined be-

comes known in consequence of the compar-

ison, and is called the consequent ; the quo-

tient obtained is called the ratio of the. stand-

ard to the measured quantity ; hence, the

measure of proportion is ratio.

Four quantities are in proportion when the

ratio of the first to the second is equal to the

ratio of the third to the fourth ; this relation

is expressed algebraically thus,

a : b : : c : d.

This expression is called a proportion ; it is

read, a is to b as c is to d, and is equivalent

to the expression

£_£
a c

Hence, a proportion may be denned to be the

algebraic expression of equality of ratios.

Two variable quantities aTe in proportion

when their quotient is constant. Two quan-

tities are reciprocally or inversely proportional

when the quotient of one by the reciprocal

of the other is constant, or when their product

is constant. Thus, if xy=a, a being constant,

•_ .1 *— < -„*:„„ . hence, x and yy, in the constant ratio a

;

are reciprocally proportional.

In the proportion

a : b : : c : d,

the quantities a, b, c and d are called terms

of the proportion. The first and fourth terms

of a proportion are called extremes ; the sec-

ond and third terms are called means ;
the

first and third are antecedents ; the second and

fourth are consequents ; the first and second

make up the first couplet; the second and

fourth make up the second couplet.

If t = c, b is a mean proportional between

a and d, and d is a third proportional to a and

b. If b and c are not equal,4 is a fourth pro-

portional to the other three taken in their

order.

If antecedent be compared with antecedent,

and consequent with consequent, the propor-

tion is transformed by alternation. If the

consequents be made antecedents, and the

antecedents be made consequents, the pro-

portion is transformed by inversion.

If the sum of the antecedent and conse-

quent, in each couplet, be compared with

either the antecedent or consequent in each,

the proportion is transformed by composition.

If the difference of the antecedent and con-

sequent, in each couplet, be compared with

either the antecedent or consequent in each,

the proportion is transformed by division.

The following principles indicate the various

transformations that may be made upon pro-

portions :

1. If four quantities are in proportion, they

are so by alternation ; that is

If a : b : : c : d, then, a : c : : b : d.

2. If four quantities are in proportion, they

are so by inversion ; that is,

If a : b : : c : d, then, b : a : : d : c.

3. If four quantities are in proportion, they

are so by composition ; that is,

If a : b : : c : d, then, a + b : b :: c + d: d

or a + b : a : : c + d : c.

4. If four quantities are in proportioii, they

are so by division ; that is,

If a : b : : c : d, then, a- b :b :: c - d : d

or a — b : a : : c — d : c.

5. Equimultiples of two quantities are pro-

portipnal to the quantities ; that is

ma : mb : : a : b.

6. In a continued proportion, the sum of

all the antecedents, and the sum of all the

consequents are proportional to any couplet

;

that is,

If a : b : : c : d : : e : f : : g : h, &c, then,

a+c+e+g &c . : J+d+/+A+&c. : : a : b etc.

7. If the corresponding terms of two pro-

portions be multiplied together, the products

are proportional ; that is

If a : b : : c : d and e : f : : g : h, then,

ae : bf
'

: : eg : dlh.

It is a property of a proportion, deduced

immediately from the definition, that the pro-

duct of the extremes is equal to the product

of the means ; and conversely, if the product

of two quantities is equal to the product of
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two others, the first two may be taken as the

extremes, and the last two as the means, of a

proportion.

Proportion. In Arithmetic, a name for the

rule of three, since the three given terms,

together with the fourth term, constitute a

proportion. The rule of three depends upon

the principles of proportion. See Rule of

Three.

Proportion Harmonial. Four quantities

are in harmonial proportion when the first is

to the fourth as the difference between the

first and second is to the difference between

the third and fourth. Thus 24, 16, 12, and 9

are in harmonial proportion, because

24 : 9 : : 8 : 3.

Three quantities are in harmonial propor-

tion when the first is to the third as the dif-

ference between the first and second is to the

difference between the second and third.

Thus, the numbers 6, 4, and 3 are in harmo-

nial proportion, because

6 : 3 : : 2 : 1.

PRO-PoR'TION-AL. One quantity is pro-

portional to another when it so increases or

diminishes with it, that their ratio remains

constant.

Proportional. Relating to proportion, as

proportional parts, proportional compasses,

&c.

Proportional Compasses. Compasses or

dividers with two pairs of opposite legs, turn-

ing on a common point, so that the distances

between the points, in the two pairs of legs,

is proportional. They are generally con-

structed with a groove in each leg, so that

they may be set to any ratio. They are used

in reducing or enlarging drawings according

to any given scale.

Proportional Parts of magnitudes, are

parts such that the corresponding ones, taken

in their order, are proportional ; that is, the

first part of the first is to the first part of the

second as the second part of the first is to

the second part of the second, as the third

part of the first is to the third part of the

second, and so on.

Proportional Scale. Same as logarith-

mic scale. It is a scale on which are marked

parts proportional to the logarithms of the

natural numbers. They are used in rough

computations, and for solving problems graph-

ically, the solution of which requires the aid

of logarithms.

PROP-0-S!"TION. [L. proposition Some-

thing to be proved or to be done. When
something is proposed to be proved, the pro-

position is called a theorem. When something

is proposed to be done, the proposition is

called a problem. In the former case, a prin-

ciple is to be investigated ; in the latter, a

principle is to be applied.

PRO-TRACT'. [L. protractus, pro and

traho, to draw]. To plot or to draw to a

scale. See Plotting.

PRO-TRACT'OR. An instrument for lay-

ing off angles in plotting. There are three

principal forms of the protractor, the semi-

circular, the circular* and the rectangle, each

of which will be explained in turn.
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1. The semi-circular protractor consists of

a semi-circle of brass, horn, or other hard

material, whose circumference is divided into

degrees and half degrees, and which are num-

bered from to 180°, in each direction from

the principal diameter, AB, of the protractor,

around to the same diameter. There is a

small mark at the middle of the diameter AB,

which indicates the centre of the graduated

arc.

To use this protractor to lay off an angle

from a given line at a given point : Place

the diameter, AB, so that it shall coincide

with the given line, and so that the centre of

the protractor shall be at the vertex of the

required angle. Then count the number of

degrees from A towards B, or from B towards

A, and mark the extremity of the arc with a

pin ; remove the protractor and draw a line

through this point and the vertex ; this will

make the required angle with the given line.

To measure an angle with the protractor

:

place the protractor so that its centre shall be.

at the vertex, and so that the diameter, AB,

,shall coincide with one side of the angle ;
note

where the other side cuts the graduated arc,

and the reading of that point of the arc will

be the angle required.

2. The circular protractor consists of i

brass circular limb, about six inches in diam-

eter, with a movable arm or index, having

a vernier at one extremity and a milled

screw at the other, with a concealed cog-

wheel, which works into the teeth bordering

the limb, by means of which the arm is

moved .about ag axis passing through the

centre of the graduated limb. At the centre

of the protractor is a small circular glass

plate, on which two lines are cut; their

point of intersection marks the centre of the

graduated circle. The limb is graduated to

half degrees, and by means of the vernier,

readings may be taken to minutes or half

minutes. Two angular pieces of brass, each

having a small steel pin at its extremity, are

fastened to the index-arm, and turn freely

about the axes at right angles to the index-

arm. Small antagonistic screws serve to

move them in the directions of these axes,

for the purpose of bringing them into the pro-

longation of the same diameter of the gradu-

ated limb.

To adjust the steel points, lay the instru-

ment upon a piece of paper, where it is

retained from sliding by small steel points

projecting from its under-surface. Take the

reading of the vernier and record it, then

press the points into the paper ; they will be

thrown out from the paper by two small

springs on the under side of the triangular

pieces.

Add 180° to the recorded reading, and turn

the index-arm by means of the milled screw,

till the reading is equal to this sum ; then

press the points into the paper, and if the in-

strument is in adjustment, they will fall into

the same holes as before, if not, make the

correction by means of the adjusting screws,

and proceed as before till the adjustment is

complete.

To lay off an angle, at a given point, from

a given line : Place the instrument so that its

centre is exactly over the given point, and

turn the index-arm till the two steel points,

when pressed down, pierce the paper in the

prolongation of the given line ; then take the

reading of the vernier ; to this add the angle

to be laid off, and turn the index-arm till the

reading is equal to the sum ; then press the

points into the paper, and removing the pro-

tractor, draw through the points a straight

line ; it will pass through the angular point

and make the required angle with the given

line. It may be used to measure a given

angle on paper as follows : Place the centre

over the angular point, and bring the points

into the prolongation of one side of the angle

and take the reading ; then turn the index

till the points coincide with the prolongation

of the other side ; then if the of the vernier

has not passed the of the limb, the differ-

ence of the readings is the angle required.

If the of the vernier has passed the of

the limb, add 360° to the lesser reading, and

subtract the greater reading from the sum ;

the remainder will be the angle required.

3. The rectangular protractor, is a rectan-

gular scale of brass or ivory, graduated on
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three edges to degrees and half degrees,

according to the following principles.

One edge of the scale is placed so as to

coincide with a diameter of a graduated circle,

the middle of the edge being at the centre of

the circle ; straight lines are then drawn from

the points of division to the centre, and the

points in which they cut the edges of the

ruler are marked and numbered, so as to

accord with the numbers on the circular arc.

The use of this protractor is entirely the

same as that of the semi-circular protractor.

PURE MATHEMATICS. [L. purus, un-

mixed]. That portion of Mathematics which

treats of the principles of the science, in con-

tradistinction to applied Mathematics, which
treats of the application of the principles to

the investigation of other branches of know-
ledge, or to the practical wants of life.

PYR'A-MID. [Gr. nvpa/ug from mip, fire

or flame, and etooc,

shafte]. In Geom-
etry, a polyhedron

bounded by a poly-

gon having any

number of sides

called the base, and

by triangles meet-

ing in a common
point, called the

vertex. The trian-

gles taken together E
make up what is

called the convex,

or lateral surface of

the pyramid.

Pyramids take different names according

to the natures of their bases ; they may be

triangular, quadrangular, <fc, according as

their bases are triangles, quadrilaterals, pen-

tagons, S;c.

The base and lateral triangles are called

faces ; the lines in which the faces meet are

called edges
; the points in which the edges

meet are called vertices of the pyramid.

A right pyramid is one whose base is a

regular polygon, and in which a perpendicu-

lar let fall from the vertex upon the base,

passes through its centre.

The regular pyramid is a pyramid bounded
by four equal equilateral triangles

; it is call-

ed the tetrahedron.

The volume of a pyramid is equivalent to

one-third of the volume of a prism, having an

equivalent base and an equal altitude. The

altitude of a pyramid, is the distance from the

vertex to the base.

Pyramids are to each other as the products

of their bases and altitudes. If their bases

are equivalent, they are to each other as their

altitudes. If their altitudes are equal, they

are to each other as their bases ; if their bases

are equivalent, and their altitudes equal, they

are equivalent.

The slant height of a right pyramid is the

distance from the vertex to either side of the

base ; the convex surface of a right pyramid

is equal to the product of the slant height by

the perimeter of the base. If the number of

sides of the base of a right pyramid be in-

creased, the pyramid approaches the right

cone, and when the number of sides become

infinite, the pyramid becomes a cone, that

is, the cone is the limit of all right pyramids

inscribed in it, or circumscribed about it.

A triangular pyramid may always have a

sphere inscribed within it, and a sphere cir-

cumscribed about it.

To inscribe a sphere within a triangular

pyramid : Pass planes through three of the

edges lying in the same plane, bisecting the

diedral angles formed by the adjacent faces :

the point in which they meet is the centre of

the sphere, and the radius is equal to the dis-

tance from this point to either face.

To circumscribe a sphere about a triangu-

lar pyramid : Pass planes perpendicular to,

and bisecting, these edges, meeting at a com-

mon vertex : the point common to these

planes is the centre of the required sphere,

and the radius is equal, to the distance from

this point to either vertex.

If a plane be passed cutting a pyramid,

and parallel to the base, the portion included

between the cutting plane and the base, is

called* a frustum of *he pyramid. If the

cutting plane is oblique, it is a truncated pyr-

amid. The section made by a plane parallel

to the base, is a polygon similar to the base,

and is called the upper base of the frustum.

The altitude of a frustum is the distance be-

tween the upper and lower bases of the

frustum.

The volume of a frustum of a pyramid is

equivalent to the sum of the volumes of
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three pyramids, having for bases the upper
base, the lower base, and a mean proportional

between the two bases, and having for a

common altitude the altitude of the frustum.

A spherical pyramid is that portion of a
sphere included within three or more plane

angles meeting at the centre of the sphere.

The spherical polygon included within the

plane faces of the pyramid is called the base,

and the lateral faces are sectors of circles.

The volume of a spherical pyramid is equal

to the product of the base by one third of the

radius of the sphere.

Pyramidal Numbers. The same as figu-

rate numbers. Pyramidal numbers are formed

from polygonal numbers by the same rules

that polygonal numbers are formed from arith-

metical progressions. See Polygonal Numbers.

Thus, the series of triangular numbers
'

1, 3, 6, 10, 15, 21, 28, &c,
gives rise to the series of triangular pyrami-

dal numbers

1, 4, 10, 20, 35, 56, 84, 120, &c.

In like manner, the other series of pyrami-

dal numbers may be derived. See Figurate

Numbers.

Q, the seventeenth letter of the English

alphabet. As an abbreviation, it stands for

question ; also for quantity. As a numeral,

Q has been used to stand for 500 ; with a

dash over it, Q, it stands for 500,000.

Q. E. D. An abbreviation for quod erat

demonstrandum: which was to be demonstrated;

these letters are frequently written at the end

of a demonstration.

Q. E. F. An abbreviation for quod erat

faciendum : which was to be done ; these letters

are frequently written at the end of a solution

of a problem.

QUAD-RAN"GLE. [L. quadratus; from

quatuor, four, and angulus, angle]. In Geo-

metry, a figure having four angles, and con-

sequently four sides. See Quadrilateral.

QUAD-RAN"GU-LAR. Having four an-

gles.

QUAD'RANT. [L. quadrans, a fourth].

In Trigonometry, one quarter of a circum-

ference of a circle. In trigonometry, the

circle is divided by two diameters, at right

angles to each other, into four equal parts,

called quadrants. One of these diameters is

horizontal, the plane of the circle being re-

garded as vertical, and the other one is verti-

cal. The right-hand extremity of the hori-

zontal diameter is taken as the origin of arcs,

and the arcs are esti-

mated from this point

around, in a direc-

tion contrary to the

motion of the hands

of a watch, through

any number of quad-

rants. The quad-

rants, thus

over, are numbered in their order ; the one
above the horizontal or initial diameter, and
at the right of the vertical diameter, is the 1st

quadrant : the arc immediately at the left of

the 1st, is the 2d quadrant ; the one immedi-
ately below the 2d, is the 3d quadrant ; and
the one immediately below the 1st, is the ith

quadrant. If the arc be still extended, the

5th quadrant coincides with the 1st, the 6th

with the 2d, the 7th with the 3d, &c. See

Trigonometry.

Quadrant. An instrument used in Navi-

gation for measuring the apparent altitude

of the heavenly bodies. Its principle is the

same as that of the sextant,—which see.

QUAD-RANTAL. A spherical triangle

is quadrantal, when one of its sides is a

quadrant, or 90°.

c

Let BAC be a spherical triangle, in which

BC = 90° : then is it a quadrantal triangle;

Quadrantal triangles admit of solution by

means of auxiliary right-angled triangles, as

follows: Produce the side CA till CD is

equal to 90°, and draw the arc BD :
then is

BDA a right-angled spherical triangle, which

may be solved when any two parts of the

quadrantal triangle are given besides the

quadrant. For, in it, AD is equal to 90-CA,
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the angle BAD is equal to the supplement of

the angle BAC, and BD is equal to the

angle C. Having found the parts of the

auxiliary triangle, which we may do by the

aid of Napier's circular parts, we can, from

the above relations, find the corresponding

parts of the given quadrantal triangle. If,

in the given triangle, the side AC exceeds

90°, AD will be equal to AC - 90°.

QUAD-RAT'IC. Square, denoting a square,

or pertaining to it.

Quadratic Equation. An equation of the

second degree, containing but one unknown

quantity. Every quadratic equation may be

reduced to the form

x" + 2px — q,

and its roots, when thus reduced, are

x=—p+Vp*+q and x=—p— Vp'+q-
If q > p", the roots are both real. If q is

negative, and numerically equal top', the roots

are equal ; if it is numerically greater than

p', the roots are both imaginary. If p = 0,

the equation is incomplete, and the roots are

equal with contrary signs, or x = ± V~q-

They are real when q > 0, or when q = 0,

and imaginary when q < 0. See Equations.

QUAD-RA'TRIX. A curve first employed

for finding the quadrature of other curves.

The two most important curves of this class,

are those of Dinostratus and Tschirnhausen.

1. Quadratrix of Dinostratus.

If a straight line revolve uniformly about

one of its points, continuing in the same

plane, and at the same time if a straight line

moves uniformly in the same plane, continu-

ing parallel to its first position, the locus of

the intersection of these two lines is the

Quadratrix of Dinostratus.

Let AX and AY be two straight lines at

right angles, taken as co-ordinate axes, and

C, a point, about which the line ACX revolves

uniformly, from left to right... Whilst this

line revolves through 90° to the position CQ,

suppose that the line AY has moved uni-

formly, and parallel to its first position, to the

same position CQ. If now the two motions

be continued, according to the same law, the

arc APQRS generated, will be an arc of the

quadratrix. If CD be made equal to 2CA,

and a line be drawn perpendicular to AD
through D, this line will be an asymptote to

the curve. If the motion be continued, there

will result an infinite number of infinite

branches, having asymptotes parallel to DF,

and at a distance from each other equal to

2AC. If we suppose the motion to have

commenced before the generating point

reached it, we shall have, in like manner, an

infinite number of similar branches on the

left. It will be sufficient to consider the arc

AQR. The point C is called the pole.

If we denote the abscissa and ordinate of

any point P, by x and y, the distance AC by

a, we shall find the equation of this arc to be

itx

y = (a-x) tan — •

It is a property of this quadratrix that CA
is a mean proportional between AS, the quad-

rant of the circumference of the circle, de-

scribed with the radius CA, and the line CQ

:

that is

AC2

AS =CQ-
It is this property that would enable us to

express the circumference of a circle in exact

terms of its radius, and consequently to con-

struct a square equivalent to a given circle,

were it possible, to construct the point Q
geometrically.

This curve may be used to trisect an angle,

as follows : Let AC be the axis of X, and

AKG an arc of the quadratrix. Make the

angle ACB equal to the angle to be trisected.

Through G, the point in which the side BC
cuts the quadratrix, draw GD parallel to QC,
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and divide the line DA into three equal parts.

ThroughE and F, the points of division, draw
EH and FK parallel to CQ, and from H and
K, where they cut the curve, draw HC and
KC; they will trisect the angle ACB. In

like manner a given angle maybe divided into

any number of equal parts, or multisccted.

2. The Quadratrix of Tschirnhausen.

Let AX and AY be two rectangular axes
;

take a point C upon the axis of X, and with

CA as a radius, describe a circumference, and

call it the directing circle. If now we sup-

pose the line AY to move uniformly to the

light, remaining parallel to its first, position,

and at the same time if we suppose the line

AA' to move parallel to its first position, so

that its point of intersection with the circum-

ference shall move uniformly from A towards

D, then will the locus of the intersection of

these two lines be the quadratrix of Tschirn-

^ 1

S8
^\, u t n j -i. a i j

corresponding to the assumed ordinate ; then,

for the area, bounded by the curve, the axis
of X, and any two ordinates. Whenever a

square can be constructed, equivalent in area

to this portion of the curve, the curve is said

to be quadruble. We assume that a square
can always be constructed equivalent to the

area of a definite portion of a curve, when
we can find an expression for it in algebraic

terms.

The best method of rinding an expression

for the area of a portion of the curve, is by
means of the Integral Calculus. The for-

mula for a plane area, limited by the curve

and axis of X, is

A = fydx .... (1).

To apply this formula to any particular case

;

Find, from the rectangular equation of the

curve, the value of y in terms of x ; substi-

tute this in the formula, and perform the inte-

gration indicated ; the resulting integral

expresses the area bounded by the curve, the

axis of X and any two ordinates whatever.

If we wish to commence estimating the

area from any particular ordinate, we can do

so by means of an arbitrary constant C which

enters the integral. To find the proper value

of the arbitrary constant, put the integral

equal to 0, and in it substitute fori its value,

that whilst the point Q describes a quadrant,

the line AY describes a distance equal to the

radius of the directing circle.

If now we suppose the line AY to continue

moving to the right, the point Q will describe,

in succession, the different quadrants, and the

curve will take the form APDA'CA", &c.

having an infinite number of points of inter-

section, A, A', A", &c, with the axis of X,

which are at distances from each other equal
|^ particular integraUor

to the diameter of the directing circle. Its
\

applications are nearly the same as those of

the quadratrix of Dinostratus. It may be

used for multisecting an angle in the same

manner.

Its equation, referred to AX and AY, as

axes, is

. izx

y

from the resulting equation deduce the value

of C, and substitute it in the indefinite inte-

gral. The value of C being determined, the

integral is called a particular integral, and

expresses the area bounded by the curve, the

axis of X, the assumed ordinate, and any

other ordinate whatever.

If we wish now to find the area up to a

second assumed ordinate, we substitute, in

its value corres-

j

ponding to this assumed ordinate. The re-

sult is the definite integral, and expresses the

area of a definite portion of the curve.

For example, let it be required to find the

area of a portion of the common parabola.

The equation of the curve is

2a

in which a is the radius of the directing

circle.

QUAD'RA-TTJRE. [L. guadralura, squar-

ing]. The operation of rinding an expression

y' = 2px ; whence, y = V 2pz

;

and this, in equation (1), gives//> l 21/2* #
Vr2~pxdx=V2~j> I x dx=—3—s*+G

Or, by reduction,
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2 2
A =-:c/2plt + C = giy + C.

If now we wish the area to be estimated from

the principal vertex, where x = 0, y = 0, we
shall find C=0, and denoting the particular

integral by A', we shall have

2
A' = : xy;

that is, the area of any portion of the parab-

jla, estimated from the vertex, is equal to &
of the rectangle of the abscissa and ordinate

of the extreme point.

If it is required to find the area up to the

double ordinate through the focus, we have

1
for this limit, x =„p, y =P\ whence, denot-

ing the definite integral by A" we have

A" = ip>.

This denotes the area between the curve, the

axis, and the focal ordinate ; hence, if we
double it, we shall find the desired area, or

A'" =
4p«

that is, the area is equal to \ of the square

described on the parameter of the curve. The
curve is, therefore, quadruble. As a general

rule, all the parabolas, whose equations can

be reduced to the general form,

y
m — p'x",

are quadruble ; and if the area is estimated

from the vertex of the curve, we have

np'x n

A' = m
All hyperbolas whose equations can be re-

duced to the general form,

ifx" = a,

are quadruble, except the common hyperbola,

in which m = n = 1. The expression for

the area, in this case, involves a logarithmic

expression, which cannot be constructed geo-

metrically.

To find an expression for the area of a

surface of revolution, we have the formula.

A = VizyVdx* + dy' (2).

To apply this in any given case, differen-

tiate the equation of the meridian curve

;

from the equation and differential equation

find expressions for y and dy, in terms of x

and dx ; substitute these in equation (2), and

perform the integration indicated : the result-

ing indefinite integral will represent the area

of a portion of the surface included between

any two planes perpendicular to the axis of

revolution, taken as the axis of X. The

limits of the area may be fixed, as in the case

of a plane area, by attributing suitable values

to and x.

No surface of revolution is quadruble, be-

cause the expression for the surface always

involves jt, which is transcendental, and can-

not be constructed geometrically.

The quadrature of the circle is a famous

problem which has probably been the subject

of more discussion and research than any

other problem within the whole range of

mathematical science.

The area of the circle being equal to a rect-

angle described upon the radius and half of

the circumference, it follows that the quadra-

ture would be possible if an algebraic expres-

sion, with a finite number of terms, could be

found for the length of the circumference.

Hence, the problem is reduced to finding such

an expression, or to finding an exact expres-

sion in algebraic terms for the ratio of the

diameter to the circumference. No such ex-

pression has yet been found, and it is by no

means probable that such an expression will

ever be found. The problem may safely be

pronounced impossible, and all attempts at

the solution of the quadrature of the circle

have long been abandoned by every one hav-

ing the least pretension to mathematical

knowledge. It is true, pretenders to the dis-

covery of the quadrature of the circle occa-

sionally present themselves, but they are con-

fined to the list of what may be called mathe-

matical quacks, and their reasoning, when

intelligible, is always based upon some absurd

hypothesis, or involves some mathematical

absurdity easily pointed out by any one hav-

ing even a smattering of Geometry. Long

since the learned societies of Europe have

refused to examine any paper pretending to

a discovery of the quadrature of the circle,

classing it with the problems for the geometri-

cal tri-section of an angle, the duplication of

the cube, etc.. all of which are now regarded

as beyond the power of exact geometrical

construction.

Quadratures, Method op. A name given
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to a peculiar process of the ancient Geometry,

for finding an approximate expression for the

area included within a given curve. The
method consists in drawing ordinates of the

bounding curve, at equal distances, between

the proposed limits, and then uniting the

points in which these ordinates meet the

curve, thus forming an inscribed polygon

made up of trapezoids ; by taking the sum
of these trapezoids as the true area of the

curve, an approximate result will be obtained

which may be made as nearly equal to the

true result as is desirable, by taking the ordi-

nates sufficiently near together. The areas

of the trapezoids form a series, the law of

which can generally be determined, and the

sum of the areas may be found by the ordi-

nary rules for summing series. The exact

area may be found by considering the equal

distances between the assumed ordinates as

arbitrary, then finding a general expression

for the sum of the trapezoids, and passing to

the limit of this expression by making the

arbitrary distance equal to 0. Most of the

cases to which the method of quadrature was

formerly applied, may be more readily solved

by the integral Calculus. See Quadra-

ture.

The method of quadratures just consider-

ed, affords approximations which, for practi-

cal purposes, are sufficiently exact, and

which, in many instances, are more readily

attained than by the aid of the Calculus.

We subjoin a praotical method of finding the

area of a given curve.

Let AadB represent

any area bounded by

the curve acdeb, the or-

dinates Aa, B6, and the

axis AB. Divide the

distance AB, into any

even number of equal

parts, AC, CD, &c, and at the points of divi-

sion draw the ordinates Cc, Dd, &c. Find

the lengths of these ordinates by means of a

scale of equal parts, then add together the

extreme ordinates, four times the sum of the

even ordinates. and twice the sum of the odd

ordinates ; multiply the result by one-third of

the distance between any two consecutive ordi-

nates.

To deduce the preceding rule: take two

consecutive areas AacC and CcdD ;
draw two

auxiliary ordinates, K/c and

LI, dividing AD into three

equal parts.

The areas of the three new
trapezoids are,

2
J ,

Aa + Kk s

z
AC \—— \

and their sum is,

, 2 Ll-i-Vd
and -AC~"—-,

^AC^Aa+2Kk + 2Ll + Dd
j ;

but, 2 Kk + 2 LI is nearly equal to 4 Cc
;

hence, the area of AadD is equal to

^AG ^Aa + iCc + Dd^;

the area of the next pair of trapezoids is, in

like manner, expressed by

-AC j Dd + 4Ee + Bb ^,

and so on. Finally, if we take the sum of

all the expressions, we shall deduce for the

expression of the entire area, denoted by A,

A=-Ac i Aa + iCc + 2Dd + iEe+&c.
|

i

whence, the rule above enunciated.

QUAD-RI-LAT'ER-AL. [L. quatuor, four,

and latus, a side]. A polygon of four sides,

or four angles. In general, we understand

by the term, a salient polygon of four sides,

as BCED.

The term, complete quadrilateral, has been

applied to the figure formed by drawing

straight lines through four points, B, C, D
and E, no three of which are in the same

straight line. These lines will, in most

cases, intersect in two additional points, A

andF.
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The complete quadrilateral embraces the

following, as particular cases :

1. The salient quadrilateral BCED, whose

diagonals are CD and BE.

2. The single re-entering quadrilateral

ABFE, whose diagonals are AF and BE.

3. The double re-entering quadrilateral

ACBFD, whose diagonals are AF and CD.

It will be perceived that the complete

quadrilateral has three diagonals, viz. : BE
and CD, which are called interior diagonals,

and AF, which is called an exterior diagonal.

In the complete quadrilateral, the diagonals

divide each other, so that the parts bear to

each other the following relations, viz.

:

EO:BO::EI:BI; CO : DO : : CK : DK ;

and AI : FI : : AK : FK.

We shall only consider the salient quadri-

lateral in the following remarks :

General Properties of the Quadrilateral.

1

.

The sum of its interior angles is equal

to four right angles.

2. If the sum of two angles, diagonally

opposite to each other, is equal to two right

angles, the figure may be circumscribed by a

circle, and is called inscriptible.

3. In every inscriptible quadrilateral, the

rectangle of the two diagonals is equivalent

to the sum of the rectangles of the opposite

sides, two and two ; that is,

AC x BDoAB x DC + BC x AD.

4. The area of any quadrilateral is equal

to the rectangle of its diagonals multiplied

by the sine of the angle included between

them ; that is, the area of ABCD is equal to

AC X BD sin AOD.

5. In any quadrilateral, the sum of the

squares of the four sides is equivalent to the

sum of the squares of the diagonals, plus

four times the square of the distance between

the middle points of the diagonals ; that is,

CD> + CB» -f-AD' + AB^
BD* + AC" + 4EF».

XL

If the quadrilateral is a parallelogram,

EF = 0, and the sum of the squares of the

four sides is equivalent to the sum of the

squares of the two diagonals.

Quadrilaterals are divided into three classes,

depending upon the relative directions of the

sides :

1. The trapezium,

which has no two

sides parallel.

2. The trapezoid,

which has only two of

its sides parallel.

3. The parallelo-

gram, whose opposite

sides are parallel.

Parallelograms are classed, according to the

nature of their angles, into two species
;

zz\

1. The rhomboid,

which is an oblique-

angled parallelogram.

The rhombus is an

equilateral rhomboid.

2. The rectangle,

which is a right-angled

parallelogram.

The square is an equi-

lateral rectangle.

For the properties of these figures, see the

articles under the proper headings.

QUAD-RI-No'MI-AL. [L. quatuor, four,

and nomen, name] . A polynomial offour terms.
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QUAD'RU-PLE [L. quadruplus ; from
quatuor, four, and plico, to fold] . Four times

;

as the quadruple of a given square, is a

square having four times the area of the

given one.

QUAD-RtJ'PLI-CATE. The fourth power.
The quadruplicate ratio of two quantities is

the fourth power of their ratio : in a geomet-

rical progression, the ratio of the first term to

the second, is the ratio of the progression
;

and the ratio of the first term to the fifth, is

the quadruplicate ratio of the progression, or

the fourth power of this ratio.

QUAN'TI-TY. [L. quantitas ; from quan-

tum, how much]. Any thing that can be in-

creased, diminished and measured. Thus,

number is a quantity ; time, space, weight,

&c, are also quantities.

In Mathematics, quantities are represented

by symbols ; and for convenience, these

symbols themselves are called quantities

No error can arise from this convention-

ality ; sinee we always refer to the quan-

tities which they represent, whenever it is

necessary to interpret any result. By
gradual extension of the meaning of the

term quantity, it has at last come to be ap-

plied to any expression, to which the rules

of mathematics are applicable. It is in this

sense, that expressions of the form V — 1

{/ — 1, &c, are called quantities. Strictly

speaking, the operations indicated by these

expressions cannot be performed ; they may

nevertheless, be regarded as within the pro-

vince of Analysis, and by so regarding them,

important results are often deduced. We
have, then, the following enlarged definition

of quantity, viz. : It is anything which may

be made the subject of mathematical inves-

tigation, or to which the processes of math-

ematics are applicable.

In this acceptation, the term quantity be-

comes technical, and ceases to have the same

meaning, as in ordinary language. This en-

larged signification of terms is, by no means,

uncommon in mathematics. As an example

of the extension of the ordinary meaning of

terms, when made mathematical, or of the

extension of the meaning of mathematical

terms, as the science progresses, we may re-

fer to the term power, which originally meant

—the product resulting from taking a quan-

tity a certain number of times, as a factor.

31

It has now come to signify any expression

affected with an exponent, without reference

to the nature of the quantity, or of the expo-

nent. It is, therefore, highly important in

mathematical language, to acquire not only

the ordinary, but also the technical, meaning

of every term employed ; as, otherwise,

many simple processes would be unintel-

ligible.

Quantities are distinguished, as known and

unknown ; real and imaginary ; constant and

variable ; rational and irrational. Known
quantities are those whose values are given

;

unknown quantities are those whose values

are sought : real quantities are those which
do not involve any operation impossible to

perform ; imaginary quantities are those

which involve operations impossible to per-

form ; such as extracting an even root

of a negative quantity. Constant quantities

are those that retain the same value in the

same expression ; variable quantities are

those which admit of an infinite number of

values in the same expression ; rational

quantities are those which do not involve any

radicals ; irrational quantities are those that

involve radicals.

QUIRT. [L. quartus, a fourth]. A unit

of measure, equivalent to one-forfrth of a

gallon. See Gallon.

QUAR'TER. [L. quartus, a fourth part].

In avoirdupois weight, a quarter is 25 pounds.

Dry measure. English, eight bushels of corn.

Quarter Point. In Navigation, a fourth

part of a point, equivalent to 2° 48' 45" of

arc.

Quarter Squares. A table of the fourth

part of the squares of numbers. It may be

used in lieu of a table of logarithms. The

formula

(a + b)* (a - b)'

I

ah,

may be proved true, by performing the opera-

tions indicated in the first member, and re-

ducing the result. The rule deduced from

this formula for multiplying two numbers by

addition and subtraction, is this :

Add the factors together and subtract the one

from the other : findfrom the'table the quarter

square of each of the results, and take the latter

from the former ; the remainder is the product

required.
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For example, let it be required to multiply

24 and 16 together ; the sum of the factors is

40, and their difference is 8 ; the quarter

square of 40 from the tables is 400, and the

quarter square of 8 is 16 ; taking 16 from

400 there remains for the required product of

24 and 16, the result 384. A table of quarter

squares has been published, but is more

curious than useful.

QTJIN-DEC'A-GON. [L. quinque, five;

Gr. Sena, ten, and yuvia, angle]. A polygon

of 15 sides.

QUIN-QUAN"GU-LAR. [L. qumque, five,

and angulus, angle]. Having five angles,

and consequently, five sides.

QUINT'AL. A hundredweight. In Eng-

land, it is 112 pounds. In most countries, is

only 100 pounds.

QUIN-TIL'LION. A unit of the 19th

order, and expressed by 1, followed by eigh-

teen 0's, thus, 1,000,000,000,000,000,000.

QUIN'TU-PLE. [L. quinque, five, and

plico, to fold]. Five times a thing or quan-

tity.

QUo'TIENT. [L. from quoties, how many].

The result obtained by dividing one quantity

by another. When the dividend and divisor

are both quantities of the same kind, the quo-

tient is an abstract number, or a ratio. When
the divisor is an abstract number, the quotient

is of the same kind as the dividend. See

Division.

R. The eighteenth letter of the English

alphabet. As a numeral, R has been used to

stand for 80, with a dash over it, thus, R, it

has been used to denote 80,000.

RAD'I-CAL. [L. radicalis, from radix, a

root]. An indicated root of an imperfect

power of the degree indicated. An indicated

root of a perfect power of the degree indicated,

is not a radical, but a rational quantity under

a radical form.

Radicals arc divided into orders, according

to the degree of the root indicated.

An indicated square root of an imperfect

square, is a radical of the second degree ; an

indicated cube root of an imperfect cube, is a

radical of the third degree ; an indicated

fourth root of an imperfect fourth power, is a

radical of the fourth degree ; in general, an

indicated n"1 root of an imperfect n"1 power,

is a radical of the nlh degree. Thus, /2 is a

radical of the second degree, V~6 is a radical

of the third degree, and so on ; the index of

the radical indicates the degree of the radical.

The following principles serve to make

many useful transformations of radicals.

1. The product of the n,h roots of two

quantities, is equal to the «th root of the

product of the two quantities.

2. The quotient of the nth roots of two

quantities, is equal to the nth root of the quo-

tient of those quantities.

The following are some of the most impor-

tant transformations to which radicals may

be subjected, without changing their values.

1. A factor may be removed from under

the radical sign, and placed as a co-efficient,

thus :

Resolve the quantity under the radical sign

into two factors, one of which is the greatest

perfect n'* power which enters as a factor ; ex-

tract the n'4 root of this factor, and place it as a

co-efficient before the radical sign, un^er which

place the other factor. This transformation

reduces the radical to its simplest form, and

enables us to compare radicals of the samo

degree, as to their similarity.

2. The converse operation enables us to

introduce a co-efficient under the radical sign
,

as a factor.

Raise the co-efficient to the n"' power, and

introduce it as a factor under the radical sign.

This serves to simplify the operation of find-

ing the numerical values of radicals.

The following principle gives rise to an im-

portant transformation.

The mlh root of the »th root of a quantity, is

equal to the nth root of the m'h root of the

quantity, or to the mm"1 root of the quantity.

3. To reduce radicals having different in-

dices to equivalent ones, having a common
index.

Find the least common multiple of all the

indices ; this will he the common index requir-

ed : then raise the quantity under each radical

sign, to a power denoted by the quotient of the

common index, by the index of the radical; the

resulting radicals will be the required form.

The following are the rules for addition,

subtraction, multiplication, &c, of radicals :

1. To add radicals.

Reduce them, if possible, to similar radi

cals, that is, to those of the same degree, and
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having the same quantity under the radical

sign, then add their co-efficients for a. new
co-efficient ; after this, write the common
radical part. If they cannot be reduced to

similar radicals, they cannot be added except

by indicating the operation. A similar rule

may be given for subtracting one radical from

another.

2. To multiply radicals together.

Reduce them to equivalent radicals having

the same index : multiply the co-efficients

together for a new co-efficient ; after this,

write the common radical sign, under which

place the product of the quantities under the

radical signs in the two factors.

3. To divide one radical by another.

Reduce them to equivalent radicals having

the same index ; divide the co-efficient of the

dividend by the co-efficient of the divisor for

a new co-efficient ; after this, write the com-

mon radical sign, and under it the quotient

of the quantity under the radical sign in the

dividend, by that in the divisor.

4. To raise a radical to any power.

Raise the co-efficient to the required power

for a new co-efficient ; after this, write the

radical sign with its index unchanged ;
and

under it the required power of the quantity

that was under the given radical sign.

If the exponent of the power is a factor of

the index of the radical, instead of raising the

quantity under the radical sign to the requir-

ed power, divide the index of the radical by

the exponent, and leave the quantity under

the sign unchanged. If the index of the

radical, and the exponent of the power have

a common factor, resolve the exponent into,

two factors, divide the index of the radical by

one of them, and raise the quantity under the

radical sign to a power indicated by the

other.

5. To extract any root of a radical.

Extract the required root of the co-efficient

for a new co-efficient ; write after this, the

radical sign, under which place the required

root of the quantity under the radical sign in

the given expression.

If the quantity under the radical sign is not

a perfect power of the degree indicated, in-

stead of extracting the root, multiply the given

index by the index of the required root, and

leave the quantity under the radical sign un-

changed. If the quantity under the radical

sign is a perfect power, indicated by a factor

of the index of the required root, extract the

root indicated by that factor, and multiply the

index by the other factor.

These rules are sufficient for performing

any algebraic operation upon any radicals

whatever, except in the case of imaginary

quantities. For the rules employed in these

cases, see Imaginary Quantities. For a con-

ventional method of representing radicals, see

Exponents Negative.

Radical Sign. The sign V^when written

over a quantity, denotes that its root is to be .

extracted. The degree of the root is indi-

cated by a figure written over it, called the

index. Thus, the expressionV 10 indicates

that the cube root of 10 is to be extracted,

and 3 is the index of the radical. When a

root of a polynomial is to be indicated, it is

done either by inclosing the polynomial in a

parenthesis, and writing the radical sign be-/

fore it, with the proper index, or the radical

sign terminates in a vinculum covering the

polynomial. Thus, the indicated cube root

of 4«3 + lab — c
2

, may be expressed thus,

s/4a2+2a6-c2
; or, thus, ^/(4a+ 2a6—

c

a
).

Ra'DI-US. [L. radius, a ray or spoke]. Half

a diameter of a circle, or the distance from the

centre to any point of the circumference. All

radii of the same circle, or of equal circles,

are equal. The radius of a sphere is half a

diameter, or it is the distance from the centre

to any point of the surface. In the same, or

equal spheres, all radii are equal.

Radius of Curvatdre of a curve at any

point, is the radius of the oscillatory circle at

that point. It is so called because its recip-

rocal is taken as the measure of the curva-

ture at the point The osculatory circle coin-

cides so nearly with the curve, in the imme-

diate neighborhood of the point, that they

may be regarded as coincident from a very

small space, so that the curvature of the one

may be taken for the curvature of the other.

Since the curvature of a circle diminishes as

the radius increases, it follows that the recip-

rocal of the radius of curvature is a proper

measure of the curvature of a curve.

The formula for the radius of curvature of

any curve, at a point whose co-ordinates are

x, y and z, is
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R =
V(d*x)> + (d'y)' + (d'z)' - (d'*?^'

in which * represents the length of any arc

of the curve. In this formula neither varia-

ble has been designated as the independent

variable. If we take s as the independent

variable, d's = 0, and formula (1) becomes

R ~ V(d'x)' + (d'y)' + (d'z)'
' '2

)

If we suppose the curve to be a plane curve,

and its plane to be the plane of XY,
d*z = 0, and formula (1) becomes

ds'
R = -^==^^^^= • • • (3)

V(d'x)' + (d'y)' - (d's)'

If we take s as the independent variable,

d's = 0, and formula (3) becomes

ds1

R ~ V(d'x)' + 2y W
If we take x as the independent variable, we
shall have

d'x = 0, ds' = dx' + dy', d's — £ d'y, or

and formula (3) reduces to

R =
(dx' + dy'

)

dxd'y

i Hffi
\dx'J

(5)

In a polar system the formula for the radius

of curvature of a plane curve, is

rdv
R = Tr (6)

in which r is the radius vector, and p the per-

pendicular distance from the pole to the tan-

gent to the curve at the point of osculation.

In order to apply these formulas in any

given case, they must be combined with

the equation and differential equations of the

curve, so as to eliminate the differentials,

whence the value of R will be obtained in

terms of the variables, or in terms of the

independent variable, when the independent

variable is designated. We shall illustrate

the general manner of applying the formulas

by considering the case of the radius of cur-

vature of the runic sections. Formula (5)

is applicable in this case.

The equation of the conic sections referred

to the principal vertex is

y' = 2px + t'x*
;

whence,

dy _ p + r'x' <Py _ r'y'- (p + t'x)*

dx~ y
and

dx'
~

y' •

and these, combined with equation (5), give,

after reduction,

VCHpx + r'x' + (p + r'xf)3

that is, the radius of curvature is equal to

the cube of the normal divided by the square

of half of the parameter. From the princi-

ple already laid down, the curvature at any

point is measured by the square of half the

parameter divided by the cube of the normal.

The curvature will be a maximum when the

normal is a minimum, which is at the princi-

pal vertex ; and it will be a minimum when
the normal is a maximum. There is no such

point in either the parabola or hyperbola, but

the curvature continually diminisnes, " and

finally becomes at an infinite distance. In

the parabola the curve approaches parallelism

with the axis, and may very soon be taken as

a straight line. In the hyperbola the curve

approaches coincidence with the asymptote,

and may very soon be regarded as coinciding

with it ; in both cases the curvature ought to

be regarded as 0.

In the ellipse the normal is a maximum at

the vertex of the conjugate diameter, and in

this case the curvature is a minimum.
Besides the formulas for the radius of cur-

vature, already given, the following are also

used in some cases

:

R = ds3

d't/dx
(7)

which is deduced immediately from formula

(5) by substituting ds for V dx' + dy',

R = t, (8)

in which dip is the angle included between the

consecutive normals drawn at the extremities

of the arc ds,

Radius Vector of a point, in any system

of polar co-ordinates, is the distance from the

pole to the point. It may be shown, analyti-

cally, that the radius vector must always be

positive, as it should be, since the distance is
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conventionally reckoned positively outwards
from the pole, in every direction. See Polar
Co-ordinates.

RAIL'ROAD CURVES. Curves laid out
upon the ground for connecting two straight
reaches of a railroad track, which make°an
angle with each other.

The connecting curves are generally arcs

of circles, tangent to the two straight por-

tions of the track. Let AB and DC (next

figure) represent two straight portions of a

track, to be connected by a circular arc. The
problem is to lay out this arc upon the ground.

There are two principal methods employed
for the solution of this problem, -which we
shall briefly indicate.

1st. The method by deflections

:

This method depends upon the following

elementary principles of Geometry

:

1. The angle formed by a tangent and a

chord is equal to half the angle at the centre

of the circle subtended by the chord.

2. The angle of deflection formed by any

two equal chords, meeting on the circumfer-

ence, is equal to the angle at the centre sub-

tended by either chord.

3. A line bisecting the angle of deflection

formed by any two equal chords, is tangent

to the circumference at the point where the

two chords meet.

4. If an arc of a circle be divided into any

number of equal parts, and lines be drawn

from the points of division, meeting each

other at any point of the circumference, these

lines will form equal angles at the point of

meeting, and the angles thus formed will be

measured by half of one of the divisions of

the arc.

To apply these principles in constructing

or laying out the circle on the ground :

485

length of the chord BD by C. The angle
DOB at the centre is equal to FED, or equal
to a, and since BOD is isosceles, we shall have

2 sin la

Now conceive the angle BOD divided into
any number of equal parts, as n ; then will

each angle, as BOa, be equal to -, which de-

note by a'. If a is a point of the circumfer-
ence, and if we denote the length of the
chord Ba by c', we shall have

' = 2r sin ia' = c
sin \a'

Denote the total angle of deflection FED
by a, the radius of the arc by r, and the

sin Jd

Set up a theodolite at A, and lay off the an
gle of deflection, FBd, equal to -Ja', and on
the line Bd take a distance Ba equal to c',

and drive a stake at a. Set up the instru-

ment at a, and lay off the line of deflection

daE equal to a', and lay off the distance

ab = c',

and drive a stake at b ; in like manner, con-
tinue to determine points and drive stakes till

the point D is reached, which should be'the

position of the last stake driven, if the work
is correct. By taking the angle «,' small

enough, the points a, b, c, &c, may be deter-

mined as close together as may be desirable.

Having found some of the principal points

in this manner, the curve may be traced in

several ways : one of which, by the method
of ordinates, will be described hereafter.

Another method is, where the chords deter-

mined are long, to fill in points by the method
of deflections, just described, till the chords

are reduced to distances of about 50 feet, then

the curve may be traced as follows :

Suppose AB to be one of

the short chords of about 50

feet. Denote the angle at

the centre of the subtended

arc by j}. Let P be the mid-

dle point of the arc, and PA
a chord. Then is

PA = 2r sin £/3 and PA + PB = 4rsin £/?.

Fasten a chain equal in length to 4r sin £8,

so that its two extremities shall be at A and

B; then take any link of the chain and

stretch the two branches, and drive a stake

at the vertex of the angle : this will bo in
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the circumference, and in this manner any

number of points may be found. The chord

AB, just considered, is called a sub-chord,

and it is often desirable that the sub-chords

should be of a given length, say exactly 50

feet or 100 feet. Let us take the latter case

;

we shall have

/ sin Jo' 100 sin!, a
100 = c ; whence, sin \a =

sin \a c

and from this the value of a' may be deter-

mined, so that the sub-chords shall be equal

to 100 feet. The last sub-chord may be less

than 100 feet. If we replace 100 by 50, the

formula will give the angle of deflection, so

that the sub-chords shall be equal to 50 feet

These formulas may be tabulated for prac-

tical use in the field.

2. The method by ordinates

:

This method consists in computing the

lengths of the offsets or ordinates at points

of the sub-chord, taken at equal intervals

along that line, and then setting off these

ordinates and driving stakes at their extremi-

ties. These points are points of the curve.

To investigate a formula for computing the

ordinates

:

This formula may be tabulated for different

values of the chord BD and different angles

a, for practical use in the field.

It may be desirable to connect the two

straight branches of the track by two arcs of

circles tangent respectively to the straight

branches and to each other. The construction

is as follows :

Find, as before, the value of r, and we
shall have, from the figure,

BK = mm' = r cos \a.

The equation of the arc BD, referred to KO
and OL, as axes, is

y — V r* — x* ; hence,

ra'm" — y — r cos Jo = -/r2 — x* — r cos \a,

is the required formula. If in the preceding

formula we assume values for x, equal to

5, 10, 15, &c, feet, and deduce the corres-

ponding values of m'm", these will be the

ordinates or offsets required.

Let AB and DC be the two straight lines,

and B and D the points of contact. Draw
BO and DO' perpendicular to AB and DC .-

assume O as a centre of the first curve, and

make DK = BO ; draw OK, and bisect it by

a line PO' perpendicular to it, intersecting

DK at O'. Draw OO' and produce it. With
O as a centre, and OB as a radius, describe

the arc BL : and with O' as a centre, and

O'L = O'D as a radius, describe the arc LD

:

it will be tangent to BL at L, and also to DC
at D. The two arcs will be tangent to the

straight lines and to each other.

RATE PER CENT. In Interest, the part

of one dollar which is paid annually for the

use of the money. Thus, if 6 dollars are

paid per annum for the use of 100 dollars,

the rate per cent is -j-j^, or 6 per cent. See

Interest.

Ra'TIO. [L. ratus, rear, to establish, to

set ; rem, is contracted from reder or retor,

and primarily signifies to set in the mind

;

and setting gives the sense of a fixed rate or

rule]. The measure of the relation which one

quantity bears to another of the same kind
j

that is, it is the number of times that one

quantity contains another regarded as a stand-

ard. The only way in which two quantities

can be compared with each other, so as to

afford an idea of the measure of their rela-

tive values, is by dividing the one by the

other. The quotient or ratio thus obtained is

the proper measure of the relation of the two
quantities. Many writers, when comparing

two quantities by means of their difference,

call this difference arithmetical ratio, to dis-
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tinguish it from ratio, as we have defined it

above. In no proper sense of the term is

this difference a ratio, nor does a comparison

of two terms, by means of their difference,

convey the remotest idea of their relation ob-

tained by measuring one by the other. To
say that one line is an inch longer than ano-

ther, shows nothing, with regard to how many
times one line is longer or shorter than the

other, and it is difficult to perceive any appro-

priateness in calling one inch a ratio. We
shall accordingly reject this definition of ratio,

and only consider the definition that has been

given.

In every ratio there are two quantities com-

pared, one of which is supposed known, and

is assumed as a standard ; the other is to be

determined in terms of this standard These

quantities are called terms of the ratio : the

first one, or thatwhich is antecedently known,

is called the antecedent, and that whose value

is to be measured by the antecedent, is called

die consequent.

b

Thus, the ratio a to b is - ; a and b are

terms of the ratio, a is the antecedent and b is

the consequent. Hence, we say that the ratio

of one quantity to another of the same kind,

is the quotient arising from dividing the second

hy the first.

Writers have not agreed in their definition

of the ratio of one quantity to another. One

class have considered it as the quotient of

the second quantity by the first, whilst others.

of equal or perhaps higher authority, have

regarded it as the quotient of the first by the

second. We have adopted the former view,

only after the most careful consideration of

the arguments existing in favor of each.

The following reasons for taking this view

of the question, appear to us to be conclusive

in the case.

First: This use of the term ratio is per-

fectly consonant with its employment in or-

dinary language. It is no uncommon thing

to hear it said that the population ofthe coun-

try is increasing in a rapid ratio ;
if this ex-

pression has any meaning, it is, that if we

assume several epochs equidistant in time, from

each other, and then, divide the number of

inhabitants at any epoch by the number at

the preceding one, the quotient becomes

greater as we pass from epoch to epoch At

each step of the continued comparison the

number of inhabitants at any epoch is taken

as a standard in passing to the next. But all

authors concur in regarding the standard as

the divisor, and in this case the popular idea

of the ratio is plainly the quotient of the

consequent by the antecedent. In comparing

numbers, the mind necessarily fixes upon 1

as a standard, and all subsequent numbers are

regarded as formed from it ; therefore, when
we inquire what is the relation between 1 and

8, the mind naturally goes through the pro-

cess of dividing 8 by 1, and the ratio thus

found is regarded as the true measure of the

relation.

Secondly : It is more convenient in practi-

cal operations of arithmetic to regard the

ratio as the quotient of the second by the

first. Every example in the Rule of Three is

a proportion, of which the answer sought is

the fourth term. In order to find this fourth

term we have only to multiply the third by

the ratio of the first to the second. Since the

first term is always to be the divisor, the sim-

ple rule just given would not apply, were we

to regard the ratio of the first term to the

second as the quotient of the first term by

the second. Hence convenience as well as

general analogy indicate the propriety of the

definition adopted.

Thirdly, : A concrete quantity can only be

expressed numerically by the quotient obtain-

ed from dividing such quantity by its unit of

measure, whatever that unit may be. Every

such process is expressed by the following

proportion,

unit of meas. : quantity : : 1 : num. value ;

when we divide the second term by the first.

But if we divide the first by the second, we

must write

quantity : unit of meas. : : num. value : 1

;

thus placing the divisor in the second place,

and the required number (the numerical value)

in the third ; and consequently, reversing all

the processes of the Rule of Three.

Fourthly : The adoption of this definition

insures uniformity, the first requisite in the

use of mathematical terms. All writers con-

cur in regarding the ratio of a 'geometrical

progression as the quotient of the second term

by the first, for they all define a progression

to be a series of terms each of which is de-
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rived from the preceding one by multiplying

it by a constant quality called the ratio of the

progression, or else give some equivalent de-

finition.

Now, the ratio of a progression is only the

ratio of one term to the succeeding one, and

those writers who adopt the second definition

of ratio, are obliged to depart from it here,

and adopt one exactly contrary ; thus introduc-

ing confusion and breaking up the uniformity

of meaning of the term. The inconsistency

here referred to will be rendered plainer by

an example. In the proportion

2 : 4 : : 4 : 8,

the ratio, according to the second view of the

case is \ ; but the advocates of this view, as

well as those of the opposite one, admit that

the proportion may be written

2:4:8,

and that when thus written it is a progression,

and all admit in this case that the ratio is 2.

But it is plain that the ratio has not changed,

and therefore we meet with the absurdity of

the ratio of two numbers in the same case,

being at one and the same time \ and 2.

According to the view we have adopted, the

ratio is 2 in both cases. The last considera-

tion alone, in the absence of any opposing

ones, ought to be sufficient to settle the ques-

tion. The considerations of analogy, conve-

nience and uniformity, taken together, leave

no room for the adoption of a contrary defini-

tion.

Ratio. A name sometimes given to the

Rule of Three in Arithmetic. See Rule of

Three.

Ratio of a Geometrical Progression.

The constant quantity by which each term is

* multiplied to produce the succeeding one.

To find the ratio of a given progression, divide

any term by the preceding one.

Ra'TION-AL FRACTIONS. [L. ration-

alis, rational]. Fractions in analysis, in

which the variable is not affected with any
fractional exponents. The co-efficients may
be rational or irrational. See Fractions Ra-
tional.

Ri'TION-AL QUANTITY. A quantity

which involves no radicals. They are called

rational in contradistinction to radical quan-

tities, which are irrational, that is, they can-

not be expressed in exact parts of 1.

RAY OF LIGHT. In Shades and Shad-

ows the line of direction along which light is

supposed to proceed. A plane of rays is a

plane parallel to a ray. A cylinder of rays is

a cylinder whose elements are parallel to a

ray. See Shades and Shadows.

Visual Ray. In Perspective, a straight

line drawn through the eye. In divergent

projections the projecting line of any point

is called a ray.

RS'AL QUANTITY. One which does not

involve any operations impossible to be per-

formed ; such, for instance, as the extraction

of an even root of a negative quantity. The

term stands opposed to imaginary quantity.

See Imaginary Quantity.

RE-CIP'RO-CAL. [L. reciprocus, return-

ing upon itself] The reciprocal of a quantity

is the quotient arising from dividing 1 by the

quantity ; thus, the reciprocal of a is -. The
a

product of a quantity, and its reciprocal, is

always equal to 1. The reciprocal of a vulgar

fraction is the denominator divided by the

numerator.

Reciprocal Equations. A reciprocal equa-

tion is one which remains unchanged in form,

when the reciprocal of the unknown quantity

is substituted for that quantity.

Every equation of the form

X™ + px™—1 + qx™—1 + .

+qx*+px + 1 =0
is a reciprocal equation ; for, if we substitute

. . 1

in it - for x, there results

1 (1)

1

+
Z™-3 + \ -t- - -f-l=0

;

whence, by multiplying both members by z"*

and reversing the order of the terms, we find

the equation

zm+pxm-,+ qxm-*+ . . . -rqx'+px+l = 0,

an equation which is, in all respects, of the

same form as the given equation. Hence, it

follows in a reciprocal equation, that if £ is a

root, the reciprocal of a, or —, is also a root.

a

There may be two cases ; the reciprocal

equation may be of an odd degree, or it may
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be of an even degree. If it is of an odd
degree, the co-efficients of the terms, at equal

distances from the extremes of the first mem-
ber, are equal with the same sign, or equal with

contrary signs ; an equation of an odd degree

can only be reciprocal in these two cases. If

it is of an even degree, and complete, the co-

efficients of the terms at equal distances from

the extremes of the first member, are equal

with the same sign ; if the middle term is

wanting, the co-efficients of the terms at equal

distances from the extremes of the first mem-
ber, are equal with the same or with contrary

signs; an equation of an even degree can

only be reciprocal in these two cases.

We shall discuss these four cases sepa-

rately.

I. When the reciprocal equation is of an

even degree, and the co-efficients of the terms

at equal distances from the extremes are re

spectively equal.

Let the equation be

i3» + px*"-i + qx'«~* + . . . )

+ qx'+px + 1 = j "
(1)

Dividing both members of the equation by x",

and taking the terms at equal distances from

the extremes, in pairs, we have,

+ q Iz—* +

If now we make

1

x + - = z,
x

we shall have

+ p 1
1*"

k)

+ =4
+ &c. =

(2)

1

'-a

+ -J = z> - 3*

*» + -; = *» 4b» + 2

The second

members
form a recur-

ring series

of the sec-

ond order,

whose scale

is (z- 1).

a* -) = z" + 5s"-s + &c.
x"

If we substitute these values for

X» + — , I"-1 + ,,Ac.

I" 3"

in (2), and reduce, we shall have an equation

or the form

2»+pV-'+o'£—3+ . . . +t'z+n'=0 . . (3)

an equation which is of a degree only half as

great as that of the given equation.

2. Wlien the reciprocal equation is of an odd

degree, arid the co-efficients of terms at equal

distances from the extremes are respectively

equal.

In this case, the equation is of the form

x3n+i+ .pxi,x+ qX
in-i+ + qx'+px+l=0.

If we make x = — 1, the first member reduces

to ; therefore, — 1 is a root of the equa-

tion, and the first member is divisible by i+ 1.

Performing the division, the resulting equa-

tion will be of an even degree, arid recipro-

cal, having the co-efficients of terms at equal

distances from the extremes, respectively

equal to each other. By the preceding prin-

ciple, this equation may be reduced to one of

the mth degree in terms of z. Hence, in the

case under consideration, the equation can be

reduced to one of the nth degree.

3. What the reciprocal equation is of an

even degree, and the co-efficients of terms at

equal distances from the two extremes, are equal

with contrary signs.

It may be shown, as before, that both mem-

bers are divisible by .-r
2 — 1, and the resulting

equation will be of the first form considered.

Hence, in this case, the reciprocal equation

of the 2ntb degree may be reduced to one of

the (n — l)th degree, in terms of s.

4. When the reciprocal equation is of an

odd degree, and the co-efficients taken at equal -

distances from the extremes, are equal with,

contrary signs.

It may be shown by a course of reasoning

similar to that employed above, that both

members can be divided by x — 1, and that

the resulting equation will be of the form of

the one first considered ; hence, in this case,

the reciprocal equation of the (2n + l)lh de-

gree can be reduced to one of the »"> degree

in terms of z.

These properties aid in solving reciprocal

equations, and have been applied to the case

of binomial equations of the form

x» ± 1 = 0,

with much success. See Binomial Equation.

Reciprocal Ratio. The same as the recip-

rocal of a ratio.

Reciprocal Rectaxgles, in Geometry,

are those which are not equal, but whose
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areas are equivalent. The base is reciprocally

proportional to the altitude, and the reverse.

Reciprocally Proportional. Two quan-

tities are reciprocally proportional when both

being variable the ratio of the one to the

reciprocal of the other, is constant. This

requires that their product should be con-

stant. In the equation

xy = m,

x and y are reciprocally proportional.

RE-CI-PROC'J-TY. [F. reciprocity mu-

tual]. In prime numbers, a certain relation

that exists between the remainders resulting

from performing the division indicated by the

expressions

2 8m , n
and ,

when m and n are prime. If we designate

the remainder in the first case by R, and in

the second by R', then, when m and n are

both of the form 4a — 1, we shall have

R' = - R,

and in all other cases

R = R'

RECK'ON. To compute, to calculate by

figures.

Dead Reckoning. In Navigation, the

method of determining the place of a ship

from a record kept of the courses sailed and

the distance made on each course. Thi:

record is called the log book. The courses

sailed are determined by the compass, and the

distances made on each course by the fog and

line. The leeway should be added to or sub-

tracted from the course sailed, as the case

may be. The term reckoning is sometimes

applied to designate the record kept of the

courses, distances, &c.

RE-CLlN'ING DIAL. [L. re and clino,

to lean]. A dial whose plane is inclined to the

vertical line through its centre.

RE-CON'NOIS-SaNCE. [Fr] A prelim-

inary, or rough survey of a portion of the

country, sometimes undertaken for the pur-

pose of selecting suitable points for trigono-

metrical stations, preparatory to a more accu-

rate survey ; sometimes for the purpose of

ascertaining the relative advantages and dis-

advantages of two or more proposed routes

of communication, preparatory to locating a

line of railroad, canal, or aqueduct ; and

sometimes for the purpose of acquiring a

general idea of the features of an unexplored

country.

A reconnoissance of a portion of country

may be undertaken with a view of ascertain-

ing its resources and facilities of transporta-

tion, with reference to conducting a military

campaign.

In reconnoitering for the purpose of locat-

ing points of triangulation of a Geodesic

Survey, the essential conditions to be satisfied

are, that the selected points should be so

chosen that when united by straight lines,

the triangles formed shall be well conditioned,

that is, shall have no very acute angles ; as

many of them as possible should be visible

from each station, and also from the extremi-

ties of the base line ; the triangles should be

as large as possible, the sides increasing in

length from the base to the longest admissi-

ble line. A proper reconnoissance for a

geodetical survey, is a work of great delicacy,

and its successful performance requires a

combination of sound judgment and high

scientific qualifications. See Geodesy.

In reconnoitering for location of a road,

canal, or aqueduct, the objects to be attained

are, to find the most direct route between the

points to be connected, with the most uniform

grades and fewest curves. Attention should

also be paid to economy of construction,

facilities for obtaining materials, and a proper

equalization of cutting and embankment.

There is another element which, in most

cases of reconnoissance, exercises more or

less influence, which is, giving such a loca-

tion to the line of communication as shall

not only accommodate the people of the ex-

treme points, but also the greatest number in

the general direction of the line. No rules

can be laid down for conducting such a recon-

noissance, within the narrow limits devoted to

this article.

In a reconnoissance for determining an

outline of the geographical features of an un-

explored country, two sets of operations are

generally carried on by the same party.

First, a set of astronomical operations, which

serve to fix, with considerable accuracy, the

latitudes and longitudes of the principal

points : secondly, a running survey intended
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to fill in the astronomical outlines, conducted

by means of the pocket-compass, or sextant,

and a common watch. The astronomical

points are fixed by means of the sextant,

tfransit and zenith sector. The details of

these operations do not fall within the pro-

posed limits of this work.

The compass survey is conducted as fol-

lows : On starting from a station, the bearing

of the prominent objects are carefully mea-

sured with the compass, and noted in a book

kept for the purpose ; they are likewise rough-

ly plotted in a sketch-book, carried by the

surveyor. The bearing of the course to be

followed is then taken and entered in the

note-book, together with the time of starting,

and the bearing is also plotted in the sketch-

book. After having traveled at as nearly a

uniform rate as possible, for a suitable length

of time, the surveyor comes to a halt, again

notes the time and enters it in his book, and

again takes the bearings of the same objects

as before, together with other prominent

ones, in the general direction of the line of

operations. He should note the time of

crossing streams, and should take the bearing

of their general course, all of which are to be

entered in the note-book. A distance may be

laid off in the plot of the course followed.

proportional to the time occupied in passing

over the course, and the new bearings may

be plotted on the sketch. The points de-

termined by intersections of the lines whose

bearings have been taken, are then fixed

upon the plot. The crossings of streams and

their directions may also be laid down, and

the remaining features necessary to link these

outlines together may be sketched in pencil

by the surveyor, according to his judgment

of their relative positions. Starting from the

second station as from the first, the same or

similar operations are performed, and so on

till the next astronomical point is reached.

This is called a line of reconnoissance. A

sufficient number of these lines should be

run in all directions through the territory to

be surveyed, so that by their combination,

the geography of the whole territory may be

determined. Other operations are generally

carried on in connection with a reconnois-

sance of this nature, having for their end to

ascertain the laws of temperature, and the

variations of temperature, the natural history

of the region, or the nature of the plants and

animals inhabiting it, &c.

In noting the time occupied in traversing

each course, if the rate of travel is not uni-

form, or if it varies in passing over different

courses, the rate or change of rate should be

entered in the note-book as nearly as can be

estimated. A good check on the estimation

of distances, is a viameter attached to a wheel

of a wagon, and by a little practice and a

careful comparison of estimated results, with

measured distances, the surveyor may easily

acquire a very correct habit of estimating

distances, and also rates of travel.

In plotting a reconnoissance, the circles of

latitude and longitude are first projected, and

all the points determined by astronomical

observation are carefully plotted. Next, the

courses connecting these points are sepa-

rately plotted on a scale larger than that of

the general map, and afterwards reduced to

the scale of the map. Lateral bearings are

next plotted and reduced in like manner,

after which the topographical details noted in

the note-book and contained in the sketch-

book, are laid down ; the map is then com-

pleted. Maps of this kind are very useful

guides to future travelers, and also serve as

guides in making subsequent and more de-

tailed surveys.

RECT'AN"GLE. [L. rectangulus ; from

rectus, right, and angulus, angle]. A paral-

lelogram whose angles are all right angles.

The equilateral rectangle is a square. Rect-

angles having equal bases, are to each other

as "their altitudes ;
having equal altitudes,

they are to each other as their bases : gen-

erally, any two rectangles are to each other

as the product of their bases and altitudes.

The area of a rectangle is equal to the pro

duct of its base and altitude. The area of a

rectangle is also equal to the product of its

diagonals multiplied by half the sum of their

included angle. See Quadrilateral.

It is a property ofthe rectangle, that if any

point be taken in its plane, and straight lines

be drawn to the vertices of the four angles,

the sum of the squares of two lines drawn to
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the vertices of the two angles diagonally

opposite, is equivalent to the sum of the

squares of the lines drawn to the remaining

vertices, that is

OA' + OD'oOB' + 00'.

The term, rectangle, is sometimes employed

for product. Thus, we often say, the rect-

angle of a and b, meaning thereby their pro-

duct. This form of expression is of frequent

use in analysis.

RECT-AN"GU-LAR. Having right an-

gles. Thus, a parallelopipedon is rectangu-

lar, when all its angles are right angles. A
system of co-ordinates is rectangular, when
the axes of the system are at right angles to

each other.

REC-TI-FI-Ci'TION. [L. rectus, right,

and facio. to make]. The rectification of a

curve, is the operation of finding an expres-

sion for the length of a definite portion of the

curve. When a straight line can be con-

structed equal in length to any definite por-

tion of a curve, that curve is said to be recti-

fiable. We assume it possible to construct a

right line represented by any algebraic ex-

pression having a finite number of terms, and

we therefore say, that a curve is notifiable

when we can find an expression for the

length of any definite portion of it in a finite

number of algebraic terms. The most con-

venient method of rectifying a curve, is by

means of the differential and integral Calcu-

lus. The formnla for the length of an ele-

mentary arc of a plane curve, is

ds = Vdx" + dy',

in which s represents the length of any arc,

x any y being the co-ordinates of every point

of it.

By integrating, we have

* = / Vdx* + dy' (1).

In any particular case, differentiate the equa-

tion of the curve, and from this and the given

equation find the values of dy, in terms of x
and dx : substitute it in the formula,' after

which perform the operations indicated ; the

resulting formula will express the length of

any portion of 'the curve. By means of the

arbitrary constant which is added, in integrat-

ing, we can commence to estimate the length

from any point of the arc, and by means of

the variable which enters the expression for

the particular integral, we can estimate the

length up to any point whatever.

To apply these principles to an example,

let it be required to rectify the semi-cubio

parabola, whose equation may be reduced to

the form of

y' = pxa
.

By differentiation, we have,

2y dy = 3px' dx,

whence,

4y'dy' = Sp'x'dx',

or, by substitution and reduction,

9
dy' = -rpxdx',

which in the integral formula gives

this is the indefinite integral. Let it be re-

quired to estimate the length of the curve

from the vertex. For this point,

s =0, x = 0,

consequently,

_ _8_C ~ ^ 27P
'

Denoting the particular integral by *', we
have

This is the particular integral, and if from it

we wish to find to length of the curve up to

a point whose abscissa is 4, we shall have,

denoting the definite integral by s",

*" = sfe[(
1 + 9 >)**i]-

This is expressed in a finite number of alge-

braic terms ; the semi-cubical parabola is

therefore rectifiable.

t
When the plus sign is given to the value

of the binomial part within the parenthesis,

the minus sign before 1 must be used : when
the minus sign is given to the binomial part,

the plus sign before 1 must be used. The

numerical value of the length is the same in

either case.

It has been ascertained, that all parabolas

are rectifiable whose equations can be reduc-

ed to the general form,

y™ = 2px*,
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whenever the exponents m and n are con-

secutive whole numbers, the odd one being
the greatest. The cycloid is also a rectifiable

curve, but the circle, ellipse, hyperbola, and
parabola, are not rectifiable. Although a

curve may not be rectifiable, it is often possi-

ble to find an expression for its length in

transcendental terms.

The following formula expresses the length

of any portion of the arc of a common para-

bola, estimated from the vertex.

[jryp +y2+y)— lp]
yVf +y*

, V
'
=

S^
- + 8

in which p denotes half of the parameter of

the curve.

To rectify the ellipse, we have

dy Vx
dx ~ cCy

this, in the formula, gives

//a? — e'x'

in which e denotes the eccentricity. Since

z' < a", we may write

x = a sin <j>,

whence,

dx = a cos fdtp,

and

s = fadf(l-e*sm'<pfi;

which may be developed into a series and

then integrated ; this will give

1 1

~l'l'l e* /^in6 0# - &c.J
.

Integrating between the limits

7T

<p = 0, and <j> = »>

we have for the length of one-fourth of the

circumference of the ellipse,

•" = T[1-(5e)-5(s"H"
1 ( l 3 5 >V A

If e = 0, the ellipse becomes the circle,

and we have

To rectify the hyperbola, we have, as before,

and, making x — r, we haves cos (j>

'

/d& I cos2*
ae —<— \ / 1 -

cos*0 V e
=

Developing and integrating by series, we have

aip a p fl 1 cos'A
, = „t«n*----y ^[g.j-js-

1 1 3cos> "I

+ 2'4-6l^ + &c
J-

If we take any point of the curve whose
abscissa is x, the length of the corresponding

ae
portion of the asymptote is -, and if we

subtract the corresponding integral from this

IT

expression, and integrate to the limit <j> = ^i

which gives x — to, we shall find for the

difference,

KO.V 1/1 IV 1/13 IV
S'" = ^l

1+ 2[2-e) +3(2-4V)
1 /l 3 5 1 \

2 -]

+ i(l-i-S-7)
+ *&

}
If a plane curve is given by its polar equa-

tion, the formula for the length of aDy por-

tion of the arc is

s = f(dr' + r'dv").

If the curve is one of doable curvature, the

formula for rectification, when the curve is

given by rectilinear equations, is

« = fVAx* + dy' + dz* ; or,

When the curve is given by its polar equa

tions, it is

s = f(dr
2 + rW + r'&mHdv?).

REC-TI-.LIN'E-AR, REC-TI-LIN'E-AL.

[L. rectus, right, and linea, line]. Apper-

taining to right lines. A rectilinear polygon

is one bounded by straight lines. A recti-

linear system of co-ordinates is a system in

which points are referred to right lines, as

axes.

RE-CUR'RING. [L. recurro, to run back

from re and curro\ Returning at intervals.
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Recurring Decimals. See Repeating De-

cimals.

Recurring Series. A series in which each

term is equal to the algebraic sum of the pro-

ducts obtained by multiplying one or more

of the preceding terms by certain fixed quan-

tities. These quantities, taken in their order,

are called the scale of the series.

Recurring series are classed in orders, the

order being determined by the number of

terms in the scale. When the scale contains

one term, the series is of the first order

;

when it contains two terms, the series is of

the second order ; and, in general, when the

scale contains n terms, the series is of the

n,h order.

When the scale is given, and as many con-

secutive terms from the beginning of the

series as there are units in the number indi-

cating the order of the series, the subsequent

terms may be successively deduced by multi-

plying the term immediately preceding the

required one by the first term of the scale
;

the second preceding one by the second term

of the scale, and so on, and then taking the

algebraic sum of all the products. In this

manner, any number of terms may be found.

Recurring series arise from the develop-

ment of fractions of the form

a + bx + ex2 + + ktf*-1

a'+b'x + c'x'+ • • + k'x™-1 + I'x™,

and the scale of such a series is

/ Vx^ c'x' dfx3 l'xm\

\ a'

'

a'
'

a' ' " a' )"
a

The fraction , . ,, ,

a + b x

gives rise to a recurring series of the first

order, whose scale is

(-5)-

the first term of the series is —, and the

series is given by the equation,

a a ab' ab'' a'b'3

^Tbrx = a'~^ x +^ x'-^ x3+&c -

a + bx
The fraction

ives rise to

whose scale is

a' + b'x + c'x"

gives rise to a scries of the second order,

the first two terms of the series are

a
and

bo! — ab'

The following terms may easily be deduced

from the law of the series :

If we have given a recurring series, we
can find the fraction from which the series

may have been derived ; for, let us take tht

fraction,

a + bx + • • kxP—*

a! + b'x + c'x' + •

This may be written

a
-,+
a i

-z+.

I'x"'

-if-'

b' c
1 +—x + -,x'

a a

I'

in which the terms of the denominator, after

the first, are equal to the terms of the scale

of the series taken in their order, with their

signs changed. Hence, we may get the de-

nominator of the required fraction by writing

1, and subtracting from it the algebraic sum
of the terms of the scale. To find the nu-

merator, we can assume it of the form

P + Qx + Rx' + &c,
in which P, Q, R, &c, are quantities to be de-

termined. To find their value, write the re-

sulting fraction equal to the sum of a suffi-

cient number of terms of the given series,

then clear of fractions and equate the co-effi-

cients of the like powers of x in the two

members ; from these find the values of P,

Q, R, &c. For example, let there be given

the series,

1 '- 2x - x 1 - 5x* + ix* - &c,
whose scale is

(-2i, + ix', + x3
).

By the rule, we shall have

P + Qx + Rx'

l + 2x-ix3 -x3
= 1-- 2x - x'- bx'>

clearing of fractions,

P + Qx + Rx' = 1 + 2
-4
- 1

<Sic;

whence, by equating the co-efficients of the

like powers of x in the two members, we have

P-l, <? = 0, R = -9;
hence, the fraction is

1 - 9a;'

1 + 2i - ix' - x3

'
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In like manner, we may pass back to any
fraction when we have given its development
and the scale of the series. It is to be ob-
served, that this converse operation is equi-
valent to finding the sum of an infinite num-
ber of terms of the series. •

RE-DUC'TI-0 AD AB-SUR'DUM. [L].

The name given to a method of reasoning,

often employed in Mathematics. It consists

in assuming some hypothesis, which must be

either true or false, and then combining this

assumption with known truths : the reason-

ing is continued according to known pro-

cesses until a result is reached which either

corresponds with, or contradicts some known
truth ; in the former case, the hypothesis is

said to be proved ; in the latter case, the con-

trary of the hypothesis is proved, or the hy-

pothesis is proved to be absurd. In this

latter case, the contrary of an hypothesis is

said to be proved by the method of reductio

ad absurdum. See Demonstration.

RE-DUC'TION. [L. reductio, from re,

again, and duco, to lead]. In Arithmetic and

Algebra, the operation of changing the form

of an expression without changing its value
;

or, having an expression in terms of one unit

of measure, it is the operation of finding an

equivalent expression in terms of a different

unit. Thus, .£10 is equivalent to 200s., which

is equivalent to 2400rf., which js again equi-

valent to 9600 farthings. When we pass, as

in the example just given, from a unit of any

order to one of a lower order, the reduction

is said to be reduction descending. When we
pass to a unit of a higher order, the operation

is called reduction ascending. Thus, 9600

farthings is equivalent to 2i00d., which is

equivalent to 200*., which is equivalent to

£10 : this operation of conversion is an ex-

ample of reduction ascending.

In the general case, the object of reduction

descending is to convert a denominate num-

ber expressed in a varying scale to another

expressed in a uniform scale. To reduce de-

nominate numbers to equivalent onee ex-

pressed in units of a lower order : multiply

the number of units of the highest order by

the number of units of the next lower order,

which make one unit of this order, and add

the number of units of this inferior order

;

continue this operation till the required order

of units is reached.

Example : Required the number of pence
in £50 7*. 6d. Multiply 50 by 20, and add 7
to the product ; this gives 1007 : multiply by
12 and add 6 to the product ; we thus have

12090 for the required number of pence.

When it is required to reduce numbers ex-

pressed in terms of any unit to equivalent

ones expressed in terms of a unit of a higher

order, divide in succession by the numbers
expressing the number of units of each order

which make one of the next higher order, be-

ginning at the lowest, and going on to the

highest.

Thus, to find how many pounds there are

in 12090 pence, we divide by 12 and find for

a quotient 1007, with a remainder 6 ; divid-

ing 1007 by 20, we find 50 for a quotient with

a remainder 7 ; hence, the result is £50 7s. 6d.

Were it required to express the result solely

in pound units, we should reduce 7s. Sd. to

decimals of a pound. To do this, write down
the number of the units of the different orders

in a column, the highest being at the bottom,

and write after each unit figure a decimal

point ; then beginning at the top, divide by

the number of units which make one of the

next higher order in succession, and continue

the operation to any required number of

decimal places. Thus, in the above example

we have the following operation

:

12| 6.

201 7.5

150.375

which gives £50.375.

The preceding principles indicate the meth-

od of reducing numbers to fractional forms.

Multiply the entire part by the denomina-

tor of the fractional part ; to this product add

the numerator of the fractional part, and

write this sum as a numerator over the de-

nominator of the fractional part. Thus

:

32 + 7 39
2iV = 16 16

By adopting the converse process an improper

fraction may be reduced to the form of a

mixed number. To reduce a fraction to a

decimal form, place a decimal point after the

numerator, and annex any number of 0's :

then divide the result by the denominator,

and continue the operation to any desired de-

gree of accuracy. Thus f = .555555 +

The reduction of vulgar fractions may be
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either descending or ascending ; descending,

when we reduce from a greater to a less frac-

tional unit, and ascending when we reduce

from a less to a greater. In reduction de-

scending, we multiply both terms of the frac-

tion by the same number, thus

12 8

2 4 16

In reduction ascending we divide both

terms of the fraction by the same number,

thus :

— =? = l

16 ~~
4
~

2

For other reductions of fractional expres-

sions, See Fractions.

Reduction in Geometry. The operation

of constructing a figure similar to the given

figure, either greater, less, or equivalent. In

the first case, the reduction is ascending, in

the second descending. The principle of the

reduction is the same in both. Plane figures,

as maps, drawings, &c, may be reduced by

means of the pantograph, and other instru-

ments contrived for the purpose, or they may
be reduced by geometrical construction. For

the method of reducing by means of the pan-

tograph, See Pantograph.

To reduce a figure by geometrical construc-

tion. Let it be required to reduce the plot of

a road, ABCDEF, to one half the original

scale. Draw AF,

and draw also a line,

af, parallel to AF,

and equal to one-

half of it. Through

F and/, also through

A and a, draw

straight lines, meet-

ing at ; and from 0, draw lines OB, OC.

OD and OE,tothe angular points of the plot.

Through/ draw fe parallel to FE ; through c

draw ed parallel to ED ; through d draw dc

parallel to DC, and so on, till the point a is

reached ; then will abedef be the reduced

plot. In this manner any plot may be in-

creased or diminished, in accordance with

any required condition.

Reduction of a figure of one form to an

equivalent figure of another form. This is

performed according to various rules of geom-

etry, depending upon the nature of the par-

ticular problem. We shall illustrate by one

or two examples.

Let it be required to reduce a polygon to

an equivalent triangle. Let ABODE be the

given polygon. Produce one of the sides of

the polygon, eft AE. Draw the diagonal CE,
and draw DF parallel to it ; draw also CF

;

c

G A E F
then is the triangle CEF equivalent to the

triangle EDC. Draw CA, and also BG, par-

allel to it, also CG ; then is the triangle CGA
equivalent to the triangle CBA ; hence the

triangle CGF is equivalent to the given poly-

gon. In a similar manner any polygonal area

may be reduced to an equivalent triangular

area.

To reduce a triangle to an equivalent

square. Let ABC be the given triangle.

Draw AL perpendicular to BC, and bisect it

in D. Prolong BC, making CF = LD

;

then upon BF as a diameter, describe a semi-

circle, and through C draw CG perpendicular

to BK till it meets the circumference in G

,

on CG as a side, construct the square CGKH
and it will be equivalent to the given triangle

By the aid of these two problems any polyg-

onal area may be converted into an equiva-

lent square.

Reduction, in Algebra, sometimes signifies

the same as solution. Thus we speak of re-

ducing an equation, meaning the solution, or

finding the values of the unknown quantities.

The term thus used is liable to be misinter-

preted, and such use should therefore be

avoided, on the principle that all mathemati-



bed] CYCLOPEDIA OP MATHEMATICAL SCIENCE. 497
cal terms should have a clear, fixed, and defi-

nite meaning.

RE-DUN'DANT HYPERBOLA. Are
hyperbola having more than two assymptotes.

RE-EN'TER-ING. Entering again
; re-

turning.

Re-entebing Angle of a polygon, is an
interior angle greater than two right angles.

Re-entering Polygon. A polygon con-

taining one or more re-entering angles. The
term re-entering stands opposed to salient. It

Let us denote the number of sides of any
regularpolygon by n, the length of one side

by a, its area by A, the radius of the circum-
scribed circle by R, and that of the inscribed

circle by r ; then will the following formulas
express the relations existing between these

several quantities ; they also enable us to

determine the remaining three, when any one
of them is given :

, „ _ .
180° 180°

/ = 2 R sin = 2r tan • (1)

na* cot
180°

A = -

is a property of a salient polygon that no

straight line can be drawn which will cut

the perimeter in more than two points

;

whilst in a re-entering polygon such line may
cut it in more than two points.

RE-FLECTION. [L. refieclo, from re,

again, and flecto, to bend]. If a ray of light

fall upon a polished surface which is not

transparent, a large portion of the ray is

driven back into the same medium, but by a

different, path. This change of direction of

the path of the ray is called reflection. The

ray, before it strikes the surface, is called the

incident ray, and after it leaves the surface it

is called the reflected ray. The point at

which the reflection takes place is called the

point of incidence. The plane of the incident

and reflected ray is called the plane of inci-

dence, and it has been found to be normal to

the surface at the point of incidence.

It is a property of the incident and reflect-

ed rays that they make equal angles with the

normal to the reflecting surface at the point

of incidence.

RE-GRES'SION POINT. [L regredior,

to return ; from re, and gredior]. The same

as cusp point, which see.

REG'U-LAR. [L. regularis ; from regula,

a rule]. Conformed to a rule.

Regular Polygon. In Geometry, a poly-

gon which is both equilateral and equiangular.

A regular polygon may have any number of

sides, from three upwards. 1

32

I • •(»)

These formulas have been tabulated so as

to afford the ready means of determining any
required element for any regular polygon up
to the dodecagon inclusive. We annex the

tables :

I.

When the length of the side of the regu-

lar polygon is equal to 1

.

No of
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III.

When the radius of the inscribed circle is

equal to 1.

N'o of
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I.

When the edge equals 1.
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Na

Tetraehedron
Hexahedron
Octahedron
Dedecahedron
Icosahedron

Rad. of cir. sphere

0.6123724
8660254

0.7071068
1.4012585
0.9510565

Rad. of in. sphere

0.2041241
0.5000000
0.4082483
1.1135164

.0.7557613

Surface.

1.7320508
6.0000000
3.4641016

20.6457280
8.6602540

Volume.

0.1178511
1.0000000
0.4714045
7.6631188
2.1816951

II.

When the radius of inscribed sphere equals 1.

Name.
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If, in applying these tables to cases in which

the edge, radius ofthe inscribed or circum-

scribed spheres, surface, or volume, is not

equal to 1, we have simply to remember that

the surfaces of similar polyhedrons are to

each other as the squares of their homologous

lines, and that their volumes are to each other

as the cubes of their homologous lines.

The following table shows the value of the

diedral angle between two adjacent faces in

any regular polyhedron :

Tetrahedron, . . 70° 31' 42"

Hexahedron, . . 90

Octahedron, 109 28 18

Dodecahedron, . . 116 33 54

Icosahedron, . . 138 11 23

RE-La'TION. [L. relatio, bringing back].

Two quantities are said to be related to each

other when they have anything in common,

by means of which they may be compared

with each other. Quantities of the same

kind may always be .compared with each

other, and in such comparison they may be

found equal to each other, or they may be

unequal ; hence, the two fundamental rela-

tions of equality and inequality. The rela-

tions of equality and inequality are generally

expressed by means of symbols ; those for

equality being = and =o=, that for inequality

>. Sameness, in every respect is identity

;

sameness in one respect only, is simply rela-

tion. Two triangles may be capable of super-

position, so as to coincide throughout their

whole extent ; in which case they are abso-

lutely equal; equal when not superposed,

identical when superposed. The symbol of

this kind of relation is =. But they may
not be capable of superposition, and yet they

may contain the same number of units of

surface. This is a species of relation resem-

bling that of equality, which is called equiva-

lency, and is denoted by the symbolo. The
difference between the symbols = and =o=,
then, is that the former implies complete iden-

tity, whilst the latter implies absolute equal-

ity in one respect only. With respect to the

symbol of inequality, it is to be observed that

the opening is always turned to the greater

quantity.

fn ordinary language all relations between

magnitudes may be expressed by means

either of affirmative or negative propositions.

In algebraic language these relations may be

expressed symbolically by equations, equiva-

lencies, or by inequations.

The relation expressed by means of equa-

tions or equivalencies, is absolute or definite

;

that by means of inequations is vague or in-

definite. Perhaps the latter ought not, in

strictness, to be regarded as a relation, but

rather as expressing the fact that the relation

of equality does not exist.

In the higher branches of mathematics we
meet with expressions of the form

y = t W. y - f (*). O. y) = o, &c
The entire expressions in these cases are

indicative of a relation existing between x

and y, but the nature of that relation is not

expressed. The symhols <j>, f, and all the

various symbols of functions may be called

symbols of implied relation.

RE-MUN'DER. [L. remaneo, to remain,

behind]. What remains, after taking away

a part. In Arithmetic, the remainder is what

remains of the subtrahend, after taking away
the minuend.

In general, the remainder is such a quan-

tity as, being added to the subtrahend, will

produce the minuend. See Subtraction.

RE-PSAT'. [L. repeto, to utter again].

To do again.

Repeating Decimal. A decimal, in which

the same figures occur in the same order, at

successive and equal intervals.

Thus, 3.646464 ... is a repeating decimal.

See Circulating Decimals.

REP-E-TEND'. [L. >epelendus; from rs-

peto\ That part of a repeating decimal,

which is continually repeated. In the deci-

mal 3.646464, the expression, 64, is the repe-

tend.

REP-RE-SENT-A'TION. [L. reprasento,

to present, to exhibit]. The representation

of an object, is a drawing which presents to

the mind, through the eye, an idea of the ob-

ject. Sometimes, the drawing is made, so

that it shall present to the eye, taken at a

certain point, the same appearance as the ob-

ject itself would present, were the drawing

removed and the object placed in its stead, as

in Perspective ; sometimes the drawing or

representation is purely conventional.

REP-RE-SENTA-TiVE. That which
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stands for, or represents, some thing. Thus,
all the symbols of Analysis are representa-

tives of quantities, or of operations to be
performed.

RE-SID'U-AL ANALYSIS. A branch

of Analysis that has sometimes been em-
ployed in the solution of problems. It

has met with very little favor ; because all

problems that can be solved by it, are more
readily solved by means of the Calculus.

The Residual Analysis proceeds by taking

the difference of a function in two different

states, and then expressing the relation be-

tween this difference and the difference of

the corresponding states of the variable.

This relation is first expressed generally,

and is then considered under the supposition

that the difference of the two states of the

variable is 0.

The general outline of the fundamental

idea of this branch of analysis is closely as-

similated to the method of limits, which has

now come to form the basis of the science

of Differential and Integral Calculus.

RES-O-LO'TION [L. resolutio, loosening,

untying].

Resolution of a Quantity into its Fac-

tors. The operation of separating any ex-

pression into factors ; that is, the operation

of finding two or more expressions such,

that their product is equal to the given ex-

pression. To resolve a number into its prime

factors by means of a table of prime num-

bers : Commence with 2, and divide succes-

sively by it as often as possible ; then, divide

the result successively by the next highest

prime number, as often as possible, and so on,

till the final quotient is a prime number : the

different divisors used, together with the last

remainder, constitute all the prime factors of

the given number.

Resolution of Equations'and Pkoblems.

The same as their solution ; that is, it is the

operation of finding, in the case of an equa-

tion, such values for the unknown quantities

which enter it, as will satisfy the equation,

when substituted for the unknown quantities

:

in the case of a problem, it is the operation

of finding such values for the unknown quan-

tities as will satisfy the conditions of the

problem. See Equation and Froblem.

RE-SULT. £L. resullo, to rebound]. That

which is obtained by performing an operation

upon any quantity : the conclusion arrived at

by a course of reasoning. Thus, the result

of an addition is the sum of the quantities

added. The result of the demonstration of

the binomial theorem, is the binomial formula.

The result of translating a formula into

common language is a rule, and the reverse.

RE-VERSE'- [L. reversus ; re, and verto,

to turn]. To turn back.

Reverse Bearings. In Surveying, the

bearing of a course, taken from the second

end of the course, looking backwards. The
number of degrees of a reverse bearing ought

always to be equal to the number of degrees

in the direct bearing ; but the meridional let-

ters, as well as those of departure, are differ-

ent in the two cases. Thus, if a direct bear-

ing is N. 23° E., the reverse bearing ought to

be S. 23° W.
The reverse bearing of every course ought

to be taken as a check on the accuracy of the

work, and if the number of degrees in it is

not the same as in the direct bearing, both

should be taken over, until they are found to

agree. If they cannot be made to agree, the

inference is, that there is some local attrac-

tion which deflects the needle, at one or both

stations.

Reverse Operation. An operation, in

which the steps are the same as in a direct

operation, but taken in a contrary order.

Thus, Division is the reverse of Multiplica-

tion ; and the extraction of a root is the re-

verse of the operation of raising a quantity

to a power.

RE-VER'SION. £L. reversio, a returning].

In Annuities, a payment not due till the oc-

currence of some contingent event, as the

death of a person now living. Payments,

due at, or after, a specified period of time,

are called deferred payments. The method

of calculating the present values of rever-

sions has been explained under the head of

Annuities. A set of tables is generally used

for computing these present values.

Let A denote the value of an annuity on a

life of a given age, V the present value of

SI, to be received at the end of the year in

which the life fails, r the rate of interest, and

v - -j-qr; ; then,
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V = v(l+A)-A, or, V = v-(l-v)A.

Suppose, for example, that on the death of

A, whose present age is 55, the sum of $5000

is to revert to B, or his assignee, and that B
proposes to sell his interest in this reversion

:

Required the value of that interest, allowing

the purchaser interest, at the rate of 4 per

cent.

From the annuity table the value of an

annuity of $1, on a life aged 55, is $11.0392.

We have

1
r = 0.04, and v = j-^ ;

whence
12.0392

v = -—r-. 11 0392 = 0.537.
1.04

This is the value of the reversion of $1 ;

hence, the value of the reversion of $5000 is

85000 X 0.537 = $2685.

When an annuity is to commence at the

death of one individual and terminate at the

death of another, the simple annuity tables

will not answer, but recourse must be had to

tables of annuities on joint lives. Thus, if A,

on the death of B, is entitled to an annuity

of $1, to continue for the remainder of his

life, the present value of A's interest is

B - AB,

in which B denotes the present value of

the annuity on the life of B, and AB the

present value of the annuity on the joint

lives of A and B ; that is, to continue as long

as both shall continue alive.

The following formulas are sufficient to

solve all problems of reversionary interests,

so far as three lives are concerned, and these

embrace a vast majority oi all cases which arise

in practice. In the formulas, AB denotes

the value of an annuity for the joint lives of

A and B, APB denotes the present value of

an annuity for the joint lives of A, B and P,

&c, and R denotes the present value of the

reversionary interest.

1. For a single life, after the longest of

two lives, P and Q.

R = A-AP-AQ + APQ.
2. For the longest of two lives, A and B,

after a single life P,

R=A + B-AB-AP~BP + APB.
3. For a single life A, after two joint lives,

P and Q,
R = A - APQ.

4. For two joint lives, A and B, after a

single life, P,

R = AB - ABP.

Reversion of Series. When one quan-

tity is expressed in terms of another, by

means of a series, the operation of finding

the value of the second in terms of the first,

by means of » series, is called the reversion

of the series.

The reversion of a series is effected by

means of the principle of indeterminate co-

efficients, as follows :

Let there be a general series, expressing

the value of y,

y = ax + bx' + ex3 + dxl + dec. . (1),

and let it be required to find the values of

A, B, C, D, Jjrc , in the expression

x = Ay 4- By' + Cy" + Dy* + &c. . (2),

Squaring, cubing, &c, the value of y, wd
have

y' = a'x' + labx3 + b' \xl + Zad i6
, Ac.

+ 2ac\ + 2bc

+ ...

y * = a'x3 + 3a*bx* + 3aJs zs + &c.

+ 3a=c

+ •

y
4 = a'x1 + 4a3bxs + &c.

y' = a ixi + &c.

Substituting these expressions in equation

(1), arranging and transposing, we have

0=Aa<x+Ab \x
2+ Ac

-l| +Ba'\ +2Bab
+ Cas

z*+<fce.x3+Ad
+Bb 3

+ 2Boc

+ 3Ca'b

+Da*
This equation being an identical one, the co-

efficients of the different powers of x are

separately equal to 0. Equating them sepa-

rately with 0, we have

Aa — I = 0, whence, A =->

Ab + Ba? = 0, whence, B = — t>
a*

Ac+2Bab+Ca*=0, whence C= ^
a'

Ad + Bb* + 2Bac + SCa'b + Da* = 0,

whence,
5abc — 54s — a2dD =

&c. &.C.
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Substituting these in equation (2), we have

1 b W-ac 5b°-5abc+a?d

a' a" a5 J
a? H T

&c, &c, &c.

If we have a development of y of the form

y = a + bx + cia + dx* + &c,

it is impossible to develop x in terms of y, but

we can place y — a = z, and there will result

s = bx + ex' + dxs + &c,

and then we may find the values of A, B, C,

&c, in the development,

x = Az + Bz* + Cz* + Dz\ &c.

Having made the development, we can re-

place a by its value y — a, and there will re-

sult a development of x in terms of y — a.

Let it be required, as an example, to re-

verse the series,

y = x +'x* +xi + xl + Xs
, &c. . . (1)

Assume

x = Ay + By* + Cy> + Vy* + &c. . (2).

Comparing this with the preceding case, we

see that

a = & = c = d = &c. = 1

;

whence,

A=l, B = -1, C=+l, D=-l, <6c.

hence, the required series is

x = y -y*+f -yl + y
s - &c.

Let it be required to reverse the series,

x x'

1 2.3
+

1.2.3.4V- 1_r
l
'

1.2

we first make y — 1 = 2 ;
whence,

+ <fcc;

'
_

1
+

1.2
+

1.2.3
+ '

1.2.3.4

Proceeding as before, we find,

A=l, B = -i. C=+h D--

whence,

+ &c.

• i, &c.

;

2 23 2._-_-- + —-
1 2 3 4

+ &c.

and replacing z by its value (y - 1), we have

the series,

y-i (yzH
2

+fcil
3

_ (l^*+<fec.

.

* = -J 2^3 4

The method of reversion of series is little

used on account ofthe difficulty ofrecognizing

the law for the formation of the series ;
some-

times it is necessary to determine » great

number of the co-efficients before the law of

the series is manifest.

RE-VERT'. [L. reverto; from re, and

verto, to turn]. To turn back; to reverse.

To revert a series is to take its terms in an

inverse order, making the terms follow each

other in a contrary order.

REV-0-Lu'TION. [L. revolvo. to turn

around]. When one line moves about a

straight line, called the axis, in such a man-

ner that every point of the moving line gene-

rates a circumference of a circle, whose plane

is perpendicular to the axis, that motion is

called revolution, and the surface is called a

surface of revolution. Every plane through

the axis is called a meridian plane, and the

section which this plane cuts from the sur-

face, is called a meridian curve. Every sur-

face of revolution can be generated by revolv-

ing one of its meridian curves about the axis.

RHOM-BO-Hk'DRAL. Relating to a

rhomboid.

RHOM-BO-Hfi'DRON. A polyhedron

bounded by six equal rhombuses. When
the rhombuses are squares, the rhombohedron

becomes a cube.

RHOM'BOID. Gr. poftSor, rhomb, and

eidoc, form]. A parallelogram, all of whose

sides are not equal. The rhombus is but a

particular form of the rhomboid, in which the

sides are all equal.

RHOM'BUS. [Gr. po^oc, rhomb]. A
parallelogram whose sides are equal to each

other. If the angles of a rhombus become

each equal to 90°, the rhombus becomes a

square. The diagonals of a rhombus bisect

each other at right angles. The area of a

rhombus is equal to half the product of it*

diagonals.

RHUMB. [From rhombus']. In Naviga-

tion, the track of a ship sailing on the same

point of the compass. The rhumb line, also

called the loxodromic curve, cuts all of the

meridians which it crosses under the same

angle. The curve is a kind of spiral approach-

ing nearer and nearer the pole, but only reach-

ing it after an infinite number of turns. The

angle under which the rhumb line cuts the

meridian is called the angle of the rhumb, and

the angle which it makes with the prime ver-

tical is the complement of the rhumb.

If we conceive » logarithmic spiral to be

constructed on the planeof the equator, hav-
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mg its pole at the centre of the sphere, and

then erect perpendiculars at every point, these

perpendiculars will pierce the surface of the

sphere in a lorodromic curve, or rhumb line

;

that is, the projection of a rhumb line upon

the plane of the equator is a logarithmic

spiral.

When a ship sails on a rhumb line, the

distance sailed is computed by considering

successive small portions ofthe arc and com-

puting them as arcs of circles, as follows :

Let P be the pole, QQ an arc of the equa-

tor, AB a rhumb line. Suppose it divided

into any number of equal parts at the points

b. c, d, &c. ; through these let meridians and

parallels of latitude be drawn ; draw also the

parallel BB' ; then as the ship sails along the

rhumb line towards the pole from A to B, the

distance sailed is made up of the parts Ab, be,

cd, &c, and the sum of all the small differen-

ces of latitude. Ab', be', cd', &c, makes up
the total difference of latitude, and the sum
of all the parallels, bb', cc', dd', &c, makes

up what is called the departure in plane

sailing. BB' is the meridional distance or

distances between the first and last meridians

measured in the last parallel, and OQ is the

difference of longitude.

If the ship sails from B to A, the departure,

difference of latitude, and difference of longi-

tude, are the same as before, but the merid-

ional distance is that portion of a parallel

through A intercepted by the extreme merid-

ian.

The departure is nearly a mean proportional

between the two meridional distances. The
distances Ab, be, etc., being taken very small,

the elementary triangles Abb', bec', &c, are

then all equal, and the departure is equal to

'he departure in one triangle, multiplied by

their number ; the difference of latitude is

equal to the difference in one triangle, multi-

plied by their number, and the distance sailed

is equal to the hypothenuse of one of these

triangles multiplied by their number See

Navigation. ,

RIGHT ANGLE. In Plane Geometry,

if one straight line, AB, meet another straight

line, DE, making the adjacent angles, BCD,
DCA equals, both

angles are right an-

gles, and the two

lines are perpendicu-

lar to each other. If

with the point of in-

tersection, C, as a

centre, andadistance

equal to 1, a circum-

ference of a circle be described, one-fourth of

this will be intercepted between the two sides

of each right angle, and this is taken as the

measure of a right angle. But the quadrant

contains 90°
; hence a right angle is the same

as an angle of 9p° All angles, greater or

less than 90", are oblique angles.

Right Angled. Having a right angle. A
right angled triangle is a triangle having one

right angle. No plane triangle can have

more than one right angle. A spherical

triangle may have two or three right angles

;

in the former case it is called a birectangular

triangle, and in the latter case it is a trirect-

angular triangle.

Right Diedral Angle. The angle in-

cluded between two planes which are per-

pendicular to each other. The measurement

of diedral angles is reduced to that of plane

angles, by considering a diedral angle to be

measured by the angle included between two

straight lines, one in each plane, and both

perpendicular to the edge of the diedral angle

at the same point. All diedral angles greater

or less than a right angle, are oblique.

Right Polyedral Angle. A polyedral

angle contained within three planes taken at

right angles to each other. If with the ver-

tex of the polyedral angle as a centre, and a

radius equal to I, the surface of a sphere be

described, there will be one-eighth of this

surface included within the faces of the angle,

and this is taken as the measure of the right

polyedral angle, and is the unit of measure of

polyedral apgles. If with the vertex of a
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polyedral angle, having more than three faces,

as a centre, and a radius equal to 1, a surface
of a sphere be described, and if the portion of
this surface intercepted between the faces of
the angle is equal to one-eighth of the surface,

the angle is sometimes called a right polyedral

angle.

Right Cone. A cone whose axis is per-

pendicular to the base. See Cone.

Right Conoid. A conoid in which the

rectilineal directrix is perpendicular to the

plane directer. In this case this directrix is

called the line of striction. because the ele-

ments are nearer to each other along this

line than at any other point. See Conoid.

Right Cylinder. A cylinder whose ele-

ments are perpendicular to the plane of its

base. See Cylinder.

Right Line. A straight line ; that is, one

which does not change its direction between

any two of its points.

Right Prism. A prism whose lateral

edges are perpendicular to the plane of its

base. See Prism.

Right Pyramid. Is one whose base is a

regular polygon, and in which the perpendic-

ular let fall from the vertex on the base, passes

through the centre of the base.

Right Sphere. In Spherical Projections

is that position of the sphere in which the

primitive plane coincides with the plane of

the equator.

Right Spherical Angle. A spherical

angle included between arcs of two great

circles whose planes are at right angles to

each other.

Right Angled, or Rectangular Cone.

Is a cone such that a plane passed through

its axis cuts out two elements at right angles

to each other. If a right angled triangle be

revolved about the bisecting line of the right

angle, the volume generated is a right angled

cone.

ROD. A scale of wooi or metal employed

in measuring distances. The rod may be of

any length, and is generally divided into a

certain number of equal parts.

ROD. A unit of lineal measure used in

land surveying. It is equal to 5£ yards, or

16£ feet.

ROOD. A unit of superficial measure, used

in land surveying : it is equivalent to one-

fourth of an acre, or to 40 perches.

ROOT. [L. radix]. The original or cause

of anything : the base or element.

Root op an Equation. Any quantity,

whether real or imaginary, which, being sub-

stituted for the unknown quantity, will satisfy

it ; that is, make the two members equal. It

has been shown, under the article Equation,

that every equation, entire with respect to,

and involving but one unknown quantity, has

as many roots as there are units in the num-
ber expressing the degree of the equation.

See Equation.

Root of a Quantity. Any quantity which,

being taken a certain number of times as a

factor, will produce the quantity. The square

root of a quantity is a quantity which, being

taken twipe as a factor, will produce the quan-

tity : the cube root of a quantity is a quantity

which, being taken three times as a factor,

will produce the quantity : in general, the n">

root of a quantity is a quantity which, being

taken n times as a factor, will produce the

quantity.

A root of a quantity may be real, or it may
be imaginary.

If we square + a and — a, the result is in

both cases + a2 ; hence it follows that every

quantity has two square roots, both real, and

numerically equal, but having contrary signs.

Let us take the equation x* = p
s

, which

may be put under the form

2= _ p
s = 0.

It is evident that every value of x which will

satisfy this equation, must necessarily be a

cube root of p*. The equation maybe written

(x - p) (x- + px + f) = ;

an equation which can be satisfied by placing

either factor equal to 0. Setting the factors

separately equal to 0, we have

x — p = and x' + px + p' = 0.

The former gives x = p ; the latter,

x=P\
l

2 )
and X=F

\
2

)

Hence, we see that p' has three cube roots,

and only three, viz.

:

P>P\ 2
}
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the first of which is real, the second and third

imaginary.

In like manner, if we take the equation,

xl = p*, or x* — p
l = 0,

it may be written

(x* - p*)\x> + f) = ;

and, placing each factor separately equal to

0, we get

z* — f = 0, and x* + p* = 0,

from which we find

x = + p, x =
X —and

p, x=pV — l,

-pV=l.
Hence, we infer that every quantity has four

fourth roots, and no more : the first two are

real and numerically equal, but have'Contrary

signs ; the last two are imaginary.

In general, let us take the equation,

X" = p", or x" — p" = 0,

in which n is any whole number. There are

two cases : 1st, when n is an even number

;

2d, when n is odd. 1st, when n is even, the

equation may be written,

(x' — p
!
)
(*»-* + z"-4

p
2 + a"-6?* + xn-"p l>

++ p"-*) = 0.

Placing the factors of the first member sepa-

rately equal to 0, we have

z* — p
a = 0, and

i"-* + z"-*^ + z"-6^
4 + &c. + p

n-' = 0.

The first of these equations gives

x = + p and x = — p.

With regard to the second equation, it is

plain, since all of the co-efficients are posi-

tive, and since it involves only the even

powers of x, that any real quantity substi-

tuted for x will make the first member posi-

tive, and, consequently, cannot satisfy it

;

hence, all its roots which are n — 2 in num-

ber, must be imaginary.

When n is odd, the equation may be written

(x — p) (Z""
1+ z"-> + x*~3p*+ &c. +j>"-' )= 0,

and by placing the factors separately equal

to 0, we have the equations

x — p = and

a*-* + xP-'p + x"-3p* + + p"-1 = 0.

The first of these equations gives x = p ; the

second gives only imaginary values for X.

From this discussion, we conclude that

every quantity has n, n'h roots, and only n
;

that when n is even, two of the roots are

real, numerically equal, but have contrary

signs, and all the remaining roots imaginary.

When n is odd, one of the roots is real, and

all the rest imaginary. It is also seen that

there is but one numerical root that is real in

any case ; this is the root that is generally ri

ferred to in speaking of the root of a quantity.

It is further to be observed, that all of the

»lh roots of any quantity may be obtained by

multiplying the numerical n"1 root by the m,h

roots of 1 respectively. Thus, the cube roots

p
3 are shown above to be equal to p, the nu-

merical cube root, multiplied respectively by

and
2 2

which are the cube roots of 1 ; and so on, for

the other roots.

It has now come to be conventional with

most mathematicians, that when the simple

numerical root is meant, it is indicated by

the radical symbols

•y/' V7 VV &c ->

but when the general root, or the root which

includes all possible values, is meant, it is in-

dicated by the fractional indices, J, J, £, &c.

;

thus, \fa, stands simply for the numerical

i
cube root of a, whilst (a3) stands equally for

«.«(—L s -) and «(—
1-^~—

-)

This convention is sometimes departed from,

but it is gradually being adopted, and will

eventually become universal.

ROUND. A term applied indiscriminately

in common language to the shape of cylin-

drical, conical, spherical, spheroidal, and an-

nular bodies ; in short, to any bodies which

approach regularity, and admit of an oval

section.

In Geometry, the three round bodies are

the right cone, the right cylinder and the

sphere.

RtiLE. A direction or set of directions

given for performing the operations necessary

to obtain a certain result.

A rule differs from a formula only in the

language by which it is expressed. A rule

is always expressed in ordinary language ; a

formula, in algebraic or symbolical language.

If a rule is translated into algebraic Ian
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guage, the result is a formula ; and, con-

versely, if a formula is translated into ordi-

nary language, the result is a rule.

A rule, with its connecting explanations,

should embody a description of the object to

be attained, and the means by which it is to

be attained ; it should, also, point out the

means of determining when it is attained. It

should specify the case in which it is to be

used, or when it is preferable to any other,

and should be so complete that any reader,

of the class to whom it is addressed, may
learn all that it professes to teach without the

necessity of studying the processes by means

of which it has been deduced. Rules are for

practical application, and are often used by

those who are not familiar with the more

abstruse mathematical processes, and should

be specially framed to this end. For those

who are thoroughly conversant with mathe-

matical language, and specially when many
rules are to be learned, it will generally be

found more convenient to make use of for-

mulas. In all cases in which it is practica-

ble, great advantage will arise from cultivating

a habit of translating formulas into rules, and

rules into formulas.

Rule, Ruler. A mathematical instrument,

employed in drawing straight lines. It con-

sists of a bar of metal or wood, straight on

one edge, for the purpose of guiding a pencil

or pen.

Rule op Signs. In Algebra, a rule for de-

termining the sign of a product or quotient;

If two quantities be multiplied together, or

if one be divided by the other, the sign of the

result will depend upon the signs of both

quantities : if the signs are alike, that of the

result is always positive ; if they are unlike,

the result is always negative. When any

number of factors are multiplied together, if

an odd number of them is negative., the result

is negative ; if an even number is negative,

the result is positive. This follows1 at once

from the rule as above enunciated.

Rule of Three. In Arithmetic, a rule for

finding frpm three given numbers a fourth,

to which the third shall have the same ratio

as the first has to the second: Hence, it is

an application of the principles of proportion,

and embraces that class of questions in which

three of the terms of a proportion are known

or given, and the fourth required.

The given and required numbers, taken in

order, from a proportion, and consequently

taken two and two, they must be of the same

name or kind ; hence, of the three given

numbers, two must always be of the same

namo or kind, and the third must necessarily

be of the same name or kind as that sought.

This fact indicates the method of stating the

proportion, the solution of which follows di-

rectly from the rules for solving proportions.

The rule is as follows :

Whatever produces effects, as men at work

animals eating, time, goods purchased or sold,

money lent, and the like, may be regarded as

causes. Causes are of two kinds—simple

and compound.

A simple cause has but a single element,

as men at work, a portion of time, goods pur-

chased or sold, and the like.

A compound cause is made up of two or

more simple elements, such as men at work,

taken in connection with time, and the like.

The results of causes, as work done, pro-

visions consumed, money paid, cost of goods,

and the like, may be regarded as effects. A
simple effect is one which has but a single

element ; a, compound effect is one which

arises from the multiplication of two or more

elements.

Causes which are of the same kind, that

is, which can be reduced to the same unit,

may be compared with each other ; and

effects, which are of the same kind, may
likewise be compared with each other. From

the nature of causes and effects, we know
that

1st. Cause : 2d. Cause : • 1st. Effect :

2d. Effect ; and

1st. Effect : 2d. Effect : : 1st. Cause :

2d. Cause.

Single Rule op Three. Simple causes

and simple effects give rise to simple ratios.

All questions involving simple ratios, are

classed under the Single Rule of Three, for

which we have the following rule :

1. Write the number which is of the same

kind, wi(h the answer for the third term, its

corresponding cause or effect for the first term,

and the remaining cause or effect for the second

term.

2 Multiply the second and third terms to-

gether, and divide their product by the first
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term ; or, multiply the third term by the ratio

of the first to the second.

Double Rule of Three. Compound causes

or compound effects, give rise to compound

ratios, and these to compound proportion.

The double rule of three is an application

of the principles of compound proportion.

It embraces all that class of questions in

which the causes are compound, or in which

the effects are compound, and is divided into

two parts :

1. When the compound causes produce the

same effects.

The first embraces all that class of ques-

tions which has been arranged under " Rule

of Three Inverse." Here, since the effects are

equal, the causes are equal ; hence, the pro-

ducts of their elements are equal ; therefore,

Make the element of that cause which con-

tains the unknown element, the first term of the

proportion ; the corresponding element of the

other cause the second term, and the remaining

element the third term : then multiply the second

and third terms together, and divide the product

by the first.

If 4 men can dig a ditch in 9 days, how
many days will it require 18 men to dig itl

The elements of one cause are 4 and 9, and

of the other 18 and the required time : hence,

18 : 4 : : 9 : 2 days.

2. When the compound causes produce differ-

ent effects.

In this class of questions, either a cause or

a single element of a cause may be required
;

or an effect, or a single element of an effect

may be required. Denote the required cause

or element by x : then,

1. Arrange the terms of the statement so

that the causes shall compose one couplet, and

the effects the other.

2. Then if x fall in one of the extremes,

make the product of the means a dividend, and

the product of the extremes a divisor ; but if x

fall in one of the means, make the product of

the extremes a dividend, and the product of the

means a divisor.

It is to be observed, that all questions under

the rule involves the element of time, and

further that questions of this nature may in-

volve not only five, but also 7, 9, 11. &c,
terms giving rise to what might be called

triple, quadruple, &c, rule of three. It will

not be necessary to discuss these cases, as

their solution may be effected by a simple

extension of the rule just laid down.

S. The 19th letter of the English alpha-

bet. As a numeral it has been used for 7

:

with a dash over it, thus, 13, it stood for 7000.

As an abbreviation, it stands for South.

SAIL ING. The operation of conducting

a ship on the ocean, from port to port, to-

gether with the necessary computations for

determining her place at any time, the dis-

tance sailed, and the course necessary to

steer, so as to reach a desired port. Sailing

is the same as Navigation, which see.

Sailing is distinguished, according to the

methods employed in solving the different

problems that arise.

Globular Sailing is that in which the

problems are solved by the principles of

Spherical Trigonometry.

Great Circle Sailing, the same as globu-

lar sailing.

For the method of solving the problems in

these several cases, see Navigation.

Mercator's Sailing, is that in which the

problems are solved according to the princi-

ples used in making Mercator's projection.

See Mercator's Projection.

Middle Latitude Sailino. is that in which

the problems are solved by means of the mid-

dle latitude ; that is, the half sum of the lati-

tudes of the extreme points of a course.

Parallel Sailino, is when a ship sails on

a parallel of latitude. The distance sailed in

nautical miles multiplied by the cosine of the

latitude, gives the number of minutes of lon-

gitude made by the ship.

Plane Sailing, is that in which the pro-

blems are solved, on the supposition, that the

surface of the earth is plane. The results are

very erroneous, when any great distances are

considered ; but it is extremely simple, and

in some cases affords sufficiently accurate

results.

Spheroidal Sailing, is that in which the

problems are solved, on the supposition, that

the face of the earth is a spheroid.

Sa'LI-ENT. [L saliens ; from salio, to

leap]. Projecting outwards. Opposed to re-

entering.

Salient Angle of a polygon, is an inte
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rior angle less than two right angles. A
polygon which has all of its angles salient, is

called a salient polygon., and a straight line

cannot be drawn so as to cut the perimeter in

more than two points.

Salient Polyhedron is a polyhedron, no
interior angle of which is measured by more
than four trirectangular triangles. A cutting

plane can only intersect a salient polyhedron

in a salient polygon.

SAT'IS-Ff. [L. satis, enough, and facio,

to make]. An equation is said to be satisfied,

when after the substitution of any expres-

sions for the unknown quantities which
enter it, the two members are equal. The
values found for the unknown quantities of a

problem, are said to satisfy the conditions of

the problem, when being operated upon in

accordance with those conditions, the result

conforms to the enunciation of the problem.

SClLE. [L. scala, a ladder]. A line drawn
upon any solid substance, as wood, ivory,

paper, &c, and divided into parts equal or

unequal, which may be transferred by means
of the dividers, to aid in geometrical con-

struction.

The manner in which the scale is divided,

depends upon the nature of the algebraic or

trigonometric function to be represented.

When the subdivisions are all equal, the

method of constructing the scale is similar to

that described under the head of Graduation.

The most simple scale is that in which the

subdivisions are all equal, called a scale of
equal parts. The scale of equal parts is not
only the most easily constructed, but it is

also the most useful, for by the aid of trigo-

nometrical tables, it may be made to supply
the place of all the trigonometrical scales.

For example, let it be required to lay off an
angle of 25!. With a radius equal to 50
equal parts of the scale, and from the vertex

of the angle as a centre, let the arc of a circle

be described, cutting the line from which the

angle is to be laid off; from the tables, find

the natural sine of 12° 30' and multiply it

by 100 ; with this taken from the scale as a

radius, and from the point last determined as

a centre, describe a second arc cutting the

first ; through this point let a line be drawn
to the vertex of the angle, and the angle con-

structed will be the angle required. In this

case, the scale of equal parts has taken the

place of a scale of chords, and in like man-
ner, it may be made to take the place of a

scale of secants, &c.

In the scales that are formed upon wood or

ivory, and that are contained in the ordinary

boxes of instruments, the divisions are of

various lengths. It is not found advantageous

to divide a wooden or ivory scale into parts

less than one-fiftieth of an inch in length.

Diagonal Scale of Equal Parts.

The most important scale, viz. . the diago-

nal scale of equal parts, is thus constructed :

Hf
llllllllTl

/ I I I I I I I I

I I I I

i

rrrr

Take ah for the unit of the scale, which

may he •$, J, f , or any part of an inch. On
it construct a square abed. Divide ab and dc

each into 10 equal parts. Draw af and the

other lines, as in the figure. Produce ba to

the left, and lay off the unit from it, any

number of times, and number the scale, as in

the figure.

a.l ,2.3.4,5.6.7.8.9 b

Now, the small divisions of the line ab, are

each one-tenth of ab ; they are, therefore, -j^th

of ad, or of ag, or gh. The distance on the

first line above ab, from the line ad to the line

af, is equal to ^th of df, or -j^-th °f tne

unit of the scale : the corresponding distance

measured on the second line above ab, is

equal to -jf^ths of the unit of the scale.;. the
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corresponding distance measured on the third

line above ab, is the -j-f^ths of the unit of

the scale, and so on. The use of the scale is

evident from the description just given.

Suppose it were required to take, in the

dividers, the distance 2.34 from the scale :

we place one foot of the dividers at I, and

open them till the other foot is at e, the dis-

tance between the points of the dividers is

then equal to 2.34 units of the scale. To
take off the distance 2.58 : we place one foot

at p, and open them till the other foot comes
to q, and so on for any other distance.

We have only represented a portion of the

scale ; it may be continued to any distance

to the left. If a line is too long to be laid

down at a single operation, let it be divided

into parts, and each part taken in succession.

Scale of Chords. A scale, in which the

chords of all arcs, from 0° to 90°, are laid

down.

-Z?sf,

n!Q s\o

To construct a scale of chords graphically ;

With a point A, as a centre, and a radius 1, de-

scribe an arc of a circle equal to a quadrant,

and divide it into 90 equal parts, beginning at

C ; through C, and each point of division,

draw straight lines : they will be the chords of

the corresponding arcs, with C, as a centre,

and these chords as radii, describe arcs of

circles intersecting AC, and number these

points, as in the figure. The scale, thus

formed, is a scale of chords. The chord of

60° will be equal to the radius of the circle,

in which the chords are taken.

To lay off an angle, say 30°, by means of a

scale of chords : Take the chord of 60°, from

the scale, as a radius, and from the vertex of the

required angle, as a centre, describe the arc of

a circle cutting one side AB of the required

angle, in B ; take this point of intersection,

as a centre, and with the chord of 30°, as a

radius, describe an arc

cutting the first arc

in C ; join this point

with the vertex A .

the angle CAB will be

the required angle.

To measure an angle plotted on paper, by

means of a scale of chords : With the vertex

of the given angle, and with the chord of 60°

as a radius, describe an arc cutting the sides

of the angle ; take the distance between

these points of intersection in the dividers,

and apply it to the scale of chords, from

C : the reading on the scale will indicate the

number of degrees contained in the given

angle.

In like manner, we may construct scales

of sines, cosines, secants, cosecants, &c.

A better method of constructing a scale of

chords is by means of a table of natural

sines. The chord of an arc is equal to twice

the sine of half the arc. Take a table of

natural sines, and from it find the sines of

i°> §°> 4°> i°'
&c - > double each, and lay off

the resulting distance on the line CA from C
by means of an accurate scale of equal parts.

These scales may all be constructed graph-

ically ; but it is better to construct them by

means of the table of sines, &c, by the aid

of a nicely constructed scale of equal parts.

A scale of semi-tangents may also be con-

structed either graphically, or by means of a

table, recollecting that thd semi-tangent of an

arc is the same as the tangent of half the arc.

These scales of sines,' secants, tangents,

semi-tangents, &c, are used principally in

making the projections of the circles of the

sphere.

Scale op Longitudes. A scale used for

determining graphically the number of miles

in a degree of longitude, in any latitude. It

may be constructed as follows :

Describe a quadrant BD with a radius equal

to the chord of 60°, taken from the scale of

chords ; divide the radius DC into 60 equal

parts. Draw lines through the points of di-

vision perpendicular to DC, cutting the cir-

cumference ; then, with D as a centre, and

distances equal to the distances from D to the

points of division, describe arcs cutting the

chord DB in the points 10, 20, 30, &c.

Now, if this scale be laid upon the scale of
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phords inverted, so that 60 shall fall upon

in each case ; then, if any degree of latitude

be counted upon the scale of chords, there

will stand opposite to it, on the scale of lon-

gitude, the number of miles in a degree of

longitude for that latitude.

Plotting-Scale. See Plotting.

There is a variety of useful scales, some

of which will be found described under their

respective heads,—which see.

Scale of Numbers. A conventional ex-

pression of the law of relation between units

of different orders. There are two kinds of

scales of numbers, the uniform, and the vary-

ing scale. In the uniform scale, the law of

relation between the units of different orders

is, that a unit of any order is equal to the

product obtained by multiplying a unit of the

next lower order by a fixed number. This

fixed number is the modulus of the scale, and

gives name to the scale.

In numbers constructed by such a scale, if

one unit of each successive order be taken,

they will constitute a geometrical progression.

In the varying scale, the law of relation be-

tween units of different orders is not subject

to any uniform law, but to a law which varies

in each particular case. The uniform scales

apply to the methods of writing abstract

numbers, and aid in writing denominate

numbers, though they are not necessary to

such expressions. The varying scales apply

to denominate numbers exclusively. We
shall illustrate each case separately.

Uniform Scales. In a uniform scale, the

abstract number. 1 , is taken as the base of

every system. This is a unit of the first

order. A unit of the second order is found

by multiplying 1 by the modulus of the scale ;

a unit of the third order is found by multi-

plying a unit of the second order by the modu-

lus, or by multiplying 1 by the square of the

modulus, and so on. A unit of the «'» order

is found by multiplying 1 by the (n — I)' 1

power of the modulus. Thus, the units of

the different orders are as indicated blow

;

r being the modulus of the scale.

Ascending Scale. Descending Scale.

U O <U 0) 0> (DCDOJOJa na na na tj t3 *a rr* h-j
!? i; i; hfj V. M K Mooooo oooo

.i*-1 .,t*,t*, r2 , r, 1 .

1111
7" T Y T^ 7^

The law of the scale being determined, the

conventional method of writing the scale is

as follows

:

U I-, t* t-,

t* H ShOOOO
>- Fh U 'r*

S . . . t# CO IN ^ HHCl^i ....g
..0....0000 . 0. . . . . .

.

It is not customary to write the name of the

order upon that which indicates the place

of a unit, but we have done so, the more

clearly to indicate the nature of the conven-

tional system

Now, if any number be written in the place

occupied by any in the scale, it will indicate

that number of units, of the order occupied

by the 0. The number written must not be

greater than r — 1. In order to write any

number in a uniform scale, as many separate

characters are requisite as there are units in

the modulus, including amongst them the

character 0. The point placed on the line of

0's, marks the origin of the scale. If the

modulus is 2, the scale is called a Unary

scale ; if it is 3, it is called a. ternary scale ; if

it is 4, the scale is quarternary ; if 5, quinary
,

if 6, scxenary; if 10, decimal; if J 2, duoie

nary, &c.

When numbers are written in any scale,

the convention adopted implies, that the sum

of the numbers indicated by all the numbers

of the different orders, is to be taken. In

the decimal scale, the number 235 is equiva-

lent to

200 + 30 + 5 = 235.

The number 221.75 is equivalent to

7 5
200 + 20 + 1 +

10 100

and so on.
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In the binary scale, the number written

101110, is equivalent to

IX 2' + lX2' + IX2' + 1X2 + 0,

which is equivalent to 46, as expressed in the

decimal scale.

The following table shows how numbers

may be written in the different scales.

Scale.
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order, whose scale is

(b c' d' \

a a' a
J

In general, the development of the fraction,

a + bx + ex1 + .... + fcc"-1

a' + b'x + c'x' + + h'x*
'

gives rise to a recurring series of the nth

order, whose scale is

A' \
-71").

The scale of the series, taken in connec-

tion with the definitions of recurring series

and of scale, furnish the law of the series.

The scale of co-efficients, is a scale from

which the co-efficients may be formed, in a

nianner entirely analagous to that of forming

the terms from the scale of the series. The

scale of co-efficients can always be obtained

from the scale of the series, by dividing each

term by the first power of the leading letter

of the series. The scale of co-efficients of

the most general case of recurring scries, is

IV c- d!
.

I — — ' — —TX, —-TX-

as given above.

SCA-LeNE' TRIANGLE. [Gr. cwalrivoc,

oblique]. A triangle, whose sides are all

unequal. This distinguishes this class of

triangles from isosceles triangles, in which

two of the sides are equal.

Scalene Cone. A cone, such that a sec-

tion made by a plane through the axis per-

pendicular to the plane of the base, is a

scalene triangle. The term, scalene, is equiv

alent to oblique, in the last case.

SCH6'LI-UM. [L. scholion; Gr. cxohiov,

a remark]. In Geometry, a remark made

upon one or more preceding propositions,

which tends to point out their connection,

their use, their restriction, or their extent.

SCi'ENCE. [L. scieraia; from scio, to

know]. In its general sense signifies know-

ledge reduced to order ; that is, knowledge

so classified and arranged as to be easily re

membered, readily referred to, and advantage-

ously applied. More strictly speaking, it is a

knowledge of laws, principles, and relations.

The basis of all science is the immutability

of the laws of nature and of events. Assum-

ing that all the phenomena of the physical,

33

mental, or moral world are consequences of
general and unchanging laws, we may define

science to be a knowledge of those laws, em-
bracing the connected processes of observa-

tion and reasoning, by means of which they

are discovered ; and also the processes of

reasoning, by means of which their operation

is made known in the production of phe-

nomena.

Pure science is based on self-evident truths,

and laws of relation are deduced by demon-
stration—of this nature is mathematical

science. Natural science'is based upon ex-

periment and observation ; its fundamental

laws are deduced by inductive reasoning ; that

is, they are general conclusions derived from

classifying and comparing particular experi-

ences.

Knowledge of the relations of quantity

constitutes abstract science; that of causes

and effects physical science.

Science is the result of general laws, and

is sometimes called theory, as correlative with

art. Art is the application of knowledge to

practice. A principle of science is a rule in

art. Science is knowledge. Art is skill in

using it.

SS'CANT. [L. seco, to cut, or to cut off].

A straight line cutting a curve in two or

more points. If a secant line be revolved

about one of its points of secancy until the

other point of secancy coincides with it, the

secant becomes a tangent. If it be still fur-

ther revolved, it again becomes a secant on

the other side ; hence, a tangent to a curve,

at any point, is a limit of all secants through

that point. A secant plane is one which in-

tersects a surface or solid.

Secant in Trigonometry. A straight

line drawn from the centre of a circle through

D

the second extremity of an arc, and termina-
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ted by the tangent through the first extrem-

ity ; thus, the straight line OD is the secant

of the arc EA ; if OA is equal to 1, OD is

the secant of the angle AOD. In numerical

value, the secant of an angle is equal to the

reciprocal of the cosine.

SECOND. [L. secundus ; from seguor, to

follow]. A unit of measure employed in esti-

mating time. It is equivalent to the 60th

part of a minute, the 3600th part of an hour,

or the 86400th part of a day. In trigonom-

etry it is the 60th part of a minute, the

3600th part of a "degree, or the 1296000th

part of a circumference.

SECTION. [L. sectio ; from seco, to cut

off]. Apart separated from the rest.

Section of * Surface by a Plane.

The line cut out of the surface by a plane

passed so as to intersect the surface. Thus,

we speak of conic sections, meaning the

curves cut out of the surface of a right cone,

with a circular base, by a secant plane. The

section of a surface of revolution made by a

plane passing through the axis, is called a

meridian section. The section by a plane

perpendicular to the axis is a circle.

Section of Land. A tract of land one

mile square, containing 640 acres. The pub-

lic domain of the United States is divided by

north and south lines, six miles apart, into

strips called ranges ; these are again divided

by east and west lines, six miles apart, into

squares of 36 square miles, called town-

ships. These ranges are numbered both east
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which forms its base, multiplied by one-third

of the radius of the sector.

Let CA represent the axis of revolution,

and BCD the revolving sector, then is the

surface generated by the arc BD, the base of

the sector, and the volume is equal to a zone

whose altitude is EF multiplied by £ CD.

Sectoral Scale of Equal Parts. A
scale of wood, brass, or ivory, consisting of

two arms, which open by turning round a

joint or hinge at their common extremity.

There are several scales drawn on the two

arms, but we shall only consider the scales of

equal parts. On each arm there is a diagonal

line drawn through the point about which

the arms revolve ; these are divided into

equal parts, which are numbered from the

common point outwards. In the instrument

represented in the figure, they are divided

into 200 parts each. The instrument is used

for plotting to any scale.

To illustrate, let it be required to lay off

any distance, say 46 rods on a scale of 20

rods to the inch. Take an inch in the divid-

ers, and applying one foot at the 20th division,

on one arm, open the sector till the other foot

will fall upon the 20th division on the other

arm ; then open the dividers till one foot being

at the 46th division on one arm, the other

foot will fall at the 46th division on the other

ami ; then will the distance in the dividers

represent the distance 46 rods to the required

scale ; and in like manner, any other distance

may be taken to the same scale.

SEG'MENT OF A CIRCLE. [L. seg-

mentum, from seco, to cut off]. A part of the

area of a circle included between a chord and

the arc which it subtends. Thus AGB, or

AHB, is a segment. To find the area of a

segment of a circle ; find the area of the sec-

tor having the same arc, then find the area of

the triangle formed by the chord and the two
radii of the sector ; if the greater segment is

required, take the sum of their areas ; if the

lesser segment is required, take their differ-

ence, and the result will be the area required.

A Spherical Segment, is a portion of a

sphere bounded by a secant plane and a zone

of the surface. If a circular segment be re-

volved about a radius drawn perpendicular to

the chord of the segment, the volume gener-

ated is a spherical segment. Thus if the cir-

cle AHBG be revolved about HG, perpendic-

ular to AB, either segment, AGB or AHB,
will generate a spherical segment. To find

the volume of a spherical segment ; find the

volume of the corresponding sector, and also

the volume of the cone whose vertex is at the

centre, and whose base is the base of the seg-

ment. If the greater segment is required,

add them together ; if the lesser segment is

required, take their difference, and the result

will be the volume required. The portion of

a sphere between any two parallel secant

planes, is a segment.

SEM'I-CIR-CLE. [L. semi, half; half of

a circle]. Every diameter divides the circle

in which it is drawn into two equal parts,

each of which is called a semicircle. The

diameter is called the diameter of the semi-

circle.

SEM-I-CU'BI-CAL PARABOLA. A
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parabola which may be referred to co-ordinate

axes such that the squares of the ordinates of

its points shall be to each other as the cubes

of the abscissas of the same points. In this

case the equation of the curve is of the form

y» = pV,

the origin being at the vertex and the axis of

X coinciding with the axis of the curve. The

curve consists of two branches, convex to-

wards the axis of X, and tangent to it at the

origin of co-ordinates, or vertex of the curve.

See Parabola.

SEM-I-Di-AM'E-TER. -Half a diameter,

or radius of a circle or sphere.

SEM-I-ORDI-NATE. A term used by

some of the old writers to designate half of

a chord of a curve perpendicular to an axis.

It is now called an ordinate.

SEM-I-TAN'GENT. In Spherical Projec-

tions, the tangent of half an arc. Let ABDE
represent any circle ; AD and BC two diam-

D

processes, generally from the development of

some function. They receive names from the

nature of the function developed, as the log-

arithmic series, the exponential series, &c.

A series is said to be decreasing when the

numerical value of each term is less than that

of the preceding.

A series is increasing when the numerical

value of each term is greater than that of the

preceding.

A series is converging when the greater the

number of terms taken, the nearer will their

sum approach in value to a fixed quantity,

which is called the sum of the series. All

other series are diverging.

The summation of a series is the operation

of finding an expression for the sum of any

number of terms of the series. When the

series is converging, we can often find an ex-

pression for the sum of an infinite number

of terms, which is the total sum of the series.

We shall indicate some of the most useful

series, together with the method of generat-

ing and the method of summing them.

1. Arithmetical Series. An arithmetical

progression is a series in which each term is

derived from the preceding, by the addition

of a constant quantity called the common dif-

ference. The sine of n terms of such a series.

is given by the formula

—ffl- (!)•

eters at right angles, and DE any arc esti-

mated from D as an origin. Draw the chord

AE intersecting BC in G ; then is OG the

semi-tangent of the arc DE, the radius of the

circle being 1.

Se'RIeS. In Analysis, an infinite num-

ber of terms following one another, each of

which is derived from one or more of the pre-

ceding ones, by a fixed law, called the law of

the series. Whenever a sufficient number

of terms are given, and the law of the series

is known, any number of succeeding terms

may be deduced.

Sometimes the law of a series is given by

means of a general term, from which any term

may be deduced by making proper supposi-

tions upon the arbitrary quantities that enter

it. Series are derived in a great number of

ways, and by a great variety of analytical

in which a denotes the first term, I the na

term, and n the number of terms. See

Arithmetical Progression.

2. Geometrical Series. A geometrical pro-

gression is a series in which each term is de-

rived from the preceding one by multiplying

it by a constant quantity, called the ratio of

the progression. The sum ofn terms of such

a series is given by the formula

_ Ir — a ar" — a
8 = = = r 1 2).

r — 1 r — 1 v '

in which / denotes the n'k term, a the first

term, and r the ratio. When r< 1, the series

is converging, and the sum of an infinite

number of terms is given by the formula

aS- •(3).

See Geometrical Progression.

3. Recurrrig Series. A recurring series
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is a series in which each term is equal to the

algebraic sum of the products obtained by

multiplying one or more of the preceding

terms by certain fixed quantities ; these

quantities, taken in their order, constitute the

scale of the series. For the method of deduc-

ing and summing these series, see Recurring

Series.

4. Logarithmic Series. A series derived

by developing the logarithm of (1 + y) accord-

ing to the ascending powers of y.

The simplest logarithmic series is

/ y*
, y

3 y*

+f &c. (4).

This series is not adapted to the computation

of tables. By suitable transformations a

great variety of converging series have been

deduced, some of which we give below.,111

A series by means of which we can com-

pute logarithms of numbers when we know

those of the preceding ones.

Hy + l) = 2ly-l(y-l)

i^+lw^y+
l\2y^if

+&c -

j
<6)

a very rapidly converging series.

%+ 2) = 2l(y+l) -H(y- 2) - 2% -1)
( 2 1/ 2 y

+ *y-3y +
3\f-3y)

X X* X3

+ -

; +
1 . 2 . 3.

4

If x = 1 in this series, we have

2.71828 - - =1+ 1+ -i- +

\6).

1

+

1.2 1.2.3

1

+ &c.1.2.3.4

+ J(^%)
S+&C

i
(7)

5. Exponential Series. Exponential series

are derived from the development of expo-

nential functions.

The simplest form of an exponential series

is

or 1 + fcc+
1.2

+
"l.2.3

+:
kW

(5),

in which h is equal to the Naperian loga-

rithm of a.

6. Trigonometrical Series. Trigonometrical

series are derived from developing some of
the trigonometrical functions, and when they

can be summed approximately, they gene-
rally give the value of it, or the ratio of

diameter to the circumference of a circle.

We give some of the simplest

:

x3
,

Is
sin x = x 1-

1.2.3^1.2.3.4.5

a7

~ 1.2.3.4.5.6.7+&c-(7)*

x'

172

x*

1.2.3.4

1.2.3.4.5.6 '

"""(8 )-

1

sin x

+

1
: cosec x = —

h

x

744is

; + &c.

Ux3

; + -

1.2.3. ..9 1.2
+

1.2.3 ' 1.2.3.4.5.6

100584a;7

1 x*= sec x = 1 + t~S + 7cos x 1.21

12
+&c.(9).

5z4

S.3.4

61a;6 1385I8

+
1.2.3.4.5.6

+
1.2.3.4.5.6.7.8

+<!5C•(10)•

_ sin x _ 2i" 23
. 12x5

t&nx ~
SoTiT

~ x +
r."2T3

+
1.2.3.4.5.6

2« . 306a;'
+

l, 2 ,, -9
+ &c...(lI).

cos a: 1

cot x = —— = -
smi x

2i
: + -.

2*a;
3

+

1.2.3 ' 1.2.3.4.5.6

2M2z»
1.8. .9

+ &c. . . (12).

These may be used for computing tables.

The following show the values of arcs in

terms of trigonometrical lines

:

If a = e = 2.718281828, k-l, and thel • , ,
**

. ??!

—

+ &c n3\

formula becomes I

* *+ 1.2.3
+ 1.2.3.4.5+ < >
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7T 1 X"

1.3

2a 1.2.3.4.5
— &c. (14).

i3 i5 as'

tan-'i = x — ~ + g- — ^
_

+ -,

9 Tr + i3- &c---(15>-

By means of these series, the value of ir

may be computed by making x equal to any

are whose sine, cosine, or tangent, is known.

The 15th formula is best adapted to this com-

putation, making use of one of the following

auxiliary formulas :

ir 1 1
4=tan-1

5
+ tan-'

5
...

ir 1 1 1 1

7 = tan—1 - + tan-1 ^ + tan-1 = + tan-1 „
4 & o 7 o

IT 1 1

2*

1 1

^I+ tm-2«-

+ tan-1

+ &c. &c.

T
. . !

— x
T = tan-1

a; + tan-1 t—.—
4 1 + x

By making, in (15), x equal to \, \, \, £,

the series is converging, and the sum of the

results obtained by using only a few terms,

gives a close approximation to the value of

A great variety of trigonometric series have

been deduced ; the foregoing are, however,

some of the most important.

7. Series of Figurate Numbers. These

series are of different orders, and may be de-

rived from the general expression :

«(« + 1) (n + 2) (n + 3) . . . (n + m)
_

l.a.3...(m + 1)
!

by assigning to m a particular value, and then

in the result making n, in succession, equal

to 1, 2, 3, 4, &c. The order of the series is

denoted by the value of m.

Making m = 1, we have the general term

of the first order of figurate series,

n(n + 1)

1.3 '

and making n, successively equal to 1, 2, 3,

&c. we have the series,

1, 3, 6, 10, • • •

n(n + 1
)

1.2
• (16).

In like manner, for m — 2, 3, 4, &c, we
have the series,

n(n + l)(n + 2)
1,4, 10, 20,

1.2.3

1, 5, 15, 35,

&c.

M(n+l)(n+2)(n+3)

• an

•(18).
1.2.3.4

&c. &c. &c.

Figurative series may be summed by means

of the formula,

m(m - 1) ,

m(ro-l)(m-2^S = ma.+
1 2

d
l
+ j^-g >it

m(m— 1) (to — 2) (m — 3)

,

+ - -d„+&c.,
1.2.3.4

in which a denotes the first term, m the num-

ber of terms considered, and <',, rf s , da , &c,

the first terms of the successive orders of

differences.

In the series of the first order,

d
l
= 2, d, = 1, d3

= 0, &c.

;

whence,
m(m-l)(m-3)

jS = m + m(»i — 1)4 r
_
3
_
3

In the second order,

dt
= 3, d, = 2, d3 = l, dt

= 0, &c.

;

whence,
3m(m — 1) m(m — 1) (m — 2)

s = m + i^— + rx3

+
m(m — 1) (to — 2) (to —'3)

1.2.3.4

and so on, for the remaining orders.

8. Series derivedfrom the general expression,

g

n[n + p)

These series bear considerable analogy to

figurate series, and are deduced in each case

by attributing a fixed value to p, and then

giving suitable successive values to q and n.

The following are the most useful of the

series of this class :

If we make

p — 1, q = 1, and n = 1, 2, 3, 4, &c. we have11111 1 . „„.
1—2' 2T3' O' O 576' STt'

**^
If we make

p = 0, q = 1. and « = 1, 2, 3, 4, &c. we have11111
1.3' 3.5' 5.7' 7.9 9.11

&c. • (20).
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If we make

p = 3, q = 1, and n = 1, 2, 3, 4, &c. we have

J_ !_ -1, J_,_L, &c....(3 i)
1.4' 2.5. 3.6 4.7 5.8 ^ '"

If we make

p = 4, y = 4, and n= 1, 5, 9, 13, &c. we have

4 4 4 4 4

1 .
5' 5 . 9 9 .

13' 13 . 17' 17.21' °' "^'
If we make

p = 2, q = 2, - 3, + 4, - 5, + 6, &c, and

ra = 3, 5, 7, 9, <£sc, we have

A JL _£_ JL 6
+
3l'

_
5T7'

+
7l>'~ 9TH'

+
TTl3'

&c -

'
• <23)-

If we make

p = 2, q = + l, -1, + 1, -1, &c,
« = 1, 2, 3, 4, &c, we have

In the series (20),

S
(^ + p)

=
3
+

5 + 7 + - .+

2n-l'

1

2b -1

1

l73'

1 1

274' +375'
_
4T6' + 577' &c '

<

24)-

In this way a great number of useful series

may be deduced ; and since

n(«+^) ^> In n+pr

it follows that

S/_?_\ = I E/2__LA
\n(«+p)/ p \n n+pj

pi n n+j)

that is, the sum of any number of terms of one

of these series can be found, when the differ-

ence of thesums of the corresponding terms of

two auxiliary series deduced, according to the

same law, from the expressions, - and —-

—

n n+p
can be found. For example, in series (19),

we have

+
1

2n + 1'

whence,

S
\«(« + f)j 2\

l 2b+i|
If n = «>, we have

S = i.
2

In series (21), we find, in like manner,

\n(n + P)) 3\
1
"

l"2"t"3 ~ n + 1

« + 2

whence, if n = co,

c l / 1 1\ 11
s = 3(

1+
2
+

3) = r8 -

In series (22), we have

1

l+ 4n'
and 5=1.

In series (23), we have, according as n is

even or odd,

\n) 2 3 4

1 1 1
:

2 + 3+4 +n + p

whence,

+
:

l I

+
n
+

n + 1

2
(icTF?)) - ? [

s
(!)

- s
(^^)]

s (—1I—\ = x /_ I 4. " + 1
\

^i (» +
pty 2 \ 3

"*"
2rc + 3^ '

or"

_ 1 /2 _ n + 1 \_
2^3 ~2n + 3j

S = 12-

In series (24),

2
fcofe)

=
*(l =F ?Fl

±
^T2J

andS=X
The upper signs are used when ™ is even,

and the lower ones when n is odd.

9. Series of powers of natural numbers.

These series are found by raising the natural

numbers to powers ; thus,

1 . 4 . 9 . 16 . 25 . 36 . 49 . Ac. . (25),

1 . 8 . 27 . 64 . 125 . 216 . 343 . &c. . (26),

1 . 16 . 81 . 256 . 625 . 1296 . 2401 . &c. . (27),

&c. &c. , &c.

These may all be summed by the method of

differences. See Summation by differences.

10. Series of reciprocals ofpowers. These

n 4~ 1 series are formed by taking the reciprocals of

If n =co,we have S = 1, S denoting the the different powers of the natural numbers.

sum of the entire series. I Their sums are "given in the formulas.
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w* 1 1111
J=T' +

2'
+

3'
+ 4'

+ 5' + &c <28>'

«*
! ! J J X

90 =r* + ? + r* + r« + 5-* + &c-(29)>

** i i i i i

W5=P + 2T + 3* + 4°
+

5* + &C (30) '

&c. &c. &c.

Series of reciprocals of powers can be

summed in terms of re, whenever the expo-

nent of the power is even.

SES-QUI-Dti'PLI-CATE RATIO. [L.

tesqui, one and a-half. and tluplkalus, double].

A ratio in which the consequent is 2| times

5a
the antecedent. Thus, the ratio of — is ses-

quiduplicate.

SEX'A-GEN-A-RY. [L. sexagenarius

;

from sex, six, and a word signifying ten, seen

in viginti, twenty]. Something appertain-

ing to the number sixty.

Sexagenary, in Numbers. A scale in

which the modulus is 60 : see Scale of Num-
bers. This scale is used in treating of the

divisions of the circle. If the circumference

be divided into 6 equal parts, the chord of

each part is 1 ; each arc contains 60 degrees,

each degree contains 60 minutes, each min-

ute contains 60 seconds, each second 60

thirds, and so on. This division of the cir-

cle is called sexagenary.

SEX-A-GES'I-MALS. Pertaining to the

number 60. Sexagesimal fractions are those

whose denominators are some power of 60
;

that is, fractions written in a descending

sexagenary scale.

SEX'TANT. [L. sextans, one-sixth]. A
sixth part of the circumference of a circle.

An instrument used in measuring angles,

founded upon the optical principle that a ray

of light twice reflected from plane reflectors,

makes, with the ray before reflection, an
angle equal to twice the angle of inclination

of the reflecting surfaces. The graduated

arc is equal to the sextant of the circle, and

is divided into 120 equal parts, so that if the

image of an object is made to coincide with

the image of the second object, after two re-

flections, the angle read off on the limb of the

instrument is the angle subtended by the two
objects at the instrument.

SEX'TU-PLE. [L. sextuplus ; sex, six,

and duplus, double]. Six fold ; six times as

much.

SHADES AND SHADOWS. A branch

of applied Geometry, having for its object

the graphic construction of the shades and

shadows of bodies. The shade of a body is

that part of the surface of the body from

which light is excluded by the body itself

The indefinite shadow of a body is that part

of space from which light is excluded by the

body. The shadow of a body on a body, is

that part of the surface of the second body

from which the light is excluded by the first.

That part of the surface of a body upon
which the light falls freely, is called the illu-

minated part. The line which separates the

shade of a body from the illuminated part, is

called the line of shade. The line which

separates the shadow on a body from the illu-

minated part, is called the line of shadow.

In considering the theory of shades and

shadows, it is usual to regard the light as

emanating from a body at so great a distance

that the rays may be regarded as parallel. A
ray of light is a straight line parallel to the

direction of the light. A plane of rays is a

plane parallel to a ray of light. A cylinder

of rays is a cylinder whose elements are

parallel to a ray of light.

The lines of shade and shadow are deter-

mined by passing a cylinder of rays envelop-

ing the body casting the shadow, and finding

its intersections with the surface receiving

the shadow. The line of contact of the

enveloping cylinder of rays with the first

body, is the line of shade on that body ; and

the line of intersection of the cylinder with

the surface of the second body, is the line of

shadow on that body. Hence, we see that

the line of shade casts the line of shadow

;

the former is always a line of contact, the

latter, a line of intersection.

The shadow of a point on a surface is the

point in which a ray of light through the

point pierces the surface. The shadow of a

straight line on a surface, is the line of inter-

section of the surface, with a plane of rays

passing through the line.

The shadow of a curve on a surface is the

intersection of the surface, with a cylinder of

rays passed through the curve. The bodies
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casting shadows, the surfaces receiving them,

and the direction of the light, are all given by

their projections. The lines of shade and

shadow are found, by the application of the

rules of Descriptive Geometry.

SIGN. [L. sigrami]. A symbol employ-

ed to denote an operation to be performed, to

show the nature of a result of some previous

operation, or to indicate the sense in which

an indicated quantity is to be considered. See

Notation.

SIG'NAL. [L. signum, a sign]. In Trigo-

nometrical Surveying, an object used to

mark the positions ofthe triangulation points.

The simplest form of a signal, is a vertical

staff planted at the triangulation point, so

that its axis shall pass through the point to

be marked. To render the signal visible at a

distance, the staff is often painted in checks

of black and white, and a flag is attached to

its upper end. To distinguish different sta-

tions, the flags are formed by sewing together

pieces of different colors arranged according

to some preconceived system. Another me-

thod is to place a frustum of a tin cone, of a

few inches radius, concentric with the axis of

the staff. This, by reflecting the rays of the

sun, in all directions, serves to render the

signal visible at a greater distance than the

bare pole, or even the pole with a flag, could

be seen. When the length of the staff is

considerable, it should be braced by strong

staves driven into the ground obliquely and

nailed to the staff. The signal should be so

arranged, that it may be readily removed for

the purpose of planting a theodolite exactly

over the centre of the station. When a very

elevated signal is needed, the staff may be

supported by a frame-work of timber firmly

braced. One of the simplest

examples of such a signal,

consists of three or four

pieces of scantling firmly

bedded in the ground and

meeting at a point, with a

short staff projecting verti-

cally from the apex. This

staff should be so fixed,

that its axis shall be exact-

ly over the centre of the

station, and it may be

marked either by a flag or a

tin cone. When, on account of the nature
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of the soil, the pieces of scantling cannot ba

bedded in the ground, they may be confined

in their proper places by heaping stones

around them, to such a height as to render

them stable.

If it is necessary to raise the signal still

higher, as often happens when the station is

on low ground, or when the surrounding

country is covered with trees or brush wood,

a regular framework must be constructed, of

sufficient height to sustain a scaffolding on

which the instrument is to be placed when
the station becomes one of observation. In

this case a staff surmounted by a tin cone,

may be set up in the scaffolding and thor-

oughly braced from the timbers of the plat-

form. The framework of the signal should

be strongly braced, so as to resist the action

of tempests, and preserve the axis of the sig-

nal uniformly in the same position. No de-

tailed rules can be given for the construction

of signals, as in nearly every instance some

peculiarity of structure is required. It is to

be noted that when tin cones are used the

brilliant element formed by the reflected rays

proceeding to the eye, does not, in general,

lie in the plane passing through the station

of observation and the axis of the signal

observed upon. In this case, a slight correc-

tion is used, called the correction for reduc-

tion to the centre of the signal. This correc-

tion is given by the formula

r cosa
i 2

Cf= ± D sin 1" ;

in which r denotes the radius of the signal,

or the mean radius of the frustum, % the

horizontal angle at the point of observation

subtended by the sun and the signal, Z> the

distance from the point of observation to the

signal.

SIG-NIF'I-CANT [L. signiJUansJ. Fig-

ures standing for numbers are called signifi-

cant figures. They are I, 2, 3, 4, 5, 6, 7, 8

and 9.

SIM'I-LAR FIGURES. [L. similas, like].

In Geometry, figures made up of the same

number of parts, these parts being arranged

in the same manner, so that the figures shall

be of the same form and differ from each

other only in magnitude.

Two polygons are similar when they have

the same number of angles, which are equal
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each to each, and the sides about these angles

taken in the same order. Proportional similar

polygons are to each other as the squares of

their homologous sides ; or, as the squares of

any of their homologous lines. All mutually

equiangular triangles are similar. All regu-

lar polygons having the same number of sides

are similar.

Two sectors, arcs, or segments of circles,

are similar, when they correspond to equal

angles at the centre. Two curves of the

same name or kind are similar, when, if any

polygon be inscribed in the one a similar poly-

gon can always be inscribed in the other.

Two ellipses or two hyperbolas are similar

when their axes are respectively proportional

to each other. In this case their eccentrici-

ties are equal.

Two polyhedrons are similar when they are

bounded by the same number of mutually

similar faces, similarly placed ; their polyhe-

dral angles are then equal, each to each. Two
right cylinders are similar when they may be

generated by the revolution of similar rect-

angles about their homologous sides. Two
cones are similar when they can be genera-

ted by the revolution of similar triangles

about their homologous sides. All regular

polyhedrons of the same name are similar

solids. The volumes of two similar solids are

to each other as the cubes of any two homol-

ogous lines. Two solids of the same name,

bounded by curved surfaces, are similar when
any polyhedron, being inscribed in one, a simi-

lar polyhedron can always be inscribed in

the other.

SIM'I-LAR-LY. In like manner.

SIM'PLE. [L. simplex]. Not complicated.

A simple quantity is a quantity containing

but one term. It is the same as a monomial.

A simple equation is one of the first degree.

Simple addition is the addition of numbers

expressed in a uniform scale. Simple sub-

traction, multiplication, division, Ac, have

corresponding significations. In this sense

the term is used to distinguish the operations

from the corresponding operations upon num-
bers expressed in varying scales ; such oper-

ations are called compound.

The essential nature of the operation is the

same in each case, but the practical applica-

tion of the rules are more simple in the first

case than in the last.

Si-MUL-Ti'NE-OUS. [L. simul, at the

same time]. Two equations are simultaneous

when the values of the unknown quantities

which enter them are the same in both, at the

Same time. A group of equations is simul-

taneous when the value of the unknown
quantities is the same in them all, at the same

time. Any single equation containing more

than one unknown quantity, is indeterminate,

and any two such equations may always be

regarded as simultaneous. The very act of

combining two equations implies that the

values of the unknown quantities which enter

them are the same in both, and consequently

the act of combination renders them simul-

taneous. It is impossible to render a greater

number of equations simultaneous than there

are unknown quantities entering them. If

we make the attempt to combine a group con-

taining more equations than there are un-

known quantities, we shall arrive at one or

more equations independent of the unknown
quantities, which express the relations that

must exist between the known quantities, in

order that the proposed equations may be

simultaneous. These equations are equations

of condition for simultaneity, and they are as

many in number as the number of equations

exceeds the number of vmknown quantities.

These relations being satisfied, some of the

equations must be dependent upon the others,

so that there will only be as many indepen-

dent equations as there are unknown quan-

tities. When we combine a less number of

equations than there are unknown quantities,

we arrive, by elimination, at a single equa-

tion, which is indeterminate, and by the aid

of which we may render one or more addi-

tional equations simultaneous.

Simultaneous Changes. The correspond-

ing changes resulting from the relation which

exists between the function and the variable.

If we give any increment to the variable, and

substitute the variable thus increased for the

variable, the function will receive a corres-

ponding increment, and these two increments

are said to be simultaneous. The term incre-

ment, as here used, does not necessarily im-

ply increase, but is used in the most genBral

sense to cover the case of a decrease of value

as well as of an increase. If the increment

of the variable is infinitely small, or the differ-

ential of the variable, the corresponding in-
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crement of the function, is the differential of

the function. If the increment of the varia-

ble is itself variable, and the corresponding

increment of the function be divided by it,

the limit of the ratio of their simultaneous in-

crements is the differential co-efficient of the

function.

SINE OF AN ARC. [L. sinus}. In

Trigonometry, the distance of an extremity of

an arc upon the diameter drawn through the

other extremity. If from any point on one.

side of a plane angle, a perpendicular be let

fall upon the other side, thus forming a right

angled triangle, the ratio of the hypothenuse

of this triangle to the perpendicular is the

sine of the angle.

The terms sine of an angle, and sine of

an arc, are often used as synonymous terms,

but they are only so on the supposition that

the radius of the arc is taken equal to 1.

This supposition is tacitly made in Analysis,

and we shall suppose it to obtain for the pre-

sent discussion. The sine of an angle is

designated by the abbreviation sin ; thus tin x,

denotes the sine of the angle x, or the sine of

an arc of i", in a circle whose radius is 1

.

Let C be the centre of a circle whose radius

is 1, and DA and BE two diameters of the cir-

cle at right angles to each other. All arcs are

by convention estimated from A, the right

hand extremity of the horizontal diameter

DA, and are considered positive when esti

mated around in a direction contrary to the

motion of the hands of a watch. Let AP be

an arc thus estimated, which terminates, as

shown in the figure, in either of the four

quadrants. Then will PM be the sine of the

arc or angle. In accordance with an ana-

lytical convention, all distances estimated up-

wards from DA are positive, and as a conse-

quence, all distances estimated downwards

must be regarded as negative. By inspecting

the figures we see that the sine of the arcAP
is positive, when it terminates in the first or

second quadrants, and negative when it ter-

minates in the third or fourth quadrants.

The following continued equations show
the relations existing between the sine of an

arc and the other trigonometrical functions

of the arc.

cos x
sin x = cos x tan x =—— = v 1 — cos2z

= 2 sin $ x cos $ x =

cots

tana: 1

V 1 + tan2! " cosecz

, ,
2tan^i

sin* = i Vl-cos2x = TTT£^Vx

2 _ sin (30°+ x)- sin(30° -i)
cotii+tanfa;

—
^3

sinz = 2sin2 (45° + £z) — 1

1 — tan2 (45° — i x)
= 1-2 sin2 (45°-ix)=

; ;—nvin;—TTiv a i
i _ tan2 (45 — %x)

_ tan (45° + 1 x) — tan (45° — jx)
SU1

X

~ tan (45° + i x) + tan (45° - i xj

= sin (60 + x) — sin (60° — x).

The following equations show the value of

the sine of an arc in terms of the arc itself

;

also in terms of an aliquot part of the arc.

x* X5

1.2.3 + 1.2.3.4.5

+ &c. . .
—

1.2.3.4.5.6.7

The following formulas give the value of

the sine of an arc or angle for certain given

values of the angle or arc.

sin0°=0; sin9°=j{"V
/3 + v/5

--V/5-/5}; sin 15° =j{^6—/*\i

sin 18° =
j j

-/5 - 1
^

; sin 27° =- X

{ -v/5 + /5- V* - VI
\ ; sin30°=2;

sin 36° = j-v/l0-2\/5; sin45° = --/27

sin54°=^VT+Vr5; sin 60°=^
sin 72° = ^ -v/l0 + 2-/5;

sin 75 =
^ {

-j/6 + -/2
\ ; sin 90° = 1.

For further informs tion in regard to sines,

see Trigonometry.
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SIN"GU-LAR POINT. [L. singula™.

from singulus, single]. A singular point of

a curve is a point at which the curve pos

sesscs some peculiar properties not possessed

by other points of the curve.

The most important of the singular points

are cusp points, multiple points, conjugate or

isolated points, collection of isolated points

forming pointed branches, and points of abrupt

termination, or, as the French term them,

points d'arret.

Cusp Points. A cusp point is a point of a

curve at which a curve ceases to proceed in

a certain direction, and returns in a contrary

direction, the two branches thus formed hav-

ing a common tangent at that point. Cusps

are of two kinds : 1st., when the two branches

lie on opposite sides of the common tangent.

2d., when they lie on the same side of the

common tangent,

The point E is

a cusp of the

first kind, and

the point A is

a cusp of the

second kind.

No fixed rules

can be given for

determining the

existence o f

cusp points ; their existence and position

must be ascertain-

ed from a discus-

sion of the equa-

tion of the curve,

with respect to the

properties given

in the definition.

See Cusp.

Points of Inflexion. Points at which a

curve, from being convex or concave, with

respect to a straight line not passing through

the point, becomes concave or convex, with

respect to the same line. Thus, A, in the

last figure, is a point of inflexion. These

points are sometimes called points of con-

trary flexure. The analytical characteristic

of a point of inflexion is a change of sign of

the second differential co-efficient of the or-

dinate at the point. See Inflexion, Point of

Inflexion, &c.

Multiple Points. The points at which two

points of a curve cross each other, or inter-

sect each other. Thus, M is a multiple point.

If two branches intersect each other, it is

called a double multiple point ; if three, a

triple multiple point, &c. There is another

singular point which closely resembles the

multiple point, and is generally known by

the name of multiple point, but which differs

from the multiple point in having the two

branches tangent to each other instead of in-

tersecting. At this point the two branches

have a common tangent, but do not intersect

each other at that point, nor is that point a

cusp. See Multiple Points.

Conjugate or Isolated Points, are points

whose co-ordinates satisfy the equation of

the curve, but which have no consecutive

points. The analytical characteristic of such

points is, that the first differential co-efficients

of the ordinate of the curve, at those points,

is imaginary. See Conjugate Points.

Pointed Branches are made up of a collec-

tion of separate points which have no con

secutive points. The equation,

y = ax' + V x sin bx,

affords an example of a pointed branch.

If we construct the parabola OAC, whose

equation is

y = ax',

it will be a diametral curve ; that is, it will

bisect a system of chords parallel to the axis

of Y ; for every positive value of x, there

will be two points of the curve, or the curve

will be made up of a succession of branches

OA, AB, like the links of a chain. '



SLlJ CYCLOPEDIA OF MATHEMATICAL SCIENCE. 525

For negative values of x, y is imaginary,

except when
sin bx = ;

the corresponding points lie on the parabola

CO at P, P', &c, and constitute the pointed

branch. The points P, P', P", &c, are sep-

arated by finite intervals ; but, in some cases,

there are points, making up pointed branches

which are separated only by infinitely small

intervals ; such, for example, is the case in

the curve given by the equation y = a".

Now, when a; is a fraction, with an even

denominator, there are two real values of y,

and equal with contrary signs ; consequently,

there are two corresponding points of the

curve, one on each side of the axis of .X

;

but, when x is a fraction with an odd denomi-

nator, there is but one value of x that is real,

and this corresponds to but one point.

Hence, there is one branch which is continu-

ous, and one pointed branch made up of

points, separated by infinitely small intervals.

Such a curve cannot be generated by the

motion of a point, but only exists as the re-

sult of a particular functional relation be-

tween y and x.

Points of Abedpt Termination, or Points

d'arret. These are points at which a curve

terminates abruptly. Thus, the curve whose

equation is

y = x log x,

has but a single branch, terminating ab-

ruptly at the origin of co-ordinates. In seek-

ing for points d'arret, we have to find the

points of a single branch, which have no

consecutive points on one side. They al-

ways arise from exponential relations between

the co-ordinates of the points of the curve.

The curve whose equation is

x — * + (.y — «) [ Vy — a, + Vy — c],

gives a point of abrupt termination (the radi-

cals having the positive sign only), whose

co-ordinates are y = a, and x = b.

SLlD'ING-RtiLE or SCALE. A mathe-

matical rule or scale consisting of two parts,

one of which slides along the other. Each
part has several scales marked upon it, being

so numbered and arranged, that, when a given

number on one scale is brought to coincide

with a given number on the other, the pro-

duct, or some other function of the two

numbers may be found by inspection. The

instrument is chiefly used in gauging, and for

the mensuration of timber.

SLoPE. Oblique direction. The slope of

a plane is its inclination to the horizon. This

slope is generally given by its tangent.

Thus, the slope, i, is equal to an angle whose
tangent is -J ; or, we generally say, the slope

is 1 upon 2 ; that is, we rise, in ascending

such a plane, a vertical distance of 1, in pass-

ing over a horizontal distance of 2. The
slope of a curved surface, at any point, is the

slope of a plane, tangent to the surface at

that point.

If, through any point of a curved surface,

any number of vertical planes be passed, they

will cut out lines of different slopes, the slope

of each being the same as the slope of the

line which the same plane cuts from the tan-

gent plane. Of all these sections, that has

the greatest slope which is cut out by a

plane perpendicular to the tangent plane.

This may be shown, as follows :

Take any horizontal plane as a plane of

reference, and through the point of contact

pass any number of vertical planes : these

will cut out straight lines intersecting each

other at the point of contact, and meeting

the horizontal trace at different points. Of
all these lines, that one will make the great-

est angle with the horizontal plane, which is

shortest ; for, in a right-angled-triangle with

a given perpendicular, the angle at the base

increases when the hypothenuse diminishes,

and the reverse. But the shortest of these

lines is that which is perpendicular to the

horizontal trace ; but the vertical plane which

is perpendicular to the horizontal trace of a

plane, is perpendicular to the plane itself;

hence we conclude, that the line of greatest

slope, cut out of a surface by any number of

vertical planes through a point on the surface,

is that one cut out by a plane perpendicular

to the tangent plane at the point.

SOL'ID. [L. solidus, solid]. In Geometry,

a magnitude which possesses the attributes of

length, breadth and thickness. The term vol-

ume would be preferable to solid, as the latter

conveys the idea of matter ; whereas geome-

try is only conversant with volumes, or

spaces, irrespective of what those spaces may

be filled with, or whether they be entirely

void.



526 MATHEMATICAL DICTIONARY AND [SOL

SO-LID'I-TY. The number of times th t

a volume or solid contains another volume or

solid, taken as --- unit of measure ; or, it is

the ratio of the unit of volume to the given

volume. In general, a volume varies as its

length into its breadth into its thickness. If

the three dimensions increase proportionally,

the solidity varies as the cube of either di-

mension. If one dimension remains con-

stant, the volume varies as the product of the

other two. If two dimensions remain con-

stant, the volume varies as the other dimen-

sion. These remarks are perfectly general,

and require modification in particular cases
;

but they serve to give a general view of the

nature of a volume. See Mensuration.

SOL-STi'TIAL POINTS. See Projections

Spherical.

SO-Lu'TION. [L. solutio ; from solvo, to

loosen]. The solution of an equation, in

Analysis, is the operation of finding such

values for the unknown quantities that enter

it, as will satisfy the equation ; that is, when
substituted for the unknown quantities, will

make the two members equal to each other.

See Equation.

Solution of a Problem. The operation

of finding such values for the unknown parts,

as will satisfy the conditions of the problem.

Problems may be solved algebraically or geo-

metrically. See Determinate Geometry, Ana-

lytical Geometry, i(C.

SOUND'ING. A measured depth of wa-

ter, ascertained by means of a lead and line.

Soundings are made in Maritime Surveying,

for the purpose of ascertaining the depth of

water, the nature of the bottom, the channels,

bars, sunken reefs, &c, for the benefit of

navigation or some other purpose. The op-

eration of sounding is conducted as follows :

A suitable boat and crew being provided,

the surveyor directs the crew to row back-

wards and forwards in different directions be-

tween established signals, and at suitable in-

tervals, he heaves the lead and notes the

depth of water by marks attached to the line
;

these are entered in the note-book of the sur-

vey, together with the time or other memo-
randa, that aid him in fixing the position

of the point at which the sounding is made.

See Maritime Surveying.

In shallow water, soundings may be made

by a pole graduated to feet or other suitable

units of measure. Before a sounding is used

in plotting the contour of the bottom of a

harbor, it must be corrected for the height

of the tide, which is ascertained by a record

of a tide-gauge, which is noted and recorded

every 15 or 30 minutes during the time in

which sounding operations are being carried

on. The surveyor should, in connection with

the soundings, keep a record of the direction

and strength of the wind, and the nature of

the bottom. The former serves to show the

relation between different tides, as affected by

winds ; and the latter, when laid down on

the chart, serve as guides to the mariner, in

selecting suitable places for anchorage.

Sounding Line. A long line having a heavy

piece of lead attached to one extremity, used

in sounding. It is usually divided in spaces

of 1 fathom in length, the points of division

being marked so that the person who heaves

the lead can easily determine the depth to

which it sinks before reaching bottom. The
lead attached to the line is of a conical shape,

5 or 6 inches in length, and hollowed out at

the bottom, so as to afford space for inserting

some grease, the object of which is to bring

up specimens of the bottom.

SOUTH. [Fr. sud}. One of the cardinal

points of the compass.

SOUTHING. When, in Surveying, the

second extremity of a course is further south

than the first extremity, the course is said to

make southing. This is indicated by the

meridional letter which is prefixed to the bear-

ing. Thus, a course which is recorded S.

4° E., is said to make southing. The

amount of the southing made depends upon

the length of the course and upon the bear-

ing. It is equal to the length of the course

into the cosine of the bearing. For ordinary

purposes its value is taken from a traverse

table. The southing is equal to the distance

between two east and west lines, one drawn

through each extremity of the course. In

navigation the term southing has a similai

meaning. See Navigation.

SPACE. [Fr. espace ; L. spatiwm, from

spatior, to wander]. That which extends to an

infinite distance in all directions, and con-

tains all bodies. Nothing but a negative

definition can be given of space, as it is im
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material, and destitute of tangible attributes.

Although we may not be able to conceive a

clear idea of space in general, we may never-

theless form a correct notion of limited por-

tions of space ; it is upon such portions that

all reasonings of Geometry arc based. A
limited portion of space, extending in all

directions, is called a volume, or sometimes a

figure. That which divides this limited por-

tion from the surrounding, indefinite space, is

a surface. We may then regard a surface as a

portion of space possessing the two attributes

of length and breadth. If we take a portion

of a surface we may regard the boundary of

that portion as a part of space ; hence, we
consider a line as a portion of space, possess-

ing but the single attribute of length. Vol-

umes, lines, and surfaces are limited portions

of space ; taken together, they form the sub-

ject of all geometrical reasoning.

SPe'CIeS OF LINES. [L. species, sort

;

from specio, to see]. A subdivision of an order

of lines. Thus, in analysis, all lines are first

grouped in two classes, algebraic and tran-

scendental ; these classes are variously sub-

divided.

Algebraic Lines are classed in orders, ac-

cording to the degree of.their equation. Those

whose equations are of the first degree are

of the first order, those whose equations are

of the second degree, are of the second order,

&c. The orders are further divided into spe-

cies, according to some analytical property.

For example, lines of the second order, whose

equations may always be reduced to the form

ay' + bxy + ex' + dx + ey +/= 0,

are subdivided into three species, according

as V — iac is less than 0, greater than 0, or

equal to 0.

When b1 — iac — 0, the species is named

parabola; when V — iac < 0, it is named

ellipse ; when b' — iac > 0, it is named

hyperbola. Species of lines are again subdi-

vided into varieties, containing many individ-

uals.

Species of Surface. A subdivision of

an order of surface. Surfaces are classed,

like lines, into algebraic and transcendental.

The algebraic surfaces are divided into orders,

according to the degree of their equations ;

the orders are subdivided into species ; these

are again subdivided into varieties, &c. For

example, surfaces of the second order are

divided into three species, depending upon
the nature of their plane sections ; these spe-

cies are respectively named ellipsoids, parabo-

loids and hyperboloids ; each of the species has

several varieties ; thus, the varieties of the

ellipsoid are elliptical ellipsoids, ellipsoids of

revolution, including the sphere, the point,

and the imaginary surface. The varieties of

the paraboloids are elliptical paraboloids, par-

abolic paraboloids, and hyperbolic paraboloids.

The varieties of hyperboloids are elliptical

hyperboloids, or hyperboloids of two nappes,

and hyperbolic hyperboloids, or hyperboloids

of one nappe.

SPHeRE. [L. sphaira. Gr. o<paipa]. A
solid or volume bounded by a surface, every

point of which is equally distant from a point

within, called the centre. Or it is a volume

that may be generated by revolving a semi-

circle about its diameter as an axis. The dis-

tance from any point of the surface to the

centre is called a radius of the sphere.

Every section of a sphere made by a plane

is a circle, and all sections made by planes

equally distant from the centre, are equal. A
circle of the sphere whose plane passes

through the centre, is a great circle ; all other

circles are small circles. All great circles are

equal, and their radii are equal to the radii

of the sphere.

If a regular semi-polygon, of any number

of sides, be inscribed in a semicircle, and a

similar semi-polygon be circumscribed about

the semicircle, and then the whole be revolved

about their common diameter, the surfaces

generated by the perimeters of the polygons

may be made to differ from each other and

from the given sphere by less than any assign-

able surface, and their volumes will thus dif-

fer from each other, and from that of the

sphere by less than any assignable volume.

The surface and volume of the sphere may

then be regarded as the limits of the surface

and volume generated by revolving a regular

semi-polygon about its diameter.

The surface of a sphere is equal to the

product of the diameter by the circumference

of a great circle ; or it is equivalent to the

area of four great circles. Denoting the

radius of the sphere by r, and its diameter by

d, we have the following formulas for the

surface.
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s = 4tit' = nd'.

The surfeces of two spheres are to each other

as the squares of their radii, or as the squares

of their diameters ; or in general, as the

squares of any two homologous lines that

can be drawn in the sphere.

If a right cylinder be circumscribed about

a sphere, the area of the convex surface of

the cylinder is equal to the area of the sur-

face of the sphere.

The volume of a sphere is equal to the

product of its surface by one-third of its

radius. It is also equivalent to two-thirds of

the volume of its circumscribing cylinder.

The following formula gives the value of the

volume of any sphere, whose radius is r, and

diameter is d,

4 1

v = - «y» = - mP.

The volumes of any two spheres are to each

other as the cubes of their radii, or as the

cubes of their diameters ; and in general, as

the cubes of any two homologous lines that

may be drawn in the spheres.

In analysis, the sphere is a surface of the

second order, and its equation may always be

reduced to the form,

X' + f- + s3 = r",

in which the origin of co-ordinates is taken

at the centre. If we denote the co-ordinates

of any arbitrary point by a, /? and y, and

place the centre of the sphere at that point,

its equation will become

(x - af + (y - Pf + (z- y)' = r\

The quantities, a, /3, y and r, are all arbitrary,

and by means of them we can make the

sphere pass through any four points arbitra-

rily assumed.

Oblique Sphere in Spherical Projec-

tions. The case in which the projection is

made upon the plane of the horizon of any
place not on the equator, or at the poles.

Parallel Sphere. The case in which
the projection is made upon the plane of the

equator, or upon the horizon of the poles.

Right Sphere. The case in which the

projection is made upon the plane of a meri-

dian, or upon the horizon of a place on the

equator.

SPHER'IC-AL. Relating to the sphere,

[3PH

as spherical angle, spherical triangle, spheri-

cal polygon, &c.

Spherical Angle. An angle included

between the arcs oftwo great circles intersect-

ing each other on the surface of a sphere. The
measure of a spherical angle is the same as that

of the angle included between two tangents,

one drawn to each arc at their point ofintersec-

tion. This angle is the same as that included

between the planes of the two arcs. If the

radius of the sphere is taken as 1, the angle

is also measured by the arc of a great circle

intercepted between the two arcs, and which

is perpendicular to them both.

Two great circles intersecting form four

spherical angles at the same point, whose

sum is 360°, and which are equal two and

two. The sum of any two adjacent ones is

equal to 180°.

Spherical Co-ordinates. The same as

trigonometrical co-ordinates. See Trigono-

metrical Co-ordinates.

Spherical Excess. The excess of the

sum of the three angles of a spherical trian-

gle over 180°. It is of practical use in a

trigonometrical survey conducted on a large

scale. See Geodesy.

Spherical Lune. A portion of the sur-

face of a sphere included between two great

semicircles, having a common diameter. The
angle of the lune is the same as the angle of

the planes of the circles. See Lune.

Spherical Polygon. A portion of the

surface of a sphere bounded by the arcs of

three or more great circles. Like plane poly-
*

gons they are named from the number of

sides or angles. See Polygon.

Spherical Projections. The projections

of the circles of a sphere upon a plane. See

Projection.

Spherical Pyramid. A portion of a sphere

bounded by a spherical polygon, and by three

or more sectors of great circles meeting at

the centre of the sphere. The centre of the

sphere is called the vertex, and the polygon

is called the base. See Pyramid.

Spherical Sector. A portion of a sphere

which may be generated by revolving a sec-

tor of a circle about a straight line through

its vertex as an axis. See Sector.

Spherical Segment. A portion of a
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sphere included between a. zone of the sur-

face and a secant plane, or between two

parallel secant planes. See Segment.

Spherical Triangle. A spherical poly-

gon of three sides. It is a portion of the sur-

face of a sphere bounded by the arcs of three

great circles. The points where the arcs

meet are called vertices of the triangle, and

the arcs are called sides. If from the three

vertices of a spherical triangle, as poles, the

arcs of three great circles be described, form-

ing a second spherical triangle, this is the

polar triangle of the given triangle : and con-

versely, the first triangle is the polar triangle

of the second. By following the directions

above given, for constructing the polar trian-

gle, four triangles are found : the central

one, is the one referred to.

The polar triangles bear such

relation to each other, that

any angle of either is mea-

sured by a semicircumfer-

ence minus the side of the

other triangle lying opposite

to the angle. For a farther

account of spherical trian-

gles, see Triangles.

Spherical Trigonometry. That branch

of Trigonometry which explains the method

of solving spherical triangles, when three of

the parts are given ; it also treats of the

general relations existing between the six

parts of which the triangle is composed. A
spherical triangle is composed of six parts,

three sides, and "three angles, any three of

which being given, the triangle can be solved

;

that is. the remaining parts may be found.

The only exception to this rule, is in the case

of a birectangular triangle. In that case,

there are an infinite number of solutions,

when the two right angles and a side oppo-

site one of them are given. For the method

of solving all cases of spherical triangles, see

Trigonometry.

Spherical Ungdla. A portion of the

sphere bounded by a lune and two semicircles

meeting in a diameter of the sphere. The

lune forms the base of the ungula. The an-

gle of the ungula is the same as the angle

of the lune. The volume of the ungula is

equal to the area of the lune multiplied by

one-third of the radius of the sphere.

34

Spherical Zone. A portion of the sur-

face of a sphere included between two paral-

lel planes. The circles in which these planes

intersect the surface of the sphere arc called

bases, and the distance between the planes is

called the altitude of the zone. It may hap-

pen that one of the planes is tangent to the

surface ; in that case, the corresponding base

becomes a point. If, at the same time, the

other plane becomes tangent to the surface,

the zone embraces the entire surface of the

sphere. The area of a spherical zone is equal

to that of a great circle multiplied by the alti-

tude of the zone. Hence, all zones of the

same sphere, having the same altitude, are

equivalent in area. As a surface of revolu-

tion a zone may be generated by revolving

any arc of a circle about a diameter of the

circle as an axis.

SPHfi'ROID. [Gr. aQaipa and «<5oc, form].

A solid resembling a sphere in form, and

which may be generated by revolving an

ellipse about one of its axes. If an ellipse

be revolved about its transverse axis, the

spheroid generated is called a prolate spheroid ;

if it be revolved about its conjugate axis, the

spheroid generated is called an oblate sphe-

roid. If we denote the semi-transverse and

semi-conjugate axes of the ellipse by a and

b, and the volume by V, we shall have for the

prolate spheroid,

V = ^nb*a;

and for the oblate spheroid,

in either case the volume is equivalent U>

two-thirds of that of the circumscribing cy-

linder.

If the same ellipse be, in turn, revolved

about its two axes, the prolate spheroid is to

the oblate spheroid generated, as b is to a.

SPHE-ROID'AL. Appertaining to a sphe-

roid. A spheroidal angle is an angle included

between two plane sections of the surface

made by two normal planes to the surface at

the same point. This point is the vertex of

the angle, and the measure of the angle is

the same as the measure of the angle of the

planes.

Spheroidal Excess is the excess of the-
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sum of the three angles of a spheroidal tri-

angle over 180°.

Spheroidal Polygon, Sector, Segment,

&c. Terms analogous to the corresponding

ones referred to the sphere, and having cor-

responding significations.

Spheroidal Triangle. A triangle on the

surface of a spheroid, analogous to a spher-

ical triangle. Such a triangle is formed by

drawing geodesic lines on the surface of the

earth, so as to connect three trigonometrical

points of the surface. In most cases of prac-

tical geodesy, no error will arise from consid-

ering a spheroidal triangle as coinciding with

a spherical triangle taken upon the surface

of a sphere whose radius is equal to the radi-

us of curvature of the meridian at the mean

latitude of the three stations.
'•

SPrN'DLE. A solid generated by revolv-

ing a portion of a curve about a chord per-

pendicular to an axis of the curve. ' The

spindle takes its name from the curve which

is revolved, as the hyperbolic, the parabolic,

the elliptic, &c, spindles.

SPI'RAL. [L. spira, a spire]. A curve

which may be generated by a point moving

along a straight line, in the same direction,

according to any law, whilst the straight line

revolves uniformly about a fixed point, always

continuing in the same plane. The portion

generated during one revolution is called

a spire. The moving point is the gen-

eratrix of the curve, the fixed point is the

pole of the spiral, and the distance from the

pole to any position of the generatrix is the

radius vector of that point. The law accord-

ing to which the generatrix moves along the

revolving line, is the law of the spiral, and

determines the nature of the curve. Any
position of the revolving line, assumed at

pleasure, is called the initial line ; the angle

through which the revolving line moves is

estimated from this line, and is taken posi-

tively in a direction contrary to the motion of

the hands of a watch. If we denote the an

gle swept over by the revolving line, from the

initial lines, by t, and the corresponding

length of the radius vector by u, the general

relation

will be the equation of the spiral. A great

variety of spirals have been investigated

some of the most important of which will be

noticed.

1. The Spiral of Archimedes. The law of

this spiral is, that the generatrix moves uni-

formly along the revolving line. The equa-

tion of this spiral is

u = at,

in which u is any arbitrary constant. In the

spiral of Archimedes, the radii vectors are

proportional to the entire angle swept over by

the revolving line from the initial line, the

initial line being taken so that tt = when

t = 0. This property of the curve enables

us to construct it by points. If in the equa-

tion we make t = 2;r, we find u = Hair. If

from any point A as a centre, and with a ra-

dius AB, equal to 2ira, we describe a circle

BEE', and divide its circumference into any

number of equal parts, as n, by radii, and

then lay off on these radii, from A, distances

respectively equal to

13 3 4.
-, -, -, _, &C.
n n n n

of AB, the curve drawn through the points

thus constructed is a spiral of Archimedes.

The accuracy of the construction will be in-

creased by taking a greater number of radii.

If the angle between any two radii vectors

be bisected, the corresponding radius vector

is an arithmetical mean between the then

radii vectors. Following this principle, the

construction may he continued beyond the

first circle drawn, by the method of interpola-

tion of radii.

This spiral may also be constructed by
means of an auxiliary straight line, as fol-

lows : Let A'B be a straight line whose

equation, referred to the rectangular axes,
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A'X and AT, is y — ax. With A as a cen-

tre, (last figure), and with a radius AB equal
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and asymptotes. The curve may be con-

structed by means of an auxiliary equilateral

hyperbola, in the same manner as we have

heretofore explained. Let A be the pole, AB
Ihe initial line, AD a. perpendicular to AB.

Lay off on AD, a distance AD = a, and

through D draw DC parallel to AB ; then is

DC an asymptote to the spiral. The curve

has its origin at an infinite distance, and

approaches the pole as t is increased, but

only reaches it when t becomes equal to oo
;

that is, after an infinite number of turns. If

we had considered the line AW as the initial

line, and reckoned angles positive in the

same direction as the motion of the hands of

a watch, we should have found a second

spiral entirely symmetrical with the first,

having DC for its asymptote.

If, from A as a centre, and with any radius

whatever, an arc of a circle be described, the

part intercepted between the initial line and

the curve is constant, and equal to AD. This

principle enables us to construct the curve

by points.

If we denote the distance from the pole to

the tangent by p, as before, we have the equa-

tion

VaT+u*

4. Cotes' Spieals. If we take the equa-

tion,

V V a' + u1
'

in which p is the same as before, the spirals

represented by it will be of three different

classes, according as a = b. a < b, or a > b.

If a = b, we have the case of the logarith-

mic spiral. See Logarithmic Spiral.

If a < b, the polar equation of the curve

takes the form,

4
, ( V a? + c' — c

<=J 10S| u }•

in which

c = Va' - b'.

In this case, if

u = 0, t = ro ; if t = 0, u = ro.

If a > b, the polar equation of the curve

becomes

b u ct
t = - seer1 -> or, u = c sec -r >

c c b

in which

c = Vb* - a".

These curves comprehend the simple case

bu
p = — >

r a

which gives for the polar equation,

b
t = los -'W - b'

e «

the logarithmic spiral.

These spirals are of scientific interest, from
the fact, that they are the trajectories that

would be described by material points pro-

jected in different directions with different

velocities, and these acted upon by a central

force, varying in intensity inversely, as the

cube of the distance from the point to the

centre of attraction.

5. Lituous Spiral. The lituous is a spiral

whose equation is

u* = aH- 1
, or, uH = aa

.

If, with A as a centre, and a radius AB =n,

5

M

a circle be described cutting the curve in C,

the angle t is estimated from the line AB,
determined by making the arc CB equal to a.

The radius, AB, produced, is an asymptote to

the curve. Wherever the point M is taken

on the curve, the sector AME is constant,

and equal to the sector, ACB.
6. Logabithmic Spieal. The characteristic

property of this spiral is, that the angle in-

cluded between any radius vector, and the

tangent at its extremity is constant : from
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this circumstance it has been called the equi-

angular spiral. If we denote the tangent of

the constant angle by M, then is the equa-

tion of the curve

t = M log u.

If, from A as a centre, and with a radius

AB = I, a circle be described, the origin of

the spiral is at B, and there are an infinite

number of spires both without and within

the circle described. The radii vectors making

equal angles with each other are in geome-

trical progression, and when any two are

constructed, the curve may be constructed by

points from this principle. Although there are

an infinite number of spires within the circle

before reaching the pole, the length of the arc

is finite, and from the pole to a point whose

radius vector is it, the length is equal to

The evolute of this curve is a logarithmic

spiral, similar to the given one. The invo-

lute of it is also a similar logarithmic spiral.

The caustics of reflected and refracted rays,

under certain restrictions, are logarithmic

spirals.

There are a great variety of other spirals,

but the ones mentioned are the most im-

portant.

Every curve having an infinite branch,

when referred to rectangular axes, admits of

a corresponding spiral, which may be con-

structed by points in the same manner as

was explained in treating of the spiral of

Archimedes.

SPiRE. That portion of a spiral which is

generated during one revolution of the straight

line revolving about the pole. Every spiral

consists of an infinite number of spires. See

Spiral.

SQUiRE. [Fr. carrel In Geometry, an

equilateral and equiangular quadrilateral.

Each of the angles of a square is equal to

90° or a right angle. The diagonals of a

square are equal, and mutually bisect each

other at right angles. The ratio of either

side of a square to its diagonal is that of

1 to v27 The square is employed as a unit

of measure in determining the area of sur-

faces, whence the term square measure, in

that connection. The area of any square is

equal to the product of two adjacent sides.

The law of relation of the different orders

of units of square measure is given in the

following table

:

Square
Mill's
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2. The sum of two odd squares cannot be

a square.

3. An odd square, taken from an even

square, cannot leave a remainder which is a

square.

4. If the sum of two squares is a square,

one of the three must be divisible by 5, and

consequently by 25.

5. Square numbers must terminate with

one of the digits, 0, 1, 4, 5, 6, or 9.

6. If we take the series of squares of na-

tural numbers, as l
2
, 22

, 32
, 43

, 5 3
, &c, the

mean proportional of any two squares of this

series is equal to the less square plus its

square root multiplied by the difference of

the square roots of the two squares ; thus,

Vll 2 X 72 = 7a + 7 X 4 = 28 + 49 ; also

/PX?= 4» + 4 X 3 = 28.

7. The arithmetical mean of any two squares

exceeds their geometrical mean by half the

square of the difference of their square roots.

Thus,

72 + 43

/7s X 42
:

3" 9
= 5 = 4*-

2 '
- " *

2

8. Of three equi-distant squares in the

series, the geometrical mean of the extremes

is less than the middle square by the square

of the common difference of their square

roots. Thus,

• 5» X 1* = 32 - 2* = 5.

9. The difference between two consecutive

squares is equal to twice the square root of

the lesser increased by 1. Thus,

53 - 4s = 2 X 4 + 1 = 9.

10. If the natural numbers be cubed, giving

the series of natural cubes, the sum of any

number of consecutive terms of this series,

beginning at the first, is a perfect square.

Thus,

l
3 + 23 = 3», l 3 + 2s + 33 = 62

,

l
3 + 23 + 33 + 43 = 10', &c.

;

and, in general,

I
s + 2s + 33 + h ra

3

= (1 + 2 + 3+ ... +n)' = in(n+ 1).

Square Root op a Quantity. A quantity

whjfch, being taken twice as a factor, will

produce the given quantity. Thus, the square

root of 25 is 5, because 5 X 5 = 25. "When
the square root of a number can be expressed

in exact parts of 1, that number is a perfect

square, and the indicated square root is said

to be commensurable. All other indicated

square roots are incommensurable.

To extract the square root of a whole

number

:

I. Separate the number into periods of

two figures each, beginning at the right

hand : the left hand period will often contain

but one figure.

II. Find the greatest perfect square in the

first period on the left, and place its root at

the right, after the manner of a quotient in

division. Subtract the square of this root

from the first period, and to the remainder

bring down the second period for a dividend.

III. Double the root already found, and

place it on the left for a divisor. See how
many times this is contained in the dividend,

exclusive of the right hand figure, and place

the quotient in the root, and also at the right

of the divisor.

IV. Multiply the divisor thus obtained by

the last digit of the root found ; subtract the

product from the dividend, and to the re-

mainder bring down the next period for a

new dividend. If the product just found

exceeds the dividend, diminish the last digit

of the root found, and proceed as before till

the product is less than the dividend.

V. Double the root already found for a new
divisor, and proceed as before till all the

periods have been brought down. If the

final remainder is 0, the root found is exact,

and the number is a perfect square. If it is

not 0, the root is not exact, but is true to

within less than 1.

To extract the square root ofa vulgar fraction:

Reduce the fraction to its lowest terms
;

then extract the square root of the numerator

for a numerator, and the square root of the

denominator for a denominator : the result

will be the square root required.

If, when the fraction is reduced to its low-

est terms, both terms are not perfect squares,

the fraction is not a perfect square, and its

root can only be found by approximation.

To extract the square root of a fraction to

within less than its fractional unit :

Multiply the numerator by the denominator,

and extract the square root of the product to

within less than 1 ; divide this result' by the

denominator of the given fraction : the quo-

tient will be the root required.
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Let it be required to extract the square

root of -| to within less than -|- : We have

the square root of 40 equal to 6 to within less

than 1 ; hence, ^ or -| is the approximate

root.

To extract the square root of a whole num-

ber to within less than any fractional unit

:

Multiply the number by the square of the de-

nominator of the fractional unit, and extract

the square , root of the product to within less

than 1 ; divide the result by the denominator of

the fractional unit: the quotient mil be the

approximate root.

To extract the square root of a vulgar frac-

tion to within less than any fractional unit

:

Multiply the numerator by the quotient of

the square of the denominator of the fractional

unit by the denominator of the given fraction

;

extract the square root of the product to within

less than 1 , and divide the result by the denomi-

nator of the fractional unit : the quotient will

he the approximate root.

Let it be required to extract the square

root of £ to within less than ^ : Multiply 2

by -1|£, or 45 ; we find, for the product, 90 :

the square r»ot of 90 to within less than 1, is

9 j hence, the approximate root is ^ = ^.

To extract the square root of a whole num-

ber or vulgar fraction to any number of deci-

mal places :

Convert the fraction into a decimal, and, if

necessary, annex 0's till the whole number of

decimal places is equal to twice the number re-

quired in the root. Extract the square root of

this, regarded as a whole number, to within

less than 1, and from the result point off the

required number of decimal places.

A very good approximate result may be

obtained, in extracting the square root of

numbers containing 10 or 12 places of figures,

by following the rule, as laid down, till at

least half of the number of figures of the

root are found ; then bring down all the re-

maining periods, and form a divisor according

to the rule, with which continue the division

till the requisite number of places of figures

are found in the root.

Square Root of Algebraic Quantities.

To extract the square root of a monomial

:

Extract the square root of the co-efficient for

a new co-efficient, after which write each letter

entering the given expression, giving to each

an exponent equal to one-half of its original

exponent : the result is the root required.

A monomial cannot be a perfect square,

unless its co-efficient is a perfect square, and

the exponents of all the letters which enter

it are even numbers.

To extract the square root of a polynomial

.

I. Arrange the polynomial according to one

of its letters. Extract the square root of the

first term of the arranged polynomial : this

will be the first term of the root.

II. Divide the second term of the polyno-

mial by twice the first term of the root : the

quotient will be the second term of the root.

Subtract the square of the sum of these

terms from the given polynomial for the first

remainder.

III. Divide the first term of this remainder

by twice the first term of the root, and the

quotient will be the third term of the root.

From the first remainder subtract twice the

sum of the first and second terms of the root

plus the third term, by the third term, for a

second remainder.

IV. Divide the first term of the second re-

mainder by twice the first term of the root,

and the quotient will be the fourth term of

the root. Subtract from the second remain-

der twice the sum of the first three terms of

the root plus the fourth term, by the fourth

term, for a third remainder.

V. Continue in this manner, until a re-

mainder is found equal to 0, or the first term

of which is not exactly divisible by twice the

first term of the root. In the former case,

the root is exact ; in the latter, the root can-

not be extracted.

If, on inspection, it is seen that any term,

which is of the highest or of the lowest de-

gree with respect to any letter, is not a per-

fect square, it is useless~to attempt to apply

the rule ; for, in this case, the polynomial is

not a perfect square. A binomial can never

be a perfect square. In order that a trino-

mial may be a perfect square, it is necessary

that two of its terms be perfect squares, and

that the third be equal to twice the product

of their square roots. When a quantity ia

not a perfect square, its square root can only:

be indicated. See Radicals.

The square root of an imperfect square

number may be found approximately by

means of continued fractions. A single ex-
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ample 'will best illustrate the method. Let it

be required to extract the square root of 19.

The operation is as follows :

(1). v/19 = 4 +

= 4 +

t/19-4 = 4 +
VT9 + 4

/19+4 /19 -2
= 2 +

•/19+2

= 2 +

H±*)'

(3).

/T9 + 2 -/T9-
= 1 +

/19+3

= 1 +

(*)
V19+2

=3+-

= 3 +

(^±2)

-/T9-3
2"

1

= 3+

Ot^
(5).

•/19+3
= !+•

5

yi9

i +

=i+

/19+2 -/I9-4
(e).-o— =«+—»-=«+

= 2 +

•/19+3

3

/19+2

VH+4

//T9 + 4\

&c.&c, &c. &c.

Substituting in the first equation these re-

sults,

/l9 = 4+2
2 + 1

1 + 1_
3 + 1

2+1
8 + &c.

Whence we deduce the successive approxi-

mating fractions,

4, 4£, 4J.
4A , 4^, 4«, 4^|, &c,

each of which is nearer the true value of the

square root than the preceding.

The principal advantage of this method lies

in its applicability to the solution of indeter-

minate equations of the second degree.

Least Squares. In Astronomical and

Physical researches it is frequently necessary

to determine the values of certain elements

by means of several equations which only

express the relations existing between the ele-

ments approximately. These approximate

equations of condition are usually derived

from a series of observations, or of experi-

ments, which are necessarily liable to certain

errors. It becomes a question in what man-

ner these equations may be combined so that

the values of the required quantities may be

found affected with the least errors. The

theory of probabilities affords one of the best

methods, and it is the one that we propose to

explain. This method is that of least squares.

It is shown in the theory of probabilities, that

the probable error will be least when the sum
of the squares of the errors is a minimum.

In a series of observations or experiments,

let us suppose that the errors committed are

denoted by e, e', e", dec, and suppose that by

means of the observations we have deduced,

the equations of condition

e = h+ ax + by + cz + &c.

e' = h' + a'x + b'y + c'z + &c.

e" = h" + a"x + b"y + c"z + &c.

c"> = h'" + a'"x + b'"y + c'"z + <!

&c. &c. &c.

Let it be required to find such values of x, y,

s, &c, that the errors e, e', e", e'", &c, with

reference to all the observations, shall be the

least possible.

If we square both members of each equa-

tion, in group (1), and add them together,

member to member, we shall have

e
2 + e" + e'" + &c. = x' (a3 + a'2 + &c.)

+ 2x\(ah + a'h! + &c.)+ a (by + <s+&c.)

+ a' (b'y + c'z + &c.) + &c.
(
+ &c,

an equation which may be written

e*+e"+e'"+&c.=u=Px*+2Qx+JR+&c.

Now, in order that e' + e" + &c , or u, may
be a minimum, it is necessary that its partial

differential co-efficients, taken with respect to

each variable, in succession, should be sepa-

rately equal to 0. Hence,

CO
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(2)

^r = Px + Q = 0, or x (aa + a" + &c.)
ax

+ ah + ah' + Sec. + a {by + cz + &c.)

+ a'(b'y + c'z + &c.) + &c. = ;

and similar equations for each of the other

variables. Hence, we deduce the principle

that in order to form an equation of condi-

tion for the minimum, with respect to one of

the unknown quantities, as x for example,

we have simply to multiply the second mem-

bers of each of the equations of condition by

the co-efficient of the unknown quantity in

that equation, then take the sum of the pro-

ducts and place the result equal to 0. Pro-

ceed in this manner for each of the unknown

quantities, and there will result as many equa-

tions as there are unknown quantities, from

which the required values of the unknown

quantities may be found by the ordinary rules

for solving equations.

Let it be required, for example, to find,

from the equations

3- x+ y-2z =
5 — 3z — 2y + 5z =

21 — 4z — y — 4z =
14 + x — Sjr - 3z =

such values of x, y and a, as will most nearly

satisfy all of the equations.

Following the rule, and multiplying the

first member of each equation by the co-effi-

cient of i in that equation, we get the pro-

ducts

-3+ x— y+ 2z

- 15 + 9x + 6y - 15s

- 84 + 16z + iy + 16z

14 + x — 3y — 3z

and placing their algebraic sum equal to 0,

we have

27z + 6y - 88 = . . . . (3)

Proceeding in like manner with respect to

the unknown quantities y and 2, we obtain

the equations

6x + 15y + z - 70 = . . . (4)

y + 5iz - 107 = . . . . (5)

Combining equations (3), (4), and (5), we

find

x = 2.4702, y = 3.5507, and z = 1.9157,

which most nearly satisfy all of the equations

in group (2).

To show the practical application of this

principle, we will suppose that it is required

to investigate the values of the constants in

an equation, by means of several indepen-

dent experiments.

It is demonstrated from theory that the

length of the pendulum which beats seconds,'

in any latitude, is given by the formula

X = x + y sinH . . . . (6)

in which L denotes the length of the pendu-

lum ; I the latitude of the place on the sur-

face of the earth, and x and y are constants

to be determined. In consequence of errors

incident to observation, the values of x and y
cannot be accurately determined by means of

a single observation ; taking the metre, (de-

noted by m), as the unit of measure, suppose

that the length of the seconds pendulum has

been measured in 6 different places, whose

latitudes are known, and that the following

equations have been deduced :

e' =z-|-i/XO'».3903417-0'».99297501

e" = a: -r- 2/
xO»4972122-0'».9934620

«"'=:E+y X 0'».5667721 -0™.9938784 .^
eiv =a-+yx0».4932370-0».9934740

( '

€• =z+yXO">.5136117-0»9935967

c
vi =z+yx0m.6045628—0'».9940932.

Applying the rule already deduced to these

equations, we find the equations,

6x+yx 3-».0657375-5™.'9614793=0 . (8),

x X 3m.0657375+y X l ra.5933894

-3».0461977=0 (9)

Combining equations (8) and (9), we obtain

x = ro.9908755, y = 0'».0052942.

Substituting these in equation (6), it becomes

L = 0'».9908755+0"'.0052942 sin2 1 . (10).

By means of formula (10), the length of

the second pendulummay be found, by compu-

tation, at any place whose latitude is known.

In like manner, the method of least squares

may be applied to a multitude of similar

cases. This principle is one of the most

useful that has been furnished by Mathema-

tics for the advancement of the physical

sciences*

STIFF. An instrument employed in Sur-

veying, consisting of a rod of wood taking

different forms, according to the use to be

made of it.

Ciuinman's Staff. A staff of 6 feet in

length, and an inch and a-half in diameter,

carried by the chainmen, for the purpose of
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alligning the chain between two stations.

It is shod with a pointed piece of iron, that it

may be planted firmly in the ground, and

near the bottom there is a cross-piece of iron

about 4 or 5 inches in length. The object of

the cross-piece is, that the ring of the chain

which is put over the staff may be prevented

from slipping off.

Flagman's Staff. A staff used for mark-

ing the positions of stations. It is generally

from 8 to 12 feet in height, and an inch and

a-half in diameter. At one end, it is shod

with a sharp piece of iron, and a flag is

attached to the other end, which may be red,

or red and white. It is well to have the flag-

staff painted of different colors, as black and

white, in alternate checks, so that it may be

more readily visible in a brush-wood country.

Jacob Staff. A staff sometimes used,

instead of a tripod, to support the compass.

It is about 4 feet in length, and an inch and

a-half or 2 inches in diameter. It is shod

with iron at its lower extremity, that it may
be easily and firmly planted in the ground ;

and at its upper extremity, it is prepared so

as to fit accurately into a socket on the under

side of the compass. '

Offset Staff. A staff carried by the sur-

veyor, for the purpose of measuring offsets.

It is generally 10 links in length, and divided

into 10 equal parts, which are numbered for

convenience of reading. See Offset.

STa'TION. [L. statio ; from sto, to stand].

Points selected in surveying, from which

observations are made with an instrument.

In ordinary field surveying, the stations are

generally taken at the angulai points of the

field to be surveyed, and are temporarily

marked by flag staves. They may, however,

be taken at any prominent part of the field,

and then connected with the angular points

of the field by suitable observations and mea-

surements.

In surveying, for the purpose of rilling in

a map of a portion of country, the stations

are generally selected at the bends of roads

and streams, at the corners of fields and other

prominent points, and are temporarily marked

by flag staves. In Geodesic surveying, the

principal stations are selected with great care,

in accordance with the principles laid down
under the head of Geodesy, and are marked

by permanent signals. See Signals. The

secondary stations are also selected with the

same care, and are marked by signals of an

inferior order.

In leveling, the stations selected for the

instrument are generally on the line of pro-

posed section, but no particular rule can be

laid down, except, that they should be so

chosen that the leveling rods maybe distinct-

ly seen from them. It should, in general, be

an object to place the instrument as nearly

midway between the two leveling rods as may
be. See Leveling.

Station Pointee. An instrument used in

plotting the place of an observation made

upon three fixed points ; that is, for plotting

the problem of three points.

It consists of three arms, A, B, C, turning*

about a common axis O, through the centre

of which a small opening is made. To the

arm A, two branches, A' and A", are attach-

ed, having a vernier marked upon each. The

arm B is attached to a graduated arm B',

which moves with it ; the arm C is attached

to a graduated arc C, which also moves with

it. The graduation of these arcs is such,

that when the instrument is shut up, the ver-

niers both stand at the of the arcs. Through

the central part of each arm a slit is cut,

along which a fine hair is stretched, whose

line of direction passes through the point 0.

To use the instrument : open the arm B till

the reading at the of the vernier A'" is equal

to that of the angle subtended by the central

and right hand object at the place of observa-

I tion. Then open the arm C till the reading
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at the of the vernier A" is equal to that of

the angle subtended by the central and left

hand object at the point of observation. Then
lay the instrument on the paper and move it

about, without disturbing the angles, till the

central wires pass through the plots of the

three points, supposed P, Q and R ; then

with a needle point mark the point on the

plot, and this will be the required plot of the

point.

'STE-RE-O-GRAPH'IC PROJECTION.
See Projection, and Spherical Projections.

STE-RE-OM'ETRY. [Gr. arepsos, firm,

and /lerpeo, to measure]. The art of mea-

suring solid bodies, and determining their

solid contents. See Mensuration.

STE-RE-OT'O-MY. [Gr. orepeoc, firm,

and re/ivu, to cut]. The art of cutting solid

bodies into specified forms. This art is par-

ticularly employed by stone-cutters, in form-

ing stones of suitable shapes for building

arches, abutments, piers, <fcc. The principles

of Descriptive Geometry are used in guiding

the stereotomist ; in fact, this is one of the

most useful, as well as most extensive

branches of the application of that part of

Mathematics.

STRAIGHT LINE. [L. strictus ; from

stringo']. In Geometry, a line which does

not change direction between any two of its

points. When a straight line is designated,

its direction alone is intended to be pointed

out ; it is supposed to extend indefinitely in

that direction. In Elementary Geometry,

however, only limited portions of straight

lines are considered, and these are given by

designating their extreme points. Thus, we
say the straight line AB, A and B being the

two extreme points of the portion considered.

It is an axiom of Geometry, that a straight

line marks the direction of the shortest dis-

tance between two given points. It is also

an axiom, that two straight lines cannot in-

clude a space or area.

In analysis, a straight line is given by its

equation, and is supposed to be infinite in

length. The general equation of a straight

line is

ax + by + c = 0.

Any equation of the first degree between two

variables, is necessarily the equation of a

straight line. If such an equation be solved
with reference to either variable, the co-effi-

cient of the other variable will represent the
ratio of the sines ofthe angles which the line

makes with the axes, and the absolute term
will denote the distance from the origin of

co-ordinates to the point in which the line

cuts the axis of the variable with reference to

which the equation is solved. When the

axes are at right angles, as they are usually

taken, the ratio of the sines of the angles

which the line makes with the axes, be-

comes the tangent of the angle which it makes
with the axis of the variable with reference

to which the equation is not solved.

The most ordinary form of the equation of

a straight line is

y = ax + b,

in which a is the tangent of the angle which
the line makes with the axis of X, and b the

distance from the origin to the point in which

it cuts the axis of Y. The equation of a

straight line passing through a point whose

co-ordinates are y" and x", is

y-y"=a{x-x"),

a being the same as before, and perfectly ar-

bitrary. This should be so, for an infinite

number of lines can be drawn through any

given point. The equation of a straight line

passing through two points whose co-ordi-

nates are x", y" and x', y', is

y-y = Ip («-*")

y = y
?(*-«').

Only one straight line can be drawn through

two different points, as these two conditions

determine the values of the two constants in

the equation.

STURM'S THEOREM. A theorem in

Algebra, first demonstrated by Sturm, which

has for its object to explain the method of de-

termining the number and places of the real

roots of an equation, involving but one un-

known quantity.

Let X=0 (1),

represent an equation containing the single

unknown quantity x : X being an entire

polynomial of the «•* degree with respect to x,

and the co-efficients of the different powers
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of i being all real. If this equation has any

equal roots, they may be found, and the equa-

tion freed of them by the method of equal

roots. We may theiefore regard the equa-

tion X = 0, as having no equal roots.

Let us denote the first derived polynomial

of X by X„ and then apply to X and X, a

process similar to that for finding their great-

est common divisor, differing, however, in

this respect, that instead of using the succes-

sive remainders, as at first obtained, we change

their signs, and take care also in preparing

for the division, neither to introduce or reject

any factor, except a positive one.

If we denote the several remainders, after

their signs have been changed, by

Xa . X
3 , X4 , &c Xr

and the corresponding quotients by

<?1. <?,. Q, Qr-l,

we shall have the following relations :

X = Xl Ql -X, (2).

X, = X
aQt

— Xs ^

Xn_i — Xn Qn -Afi+l (3).

Xr—2 — X^_l <?,_! —Xr )

Since by hypothesis X =0 has no equal

roots, no common divisor can exist between

X and X, ; hence the last remainder — X„
will be different from 0, and will not con-

tain x.

Now suppose that the number p has been

substituted for x in the expression X, X„ X2 ,

X3 , &c, and that the signs of the results,

together with the sign of Xr
, have been ar-

ranged in a line in their order ; also that an-

other member, q, greater than p, has been

substituted for x, and the signs of the results

arranged in like manner.

Then will the number of variations of the

signs found in passing along the first line,

diminished by the number of variations found

in passing along the second line, be exactly equal

to the number of real roots included between p
and q ; the latter inclusive, should it be a

root.

The demonstration of this Theorem depends

upon the following lemmas, which may be

easily proved.

1 . If any number pic substituted for x in the

expression X, X,, Xa , cj-c, it is impossible that

any two consecutive ones can become at the

same time.

2. If any one of these expressions reduces to

0, by the substitution of a particular value for

x, the preceding and following ones will have

contrary signs for the same value.

3. If any number, insensibly less than one

of the real roots of the equation X = 0, be sub-

stituted for x in X and X„ the results will

have contrary signs, and if a number insensibly

greater than this root be substituted, the results

will have the same sign.

4. From the nature of the expression, X, X„
X2 ,

4-c, it follows that no one of them can

change its sign from plus to minus or from
minus to plus, x being regarded as variable,

without first becoming equal to 0.

The demonstration ofthe Theorem proceeds

as follows

:

Let any number, k, less, that is, nearer

— co than any of the real roots of the several

equations

X = Xl
= 0...Xr_, = 0...(4)

be substituted for x in the expressions X,
Xv Xv &c, and the signs of the several re-

sults arranged in order ; then let the value of

x be increased by insensible degrees, or con-

tinuously, till it becomes equal to h, the least

of all the roots of equations (4). As there is

no root of any of the equations between k and

h, none of the signs can change, (Lemma 4),

whilst x is less than A, and the number of

variations of signs in the several sets of re-

sults will remain the same as in trie result

first obtained.

When x becomes equal to A, one or more
of the expressions X, Xlt Xv &c, will re-

duce to : suppose X„ to become for this

value
; then (lemmas 1 and 2), since 'both

X„-! and Xn+1 cannot become for the same

value, but must have contrary signs in pass-

from one to the other (omitting X„ = 0),

there will be one, and only one variation

;

and since their signs have not changed, one

must be the same as, and the other contrary

to, that ofXBj both before and after it becomes

; hence, in passing over the three, either

just before or just after X„ becomes 0, there

is one, and only one variation. Hence, where
the value of x passes a root of any of equa-

tions (4) except the first, there will neither

be a gain nor a loss in the number of varia^

tions of signs.
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If x = a reduces JSTto 0, then h is the least

real root of the proposed equation. Now
(lemma 3) just before x becomes equal to X
andXx

have contrary signs, and there will

be a variation in passing over them, just after

x becomes equal to A, they will have the

same sign, and there will be no variation in

passing them : hence, when the value of x

passes a real root of the given equation, there

is always a loss of one variation of sign, and

since the same thing happens in passing each

real root of the given equation, it follows that

there will be as many variations of sign lost,

whilst x varies up to q, as there are real roots,

and no more ; hence, the truth of the propo-

sition enunciated.

A consideration of the principles involved

inthe preceding demonstration, will show that

the loss of variation takes place in passing to

the root from the preceding value, and not in

passing from the root to the succeeding value

;

hence, ifp is a real root of the given equation

it will not be included in the number given by

the rule, but if q is a root of it, it will be in-

cluded in the number given by the rule.

If in the application of the preceding prin-

ciples it is found that any one of the expres-

sions Xv Xv Xv &c , has the same sign

for all values of x between p and q, it will be

unnecessary to use the succeeding expres-

sions, or even to deduce them. For, if X„

preserves the same sign for all values of x be-

tween p and qf it is plain (lemmas 1 and 2)

that no variation of signs can be lost amongst

the expressions following X„, between the

given values of x. Whenever, therefore, in

the division a remainder is found, which when

placed equal to 0, gives an equation having

only imaginary roots, it will be useless to ob-

tain any of the succeeding remainders.

Ifnow we suppose p=— co, and y= + co,

the application of the rule will make known

the whole number of real roots, and by taking

this number from that indicating the degree

of the equation, we shall have the number of

imaginary roots.

Having obtained the number of real roots,

we may ascertain their places by substituting

fori, in succession, the values 0, 1. 2, 3, &c,

until a number is found that will give the

same number of variations as + co ;
this will

be the smallest superior limit of the positive

roots in whole numbers. Then substitute

— 1, —2, —3, &c, until a number is found

that will give the same number of variations

co ; this will be numerically the small-

est superior limit of the negative roots in

whole numbers.

Now, by commencing with this limit, and

observing the number of variations lost from

each number to the next in order, we shall

discover how many roots are included between

each two consecutive numbers, and thus of

course, know the entire part of each root.

The decimal part is then found by other

methods.

Example : Take the equation

8r>-6a;-'l =0,

Hence, X = Sx3 — 6x — 1,

and Xx
= 2ix" - 6,

or omitting the factor + 6, Xx
= ix — 1.

Applying the rule above deduced to these

expressions, we have, by collecting the results,

X = 8a:
3 - Gx - 1

Xx
= 4iJ - 1

Xa
= ix + 1

X, = + 3.

Substituting for x, — co, we have, after ar-

ranging the signs of the results in a line,

— , +, — , + three variations.

Substituting for x, + co, we have

+, +, +, +, no variations.

Hence, the equation has three real roots. To

find their place's,

For x = l, + + + + variations.

" i = 0, r- + 1 variation.

•< i = — 1, 1 h 3 variations.

Hence, + 1 is the superior limit of positive

roots, —1 the superior limit of the negative

roots (numerically). One of the roots lies be-

tween and + 1, and two of them between

— 1 and 0. In the same manner we may

proceed with other equations.

This principle enables us to deduce the re-

lations that must exist in order that the roots

of a cubic equation may all be real.

Suppose the cubic equation reduced to the

form
i3 + px + q = 0.

We shall have

X = x3 + px + q-

X
x
= 3z» + p.

X, = - 2px - 3q-

X3
=- lp% - 27j'.
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Now, in order that all the roots may be

real, there must be three variations of signs

lost in passing from — ro to plus to ; this

can only happen when, for i = — to, the

expressions are, alternately, plus and minus

;

and when, for x = + to , they are all plus.

For, x = — to, X is negative, and X, posi-

tive; in order that X, may be negative, p
must be negative ; and in order that X3

may

be positive, 4p
3 > 27

j

s
. If p is essentially

negative, all the expressions will be positive

for x = + to.

Hence, the two conditions which render

the roots of the cubic equations all real, are

P<0, ^ £>t-

STi'LE. [L. stylus ; Gr. arvloc ; a pier
;

a column]. In Dialing, the line whose shad-

ow determines the hour. The gnomon. See

Gnomon, and Dialing.

SUB-CON'TRA-RY. [L. sub and conlra-

rius, from contra, against]. In a contrary

order.

Sub-contrary Section. In any surface of

the second order, if two planes be passed

perpendicular to the same principal plane, but

not parallel to each other, and so that the sec-

tions are similar, both the planes and the sec-

tions are sub-contrary with respect to each

other.

In general, every section of a surface of

the second order has a sub-contrary section.

Every plane passed parallel to that of a sub-

contrary section, also cuts a sub-contrary sec-

tion ; hence, every section has an infinite

number of sub-contrary sections.

The use of the term is almost entirely con

fined to the sections of a scalene cone. If,

in any scalene cone with a circular base, a

plane be passed through the axis, and per-

pendicular to the plane of the base, it is a

principal plane. If a second plane be then

passed perpendicular to it, making with one

of the elements cut out, an angle equal to

that which the base makes with the other el-

ement, the section, thus formed, is sub-con-

trary, and is a circle. If the base of the

cone is an ellipse, whose plane is perpendicu-

lar to the principal plane of the cone, its sub-

contrary section is a similar ellipse. If the

cone is a right cone with a circular base, the

sub-contrary sections become parallel sections.

Sub-contrary Straight Lines. If two

straight lines, AB and

CD, be intersected by

two other straight

lines, BD and CA,

making the angle

ACD equal to the an-

gle ABD, the last two

lines are sub-contrary

with respect to the

first two. The first

two lines are also sub-
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normal to any curve, at a point whose co-or-

dinates are y" and x", is

- dy"

This, for the conic sections referred to the

principal axis, and tangent at its vertex, be-

comes
S-N = p + rV'.

In the parabola, r2 = 0, and S-N = p

;

that is, the subnormal is constant, and equal

to one-half of the parameter.

In the ellipse and hyperbola, the subnormal

varies from point to' point of the curve, being

in both, equal to p, or half of the parameter,

at the principal vertex. See Subtangent.

SUB-QUAD'RU-PLE. [L. sub, and quad-

rwplus]. Containing one part out of four.

SUB-QUINTU-PLE. [L. sub, and quin-

twplus']. Containing one part out of five.

SUB-SEX'TU-PLE. [L. sub, and sextu-

plus']. Containing one part out of six.

SUB-SID'I-A-RY. [L. subsidiaries, aux-

iliary]. Something introduced to facilitate

the solution of a problem, or to aid in a de-

monstration. The term is particularly applied

to auxiliary angles. Since the trigonomet-

rical tables give great power in their man-

agement, they are frequently introduced, even

into problems which involve no question of

angular quantity. For example, suppose it

were required to compute a great number of

results from the formula

y — ax + bV 1— x'.

Assume x = cos 6, a = r cos <j>, b = r sin (j> :

substituting these in the formula, we have

y = rcos0cos(? + r sin (5 sin W = rcos(0— 0)

acos( 0— 6)

cos tj)

By the aid of tables and the preceding for-

mula, the computation can be made much
more rapidly than by the aid of the given

formula.

In the solution of trigonometrical prob-

lems, subsidiary angles are continually em-

. ployed. No rule can be given for their use,

but each case must be treated as it arises.

SUB-SIST'. [L. sub, and sisto, to be fixed].

To be ; to have an existence : thus, two ine-

qualities are said to subsist in the same

sense, when the first members are the great-

est in both or least in both ; they subsist in

a contrary sense, when the first member is

greatest in one, and least in the other.

SUB-STI-TCTION. [L. sub, and statuo,

to set
i

to put in place of another]. The
operation, in Algebra, of replacing one quan-

tity by another, in an algebraic expression.

There is a process of approximation much
used, which has received the name of suc-

cessive substitution.

Suppose an equation to have been reduced

to the form,

x = a + b~f(x),

in which a is less than 1

.

To find the value of x by successive substi-

tution : If we assume x = a. the error will

be less than f(x) x-a . Take this value of I,

and substitute it in the second member of the

equation
; we shall have for x the approxi-

mate value

x = a + i/(i)«_„
;

which value is, in general, nearer the true

value than the former value found. Denote

this value by a', and again substituting, we
get

x = a' + i/(a;)»_a';

which will, in general, be still nearer the true

value. Denoting this value by a", and pro-

ceeding as before, we shall continually ap-

proach, nearer and nearer, the true value of x.

SUB'STi'LE. [L. sub, under, and stylus,

style]. In dialing, the orthographic projec-

tion of the style upon the plane of the dial.

SUB-TAN'GENT. [L. sub, under, and

tangens, touching]. That part of an axis in-

cluded between the points in which a tangent

cuts it and the foot of the ordinate through

the point of contact. The subtangent and

subnormal are projections of the tangent and

normal upon the axis on which they are

taken, or to which they are referred.

We shall first consider the case in which

the subtangent is taken on the axis of X. the

curve being referred to rectangular axes.

The general formula, in this case, for tho

sub-tangent drawn at a point whose co-ordi-

nates are x" and y", is

dx"
S-T = y"¥S

For the conic sections referred to the princi-

pal vertex, the equation being

y* = 2px + r'x*,
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this formula gives

S-T =
(2px" + rV")

p + rV
The subtangent together with the subnormal,

form the hypothenuse of a right-angled trian-

gle, whose other sides arc the tangent and

the normal ; hence, the square of the ordi-

nate of the point of contact is always equal

to the product of the subtangent and subnor-

mal. This remark is readily verified by mul-

tiplying the formulas already given, for the

subtangent and subnormal, member by mem-

ber. This multiplication gives

S-T X S-N = y"'.

When a curve is given by means of polar

co-ordinates, the formulas for the subnormal

and subtangent deduced, either from those

given, or by direct reasoning, are

du . . . _ . dt
S-N =ir and S-T = u'

du

in which u and I are the polar co-ordinates of

'the point of contact. In this case, as before,

we have

S-Nx S-T = u*.

The subtangent and subnormal are both

taken on an axis perpendicular to the radius

vector of the point of contact.

SUB-TENSE'. [L. sub and tensus, stretch-

ed out]. The same as chord. See Chord.

SUB-TRACT'. [L. sublraho. subtractus

;

from sub and traho, to draw]. To withdraw,

or take a part from a whole.

SUB-TRACTION. L. subtraho, to take

away from]. The operation, in Arithmetic,

of finding the difference between two num-

bers ; or it is the operation of finding a num-

ber that being added to the lesser of two num
bers, will produce the greater. The greater

number is called the minuend ; the lesser, the

subtrahend, and their difference, the remain-

der. If the minuend and subtrahend are

equal, the remainder is 0.

In Algebra, the definition of subtraction

requires extension to correspond with the

more general language of that science. In

Algebra it is by no means necessary that the

minuend should be greater than the subtra-

hend, on the contrary, it is often less. We
may then define subtraction in Algebra, to be

the operation of finding a quantity which

being added to the second of two given quan-

tities, will produce the first. The first is the

minuend, the second is the subtrahend, and

the third, or quantity sought, is the algebraic

difference. If the minuend exceeds the sub-

trahend, the algebraic difference is the same

as the arithmetical difference or remainder

:

when they are equal, the difference is ; and

when the minuend is less than the subtra-

hend, the algebraic difference is negative, but

numerically equal to the arithmetical remain-

der. This definition and explanation does

away with all discussion as to the nature of

subtraction, when the subtrahend exceeds the

minuend, a discussion which can enly be

founded upon a partial understanding of the

general term subtraction. We shall consider

arithmetical and algebraic subtraction in their

order.

1. Arithmetical Subtraction.

The first condition required is, that both

minuend and subtrahend be expressed in the

same scale of numbers ; this being premised,

let us illustrate by two simple cases in which

the numbers are written in the scale of tens.

Let it be required to subtract 52 from 76.

Operation-:

76

52

24.

Here we see that 6 exceeds 2 by 4, and 7

tens exceed 5 tens by 2 tens ; hence, the re-

mainder is 24. Again, let it be required to

subtract 59 from 94.

Operation :

94

59

35.

Commencing with the units, we see that 9 is

greater than 4, and consequently, cannot be

taken from it in the arithmetical sense, but

by adding 1 ten to 4, gives 14, which exceeds

9 by 5 : having added I ten to the minuend,

it becomes necessary to add 1 ten to the sub-

trahend, that the difference may remain un-

changed ; this we do by increasing 5 tens by

1 ten, giving 6 tens ; now 9 tens exceeds 6

tens by 3 tens ; hence, in this case, 35 is the

true remainder. This . course of reasoning

may be extended to any extent ; hence, we
have the rule for arithmetical subtraction.

Set down the less number under the greater,

so that units of the same order shallfall in the

same column ; then beginning with the unit oj
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the lowest order, subtract each from the one

above it. When the number of units of any

order in.the subtrahend exceeds that in the min-

uend, suppose as many units of that order to

be added in the minuend as make one unit of

the next higher order; after which, add one

unit of the next higher order in the subtrahend,

and proceed as before till all the units have been

subtracted : the result is the remainder re-

quired.

The principle employed here is, that if the

same number be added to both minuend and

subtrahend, the difference will remain un-

changed.

2. Algebraic Subtraction.

In Algebra, if from one quantity we wish

to subtract another, the operation may be in-

dicated by inclosing the second within a

parenthesis, prefixing the minus sign, and

then writing it after the first. To deduce a

rule for performing the operation thus indi-

cated, let us represent the minuend by a, the

sum of all the additive terms in the subtra-

hend by b, and the sum of all the subtractive

terms by — c z then will the operation be in-

dicated thus,

a — (b — c),

where it is required to subtract the difference

of b and c from a.

If now, we diminish the quantity a by the

number of units in b, the result, a — b, will

be too small by the number of units in c,

since c should have been subtracted from b.

before taking b from a. Hence, to obtain the

true remainder, we must increase the first

result by c, giving the expression

a — b + c.

which is the true algebraic difference requir-

ed. By comparing it with the given minuend

and subtrahend, we see that we have changed

the signs of all the terms of the latter, and

added the result to the former. To facilitate

the operation, the similar terms are to be

written in the same column. Hence, for the

subtraction of algebraic quantities,

1. Write the quantity to be subtracted under

that from which it is tp be taken, placing simi-

lar terms, if there are any, in the same column.

2. Change the signs of all the terms to be

subtracted, or conceive them to be changed, and

then add the result to the other quantity.

The sign of subtraction is — , called minus,

35

and though used in Arithmetic, is always to

be understood as algebraic in its nature, indi-

cating a subtraction in the most general sense

of the term.

Subtractive Quantity. A quantity, in

Algebra, preceded by the sign — . If the

sign of the quantity is itself minus, the com-

bination of the sign of the quantity with the

sign of operation, conspire to render the

essential sign of the expression positive.

SUB-TRA-HEND'. In Arithmetic and

Algebra, the quantity to be subtracted. See

Subtraction.

SUB-TRIP'LE. [L. sub and triplex, tri-

ple]. One part out of three.

SUB-TRIP'LI-CATE RATIO. [L. sub

and triplex, threefold]. Of two quantities,

the ratio of their cube roots. Thus, the sub-

triplicate ratio of a to b, is

VT_ >fl

The subquadruplicate ratio is

the subquintuplicate ratio is,

5. *

Va
the subsextupilieate ratio is

SUM. [L. summa, a. sum]. In addition,

the aggregate of two or more quantities. In

Arithmetic, the sum of several numbers is a

number which contains as many units as are

contained in all the given numbers taken to-

gether. Hence, the sum is greater than any

of its parts.

In Algebra, the term sumdoes n ot necessari-

ly imply increase ; for, ifwe aggregate several

quantities, some of which are posicive, and

some negative, it may happen that the sum is

numerically less than any one of the parts ,

it may even be 0. This sum is therefore' dis-

tinguished, as the algebraic sum.

SU-PER-Fi"CIAL. Appertaining to a

surface, as superficial contents. &c.

SU-PER-Fi"CISS. [L. super, upon, and
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fades, the face]. The area of a surface.

The difference between this term and the term

surface, is simply this. The term surface is

abstract, and simply implies that magnitude

which has length and breadth without thick-

ness, whilst the term superficies does not

refer to the nature of the magnitude, but

simply refers to the number of units of sur-

face which the given surface contains.

SU-Pe'RI-OR. [L. super, above]. Lying

above, or having a higher place.

Superior Limit of a Quantity. A limit

towards which the quantity may approach to

within less than any assignable quantity of

the same kind ; it is always greater than the

quantity.

A Superior Limit of the roots of a nu
merical equation of the form

i" -(• Px">~> + Qx"~' + . . + Tx + U= 0,

is any number greater than the greatest pos-

itive root of the equation. From the defini-

tion, it is plain that such an equation has an

infinite number of superior limits. In the

solution of numerical equations, it becomes

an object to find as small a superior limit as

possible, and for this purpose a variety of

rules have been given. The simplest method

of finding a superior limit is this :

A superior limit of the positive roots of a

numerical equation is always found by taking

the numerical value of the greatest co-effi-

cient of any term, and adding 1 to it. This

will, in general, he much greater than it is

necessary to use. A simpler limit is named
the ordinary limit. To find this, extract that

root of the numerical value of the greatest

negative co-efficient of any term, whose index

is the number of terms which precede the

first negative one, and to the result add 1. If

there are any terms wanting they must be

supplied by inserting + in their places.

This will, in general, be smaller than the one

before considered, but there is still another

limit, which is usually smaller than the ordi-

nary limit, which is called Newton's limit.

To find it, form from the first member of

the given equation its successive derived

polynomials ; then determine by trial the

least number which will render the first

member and all its successive derived po-

lynomials positive ; and such that all greater

numbers will render them positive ; then will

the first number found be a superior limit.

The method of finding the least superior

limit in whole numbers depends upon Sturm's

theorem, Find the first derived polynomial

of the first member, and to this and the first

member apply the process of finding their

greatest common divisor, with this exception,

that instead of using the remainder as found,

change their signs, and take care not to intro-

duce or reject any factors except positive

ones. Continue the process until a remain-

der is found which is independent of the un-

known quantity. Denote the first member
of the given equation by X, its first derived

polynomial by X,, and the several remainders

with their signs changed by'Xa , X3 , &c, X, ;

then write the expressions

X, Xlf X3 , X3 . . . Xr

in a row, and substitute in them + co for the

unknown quantity, and write the signs of the

results in a row. Find by trial the smallest

positive number, which, when substituted for

the unknown quantity, will give the same

number of variations of signs in passing

along the row ; this will be the smallest supe-

rior limit in whole numbers.

The superior limit of the negative roots,

(numerically considered), may be found from

the same expression, as follows :

Substitute in them — co for the unknown
quantity, and write the signs of the results

in a row ; then find by trial the smallest neg-

ative number (numerically considered), which,

being substituted for the unknown quantity,

will give the same number of variations of

signs in passing along the row. This num-
ber will be the superior limit of the negative

roots (numerically cpnsidered).

SUPTLl-MENT. [L. supplemenlum ; from

sub and pleo, to fill]. In Trigonometry, the

supplement of an angle is the remainder

obtained by subtracting the angle from 180°,

or two right angles. If the angle exceeds

180° the supplement will be negative. The
trigonometrical functions of the supplement

of an angle are given by the following equa-

tions :

sin (180° - A) = sin A.

cos (180° — A) = — cos A.

tan (180° -A)= -tanA
cot (180° — A) = — cot A.

sec (180° - A) = - sec A.
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cosec (180° — A) = — cosec A.

versin(180° — A) — 2 — ver-sin A.

The radius being taken equal to 1.

SUP-PLS-MENT'ARY CHORDS, in an

ellipse or hyperbola, any two chords drawn

through the extremities of a diameter, and

intersecting on the curve. If we refer the

curve and the supplementary chords to the

centre, as an origin, the axis of X coinciding

with the diameter through whose extremities

the chords are drawn, and the axis of Y coin-

ciding with its conjugate, the equation of

condition for supplementary chords in the

ellipse, is

V

in the hyperbola it is

cc -
a,3 ;

c and c' denoting the ratio of the sines of the

angles which the chords make with the con-

jugate diameters, a' the semi-diameter through

the extremities ofwhich the chords are drawn,

and &' its semi-conjugate.

If the chords are drawn through the ex-

tremities of the transverse axis, the equations

of condition become, for the ellipse,

cc -
a,,

for the hyperbola,

c and c' are the tangents of the angles which

the chords make with the transverse axis, and

a and b the semi-axes of the curve. Either

chord is called a supplement of the other.

It is a property of supplementary chords

in .either of the curves, that if any chord is

parallel to a diameter, its supplement is par-

allel to the conjugate of that diameter, and

also to the tangent to the curve through the

vertex of that diameter. This affords a

method of constructing the conjugate of any

diameter, and also a method of drawing a

tangent line to either curve at a given point,

parallel to any given straight line. See El-

lipse and Hyperbola. >

The supplementary chords drawn through

the extremities of the transverse axis' of an

ellipse, make an obtuse angle with each

other ; those drawn through the extremities

of the conjugate axis make an acute angle

with each other. In the circle they are al-

ways at right angles to each other. Supple-

mentary chords drawn through the extremi-

ties of the transverse axis in the hyperbola,

always make an acute angle with each other.

SURD. [L. surdus, deaf]. An indicated

root of an imperfect power of the degree in-

dicated. It is the same as a radical. Any
expression involving a surd is called a surd

expression, a surdal quantity, or a. radical

quantity. See Radical.

SUR-SOL'ID. A fifth power ; thus, as
is

the sursolid of a.

SUR-VEY'ING. [L. sur, and video, to

see]. In its most general signification, em-

braces all the operations for finding, 1st, the

area or superficial contents of any portion of

the earth's surface ; 2d, the lengths and

directions of the bounding lines ; 3d, the con-

tour or shape of the surface ; and, 4th, the

accurate delineation of the whole upon paper.

Surveying is divided into three branches :

Topographical, Plane, and Geodesic Surveying.

Topographical Surveying embraces all

the operations incident to finding the contour

of a portion of the earth's surface, and the

various methods of representing it upon a

plane surface. For an account of Topogia-

phical Surveying, see Topography.

Plane Surveying embraces all the ope-

rations of surveying, carried on under tne

supposition that the surface of the earth is a

plane. The radius of the earth being very

great, (nearly 4000 miles), if only a limited

portion of the surface is considered, as a few

miles in extent, it may, without error, be re-

garded as a. plane, disregarding the minor

inequalities, or conceiving the whole to be

projected on a plane.

Geodesic Surveying comprises all the

operations of surveying carried on under the

supposition that the earth is spheroidal, An
outline of the subject of Geodesic Surveying

has been given under the head of Geodesy,

which sec.

Geodesic Surveying embraces what is

generally denominated Maritime Surveying.

Plane Surveying. The operations of plane

surveying may be classed under three heads

:

1st, Field Operations ; 2d. Compulations ; and,
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3d. Plotting ; each of which will be noticed

in turn.

I. Field Operations comprise all measure-

ments made in the field, the results of which

are recorded in a book for the purpose, and

constitute what are called field notes.

The measurements incident to a field sur-

vey are of two kinds : measurement of angles

and measurement of distances.

Angles are measured by means of the theo-

dolite, compass, sextant, plane table, circum-

ferentor, or some other instrument, contrived

for the purpose. For the method of per-

forming the measurements, and for an account

of the different instruments employed, see

the articles Theodolite, Compass, Plane Table,

&c. A sufficient number of angles are mea-

sured at the different stations to afl'ord the

means of determining the relative positions

of all the points which it is desired to locate

by the survey.

Distances are measured by means of a

chain, tape, rod, or any scale of equal parts, by

continually applying them along the direction

of the required distance. The number of

distances measured will depend upon the

nature of the survey, and also upon the num-
ber of angles measured. The measured dis

tances are sometimes called courses ; this is

particularly the case in surveying with the

compass.

In field surveying, undertaken for the pur-

pose of determining the area of a piece of

Let BODEA represent

the piece of ground to be

surveyed, NS being a me-

ridian line through B. Rule

the pages of the field book

into three spaces by ver-

tical lines, and head the

columns thus formed, re-

spectively, Stations, Bear-

ings, and Distances.

Select some convenien

angle of the field, as A for

example, and call that sta-

tion 1. Number the re-

maining angles around in

order, keeping the field on the right, and

enter these numbers in the column marked

Stations. At station 1 take the bearing of

the line to station 2, and enter it in column

headed Bearings, and measure the distance

land, or for dividing or laying off any piece

of land, distances are generally measured

with Gunter's chain, or a tape of the same

length as Gunter's chain, and divided into

the same number of equal parts. In con-

nection with Gunter's chain, ten marking

pins are used, consisting of a piece of iron

one-eighth of an inch in thickness, and twelve

or fourteen inches in length, sharp at one

end, with a ring at the other. There are also

required two chainman's staves, for straight

ening and aligning the chain, and two flag

staves to mark the stations. For a descrip-

tion of Gunter's chain, and the manner of

using it, see Gunter's Chain.

In surveying for the purpose of filling in

a geodesic survey, or for making a map of a

limited territory, as a village or town, a chain

of 50 or 100 feet in length, or a tape of the

same length divided into feet, is generally

used, and the same additional instruments

are required as in using Gunter's chain.

When irregular lines are to be surveyed, an

offset staff is also employed. See Offset

Staff.

We shall illustrate the method of obtaining

and recording the field notes of a field sur-

vey, and, for the purpose of filling in a tri-

gonometrical survey, or for mapping a tract

of country, by giving a single example of

each.

To obtain and record the field notes of a

field survey :

to station 2, and enter it opposite station 1

in the column headed Distances. Carry the

compass to station 2 and take a reverse bear-

ing to station 1, and see if it agrees with the

direct bearing ; if not, both must be repeated

;
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if it does, take the bearing of station 3, and
measure the distance to it, entering the bear-

ing and distance as before, in the proper

columns. Continue this operation of mea-
suring bearings and distances till all of the

courses have been measured.

FIELD BOOK.

STATIONS.
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then the operations are continued as before.

When the top of one page is reached in the

field book, the work is transferred to the bot-

tom of the next, and the work is continued

in the same manner till the survey is com-

plete. The notebook, with the rough sketches,

A'ill then afford all the data necessary for

plotting in the principal features of the coun-

try surveyed. It may be well to confine the

notes to the left hand page, leaving the right

hand page for any remarks that may be de-

sirable to enter with respect to the nature of

the country, &c.

This method is often used in surveying

large estates, running compass lines through

the estate in different directions, and making

offsets to angular points of fields, ccc.

There is still another method of surveying

a field, which consists in selecting two promi-

nent stations visible from each other, and

from which the angular points of the field are

also visible. The distance between them is

carefully measured ; then their bearing from

each other is measured with the compass.

The bearings of each of the angular points

of the field are measured from each station,

and all these measurements are entered in

the note book.

II. We come next to the computations.

The computations incident to a geodesic

survey are explained under the head of Geo-

desy, and as far as they are applicable, the

same computations are to be made in exten-

sive plane surveys. The computations neces-

sary to determine the distances of objects,

(accessible or inaccessible) trigonometrically,

are explained under the title of Distances,

which see. We shall therefore introduce, in

this place, only the computations necessary

to make a field survey.

In the first place, if the length or bearing

of any course be lost or suspected of being

in error, it may be thrown out and the dis-

tance or bearing, or both, and the course re-

quired may be computed from the remaining

notes. To do this, find from the traverse

table the latitudes and departures of all the

other courses, and enter them under the

proper headings of N. S.'E. and W. Take
the sum of the northings and the sum of the

southings ; their difference will be the north-

ing or southing of the required course. If

the sum of the northings exceeds the sum of
the southing, the required course will make
southings ; if the reverse, the required course

will make northing.

Take the sum of the eastings and the sum
of the westings ; their difference will be the

easting or westing of the required course. If

the sum of the eastings exceeds the sum of
the westings, the required course makes
westing. If the reverse is the case.the re-
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quired course makes easting. The square

root of the sum of the squares of the latitude

and departure thus found, is equal to the

length of the required course. Divide the

departure by the length of the course, and

the quotient will be the natural sine of the

"bearing, which may then be found from a

table of natural sines.

If it is found that some error has been com-

mitted in taking the field notes, and it is not

known on which course the mistake has been

made, each course may be thrown out in turn,

and computed by the rule just given ; the

computed result compared with that in the

notes ; and in this manner the error may be

reached. If it is suspected that an error has

been committed in reading an angle, as is

often the case, compute the interior angles

of the field, from the notes, by the following

rules, and take their sum ; this ought to be

equal to two right angles taken as many times

as the field has sides, less two.

Rules for finding the interior angles from

the field notes, the courses being taken around

the field.

1

.

If the meridional letters are unlike, and

those of departure unlike, the interior an-

gle is equal to the difference of the bearings.

2. If the meridional letters are unlike, and

those of departure alike, the interior angle is

equal to the sum of the bearings.

3. If the meridional letters are alike, and

those of departure are unlike, the interior an-

gle is equal to 180° minus the sum of the

4. If the meridional letters are alike, and
those of departure alike, the interior angle is

equal to 180° minus the difference of the bear-

ings:

Having tested the accuracy of the field

notes, rule a sheet of paper into 12 columns,

and head them as in the annexed example
Write the field notes in the first three columns
We have taken the same example as was
used in explaining the field operations. Then
find from the traverse table the latitude and

departure of each course, and enter them
under the proper headings, observing to

write the latitude under the head N. when
the meridional letter of the bearing is N., and
under S. when it is S. and also to enter the

departure under E. when the letter of depar-

ture of the course is E, and under W. when
it is W. See Traverse Table.

Next, balance the work ; that is, apportion

the errors in latitude and departure according

to the lengths of the courses, and enter the

balanced latitudes and departures, with theii

proper signs, under the heading • Balanced."

See Balancing. Next form the double merid-

ian distance of each course according to the

following rule

:

The double meridian distance of the first

course is equal to the departure of the course.

The double meridian distance of any other

course is equal to the double meridian dis-

tance of the previous course, plus the depar-

ture of that course, plus the departure of the

course itself. In using the rule, the propel

signs of the latitudes and departures must

CALCULATION.

o
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be observed. Enter these under the head of

D. M. D. In the example, the course mark-

ed with a star * is taken as the first course.

Then multiply the double meridian distance

of each course by its northing or southing,

observing the rule for signs, and enter the

positive products under the head of plus

areas, and the negative ones under the head

of negative areas. Take the sum of the posi-

tive areas and of the negative areas separate-

ly, and subtract the less from the greater

;

the remainder will be double the area of the

field, expressed in square chains and decimals

of a square chain.

III. Plotting the work. The various me-

thods of plotting have already been described

under the head of plotting. See Plotting,

Plotting Scale, <$c.

Surveying the Public Lands The pub-

lic lands consist of those large tracts that

belonged to the, United States after the Rev-

olution, together with all that was ceded by

the States soon after the formation of the

Constitution, with all the additions which

have since been acquired by treaty and pur-

chase, embracing many millions of acres. In

1802, Colonel Jared Mansfield, the Surveyor

General of the North Western Territory,

devised a systematic method of surveying

and recording such portions as were to be

offered for sale, which method is still adhered

to.

The entire public domain is divided into

land districts, to each of which a Surveyor-

General is assigned, who is charged with the

general supervision of all the surveys within

his particular district.

The method of making the surveys is, in

outline, as follows :

A meridian line is run, with great care,

through some prominent point of the district,

and through the same point, a line at right

angles to it is also run, both reaching through

the entire district. These lines, determined

astronomically, serve as a system of co-ordi

nate axes to which the subdivisions are easily

referred. Parallel to these lines, and on each

side of them, other lines are run six miles

distant from each other, dividing the district

into squares containing 36 square miles, or

23,040 acres, each. These squares are called

townships. Each township is subdivided by

lines parallel to the meridians, and east and

west lines, into 36 equal squares. These

squares are called sections, and each one

contains 640 acres. When the land is valua-

ble, these are again divided into quarter sec-

tions, and sometimes into eighths of a sec-

tion.

All the townships lying between two con-

secutive north and south lines, are called a

range, and the ranges are numbered from the

principalmeridian in both directions, 1st., 2d.,

3d., &c, to the extreme limits of the land dis-

trict. The townships in each range are num-

bered from the principal east and west lines,

1st., 2d., and 3d., &c, m both directions, to

the extreme limits of the land district. The

sections in each township are numbered from

1 to 36, as shown in the diagram.
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are symmetri< ally disposed, with respect to a

straight line, when they are on opposite sides

of the line and equally distant from it, so

that a straight line joining them, intersects

the given line, and is at right angles to it.

A curve is symmetrical, with respect to a

straight line, when its points, taken in pairs,

are symmetrically disposed with respect to it

;

that is, for each point on one side of the lino

there is a corresponding point on the other

side, and equally distant from it. The line is

called an axis of symmetry.

Thus, in the ellipse, for every point on one

side of the transverse axis," there is a point on

the other side equally distant from it ; the

chord joining them is perpendicular to the

axis, and bisected by it. Hence, in this case,

the axis of the curve is an axis of symmetry.

There is a species of oblique symmetry,

differing from right symmetry, in the fact,

that the chords joining the opposite corres-

ponding points are oblique to the axis.

In an ellipse, any diameter bisects all

chords drawn parallel to its conjugate : in

this case, the symmetry is oblique. In gen-

eral, a curve is obliquely symmetrical with

respect to any one of its diameters.

In the conic sections, the axes are the only

true axes of symmetry. Two plane figures

are symmetrically situated, with respect to a

straight line, when each point of one has a

corresponding point in the other on the oppo-

site side of the axis, and equally distant from

it : thus.the triangles ABC and abc, are sym-

metrically situated, with respect to the line

DE. In all such cases, if either figure be

revolved about the axis of symmetry through

180°, the two figures may be made to coin-

cide.

A line or surface is symmetrical, with

respect to a plane, when for each point on

one side of the plane there is a second point

on the other side, equally distant from it.

The plane is called the plane of symmetry,

and is, in the conic sections, a principal

plane Symmetrical lines and surfaces in

space cannot, in general, be made to coin-

cide with each other.

Spherical triangles are symmetrical, when
their sides and angles are

equal each to each, but not

similarly situated : thus, the

triangles ABC and ABD
are symmetrical, but they

cannot, by any possibility,

be made to coincide with

each other ; they are equal

in area only.

In Analysis, an expres-

sion is symmetrical, with

respect to two letters, when the places of

these letters may be changed without chang-

ing the expression. Thus, the expression

x* + a?x +ab + b*x,

is symmetrical with respect to a and b : for,

if we change the places of a and A, we have

Ks + b=x + ba + a2
x,

the same expression ; but it is not symmetri-

cal with respect to x any y. An expression

is symmetrical, with respect to several letters,

when any two of them may change places

without affecting the expression : thus, the

expression,

a'b + ba* + a'c + c'a + b'c + be',

is symmetrical with respect to the three let-

ters, a, b and c. It is not sufficient that cer-

tain contemporaneous changes may be made,

without affecting the expression, but any two

must be interchangeable ; thus,

a'b + b'c + c=a,

remains unaltered, if a is changed to b, b to

c, and c to a ; but it is not symmetrical, with

respect to a, b, and c ; for, if a and b only be

interchanged, it becomes

b*a + a*c + c'b,

a different expression from the given one.

See Functions, Symmetrical.

SYN'THE-SIS. [Gr. nvvBea^, from aov

;

and riBn/u, to set]. The method by composi-

tion, in opposition to the method of resolu-

tion or analysis. In synthesis, we reason

from axioms, definitions, and already known

principles, until we arrive at a desired con-

clusion. Of this nature are most of the pro-

cesses of geometrical reasoning. In synthe-

sis, we ascend from particular cases to general

ones ; in analysis, we descend from general

cases to particulars.
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SYN-THEriC-AL METHOD. The meth-

od of reasoning by synthesis. This method

is purely deductive. See Syntliesis.

SYSTEM. [L. systerna; Gr. moTt)/ui}. A
regular method or order. A system of co-

ordinates comprises the objects to which

points are referred together with the method

of reference. Thus, we speak of the recti-

lineal system, the polar system, &c. The

rectilineal system is that in which points are

referred to straight lines by means of their

distances from these lines or from their planes

measured on parallel lines. A polar system

is one in which points are referred to a fixed

line or lines, and a fixed point, by means of

a variable angle or angles, and a variable

distance.

T. The twentieth letter of the English

alphabet. As a numeral it has been used to

denote 160; with a dash over it, T, signifies

160,000. In Arithmetic, it is an abbreviation

for Ton.

T SQUARE. An instrument used for draw-

ing parallel straight lines instead of the tri-

angular ruler. It consists of two arms: one

of which, called the blade, is fastened to the

other, called the stock, at its middle, and

secured by a clamp screw. The stock pro-

jects considerably below the blade, torming

a shoulder, which, when used, is pressed

firmly against the drawing board. The blade

may be set at any angle with the stock and

clamped. Then, if the stock is pressed against

the edge of the drawing board and moved

along, the blade will move continually paral-

lel to its first position. Its use is obvious.

Ta'BLES. [L. tabula]. In Mathematics,

tables are of two kinds. The fir6t are simply

a collection of particulars, in a small space,

for reference and ready application. Such

are the tables of weights, measures, cur-

rency, &c. The second kind are series of

numbers obtained from a general formula,

expressing the law of a function, by attri-

buting particular and equidistant values to

the independent variable. Such are the tables

of logarithms, sines, cosines, &c.

It would exceed our proposed limits to

enter into an account of the general method

of constructing the different kinds of mathe-

matical tables, but some idea may be acquired

of their nature from the following outline

If we take the equation,

y = log x,

and suppose x to have every possible value

attributed to it from to co, that is, if we

suppose it to vary continuously between those

limits, and the corresponding values of y to

be deduced, they will vary continuously from

— co to + CO.

Now, if we draw two axes OY and OX, at

right angles, and suppose the values of x to

be laid off on the axis OX, and the corres-

ponding values of y to be laid off in perpen-

diculars to this line, the extremities of these

perpendiculars or ordinates will make up a

continuous curve, which is called the loga-

rithmic curve. This curve is of the form re-

presented in the figure, and is the geometrical

representation of the law of relation between

numbers and their logarithms. The curve

cuts the axis OX at D, a distance 1 from the

origin. Now, if we take from O the distances

OD, OB, OP", PP'", &c, respectively equal

to 1, 2, 3. 4, &c., arid write them in one

column, and then write down in a second

column, opposite them, the corresponding

values 0, Be, P"y", P"'p"', &c, to any limit, *

the results will constitute a table of loga-

rithms; and, by means of it and known prin-

ciples, we can find the value of any interme-

diate ordinate or logarithm, as kk', which

shall conform to the law of the function.

This operation of finding an intermediate

logarithm is called interpolation, and is effected

by means of the series of differences. See

Interpolation.

Instead of taking values of x, correspond-

ing to the series of natural numbers, we
might have taken arbitrary values of x, and

we should then have had a table of logarithms,

but not of so convenient a form as the one

before described. If we take the equations,

y — sin x, y — cos x, &c,

and construct the curves expressing the law

of the functions, we can, in like manner,
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tabulate the values of the function for equi-

distant values of the variable : these will con-

stitute tables of sines, cosines, &c, from which,

Dy interpolation, the values of the sines, co-

sines, &c, maybe found for all values of the

variable.

The tables of most frequent use in mathe-

matics, are the table of logarithms, sines, co-

sines, &c, both logarithmic and natural.

These tables are generally appended to every

treatise on trigonometry and surveying, to-

gether with an account of the method of

using them.

TAN'GENT. [L. tangent, touching], A
tangent line to a plane curve at any point, is

the limit of all secant lines through that

point. To conceive the idea of a tangent at a

point, draw any secant through the point,

and revolve it about the given point as an

axis ; the other point of secancy will, after

a time, approach the given point, and finally

coincide with it. At this stage of the revolu-

tion, the secant reaches its limit, and becomes

a tangent. If the revolution be continued,

the second point of secancy passes the first,

and the line becomes a secant again, cutting

the curve on the other side of the given point.

This illustration holds equally true in the case

of lines of double curvature, except that the

motion ceases to be one of revolution. The

motion must be made so that the second point

shall always remain on the curve. From
this exposition, we deduce the fact that, in

general, there can be but one tangent to any

curve at the same point. The only exception

to this principle is in the case of a multiple

point, at which there will be as many tan-

gents as there are branches intersecting at

this point, one to each branch.

We have, in the illustration, supposed that

only two points of secancy unite to produce

a point of contact ; but there is one remark-

able exception to this supposition, in the case

where the point of contact happens to be a

point of inflexion. Let there be a curve

having a point of inflexion. If a straight line

be drawn through this point, cutting the curve

in a point near the assumed point, it will also

cut it in another point on the opposite side.

Now, if the line be revolved about the as-

sumed point, towards the tangent, these two

points of secancy both approach the assumed

point together, and ultimately coincide with

,

it, and the tangent cuts the curve at the point
of contact. If the revolution be continued
in the same direction as before, in the next
position, the secant only cuts the curve in

the single point assumed. When the points

of secancy have been made to unite, they

are called coincident or consecutive points.

Hence, we may define a tangent to a curve

to be a straight line passing through two (or

three) consecutive or coincident points.

The first case is the general one, and in

that the tangent lies wholly without the curve,

in the neighborhood of the point of contact

;

that is, all of its points are on the convex side

of the curve. The second case is the excep-

tion and rarely occurs ; when it does arise,

the tangent cuts the curve, but as before, all

of its points in the neighborhood of the point

of contact lie on the convex side of the curve,

the curve changing its curvature at the point

of contact. Hence, we may again define a

tangent to a curve to be a straight line having

but one point in common with the curve, and

all of its points in the neighborhood lying on
the convex side of the curve. This rule has

no exception. We say all the points lying

in the neighborhood of the point of contact

;

this restriction is necessary, for there is

nothing to prevent a tangent, on being pro-

duced, from intersecting the curve at some

other point.

In the graphic constructions of Descriptive

Geometry, we regard the curve as coincident

with an inscribed polygon whose sides are so

small that they may, without sensible error,

be considered as coinciding with the arc. In

this case we call the extremities of any side

of this polygon consecutive points of the

curve, and the prolongation of such a side is

called a tangent. Hence, in Descriptive

Geometry a tangent is defined to be a straight

line passing through two consecutive points

of the curve. This definition is only approx-

imately correct ; the approximation approaches

nearer to the truth as the length of the side

becomes nearer equal to 0. If the sides are

infinitely small, and so taken that their pro-

jections on the axis of X are equal, each

being the differential of x, we have the basis

of that system of differential calculus which

may be considered as the geometrical method.

If we consider the fact, that according to the

view just advanced the tangent passes through
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two points, it may be asked which is the

point of contact ; the answer to this question

is plain.

The theory of curves supposes the curve

to be generated by a point moving continu-

ously and passing over each side of the poly-

gon in succession, and the point of contact is

the one first reached in following the molion

;

and strictly speaking, the tangent ought to be

considered as having its origin at this point

and proceeding indefinitely from it, in the

direction of the element. If we suppose the

generating point to reverse its motion and

retrace its path in an inverse direction, the

direction of the tangents will also be reversed.

These views serve to reconcile some apparent

contradictions in the language of science, and

also to throw much valuable light upon the

togic of the science of the differential calcu-

tus. In this point of view, a tangent line to

a curve at a point of inflexion, becomes sim-

ply two tangents, one to each branch, and

lying in opposite directions ; or in other

words, at this point two elements of the curve

coincide in direction •, and in the language of

descriptive geometry we should say that the

tangent was a straight line passing through

three consecutive points. This view, while

it serves to illustrate the subject of tangency

of curves, also illustrates that of osculation,

as we shall soon see.

Two curves are tangent to each other at a

common point, when they have a common

rectilinear tangent at this point. In the view

of the subject just taken, they both contain a

common element at the point. Let us con-

sider the case of a circle tangent to a curve

at any point. It is evident that through the

two consecutive points that limit an element

of the given curve, an infinite number of cir-

cles can be passed, all of which will be tan-

gent to each other and to the given curve,

because the common element produced is a

common rectilineal tangent to them all at the

first point of the element. If now we con-

sider the next element in order, of the given

curve, we shall have three consecutive points,

and through these it is impossible to pass

more than one circle. This circle is the oscu-

latory circle, so called, because it has a more

intimate contact with the given curve, at the

given point, than any other circle. It is also

plain that every smaller circle passing through

the first two points, will pass within the

third point, and every greater one will pas*

without the third point ; whence we see that

the osculatory circle separates those tangent

circles which pass without the given curve

from those which lie wholly within it, in the

neighborhood of the point of contact or of

osculation. Similar views may be advanced

in relation to other osculatory curves to a

given curve at a given point. We shall only

consider the additional case of the conic sec-

tions in general. It is always possible, as

may easily be shown, to draw an infinite

number of conic sections tangent to any

given curve at a given point. Furthermore,

since some one of the conic sections may
always be made to pass through five points

in a plane, it follows that some conic section

may be drawn to include" four consecutivo

elements of the curve. This is the osculatory

conic section at the first point of the five, and

its nature will be dependent upon the nature

of the curve in question. Through any four

consecutive points, an infinite number of dif-

ferent conic sections may always be made to

pass, each of which will have a more intimate

contact with each other and with the given

curve than any of the infinite number of

conic sections which are passed through three

of these points.

A tangent plane to a curved surface is {he

limit of all secant planes to the surface

through the point. • The point is called the

point of contact. To conceive the idea of a

tangent plane, pass any secant plane cutting

the surface in a line ; now if this plane be
*

properly turned about this point, the section

will, after a time, approximate to a point, that

point being the point of contact ; or
l

it will

approach a single straight line through the

point ; or to two straight lines intersecting at

the point ; or to a straight line and curve

intersecting at the point, and will always

finally reduce to one of these cases ; when it

does thus reduce, the secant plane has reached

its limit and becomes a tangent plane.

We have an instance of the first case of

tangency in the sphere or ellipsoid ; of the

second in the cone or cylinder ; of the third

in the hyperbolic paraboloid, or the hyperbo-

loid of one nappe ; and of the fourth in a

warped surface having three curvilinear direc-

trices. A discussion ar alogous to that just
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given, in relation to the tangency of lines,

(only much more complicated), might be given

in relation to curved surfaces, but as the

whole subject may be reduced down to a con-

sideration of the subject of tangency of

lines, we shall not enter upon it.

The ordinary definition of a tangent plane

to any curved surface is this. A plane is

tangent to a surface when the plane and sur-

face have at least one point in common
through which, if any number of secant

planes be passed, the sections cut out of the

plane are tangent to the sections cut out of

the surface. This point is called the point

of contact. The definition suggests the

method of passing a plane which shall be

tangent to a given surface at a given point,

viz: Draw any two lines on the surface,

through the given point, and draw tangents

to these lines at the given point ; the plane

of these lines will be a tangent plane to the

surface at the point. In single curved sur-

faces, as the cylinder, cone, &c, the tangent

plane at any point passes through two con-

secutive elements, and is tangent all along

one element ; conversely, if a plane passes

through two consecutive elements it is tan-

gent to the surface at every point of the first

element. In general, only one tangent plane

can be passed at the same point of the sur-

face, but there are exceptions to the rule. An
instance of this occurs in the case of the

cone, for an infinite number of tangent planes

may pass to the cone, through the vertex, all

tangent to it at that point. In this case the

rule for passing a tangent plane evidently

fails. This rule also fails in the case of a

conoid, where the point of contact falls upon

the right line directrix ; for, if two straight

lined elements be drawn through the point,

the plane of their tangents will not be a tan-

gent plane.

Two surfaces are tangent to each other,

when they have, at least, one point in com-

mon ; through which if any number of planes

be passed, the sections cut out by each plane

will be tangent to each other at the point.

This point is called the point of contact.

Another definition is this : Two surfaces are

tangent to each other, when they have a

common tangent plane at a common point.

This point is the point of contact.

In Analysis, the equation of a tangent line

to any plane curve, at a point whose co-ordi-

nates are x" and y", is

dy''

y-y"=a^ (*-*")

The equations of a tangent to any curve in

space, at a point whose co-ordinates are x",

y" and 2", are

„ dz"

,

x — x =^ (z - z' ). and

y~y
dz'

~dy"(z z").

The equation of a tangent plane is

dz" „ dz"
£"<*-* ) + sp<y-y") -(*-«") = ».

When the length of a tangent is spoken
of in analysis, it includes that portion lying

between the point of contact and the point in

which the tangent cuts the axis upon which
the subtangent is taken. The formula for the

length of a tangent is

=r
N
/i+

dV'a

dY1''

in which x" and y" are the co ordinates of the

point of contact.

In all these expressions, -j-^, &c, denote

what the differential co-efficients become,

when, for x, y, and z, the co-ordinates of the

point of contact are substituted.

Tangent in Trigonometry. That portion

of a tangent drawn at the first extremity of

an arc. and limited by a secant drawn through

the second extremity. The tangent is always

drawn through the initial extremity of the

arc, and is reckoned positive upwards, and

consequently, negative downwards.

The following equations express the rela-

tions existing between the tangent and the

other trigonometrical functions of an arc :

sin a 1

tan a = tan a = -

tan a
y cos ' a

tan a =
vT

tan a =
2 cot % a

cot a
-J a — 1

tan a = cot a — 2 cot 2a,

1,
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tan a =

tan a =

sin 2a \— cos2a

1+ cos 2 a V 1+ cos 2 a

tan (45° + i a) - tan (45° - j a)

In which the radius is 1. For a further ac-

count of this subject,—see Trigonometry.

TARE and TRET. Allowances made in

selling goods by weight. Tare is an allow-

ance made on goods sold in boxes, barrels,

<fec, for the weight of the boxes, &c. Tret

is an allowance made for dust, refuse matter,

&c. What remains, after these are deducted,

is called net weight.

TAU'TO-GHRO-NOUS CURVE. [Gr.

tuvtoc, the same, and xPovott time]. A curve

such, that a heavy body rolling down it, under

the influence of gravity, will always reach

the same point at the same time, from what-

ever point it may start. The inverted cycloid,

in a vertical plane, having its base horizontal,

is a tautochronous curve.

TAYLOR'S THEOREM. The object of

Taylor's theorem is, to show how to develop

a function of the algebraic sum of two vari-

ables into a series arranged according to the

ascending powers of one of the variables,

with co-efficients which are functions of the

other.

TAYLOR'S FORMULA. The formula

for making this development is

d'u y' d3u y3

f<z + y) = "+t-xy + fc'i 2
+

dx3 1.2.3

+
d"u y*

dx" 1 . 2 . . n
+

In which the first member is any function of

the sum of two variables, and u is what that

function becomes when the leading variable

y is made equal to 0. This formula is called

Taylor's Formula. It fails to develop a func-

tion in the particular case in which u, or any

of its successive differential co-efficients, be-

comes infinite for any particular value of the

variable which enters them. It only fails for

the particular value, holding good for all

other values.

TECHTJI-CAL TERM. [L. technicus

;

Gr. r£%vt/£Of, from rexvq, artifice]. A term

belonging to a particular art or science. A
word having a certain meaning in common

language, has often a very different meaning

when used as a term in treating of a science.

TERM. [Gr. repfta ; L. terminus, a limit

or boundary]. In Algebra, a single expres-

sion not connected with any other by the

signs plus or. minus, equality or inequality.

Thus Za'b, 2a X 3c, Va*c are terms. A word

having a technical meaning.

TERM'IN-AL. [From L. terminus'].

Forming an edge or extremity. Thus, we
speak of the terminal edge of a polyhedron.

Sometimes we speak of the terminal faces of

a solid. Terminal is nearly synonymous with

limiting.

TER-RES'TRI-AL. [L. terrestris ; from

terra, the earth]. Appertaining to the earth.

As Terrestrial Magnetism, Terrestrial Equa-

tor, &c.

TET'RA-GON. [Gr. rerpa, four, and

yavia, angle]. In Geometry, a polygon hav-

ing four angles, and consequently four sides

See Quadrilateral.

TE-TRAG'ON-AL. Having four angles.

TET-RA-Hli'DRAL ANGLE. A polyhe-

dral angle, having four faces. See Polyhedral

Angle.

TET-RA-He'DRON, or TET-RA-E'-
DRON. [Gr. rerpa, four, and eSpa, face].

A polyhedron bounded by four triangles. If

the middle points of the faces be properly

joined, two and two, the lines joining them

are the edges of a second tetrahedron. A
regular tetrahedron is one in which the faces

are equal and equilateral triangles. If the

middle points of the faces be joined two and

two, the lines joining them form the edges of

a regular tetrahedron. All regular tetrahe-

drons, are similar solids. See Regular Poly-

hedron.

TET-RA-HEX-A-He'DRAL. Having four

ranges of faces, each range containing six

faces.

TET-RA-HEX-A-HE-DRON. [From Gr.

rerpa, four, and hexahedron]. A polyhedron

bounded by 24 faces.

THE-OD'O-LITE. [Gr. tieao/iat, to view,

and (Sojloj, stratagem]. An instrument used

in surveying for measuring horizontal and

vertical angles. It consists essentially of a

telescope, with cross wires, mounted so as to
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have a free angular motion in a vertical plane,

and' also a free motion about a vertical axis.

Suitable clamps are attached to restrain either

of these motions, and graduated circles are

so mounted as to show the amount of angular

motion about either axis. A great variety of

methods have been adopted for the arrange-

ment of the details of this instrument, and

consequently a great variety of instruments

have been produced, differing in external ap-

pearance, but all agreeing in the same gen-

eral principle, and all called theodolites. The
following outline description of that form of

the instrument in most general use, will con-

vey an idea ofthe theodolite used in surveying.

The horizontal limb is made up of two cir-

cular plates of brass, having a common axis,

the upper one turning freely upon the lower

one. By means of a clamp, the two plates

may he firmly attached to each other, so that

both must turn together. When thus clamped

a slight motion may be imparted to the upper

one, by means of a tangent screw. The

lower plate bears a graduated circle on its

periphery, and the upper plate carries two

verniers, situated so that their points lie in

a plane passed through the axis of the upper

telescope, and the common axis of the two

plates. The graduation on the limb is carried

to half degrees, or sometimes to 20-minute

spaces, and the vernier is so graduated that

arcs of 20 seconds may be read with accuracy,

and in some instruments arcs of 10 seconds

are read. The lower circular plate is firmly

joined to a central hollow spindle, at right

angles to the plate, through which a similar

spindle, joined to the upper plate, passes. A
washer of greater diameter than the hollow

of the outer spindle, is screwed against the

lower end of the solid inner spindle, which

whilst permitting the upper plate to revolve

freely, prevents it from being raised up from

its contact with the lower plate.

The outer spindle passes through a closely-

fitting cylinder, concentric with it, and spread-

ing out into a flat plate, against which the

leveling screws work. The lower end of

the outer spindle terminates in a socket,

which grasps a ball, forming a ball and socket,

or universal joint. The ball part is firmly

joined to the lower plate of the instrument,

through which the leveling screws work.

The lower plate, when the instrument is in

use, is firmly screwed upon a tripod. The
lower plate being fixed in position, the motion
of the leveling screws enables the observer

to bring the horizontal limb parallel to the

horizon. The horizontality of the limb is

shown by two spirit levels at right angles

to each other, resting upon the upper face of

the vernier plate. The outer spindle has free

motion in the upper leveling plate, but this

motion may be restrained by a clamp attached

to the upper leveling plate, and then small

motion^ in azimuth may be communicated by

a tangent screw. This clamp is called the

clamp of the. limb; the other one described

being the clamp of the vernier. Resting

upon the upper face of the vernier plate, and

firmly attached to it by screws, is the frame-

work which supports the upper telescope and

the vertical limb. The upper, or vertical

limb, consists of a graduated circle, turning

in supports about an axis at right angles to

that of the horizontal limb. It bears in Y's

a telescope, whose axis, or line of collimation,

moves in a plane perpendicular to the axis of

the vertical limb, or in a plane parallel to the

axis of the horizontal limb. This is also pro-

vided with a clamp and tangent screw. The

telescope rests in Y's, from which it may be

removed and reversed, by raising two small

loops. The telescope bears a level, whose

axis should be parallel to the line of collima-

tion, and has in the focus of the eye-glass two

fine hairs, intersecting each other, to indicate

the line of collimation.

For ordinary purposes of surveying, the

diameter of the horizontal limb is about 6

inches, but for accurate work much larger

ones are used. The large theodolite of the

United States Coast Survey, has a horizontal

limb of 30 inches in diameter. Its construc-

tion is in many respects different from the

surveyor's theodolite above described.

Before using a theodolite, it should be pro-

perly adjusted ; that is. the different parts

should be brought to their proper relative po-

sitions. The theodolite is in adjustment

when the following conditions are fulfilled :

1st, When the intersection of the cross hairs

is in the axis of the telescope ; that is, in the

line which remains fast when the telescope

is turned in the Y's : 2d. When the axis oi

the attached level is parallel to the axis of the

telescope : 3d, When the axes of the levels
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on the horizontal limb are perpendicular to the

axis of ihe horizontal limb : and, 4th, When
the axis of the vertical limb is perpendicular

to the axis of the horizontal limb. The ad-

justments are made as follows :

1st Adjustment. To bring the intersection

of the cross wires into the axis of the telescope.

Set up the instrument and turn the teles-

cope of the upper limb in its Y's till one of

the cross hairs is horizontal, and then direct

the telescope to some distant and well defined

object, so that the horizontal wire shall appear

to pass through some particular point of the

object ; then, without disturbing the instru-

ment, turn the telescope about in its Y's 180°

till the same wire is again horizontal. If in

the new position the wire does not pass

through the same point that it did before,

move it by means of two antagonistic screws,

which work against the diaphragm, bearing

the cross wires, one half of the space, and

again direct the telescope so that the wire

shall pass through the same point. Repeat

the operation till, by continued trial, the wire

passes through the point in both positions

of the telescope ; then the wire will be ad-

justed. Turn the telescope in the Y's till the

other wire becomes horizontal, and adjust it

in the same manner. Then examine the

first wire lest the adjustment of the second

wire should have disturbed its position. When
both wires are adjusted, turn the telescope

slowly about in its Y's, and the intersection

of the Y's will appear to rest upon the same

point during the entire revolution. When
this is found to be the case, the first adjust-

ment is complete.

2d Adjustment. To make the axis of the

level attached to the upper telescope, parallel to

the axis of the telescope.

Unclamp the vernier plate, set the vertical

limb to the of the vernier, and make the

horizontal limb approximately horizontal.

Then bring the vertical telescope over two

of the leveling screws, and by means of

them bring the bubble of the level to the mid-

dle. Unloop the telescope and lifting it from

the Y's, turn it end for end ; if the bubble

does not remain in the middle of the tube

make half the correction by means of an ad-

justing screw at one extremity of the level

and the other half by the leveling screws

Repeat this operation continually, till the

bubble stands in the middle of the tube in

both positions of the telescope ; then revolve

the telescope slowly in the Y's. and see if

the bubble remains in the middle ; if it does

not, make the correction by means of two

lateral antagonistic screws at one end of the

level ; continue the trial until the bubble is

found to remain in the middle of the tube

when the telescope is revolved in the Y's

;

when this is the case the second adjustment

is complete.

3d Adjustment. To make the axes of the

levels on the limb, perpendicular to the axis of

the instrument.

Having set the of the vertical limb at the

of the vernier, make the horizontal limb

approximately horizontal. Turn the vernier

plate, in azimuth till the telescope comes over

two of the leveling screws ; then by means

of three screws bring the bubble to the mid-

dle of the tube. Turn the vernier plate in

azimuth 180°, and if the bubble is not in the

middle make half of the correction by the

tangent screws of the vertical limb, and half

by the leveling screws. Then turn the ver-

nier plate 180°, and correct as before. Con-

tinue this operation till the bubble remains in

the middle, in both positions. Then will one

line of the limb be horizontal Turn the tel-

escope over the other leveling screws, anil

by the same process make a second line of

the limb horizontal. Turn the vernier plate,

in azimuth, through 360°, and if the bubble

remains in the middle during the entire revo-

lution, the limb is truly level and its axis ver-

tical. Bring the bubbles of the levels, on the

limb, to the middle of their tubes, by means

of adjusting screws at their extremities, and

they will then have their axes at right angles

to the axis of the theodolite, and the third

adjustment will be complete.

4th Adjustment. To make the axis of the

vertical limb perpendicular to the axis of the

instrument.

The horizontal limb being leveled, direct

the cross hairs of the telescope upon a corner

of a house, a plumb line, or other vertical

object, and turn the vertical limb about its

axis ; if the cross wires remain upon the

line, the adjustment is complete ; if not,

and the line described by the cross wires in-

clines to the left, the right hand end of the

axis is too high and must be lowered by
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means of adjusting screws at the foot of the

framework. If the line inclines to the right

the reverse is the case, and the right hand

end of the axis must be raised. Continue

the trial till the line described by the cross

wires is vertical; the adjustment is then

complete. After all of the adjustments are

made they should be examined in succession,

lest some of them should have been disturbed

in making the others.

To measure a horizontal angle with the theo-

dolite. Plant the instrument exactly over the

angular point by means of a plumb line

attached to a hook immediately under the

centre of the horizontal limb, and by the aid

of the leveling screws bring the bubble of the

levels on the limb to the middle of their tubes
;

the limb will then be horizontal. Clamp the

vernier plate and unclamp the horizontal and

vertical limbs ; direct the telescope upon the

left hand signal or object as nearly as possi-

ble with the hand, then clamp the horizontal

limb, and bring the intersection of the cross

wires exactly to coincide with the object by

means of the tangent screw ; take the read-

ing of the instrument and record it. Unclamp

the vernier plate and turn the telescope upon

the right hand signal or object, as nearly as

possible, and clamp the vernier plate ; bring

the cross hairs into exact coincidence with

the object by means of the tangent screw of

the vernier plate, and again take the reading.

If the of the vernier has not passed over

the of the limb, the difference of the read-

ings is the angle subtended by the signals or

objects ; if the of the vernier has passed

the of the limb, subtract the greater reading

from 360°, and add to the result the lesser

reading ; this will be the angle required. In

taking the reading, the minutes and seconds

should be read at both verniers and a mean

of the results taken. This corrects for a

want of exact centering of the graduated

circle.

To measure an angle by repetition. Direct

he telescope on the left hand object, as

before, and take the reading ; unclamp the

vernier plate and direct the telescope on the

right hand object, as before : then leaving

the vernier plate clamped, unclamp the limb

and direct it again on the left hand object

;

then, leaving the limb clamped, unclamp the

vernier plate and direct the telescope again

36

upon the right hand object. Continue this

operation till the telescope has been directed

upon the right hand object any number of

times, say six ; then take the reading of the

instrument, add to this reading as many
times 360° as the of the vernier has passed

the of the limb during the repetition, and

from the result subtract the first reading

;

divide this difference by the number of repeti-

tions, and the quotient will be the angle re-

quired. This operation of repetition, if care-

fully performed, has a tendency to correct

errors in graduation, and also in reading the

instrument. The errors, in this case, are

divided by the number of repetitions. If,

now, the telescope be reversed in its bearings,

and a second set of six repetitions be taken,

a second value of the angle will be obtained
;

the mean of this and the first result will pro-

bably be more nearly accurate than either of

them.

The principle of repetition, is now gene-

rally adopted in all measurements where

great accuracy is required.

To measure a vertical angle, either of eleva-

tion or depression. Having planted the in-

strument and leveled it as before, direct the

cross hairs on the object whose elevation or

depression is to be measured ; take the read-

ing of the instrument and record it : then

reverse the telescope in the Y's, turn the ver-

nier plate in azimuth 180°, and again direct

the telescope upon the same object as before,

and take the reading ; a mean of this and the

one already found, will be the angle included

between a horizontal line through the axis of

the vertical limb and a line drawn from that

axis to the point observed. The difference

of the readings forms what is called the index

error of the instrument, and when this is

known, a single reading of the instrument

will suffice to give the angle of elevation. In

order to determine the index error, a great

number of readings should be taken directly

and in reverse, and a mean of all the index

errors taken for the true index error.

THE'O-REM. [Gr. Beafln/ia ; from deupea,

to contemplate]. A statement of a principle

to be demonstrated; that is, the truth ot

which is required to be made evident by a

course of reasoning, called a demonstration.

In the synthetical method of investigation,

which is that for the most part employed in
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Geometry, it is usual to state the principle to

be proved before commencing the demonstra-

tion ; the demonstration proceeds by a regular

course of argumentation to the final conclu-

sion, which is confirmatory of the principle

enunciated. The principle being proved, it

may properly be employed as a premiss in

the deduction of new truths. The principle,

as enunciated before the demonstration, is

the theorem ; its statement after demonstra-

tion, constitutes a rule or formula, according

as the statement is made in ordinary or in

algebraic language. When the principle

enunciated is of such a nature, that its state-

ment is not properly a rule, it constitutes a

demonstrable truth. In Analysis, it is not

customary to enunciate the principle to be

proved ; but by a proper combination of suit-

able formulas or equations, an equation is

reached, which by interpretation, shows the

truth of the principle to be proved. In this

case, where the principle is not stated till

proved, its statement is not properly called a

theorem.

In Analysis, it is sometimes the case, that

the object to be attained is indicated before

commencing the demonstration, by simply

stating what that object is, leaving the com-

plete statement of the principle to be given

as a conclusion of the reasoning employed.

This statement, with the implied conclusion,

constitutes a theorem. Thus, we say that

the object of the binomial theorem is to

deduce a formula for forming * any power

of a binomial, without going through the

process of continued multiplication, and with-

out stating the nature of the formula, the

demonstration is entered upon, and as a

result, the equation expressing the law of

formation is deduced. Of this nature are

most of the theorems of analysis, such as

Taylor's theorem, McLaurinJs theorem, La-

grange's theorem. &c.

The common definition of a theorem given

in Geometry is, that it is a proposition to be

proved. A theorem is distinguished from a

problem in this ; the latter being a state-

ment of something to be done. Thus, the

statement of the fact, that a circle is to be in-

scribed in a triangle, is a problem, or per-

haps more correctly, the statement of a pro-

blem.

THe'O-RY. [L. Iheoria ; Gr. Beupia ; from

Beupeu, to see, to contemplate]. A technical

term in Mathematics, denoting an exposi-

tion of the principles of any science, or par-

ticular branch of science. Thus, the theory

of equations embraces a complete discussion

of all the principles employed in the trans-

formation and solution of equations, together

with an investigation of the various proper-

ties of the equations, their derivations, roots,

&.c. The theory of negative exponents in-

cludes a complete discussion of the nature,

properties, and uses of negative exponents
;

it shows the transformations that may be

made upon quantities affected with such ex-

ponents, and develops the relation between

these transformations, and analagous ones

as made upon those affected with positive

exponents.

The term, theory, is sometimes used in con-

tradistinction to practice. Thus, the theory

of Arithmetic embraces the investigation of

the properties and relations of numbers,

whilst practice shows the best methods of

applying these principles to meet the ordi-

nary wants of life.

Theory is not to be confounded with hypo-

thesis. Theory, as considered in Mathema-
tics, is founded on principles deduced ; hypo-

thesis is a mere assumption which may, on

investigation, be found either true or false.

See Demonstration, and Iteduclio ad absur-

dum.

THICK'NESS. A name given to one of

the dimensions of a solid, usually the lesser

dimension. Thus, the thickness of a board

is its dimension from face to face.

THREE'-SID-ED. Having three sides;

thus, a triangle is a three-sided figure.

TiDE-GaUGE. A contrivance for measur-

ing the height of the tide at any instant.

TO-POG'RA-PHY. [Gr. ronoc, place, and
ypatpa, to describe]. A description of the

form of the surface of * limited portion of

the earth's surface, whether the description

be made verbally or by a graphic delineation.

It also embraces a description of the natural

objects that are found upon the surface, such

as rocks, trees, &c, together with all con-

structions, as roads, streams, bridges, towns,

&c.

TOP-O-GRAPH'IC-AL. Appertaining to

Topography.
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TO-POG'RA-PHER
topographical survey.

Topographical Projection. A species of

projection chiefly employed in representing

the contour of ground. In it but one plane

of projection is used ; it is called the plane

of reference. We shall consider the plane of

the paper as the plane of reference. Points

are given by their orthographic projections

and numbers expressing their distances from

the plane of reference in terms of some as-

sumed unit. For the sake of explanation,

we shall take the foot as the unit of the

scale ; then will the figure represent the

points, which are respectively 04
4, 8, and 7, &c, feet, above the Q 8

plane of reference. The nura- © 7

ber written by the side of the Q-2
projection are called references of the points.

If the references are negative, the point is

situated below the plane of reference. Thus,

the reference — 2 indicates that the point is

2 feet below the plane of reference.

Straight lines are given by their orthotrra-

phic projections and by a scale. To under-

stand the nature of the scale, let AC repre-

sent a line in space, AB its projection on the

plane of reference, and CB a perpendicular to

AB equal, say to 4 feet, on the scale of the

drawing. Divide CB into 4 equal parts, and

through the points of division draw lines pa-

rallel to the line AB, and from the points in

which these lines intersect AC, let fall per-

pendiculars upon AB ; mark the points 1, 2,

3, 4, &c, and the line thus divided is called

the scale of the line AC. and after one divi-

sion is found, the scale may be continued to

any extent in both directions. The point

is where the line pierces the plane of refer-

ence. Each division of the scale is equal to

the unit of the scale divided by the tangent

of the inclination of the line to the plane of

reference. It is often necessary, in this kind

of projection, to use two different scales ; one

for horizontal distances, and the other for

vertical distances. Suppose, for example, that

the vertical scale is ten times as great as the
horizontal scale, then will one division on the
scale of a line be equal to one-tenth of a unit
on the vertical scale divided by the tangent
of the inclination of the line ; and, in like

manner, for any other vertical scale We
shall discuss only the cases in which the two
scales are equal, leaving the modifications

necessary, on account of difference of scale,

to be made in accordance with the principle

just laid down. Planes are given by their

traces and scales of inclination. The scale

of inclination of a plane is the same as the

scale of a straight line in the plane perpen-
dicular to the trace.

in

In the figure the plane AB is given, be-

cause its trace AB is given, and its scale GH
is known.

Curve lines, which are parallel to the plane

of reference, are given by their projections

and the reference of one point. Thus, the

lines AB, CD, EF, and GH, are respectively

the representations of

lines of the same form

as the projections at

distances of 0, 1, 2

and 3 feet from the

plane of reference.

Horizontal curves

are the principal ones

considered in this kind of projection,

other curves are given, their projections are

given, and the references of a sufficient num-
ber of points. _ Surfaces are given in this

kind of projection by the projections of hori-

zontal sections of the surfaces made by planes

at equal distances from each other, the refer-

ence of each being given ; thus, the surface

of a hillock is shown in the figure above

given.

We shall illustrate the method of using

this kind of projection by giving a few gra-

phical solutions of problems that may arise

in its use.

1. Having given two points, to draw a

straight line through them, and find its scale.

When
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Let the given points be 4 and 2. Draw the

straight line 4 2, and divide it into two equal

parts ; set off one of these parts twice to the

o i v s 4 5 «
-* ' *—;

—

J •*

left of 2, and mark the points of division 1,0;

then is the point in which the line pierces

the plane of reference, and 0, 1, 2, 3, &c, is

the scale of the line.

2. To pass a plane through three points :

Let 9, 6, and 4, be the given points. Draw

straight lines through 9, 6, 9 and 4, respec-

tively, by the last problem, and find the points

in which they pierce the plane of reference.

Join these points by a straight line AB ; this

will be the trace of the plane on the plane of

reference. Draw any line CD, perpendicular

to AB, and join the points 1, 1 ; 2, 2 ; 3, 3,

&c, of the scales of the two lines : their

intersection with the line CD will form' the

scale of the plane.

3. To pass a plane through one straight

line parallel to another •

\
As

intersection : to find its scale, draw through

1, 2, 3, &.C., on the scale of the plane BC

lines parallel to its trace, and their inter-

sections with BD will determine the divisions

of the scale.

5. To find the angle included between two

straight lines. This angle is equal to the

angle included between either line, and a

straight line drawn through any point of it

parallel to the other.

Let AB and CD be the two lines : through

4, on the line CD, draw a line DE parallel to

and equal to 4A, and join CE : this will be

the trace of the required plane, and its scale

may be constructed as in the last problem.

4. To find the intersection of two given

planes :

Let AB and BC be the given planes

;

through the points 4, on each scale, draw

lines parallel to the traces of the respective

planes, and join their point of intersection

with the point, B, in which these traces in-

tersect ; this will be the projection of the

Let AB and CD be the two given lines.

Draw through the point 4, on the line AB,

a straight line parallel and equal to 4C
;
join

AE. At 4 erect the perpendiculars BF and

BG, and make each equal to 4 units of the

scale
;
join GE and FA : with E and A as

centres, and EG and AF as radii, describe

arcs intersecting at 0, and draw OA and

OA ; then is AOE the angle required.

5. To pass a plane tangent to a given sur-

face at a given

point. Let PQ be

the topographical

representation of

the surface, and A
the point whose

reference is 3.

Draw AT tangent to the curve (3), and AS
perpendicular to it at A ; take the distance,

A2, for the unit of the scale, and set it off

three times towards S, and through the ex-

tremity draw a line parallel to AT ; this is

the trace of the plane, and its scale has

already been constructed.
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6. To find a section of » surface given

topographically. Let PQ represent the sur-

face, and AB the trace of the vertical plane

along which the section is to be made. Draw
an indefinite line AB, and lay off on it the

distances, Ba, ab, be, &c, as in the figure
;

at these points, erect perpendiculars and make
aa',ff, each equal to 1, bb', ee" each equal

to 2, and cc' . id! , each equal to 3 ; draw the

curved line Afe'd'c'b'a'B, and it will repre-

sent the required section. These examples

serve to show the facility with which pro-

blems may be solved by this method of pro-

jection. See Topography.

Topographical Surveying. That branch

of surveying which is undertaken for the

purpose of making a topographical descrip-

tion of a part of the earth's surface. It in-

cludes the conventional methods of making
the representation on paper, or topographical

drawing. We shall only touch upon those

points which have not been treated of in other

articles, omitting all those operations which

have been sufficiently described under the

heads of Geodesy, Surveying, $c.

The representation to be made, is the hori-

zontal projection of the objects upon the sur-

face, together with the projections of a sys-

tem of lines cut out of the surface by a sys-

tem of horizontal planes passed at equal dis-

tances apart, usually, 3 or 6 feet.

The method of finding and projecting these

contour lines, as they are called, is sufficiently

explained under leveling. See Leveling. After

the horizontal projections of the lines of

contour are plotted, the drawing is sometimes

shaded by lines drawn at right angles to

them, according to a conventional rule ; where

!

the surface is steep, the shading lines are

drawn close together : where the declivity is

gentle, they are drawn further apart.

The method of finding and plotting the

contour lines, as described in leveling, is only

employed when considerable accuracy is
required, as in surveying a site for a fortifica-

tion, or for the construction of a building or
other improvement. When only a general
topographical map of a country is wanted, it

will, in general, be found sufficient to survey
the country with reference to its fields, roads,
rivers, &c. These are to be plotted in the
manner indicated for filling in a geodesic
survey. Levels are run along the principal
lines, as fences, roads, &c, and the highest
of the most prominent points of the country
are determined with respect to some plane of
reference. Then the general outlines of the
topography are sketched in by the eye ; after

the general outline is finished, the principal

objects worthy of note are represented by a
system of conventional signs.

To'TAL. [L. totus, the whole]. The
whole sum or amount. The aggregate of
several particulars.

TOUCH. To meet, or be in contact with.

See Contact, Tangent.

TRACE [L. traho, to draw,] of a Plane.
In Descriptive Geometry, the intersection of

the plane with one of the planes of projec-

tion. The trace on the vertical plane is called

the vertical trace ; that on the horizontal

plane, the horizontal trace. Ifthe plane is not

parallel to the ground line it will intersect it

at some point which point will be common
to both traces. Since two lines of » plane

fix its position, if the traces of a plane are

known, the plane is said to be known, that is,

a plane is given by its traces. If the plane

is parallel to the ground line, its traces are

bn,.h parallel to the ground line ; conversely,

if both traces are parallel to the ground line

the plane itself is parallel to the ground line.

If the plane is parallel to the horizontal

plane of projection, it will have no trace on

that plane, and its vertical trace will be paral-

lel to the ground line. If the plane is paral-

lel to the vertical plane of projection, it will

have no trace on that plane, and its trace on

the horizontal plane will be parallel to the

ground line. If a plane is perpendicular to

the vertical plane of projection, its horizontal

trace will be perpendicular to the ground

line. If a plane is perpendicular to the hori-

zontal plane of projection, its vertical trace

will be perpendicular to the ground line. If
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a plane is perpendicular to the ground line,

both of its traces will be perpendicular to the

ground line.

In Analysis, there are three planes of pro-

jection, called co-ordinate planes, and a plane

will in general have three traces. To find

the equation of the trace of a given plane

upon the plane XY, make z — 0, in its equa-

tion ; the resulting equation will be the equa-

tion required. To find the equation of the

trace upon the plane XZ, make y = 0, in the

equation of the plane ; the resulting equa-

tion will be the equation required. To find

the equation of the trace upon the plane YZ,
make x = 0, in the equation of the plane

;

the resulting equation will be the equation

required. Two planes are parallel when
their traces on the three co-ordinate planes

are respectively parallel.

TRAM'MEL. An instrument used by

carpenters for constructing an ellipse, mechan-

ically, by a continuous movement. For an

account of the construction of the instrument

and the method of using it, see Ellipse.

TRANS-CEND-ENT'AL. [L. transcendo,

to exceed, to go beyond]. A transcendental

quantity, is one which cannot be expressed

by a finite number of algebraic terms : that

is, by the ordinary operation of algebra, viz.:

addition, subtraction, multiplication, division,

raising to powers denoted by constant expo-

nents, and extraction of roots indicated by

constant indices.

Transcendental Quantities are of three

kinds, logarithmic, exponential, and trigonome-

trical. The first are expressed in terms of

logarithms, as

log V I — x, a log x, &c. ;

the second are expressed by means of varia-

ble exponents, as

a', «", ba'cr, &c.
;

the third are expresses by means of some of

the trigonometrical functions, as

sin x, tan V'2 — i", ver-sin {ax — t), &c.

Transcendental Equation. An equation

expressing a relation between transcendental

quantities.

Transcendental Function. A function

in which the relation between the function

and variable is expressed by means of a trans-

cendental equation.

Transcendental Line. A line whose

equation is transcendental.

TRANS-FORM'. [L. trans and forma]

To change the form.

Transformation of an Equation. The

operation of changing the form of an equa-

tion without destroying the equality of its

members. All the operations performed

upon equations, in order to simplify them or

to solve them, are transformations. See

Equation.

Transformation of a Fraction. The

operation of changing its form without chang-

ing its value. The operations of reducing to

simplest terms, of changing the fractional

unit, &c, are transformations. See Fraction.

TRANS-PaR'ENT. [L. trans, through,

and pareo, to appear]. A body which will

permit light to pass through it freely ; used

in Shades and Shadows.

TRANS-PoSE'. [L. trans, over, and pono,

to put] . To transpose a quantity from one

member of an equation to another, is to pass

the quantity from one member to the other

without destroying the equality of the two

members. This is done by simply changing

its sign.

TRANS-VERS'AL. [L. From trans and

versus, lying across]. A straight line which

cuts several other straight lines, is said to be

transversal with respect to them. Thus, if a

straight line be drawn cutting the three sides

of a triangle, or the sides produced, it is a

transversal. The following are some of the

properties arising from the relation between

transversals and the lines which they inter-

sect.

Let ABC be a plane triangle, and B'A' a

transversal cutting the three sides, or sides

produced, in the three points A', B' and C

;

then of the six segments formed, the product
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of any three alternate ones is equal to the

product of the remaining three ; that is,

AC x BA' X CB' = C'B X A'C X B'A.

Conversely, if three points A', B' and C are

taken upon the three sides of a triangle, or

upon the sides produced, so that the above

relation shall exist, the three points are in

one and the same straight line.

If from any point in the plane of » tri-

angle ABC, straight lines be drawn to the

three vertices, cutting the sides, or sides pro-

duced in the points A', B' and C, then will

AC x CB' X BA' = C'B x B'A x A'C,

BB' and CC, drawn from the vertices B and

0, intersect each other on the line AA', then

AB' : AC : : AC : AB, that is, a straight line

joining C and B' is parallel to BC.

In a trapezoid ABDC, the straight line PO,

Whatever may be the position of the point 0,

there is always an odd number of points of

intersection upon the sides of the triangle,

and an even number upon the sides produced.

Conversely, if these points A', B', C, are sit-

uated so that an odd number of them are on

the sides themselves, and an even number on

the sides produced, (0 being considered an

even number,) and the above relation exists,

then will the straight lines joining them with

the opposite vertices of the given triangle

pass through the same point. Hence, the

straight lines drawn from the vertices of a

triangle to the middle of the opposite sides,

intersect in the same point. The perpendicu-

lar let fall from the vertices upon the opposite

sides, intersect in the same point. The lines

which bisect the three angles of a triangle, in-

tersect in the same point. If two points, C
and B' be taken upon the sides AB and AC of

a triangle, so that

AB' : AC : : AC

and if straight lines BB',

CC, be drawn from the

vertices of the angles B
and C, they will intersect

each other on the line

AA' drawn from A to the middle point A' of

the opposite side ; and conversely, if two lines

drawn through the point P of intersection of

the lateral sides, and the point in which the

diagonals intersect, passes through the mid-

dle points E and F of the parallel bases CD
and AB.

TRANS-VERSE'. [From L. trans and

treisus]. The transverse axis of an ellipse or

hyperbola, is the axis which passes through

the foci. When the length of the transverse

axis is referred to, the portion included be-

tween the vertices is meant. The real length

of the axis is infinite. See Ellipse, and Hy-

perbola.

TRA-P£'ZI-UM. From Gr. Tpaxufrov, a

little table]. A quadri-

lateral, no two of whose

sides are parallel to each

other. See Quadrilat-

eral.

TRAP'E-ZOID. [Gr.

Tpcnre&ov, and ei(5oc,

shape]. A quadrilateral,

two of whose sides only

arc parallel to each other.

TRAP-E-ZOID'AL.

a trapezoid.

TRAVERSE. [From L. trans, and ver-

sus]. A line lying in a direction across
,

something else, as a line or figure.

TRAV'ERSE-Ta'BLE. In Surveying, a

table by means of which the latitude and de-

parture of any course can be found by inspec-

tion. The table consists of nothing more

than a table of sines and cosines of arcs,

computed to each quarter of a degree, from

0° to 90°, and for every radius, fom 1 to 100

In the ordinary table the latitude and depart-

ure are only carried to two decimal places.

A traverse-table may be computed by

means of certain formulas, easily deduced.

See Quadrilateral.

Having the form of
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Let AD represent

any course, NS a me-

ridian through one ex-

tremity, DE a meridi-

an through the other

extremity and AE an

east and west line. The
angle NAD equal to

ADE, is the bearing.

Then, in the right-angled triangle ADE, AE
is the departure, and DE the latitude of the

course. If we denote the length of the course

by c, the latitude of it by I, the departure by
d, and the bearing by 0, we have

1= c cos </> and d — c sin tp.

If in these formulas we give, in succession,

to <p values corresponding to every quarter de-

gree from to 45°, and for each value of f
give to I every value from 1 to 100 inclusive,

MATHEMATICAL DICTIONARY AND [TBI

and tabulate the results, the table thus formed

will be a traverse-table, such as is in common
use. It is to be observed that computations

need only be carried to 45°, for the latitude of

a course corresponding to a given bearing is

equal to the departure of the same course cor-

responding to the complement of the bearing,

and the reverse.

Another form of traverse table is sometimes

used which is more accurate and but little

more difficult to use. The latitudes and de-

partures are computed only to quarter degrees,

but are carried to 5 places of decimals. In

order to compensate for the increased space

occupied, they are only computed for dis-

tances from 1 to 9.

We subjoin a specimen of such a table to

illustrate its use. The table is constructed

as already described.

TRAVERSE TABLE.

o
B

s
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2d. Isosceles triangles,

which have two sides

equal. The isosceles

triangle has a particu-

lar case, called the

Equilateral triangle,

all of whose sides are

equal.

When classified with reference to their

angles, there are two classes.

1. Right angled trian-

gles, which have one

right angle ; and

2. Oblique angled triangles, all of whose

angles are oblique. The latter class is sub-

divided into

Acute angled trian-

gles, which have all

their angles acute ; and

Obtuse angled trian-

gles, which have one

obtuse angle.

The sides and angles of » triangle are

called its elements ; the side on which it is

supposed to stand is called the base, and the

vertex of the opposite angle is called the

vertex of the triangle ; the distance from tho

vertex to the base is the altitude. Any side

of a triangle may be regarded as a base,

though in the right angled triangle one of the

sides about the right angle is usually taken.

.

Two plane triangles are equal to each other,

when they have three elements of the one

equal to three elements of the other, each to

each, one of the elements being a side.

When the three angles only are equal, each

to each, the triangles are similar.

The following are some of the most impor
tant properties of plane triangles

:

1

.

The greatest side is opposite the great

est angle ; the least side is opposite the least

angle ; and the mean side opposite the mean
angle. If two sides are equal, the opposite

angles are equal ; if the three sides are equal,

the triangle is equiangular.

2. Any side is less than the sum of the

other two, and greater than their difference.

3. The sum of the angles is equal to two
right angles ; and if any side be produced,

the exterior angle is equal to the sum of the

opposite interior angles.

4. If a line be drawn parallel to the base,

it will divide the other two sides proportion-

ally, and the triangle cut off will be similar

to the whole triangle. The converse property

is also true.

5. The line which bisects the vertical angle

of a triangle divides the base into two seg-

ments, which are proportional to the adjacent

sides. If it bisects the exterior angle, the

distances from the point in which it cuts the

base, produced to the extremities of the base,

are proportional to the adjacent sides. These

distances are segments.

6. The straight lines which bisect the three

angles, intersect in a common point, which

is the centre of the inscribed circle. The

straight lines which bisect the three sides,

and are perpendicular to them, intersect in a

common point, which is the centre of the

circumscribed circle ; hence, two circles can

always be constructed, one inscribed within,

the other circumscribed about any given tri-

angle.

7. The perpendiculars let fall from the ver-

tices of the three angles upon the opposite

sides, intersect in a common point ; the

straight lines drawn from the vertices to the

middle points of the opposite sides, also inter-

sect in a common point ; this last point is

the centre of gravity of the triangle.

8. If we denote the three angles of a tri-

angle by A, B and C, and their opposite

sides respectively by a, b and e, we shall

have

when A is a right angle, a3 = 6
s + c* ;

when A is equal to 120°, a2 = b* + be + c"

;

when .1 is equal to 60", as = b* — be + c*.

9. If we let a perpendicular fall from the

vertex of the angle C,upon the side opposite.
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and denote the distance from its foot to the

vertex of the angle A, by d, we shall have

when A is obtuse, a' = b' + c* + 2cd
;

when A is a right angle, a' = b* + c' ; and

when A is acute, a = V + c* — 2cd.

10. If a straight line be drawn from the

vertex to the middle of the base, the sum of

the squares of the other two sides will be

equivalent to twice the square of the line

drawn, plus twice the square of half the base.

11. If in an isosceles

triangle a straight line

be drawn from the ver-

tex to any point E of

the base, we have

AC2=CE a+AE.EB.
12. If through any

point D, in the plane of

a triangle, three lines

EF, GH and IK be

drawn respectively par-

allel to the three sides
;

then

DEx DK x DH = DG x DF x DI.

13. If through any

point D in the plane of a

triangle, three lines CN,
BM and AL be drawn

to the vertices of the tri-

angle ; then

AN x BL x CM = AM x CL x BN.

14. In a right angled triangle, if a perpen-

dicular is drawn from the vertex of the right

angle to the hypothenuse,

1st. The triangles formed are similar to

each other and to the whole triangle.

2d. Either side about the right angle is a

mean proportional between the hypothenuse

and the adjacent segment.

3d. The perpendicular is a mean propor-

tional between the two segments.

15. In any triangle the rectangle of the

two sides about the vertex is equivalent to

the rectangle of the diameter of the circum-

scribed circle and the altitude.

16. The area of a triangle is equal to the

product of its base by half its altitude ; hence,

triangles having equal bases are to each other

as their altitudes ; triangles having equal

altitudes are to* each other as their bases ; and

in general they are to each other as the pro-

M.( TST

duct of their bases and altitudes. Similar

triangles are to each other as the squares of

their homologous sides.

17. Two triangles which have an angle

equal in each, are to each other as the pro-

ducts of the including sides.

The area of a plane triangle is equal to one

half the product of its base and altitude. If

we denote the base by b, the altitude by h,

and the area by S, the sides and angles being

denoted as before, we have the following for-

mulas for finding the area :

1. S = ^ph;

2. <S = -£ be sin A ;
•

and by making a + b -+ c = s,

3. S = V\t (^ - a) (£s - b)
(fr

- c).

A SPHERICAL TRIANGLE is a portion

of the surface of a sphere,

bounded by the arcs of three

great circles. The arcs are

sides, their points of intersec-

tion vertices, and the angles

which they form with each

other, angles of the triangle.

We shall regard the radius

of the sphere as 1 ; in this

case, the sides of the triangle

will measure the angles at the

centre of the sphere which they

subtend. The angles of the

triangle are the same as, those

made by the planes of its sides, and we shall

also regard them as measured by the arcs of

circles having the radius 1. Hence, the

sides and angles may be readily compared

with each other, being referred to a common
unit, and may be referred to indifferently, as

arcs or angles.

The angles and sides are called elements,

and for the sake of clearness and simplicity,

each element will be regarded as less than

two right anglesr or 180°.

This limitation is necessary to enable us to

distinguish between the two portions of the

surface of the sphere, both of which are

fcounded by the same three arcs. By confin-

ing the value of the elements within the lim-

its of 180° each, the lesser triangle will

always be the one considered. When no
limitation is placed upon the elements, they

may have any value up to 360°, and the trian-

gle is then called the general, spherical triangle
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Two elements are of the same species,

when both are less, or both greater than 90°,

and of different species, when one is greater,

and the other less than 90°.

Spherical triangles take the names, right-

angled, obtuse-angled, acute-angled, scalene,

isosceles, and equilateral, in the same cases

as plane triangles.

A spherical triangle is birectangular, when
it has two right angles, and trirectangular,

when it has three right angles. A trirectan-

gular triangle is one-eighth of the surface of

the sphere, and is taken as the unit of meas-

ure for polyhedral angles.

Two spherical triangles are polar, when the

angles of the one are supplements of the

sides of the other, taken in the same order.

A spherical triangle is quadrantal, when

one of its sides is equal to 90°.

The following are some of the most im-

portant properties of spherical triangles :

1. The greatest side is opposite the great-

est angle ; the least side opposite the least

angle ; the mean side opposite the mean an-

gle ; and equal sides opposite equal angles.

If the three angles are equal, the sides are

also equal, and the triangle is equilateral.

The converse is also true.

2. Any side is less than the sum of the

other two, and greater than their difference.

3. The sum of the angles is always greater

than two right angles, and less than six right

angles.

4. The sum of any two angles is greater

than the supplement of the third.

i

5. The difference of any two sides is less

than two right angles, and the sum of the

three sides is less than four right angles.

6. If the sum of any two sides is equal to

two right angles, the sum of their opposite

angles is also equal to two right angles, and

conversely.

7. If the angles are all acute, all obtuse, or

all right angles, the sides will be less than,

greater than, or equal to, a right angle.

8. Spherical triangles are equal,^yvhen thej

have three elements of the one equal to three

elements of the other, each to each, or in the

same order.

When the elements of one triangle are re-

spectively equal to the elements of another,

but not taken in the same order, the triangles

are symmetrical, and their areas are equiva-

lent, though incapable of superposition.

The area of a spherical triangle is equal to

the area of a trirectangular triangle, multi-

plied by the ratio of a right angle to the ex-

cess of the sum of the three angles over two

right angles.

Denoting the angles by A, B and C, ex-

pressed in degrees, the area of the trirectan-

gular triangle by T, and that of the given tri-

angle by S, we shall have the following for-

mula,

„ m (A + B + C - 180°)S=Tx (- w (1).

If the angles are expressed in terms of the

right angle, as a unit, the formula becomes

S = Tx(A + B+C-2) (2).

Formula (1) is more practically useful.

A CURVILINEAR TRIANGLE is one

whose sides are curved lines of any kind

whatever ; as, a spheroidal triangle, lying on

the surface of an ellipsoid, &c.

TRi-AN"GL.ED. Having three angles.

TRi-AN"GU-LAR. Having three angles.

Triangular Numbers. See Figurate Num-
bers, Numbers, $c.

TRi-AN"GU-La'TION, in Surveying. Th«

operation of measuring the elements neces-

sary to determine the triangles into which

the country to be surveyed is supposed di

vided. The term is principally used in geo-

desic surveying. See Geodesy.

TRi'GON. fGr- Tpeic, three, and yuvia

angle]. Ajpolygon of three sides. See Tri

angle.

TRIG-O-NO-MET'RIC, TRIG-O-NO
MET'RIC-AL, TRIG-O-NO-MET'RIC-AL
LY. Pertaining to trigonometry, or accord

ing to the principles of trigonometry. See

Trigonometry.

Trigonometrical Co-ordinates, or Sfker

ical Co-ordinates. Elements of reference,

by means of which the position of a point on

the surface of a sphere may be determined

with respect to two great circles of the

sphere.

Let be any point on the surface of the

sphere, assumed as an origin ; OX and OY,

arcs of two great circles, assumed as co-ordi-
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nate axes. Take OX and OY, each equal to

a quadrant, and suppose P to be any point

whose position is to be fixed ; then, the trig-

onometrical co-ordinates of P are the tan-

gents of OM and ON : these tangents are

designated by the let-

ters x and y, as in rec-

tilineal co-ordinates.

It is plain, that if the

whole system be pro-

jected upon a plane,

tangent to the sur-

face of the sphere at

0, by lines drawn from

the centre of the sphere, OM and ON will be

projected into the rectilineal co-ordinates of

the projection of P, the projections of the

spherical co-ordinate axes being the rectili-

neal axes.

The equation of a great circle of the

sphere, referred to this system, is

ax + by + c = ;

in which a, b and c, are constants, depending

upon the angles made by its plane with the

planes of the axes.

Trigonometrical Series. In addition to

the series already considered, under the head

of Series, there are certain other series of the

form,

a sin a: + 4 sin 2x + c sin 3x + &c,

and

a cos x + b cos 2x + c cos 3x + d cos Ax

+ e cos 5x + &c, &c,

which seem to merit attention. These series

are of use in the higher branches of mathe-

matics. The summation of the series, when
a + bz + cz 3 + &c. can be summed, is easy.

For example, let it be required to find the

sum of the series

1 + a cos x + a' cos 2z + a1 cos Sx + &c:

Assume

2 cos x = z + «-'
;

then,

2 cos nx = 2* + srn
;

and by substitution and reduction, wo find the

sum of the series equal to

1 I

2(l-aa
) 2(1- az->)'

or
'

2 - a (z + »-')

2 (1 - a (s + 2-') + a')
'•

and by resubstitution, we have for the sum

of the given series,

1 — a cos I

1 — 2a cos x + a'

The most remarkable property of these se-

ries is, that they are capable of representing

the ordinates of points of discontinuous lines.

This property is of use in the higher branches

of Physics.

TRIG-O-NOME-TRY. [Gr. rptyuvoc, a

triangle, and jieTpea, to measure]. That

branch of mathematics which has for its ob-

ject, to show the method of determining the

remaining parts of a triangle, when a suffi

cient number is given or known. It treats

also of the general relations which exist be-

tween the trigonometrical functions of angles

or arcs.

Trigonometry is divided into three branches,

Plane, Spherical and Analytical.

Plane Trigonometry treats of the rela-

tions existing between the sides and angles

of plane triangles. The principal object of

plane trigonometry is to show the methods

of solving plane triangles ; that is, the method

of finding the remaining parts of a plane tri-

angle, when three are given, one of the three

being a side.

Spherical Trigonometry treats of the re-

lations existing between the sides and angles

of spherical triangles. The principal object

of this branch is to show the method of solv-

ing spherical triangles ; that is, the method

of finding the remaining parts of a spherical

triangle, when any three are given.

Analytical Trigonometry treats of the

general relations and properties of angles,

and trigonometrical functions of angles.

We shall consider each of these branches

separately, having first explained the mean-

ing of the terms employed, and the conven-

tional principles adopted, in the discussion of

the subject.

Definitions and Conventional Principles.

We shaii consider the radius of the trigo-

nometrical circle as 1, in which case, the

sines, cosines, tangents, &c, of angles and

of arcs, may be regarded as identical, For

the purposes of trigonometry, the circumfer-

ence of the circle is divided into four equal

parts, bv two diameters perpendicular to each
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Oneother ; each part is called a quadrant,

of these diameters,

BA, is taken hori-

zontal, and the

other, DE, is verti-

cal, the plane of the

circle being regard-

ed as vertical. The
right hand extremi-

ty of the horizontal

diameter, A, is taken

as the origin of arcs ; or the radius OA is

taken as the origin of angles, whose vertices

are at C. This line, CA, is called the initial

diameter, and the diameter, BE, is the

secondary diameter. Arcs will be regarded

as positive when estimated around to the

left from the origin, that is, in a direction

contrary to the motion of the hands of a

watch, and consequently, they must be re-

garded as negative, when estimated in a con-

trary direction. AB is called the first quad-

rant; BD, the second; DE, the third; and

EA, the fourth. When an angle or arc ter-

minates in either of these, it is said to fall in

that quadrant, or to lie in that quadrant.

For the purposes of trigonometrical com-

putation, each quadrant or right angle is

supposed to be divided into 90 equal parts,

called degrees ; each degree into 60 equal

parts, called minutes ; each minute into 60

equal parts, called seconds ; so that a right

angle contains 32400 seconds.

The complement of an angle, or arc, is the

result obtained by subtracting it from 90°.

If the angle or arc is greater than 90°, the

complement is negative ; if the arc is negative,

its complement is greater than 90°.

The supplement of an angle, or arc, is the

result obtained by subtracting it from 180°.

If the angle or arc is greater than 180°, the

supplement is negative ; if the arc is negative,

the supplement is greater than 180°.

In what follows, we shall always suppose

the tangent to be drawn through the origin

A, and the co-tangent to be drawn through

the point B, 90° distant from A.

The sine of an arc is the distance from the

initial line to the second extremity of the arc
;

thus, FP is the sine of the arc AP. The

cosine of an arc is the distance from the

secondary diameter to the second extremity

of the arc ; thus, KP, or CF, is the cosine of

the arc, AP. The versed sine is the distance

from the foot of the sine to the origin of arcs

;

JC
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principles, we deduce the following table

showing the signs of the trigonometric

functions in the several quadrants.
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formulas used in the solution are the fol-

lowing :

r,
h „ c b

'

sin B = -
; cos B = -

; tan B = - (4)

:

a a c v n

b = a sin B = c tan B = V(a* — c*)

= V(a — c) (a + c) . . . (5).

The following cases may arise in solving

oblique triangles :

1. When, two angles and a side are given.

In this case, the third angle is found by sub-

tracting the sum of the two given angles from

180". The sides may then be found by for-

mula (1).

2. When two sides and an angle opposite

one of them are given. In this case, the angle

opposite the other given side may be found

by formula (1), after which the solution of the

problem may be completed as in the last case.

3. When two sides and their included angle

are given. In this case, the included angle

subtracted from 180°, gives the sum of the

angles opposite the given sides ; then, from

formula (2), half the difference of these two

angles may be determined. Having half the

sum, and half the difference, add the two to-

gether, and the result will be the greater an-

gle ; subtract the lesser from the greater, and

the difference will be the lesser angle. The

greater angle lies opposite the greater side,

and the lesser angle opposite the lesser side.

The angles beirtg determined, the remaining

side may be found by formula (1).

4. When the three sides are given. In this

case, each angle may be determined in suc-

cession by formulas (3). Their sum should

be equal to 180°.

In solving right angled triangles, select the

proper formula form groups (4) and (5). The

Application is obvious.

All of these cases may be solved approxi-

mately by geometrical construction :

1st. Case. Given A, B, and c. Draw an

indefinite straight q
line ; from a scale

of equal parts, lay

off the distance

AB = c. A B
At A and B construct angles respectively

equal to the given angles : the intersection

of the sides of these angles determines the

vertex of the third angle C. Measure the

distances AC and BC by a scale of equal

parts, and the. angle C, with a protractor ; the

results will be the values of the required

parts.

2d. Case. Given A, a and b. Draw an in-

definite right line AB', and at any point of

it, as A, construct the given angle A ; on one

side lay off a distance AC equal to b, and

from C as a centre, with a radius equal to a,

describe an arc of a circle, cutting the line

first drawn. Join the point of intersection

with C, and the triangle will be constructed

Measure the distance CB with a scale of

equal parts, and the angles B and C with a

protractor ; the results will be the required

parts. In this case, there may be three cases :

1. The auxiliary circle may cut the line

AB', as in the figure, in two points, both on

the same side of A : in this case, there are

two solutions ; if it is tangent to the line,

the two triangles become one, and that is

right angled.

2. It may intersect it in two points on op-

posite sides of A ; in this case, there will be

but one solution, the point on the side of the

constructed angle being the one required

3. It may neither cut the line nor be tan-

gent to it ; in this case, the solution is im-

possible.

3d. Case. Given B, a and c. Construct an

angle equal to B, lay off on its sides distances

equal to a and c respectively, and join the

extremities of these distances : the figure

thus formed will be the required triangle.

Measure b, A and C, as before ; the results

will be the values of the parts required.

4th. Case. Given a, b, and c. Draw an

indefinite line, and take on it AB equal to c

:

with A as a centre, and b as a radius, de-

scribe an arc ; with B as a centre, and a as

aradius, describe a second arc cutting the
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first in C
;
join CA and CB. Measure with

the protractor the Cy

angles A. B, C, of

this triangle, and

the results will be

the values of the

required parts.

The same princi- < / \ >

pies will serve to

construct all cases of right angled triangles.

In most cases, the construction of right an-

gled triangles is much simpler than that of

oblique angled triangles.

Spherical Trigonometry.

In spherical, as in plane trigonometry,

there are six parts in every triangle—three

sides and three angles. When any three are

given, the other three may be found, except

in the particular case of the birectangular

triangle. In that case, if two right angles

and a side opposite one be given, each given

part will be 90°, and the solution is indeter-

minate. As in Plane Trigonometry, triangles

are solved by means of formulas. The fol-

lowing are sufficient to solve all cases of

spherical triangles.

In these formulas the large letters stand for

the angles, and the small ones for the sides

opposite them. We suppose also that

S = A + B+ C and s = a + b + c.

sin A sin B sin C
sin a sini sine ' *•

''

sin (is — c) sin (is — b)

sin b sin c

A
sin i A — \/ -

/sin i s sin (•£ s
cos|A= V/

'

a)
sin b sin c

I'cos dS— C)cos(i
*a=V sin B sin C

cos i (a — b)
t

(2).

S-B)
(3).

tani(A + B) = cotiC

tan i (A - B) = cot i C

tan£(« + b) = tanjc

tan£(a — b) =tan£c

cos J (a + b)

sin i (a — b)

sin i (a + b)

cosi(A-B).
cos* (A + B)

'

sin i (A - B)

(4)-

(5).siniU + jB)

For right angled spherical triangles, Na-

pier's formulas for circular parts arc used.

These formulas require explanation.

In every right angled triangle right angled

at A, rejecting the right angle, which is al-

ways known, there are five parts. The two

sides about the right angle, and the comple-

ments of the remaining parts, make up what

Napier called circular parts.

If these be arranged cir-

cularly, as in the diagram,

and in the sane order in

which they occur in the tri-

angle, we see that for each

part there are two adjacent

parts and two opposite parts, or parts which

are not adjacent. The first part, with respect

to these, is called the middle part. If we

assume any part as the middle part, and de-

note it by m, and if we denote the adjacent

parts by a and a', and the opposite parts by

o and o', we have the following relations :

sin m = tan a tan a' = cos o cos o' (6).

The following cases may arise in the solu-

tion of spherical triangles.

1st Case. Given two sides and an angle op-

posite one of them, as A, a and b ; B, may be

found from formula (1). The formula deter-

mines the sine of B, and since there are two

B' D

angles, complements of each other, having the

same sine, it is necessary to ascertain which

is to be taken.

When the sine of the side opposite the requir-

ed angle is less than the sine of the other given

side, that one must be taken which is of the same

species as b. In this case there is but one

solution.

When the sine of the side opposite the re-

quired angle is greater than the sine of the

other given side, both angles must be used, and

there will be two solutions.

Having determined B, we draw the arc of

a great circle, CD, through 0, and perpendic-

ular to AB- There will thus be formed two
right angled triangles.

There may be two cases ; 1st, where CD
meets the base ; or, 2d, the when it meets the



TR I] CYCLOPEDIA OF MATHEMATICAL SCIENCE. 577

base produced. Take the first case. Find,

from the rightangled triangle BCD, the angle

0CB, by means of formula (6). In like man-
ner, find from the triangleACD the angleACD
by means of the same formula. The sum of

these angles will be the value of the angle C,

and then the side c may be found from, for-

mula (1). In the second case find in like

manner the angles ACD and B'CD, and take

their difference ; this will be angle C, and the

side c may be found as before.

2d Case. Having given two angles, and a

side opposite one of them, as A. B and a. The

side o may be found by formula (1). Since

there are two arcs corresponding to the same

sine, there may be, as before, two solutions,

or there may be but one.

When the sine of the angle opposite the re-

quired side is greater than the sine of the other

given angle, both angles must be used, and

there will be'two solutions.

When the sine of the angle opposite the re-

quired side is less than the sine of the other

given angle, that one must be used which is of

the same species as B, and there will be but

one solution.

Two arcs or angles are of the same species

when both arg greater or both less than 90°.

Having determined the side o
;
the remain-

ing side and angle may be found as in the

first case.

3d Case. Having given the three sides of a

spherical triangle, a, b and c. One angle, or all

of them, may be found by formula (2). When
but one angle is found by formula (2), the

remaining ones may he found by means of

formula (1).

4th Case. Having given the three angles

A, B and C. Any side, or all of them, may
be found by means of formula (3). When
only one side is found by this formula, the

remaining ones may be found by formula (1).

5th Case. Having given two sides, and their

included angle, a, b and C. The half sum of

the remaining angles, and their half differ-

ence, may be found by formulas (4) ; then

the sum of these results is equal to the great-

er angle, and their difference is equal to the

lesser angle. The greater angle lies opposite

the greater side, and the lesser angle opposite

the lesser side. The remaining side may be

found by formula (1).

37

6th Case. Having given two angles ana
their included side, A, B and e.

The half sum and the half difference of the

remaining sides, may be found by means of
formula (5), and then the sum of these results

is equal to the greater side, and their differ-

ence to the lesser side. The greater side lies

opposite the greater angle, and the lesser side

opposite the lesser angle. The remaining

angle may then be found by formula (1).

To solve any case ofa right angled spherical

triangle, two parts must be given besides the

right angle Find from them the correspond-

ing circular parts. If they adjoin each other,

then the part opposite to them may be found

by the formula

v sinm = cos o cos o'.

If they are separated from each other, then

the part adjacent to them both may be found

by the formula

sin m = tan a tan a'.

Having found one part, the remaining parte

may be found by formula (6), or by means of

formula (1).

Quadrantal spherical triangles may be

solved by means of right angled spherical tri-

angles. See Quadrantal Triangles.

The solution of spherical triangles is some

times facilitated by means of auxiliary formu-

las. The following indicate the method of

using these auxiliary formulas

:

cos0sin(c+0)
cos a= =

—

-. ; cot <b = tan b cos A (I)
sin 9 ' ~ v '

cosBsm(0—<p)
cosA=—^— . ; cot <j>=tanB cos a (2)

cot a sin o = * U. ; cot (j>
— - . . (3)

sin <p cos b

Analytical Trigonometry.

Analytical trigonometry treats of the rela-

tions and properties of the trigonometrical

functions.

We shall give some of the most important

formulas, embracing those which are most

commonly used in Analysis. The radius is

equal to 1.

Fundamental Formulas.

sina=v/l— cosaa ; cos a=vT-
sin! a + cos2 a = 1.

*'}<«

tan<t= Si^a ; cotd=^; tanacota=l(2)
cos a sin &
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i

sin a

sec'a — tan'tt = cosec a' — cot'a = 1 )

sec a — cos a

MATHEMATICAL DICTIONARY AND

1

ver-sin a = 1 — cos a =
sec a

)>-(3)

(4)

General Formulas.

•in 2a = 2 sin a cos a ; sin (n + 1) a

= 2 sin na cosa— sin(n — I) a j * '

cos 2a = 2 cosa a — 1 . . cos (« + 1) a

tan 2a

=

tan 3a

tan 4a

= 2 cos na cos a — cos (

2 tan a

l-tanJ a ;

3 tan a — tan3 a

n + l)a I

n - 1) a J

1 — 3 tan5 a '

4 tan a — 4 tan3 a

1 — 6 tan8 a + tan*'a

(6)

(7)

1 /l — cosa 1 /1+cosa

v=
vT-

;
cos

2
a=V

_^~ (8)

1 1 — cos a
tanra =—:

2 sin a

=coseca—cota=

1

1 + cos a

1 + sin a — cos a

1 + sin a + cos a

1 + cos a

(9)

coi - a =
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sin a — sin 4

cos a + cos 4
= tan *(«-»)•

sin a — sin 4

1
= — cot i(a + b)

cos a — cos b *v i "i (41)

cos a + cos A cot£(a + J)

tani(a — b)cos a — cos J

cot i(a — b)

tan £ (a + b)

sin a + sin b cos i(a — b)

sin (a + b) ~ cos i (a + 4)

tana+tan4 coti+coto sin(o+J)

tana—tan4 cot b—cota ~~
sin(a— 4) ' '

sin (a + b) sin (a — 4)

(42)

(43)

tanaa — tana4 :

cotaa — cot24 =

cosaa cosa4

sin (a + b) sin (a — b)

sin3a sin 2
4

sin (a + b + c) = sin a cos 4 cos c ;

+ sin b cos a cos c + sin c cos a cos &

cos (a + 4 + c) = cos a cos 4 cos c

— sin a sin J cos c — sin 6 sin c cos a

— sin c sin a cos 4

tan (a + 4 + c) =
tan a+ tan 4+ tan c—tan atan fl tan c

1— tana tan4— tana tanc— tan 4 tan

c

(45)

'(46)

(47)

If p = cos i c sin k (A + B)

;

q = cos i c cos \(A + B)\
r = sin J c sin i(A — B);

s = sin £ c cos £ (4 — B)
;

P = cos I C cos J (a — 4)

;

Q = sin i C cos i (a + 4)

;

V, (57)

K = cos i C sin i (a — 4)

;

>S = sin i O sin i (a + 4)

;

Then is

^ = PO ; pr = .PR
; ps = PS;

qr = QR; qs = QS; rs = RS
;

The following formulas are called Gauss'

equations, and they result from considering

the sides and angles of a spherical triangle,

each less than 180° Retaining the same
notation as in the last formulas, we have

p* =P=
; j» = Q' r* = jp ; s* = S' . (58);

Gauss' Equations.

cos Jc sin £(4+ £)=cosiC cos ${a

—

by
cos %c cos %(A+B)= sini CcosJ(a+4)

(cos a ± V — 1 X sin af
= cos ma ± V — 1 X sin ma

(48)

•(49)

(50)

(51)

(52)

e + e
J;

1 / «,/=! -*W=Z\
sin a = — I e —el

»V-l\ }

(— l)m = cos m (2« + 1) ir
)

+/ — 1 X sin m (2re + 1) n )

'

For Trigonometrical series, see Series.

General formulas, expressing the relations

between the sides and angles of » spherical

triangle used in astronomical investigations :

cos a = cos b cos c + sin 4 sin c cosA (53)

cos A = sin B sin C cos a — cos5 cos C (54)

cot a sin 4 = cos 4 cos C + cot A sin C (55)

sin A cot 5 = sin c cot 4 — cos c cos .4 (56)

The following is the analytical enuncia-

tion of what is usually known as Gauss' the-

orem :

sin -J-c sin l(A— 2})=cos$-Csin£(a— 4)
>{69).

sin |c cos l(A— B) =sin£C sini(a+ i)
,

From these, Napier's analogies may be at

once deduced.

TRi-He'DRAL, OR, TRI-e'DRAL AN-
GLES. £Gr. rpeic, three, and sSpa, a face].

A polyhedral angle of three faces. See Poly-

hedral Angle.

TRi-Hi'DRON. [Gr. rpuc, and ndpa]. A

name once given to a triangle.

TRI-LAT'ER-AL. [L. tres, three, and

latus, a side]. Having three sides, as a tri-

angle.

TRi-No'MI-AL. [L. tres, three, and no-

men, a name]. A polynomial having threo

terms, as as + a4.+ 4s . See Polynomial.

TRIP'LI-CATE RATIO [L. triplicate

,

from Ires, three, and plico, to fold]. The
ratio of the cubes of two quantities ; thus,

43

the triplicate ratio of a to 4 is, -5' Similar

volumes are to each other in the triplicate

ratio of their homologous lines.

TRi'POD. [Gr. rpemovg ; from Tp«f,

three, and 7ro«f, a foot]. A stand with three

legs used to support a theodolite, compass,

level or other surveying instrument. The
legs turn about hinges at their upper ends, by

means of which they are attached lo a brass
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plate ; they may be folded up or spread apart,

so as to afford a firm base for the instru-

ment to rest upon. The lower ends of the

legs of the tripod are generally shod with

metal, so that they may be easily planted in

the ground : the upper plate terminates in a

screw which serves to fasten it to the instru-

ment that it supports.

TRi-RECT-AN"GU-LAR TRIANGLE.
A spherical triangle, whose angles are all

right angles. It is equivalent to the eighth

part of the surface of the sphere on which it

is situated. See Spherical Triangle, Triangle.

TRI-SEC'TION. [L. tres, three, and seco,

to cut]. The trisection of an angle is a pro-

blem of great celebrity amongst the ancient

mathematicians. It belongs, to the same

class of problems as the duplication of the

cube, and the insertion of two geometrical

means between two given lines. Like them,

it has hitherto been found beyond the range

of Elementary Geometry.

Let BAC be a plane angle, and suppose

DAC to be one-third of it. Prom any point

B, in the side AB, draw BC perpendicular to

AC, and BE parallel to AC
;
produce AD to

meet BE in E and complete the rectangle

BCAF. Now, since DAC is one-third of

BAC, BAD is twice DAC. or twice BEA.
Draw BG, making the angle EBG equal to

GEB ; then BGA, being an exterior angle,

is equal to twice BEA, or to BAG. Hence,

the two triangles, EGB and BGA, are isos-

celes, or GE = GB = BA. The angle GBD
is the difference between a right angle and

EBG, and GDB. or its equal ADC. is the

difference between a right angle and DAC,
which is equal to EBG ; therefore, GBD is

equal to GDB ; whence, GD = GB = AB.
We see, then, that DE = ?AB. If, there-

fore, in a rectangle AFBC. a straight line

AD could be drawn from the angular point A,

so that on producing it to meet the opposite

side FB, the produced part would be equal to

a given straight line, the problem would be

solved. The problem having been reduced

to this condition, fails to yield further to Ele-

mentary Geometry. It may, however, be

solved in a great variety of ways by means

of the higher Geometry. We annex but a

single solution, that, by means of the con-

choid.

We shall first explain the mechanical me-

thod of constructing the Conchoid, by a con-

A[JE=§

tinuous movement. AB is a flat ruler, with a

groove, CD, extending nearly through its

length. Attached firmly to it is another

ruler, EF. at right angles to it, in which there

is a fixed pin, I. This pin passes into a

groove of a third ruler, GK, which carries a

second pin entering the groove CD. The
system being thus adjusted, let a stem of any
proposed length HP, be attached at H, carry-

ing a pencil at P. The rectangular rulers

being fixed, let HG be moved so that the pin

K will move along the groove CD, the pin at

I continuing in the groove GK : the pencil P
will trace the superior conchoid. If another

pencil were fixed to the ruler, at the same
distance on the other side of K, it would trace

out the inferior conchoid.

To apply the curve thus described to the

trisection of an angle. Let ABC be the

angle to be trisected. Lay the instrument
down so that the axis of the ruler EF shall

coincide with BAV, the axis of the ruler AB
being coincident with a line AC at right

angles with BA. With an arm AV=2BC,
let a portion of a conchoid EV be described.

Draw CE parallel to BA. cutting the curve
at E. Draw EB, and bisect the angle EBC
by BF ; then will the lines BE and BF tri-

sect the given angle.

For, draw CD, making the angle DCE
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DEC ; then will CD = DE. The angle

GCD=90°-DCE, andCGD=90°-GBA;
butGBA=DEC=DCE; hence, GD=CD

=

DE ; and CD = CB ; therefore, the angle

CBD is equal to the angle CDB, which is

twice CED. But CED is equal to DBV,
therefore, CDB is equal to twice DBV, and

since CDB is bisected by BF, it follows

that ABC is trisected by the lines BE and

BF.

TRo'CHOID. [Gr. rpoxoc ; from rps%a,

to run, and en5oc, shape generated by a

wheel]. The same as cycloid. See Cycloid.

TROP'ICS [Gr. rpoiry, a turning]. See

Spherical Projections.

TRUNC'I-TED CONE, or, PYRAMID.
[L. Irunco, to cut]. The portion of a cone

or pyramid included between the base and a

plane oblique to the base passed between it

and the vertex. See Frustum.

TWIST'ED SURFACE. See Warped

Surface.

U, the twenty-first letter of the English

alphabet.

UL'TI-MATE RATIO. [L. ultimus/tm-

thest]. If two varying quantities, which are

functions of the same variable, vary in such

a manner that their ratio continually ap-

proaches a fixed quantity, but cannot pass it,

that quantity is said to be the ultimate ratio

of the two quantities. It is nothing more

than the limit of the1

ratio. As an example,

consider the case of an arc of « circle less

than 90°, and its chord. The arc is con-

stantly greater than the chord ; but, as the

arc decreases, the length of the chord and

arc approach equality, and their ratio ap-

proaches 1. Finally, when the arc becomes

less than any assignable quantity, they be-

come equal, and their ratio is 1. Hence, 1 is

the ultimate ratio of a chord to its arc.

In like manner, if a regular polygon be in-

scribed in a circle, the area of the circle is

always greater than that of the polygon;

but, as the number of sides of the polygon is

increased, the areas of the two magnitudes

approach equality, and their ratio approaches

1 ; finally, when the number of sides of the

polygon becomes greater than any assignable

number, the difference of the areas becomes

less than any assignable quantity, or their

ratio differs from 1 by less than any assigna-

ble number. In this case, the ultimate ratio

of the area of the polygon to that of the cir-

cle, is 1.

UN-DECA-GON. [L. undecim, eleven,

and Gr. yuvia, angle]. A polygon of eleven

angles or sides. See Polygon.

UN-DU-Li'TION, Point op. See Singu-
lar Point.

UN-e'QUAL QUANTITIES. [L. inagua-

lis, unequal]. Those which are not equal.

See Equality. The algebraic symbol of the

relation of inequality is > ; it indicates that

the quantity placed at its opening is greater

than the one placed at the vertex. Thus,

a > b indicates that a is greater than b.

UN-e'V.EN NUMBER. A number which
is not exactly divisible by two ; thus, 1, 3, 5,

7, <fec, are uneven numbers. Unevenly un-

even numbers are those which, being divided

by 4, leave a remainder equal to 1 ; thus, 1,

5, 9, 13, <£sc. See Number.

UN"GU-LA. [L.] A segment of a solid.

'

An ungula of a cone or cylinder is a portion

of the cone or cylinder, included between a

part of the base and a plane intersecting the

base obliquely. A spherical ungula is a part

of the sphere bounded by two semi-circles,

meeting in a common diameter, and by a lune

of the surface of the sphere.

U-NI-FORM-LY. [L. uniformis ; from

unus, one, and forma, a form]. Two depend-

ent quantities are said to vary uniformly with

regard to each other, when the ratio of their

corresponding increments is constant. Thus,

the co-ordinates of a straight line vary uni-

formly together.

U'NIT. [L. unus, one]. A single thing

regarded as a whole. Numbers are collec-

tions of things of the same kind, each of

which is a unit of the collection. Thus, 20

feet is a collection of 20 equal spaces, each

of which is equal to one foot. Here, 1 foot

is the unit or base of the collection.

Abstract Unit. The same as 1. The
abstract unit 1 is the measure of the relation

of equality of two quantities. It is the base

of the system of natural numbers, and inci-

dentally the base of all quantities.

Units of Currency. There are different

units of currency in different countries. In
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the United States, the different orders of

units are arranged according to the scale of

tens. The simplest unit, or that of the first

order, is 1 mill. The units of the successive

orders are 1 cent, 1 dime, 1 dollar, and 1 eagle,

each of which is equal to ten units of the

next lower order. In consequence of this

law of relation, units of currency, in this

country, may be treated in all respects, as

though they were abstract units, written in

the decimal scale. This renders the currency

of the United States the most convenient, in

a practical point of view, of any currency of

the world.

Denominate or Concrete Unit. A unit, in

which the kind of thing is named, embracing

units of measure, units of weight, and units

of time ; as, 1 foot, 1 pound, 1 hour.

Duodecimal Unit. A unit in the scale of

12's. See Scale.

Fractional Unit. The unit of a fraction.

In a fraction there are two terms, the numer-

ator and the denominator. The denominator

denotes the number of equal parts into which

1 is divided, and the numerator denotes how
many of those parts are taken. The frac-

tional unit is always equal to the reciprocal

of the denominator. Thus, in the fraction 4,

the fractional unit is ^, and four of them are

taken or collected to form the fraction. In

the fraction -
, T is the fractional unit. See

o b

Fraction.

Integral Unit. The unit 1, the unit of

integral numbers.

Unit of Measure. The unit of measure
of any quantity is a quantity of the same
kind, with which the quantity is compared

;

thus, the unit of measure of lines is a straight

line of known or assumed length, as 1 inch,

1 foot, 1 yard, 1 mile, &c. . the unit of mea-
sure of surfaces is a square described upon
the linear unit as a side, as 1 square inch, 1

square foot, 1 squkre yard, 1 square mile; the

unit of measure of volumes is a cube, one
of whose edges is the linear unit, as 1 cubic

inch, I :ubic yard, &c. The unit of weight

is an assumed weight, the unit of measure
of time is an assumed period of time, &c.

U'NI-TY. [L. unitas]. An entire collec-

tion, considered as a single thing. Thus, 20
feet, considered as a single distance, is unity

;

1 foot is the unit of the expression. The

number, 1, when unconnected with anything

else, is generally called unity.

UN-LIKE'. Dissimilar. See Like.

UN-LIM'IT-ED. A problem which admits

of an infinite number of solutions. Thus,

the problem to draw a tangent line to a circle

is unlimited, because an infinite number of

tangent lines may be drawn to any given

circle. See Indeterminate Problem.

UN-KNoWN'. The unknown quantity of

a problem or equation is one whose value is

not known, but is required to be determined.

When there are just as many conditions

given as there are unknown quantities to be

determined, the problem is possible, and ad-

mits of a finite number of solutions. When
there are just as many equations given as

there are unknown quantities entering them,

their values may be found. When there are

fewer simultaneous equations than there are

unknown quantities, they are indeterminate.

In this case, the unknown quantities are

variable.

V. The twenty-second letter of the English,

alphabet. As a numeral, it stands for 5

;

with a dash over it, it stands for 5000. Thus,

V = 5000.

VAL'UE. [L. valor; from valeo, to be worthJ.

The numerical value of an expression is the

result obtained by making each quantity en-

tering the expression equal to some number,

and then performing the algebraic operations

indicated. Thus, the numerical value of the

expression,

a\b — c)4, when a = 4, b = 5, and c = 9,

is 4!
(5 - 3)* = 16 X 16 = 256.

VANE. The vane of a leveling staff is a

piece of board or metal, arranged so that it

can be raised or lowered at pleasure, to indi-

cate the point of the staff at which the plane

of apparent level through the axis of the tele-

scope cuts it. In the common leveling staff,

the vane is moved up and down by means of

an endless cord attached to the vane, and
passing over pulleys at the top and bottom
of the staff. In the sliding staff the vane is

attached to one branch of the staff, which
branch itself slides in a groove of the other
branch. In both, the vane is divided into
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four parts by two lines at right angles to each
other, and the alternate quarters are painted

black and white, to show more distinctly the

line of the vane. The line is the hori-

zontal line through the middle of the vane.

See Leveling Staff. •

VAN'ISH-ING FRACTION. [L. vanesco,

to disappear]. A fraction which reduces to

the form of $ for a particular value of the

variable which enters it, in consequence of

the existence of a common factor in both

terms of the fraction, which factor becomes

for this particular value of the variable.

Every vanishing fraction which is a function

of a single variable, may be reduced to the

form

f(x) (x — a)m

f{x)(x-a)<"

which, when x = a, reduces to the form 4.

There may be three cases :

1st. When m > n.

In this case, if we divide both terms of

the fraction by {x — a)", and then in the re-

sult make x — a, we shall have

tf(x) (X - ay~\ _o _
I /'w L." « '

2d. When m = n.

In this case, if we divide both terms of the

fraction by (x *- a)", and make x = a in the

result, we shall have

(MA L

3d. When m < n.

In this case, if we divide both terms by

(x — a)m , and then make x =, a, we shall

have

/ /(«) \ - *. mW (*-«)»-/. = . °°-

These are the only suppositions that can

be made upon the common factor ; whence,

we conclude that the true value of a vanish-

ing fraction, for the particular value of the

variable, is either zero, finite or infinite. The

discussion just made indicates the following

rule for finding the true value of a vanishing

fraction for the particular value of the va-

riable :

Divide both numerator and denominator

by the greatest common factor which enters

them both, and in the resulting fraction make
the particular supposition which reduced the

given fraction to $ : the result will be the

true value of the fraction for that particular

value of the variable.

In most cases, it will not be convenient to

find the common factor and strike it out. The
true value of the fraction may, however, be

found as follows :

Substitute in the fraction for the variable

that value which reduces it to $ plus an arbi-

trary quantity. Develop the resulting values

of the numerator and denominator, and ar-

range the results according to the ascending

powers of the arbitrary quantity ; then strike

out from both terms of the resulting fraction

the highest power of this quantity, which is

common to both, and in the resulting fraction

make the arbitrary quantity equal 'to ; the

value obtained will be the value required.

There is another method depending upon
the differential calculus, which may be em-

ployed in all cases in which the exponents of

the powers of the factor (x — a), in both

terms of the fraction, are not fractional and

contained between the same two consecutive

whole numbers. The principle employed it

expressed algebraically, as follows

:

\f(x) {x - ay)^a \jifx {x - a)»)J,..

~d\f(x) (x - a)m]

-Dd\f(p){x-ayy:].. &c.

The rule is as follows : Differentiate the

numerator of the given fraction for a new
numerator, and the denominator of the given

fraction for a new denominator ; in the result-

ing fraction make the particular supposition j,

.

if the result is not ^'it will be the true value

of the fraction for the particular value of the

variable. If the result is «• repeat the opera-

tion, and continue it till a result is fdund

which does not become jr ; ,this will be the

true value of the fraction. For example, let

it be required to find the true value of the

fraction

(I - af
when x = a
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By the rule
-
3i» dx

t

3a» <fa -1

Z(x-a)'dx\.~
3a*

Z(x~a)Hx

Let it also be required to find the value of

x1 - a*

, r> when x = 0.
(i- a)

By the rule

[2*0*1

which is the required value.

VAN'ISH-ING LINE. The vanishing

line of a plane, in perspective, is the intersec-

tion of the perspective plane with the visual

plane parallel to the given plane. All Ijnes

parallel to the given plane, have their vanish-

ing points in the vanishing line of the plane.

Vanishing Point of a straight line, in per-

spective, is the point of intersection of the

perspective plane, with a visual ray drawn

parallel to the given line. The vanishing

point of a line is the perspective of that

point of the line which is at an infinite dis-

tance, and is one point of the indefinite per

spective of the line.

To find the perspective of a line, find the

point in which it pierces the perspective plane,

and join it with the vanishing point ; this

will be the perspective required.

All lines parallel to the perspective plane,

have their vanishing points at an infinite dis-

tance ; hence, their perspectives are parallel.

All lines perpendicular to the perspective

plane, vanish at the centre of the picture.

Va'RI-A-BLE. [L. vario, to change].

Quantities which admit of an infinite num-

ber of sets of values, in the same expression.

Thus, in the equation

X* + y* = R>,

x and y are variables, for there are an infinite

number of sets of values which satisfy it at

the same time. When there are several

variables in the same equation, it is custo-

mary to consider all but one as independent

variables, or variables to which values may

be assigned at pleasure : the remaining

one is called a function of the others, its

value being dependent upon the values attri-

buted to them. In the equation of surfaces

referred to rectangular axes, the variable z is

generally taken as the function, x and y being

independent variables. In the equation of

lines referred to rectangular axes, y is taken

as the function, x being the independent

variable. In polar equations of magnitudes

the radius vector is taken as the function,

the angle or angles being the variables.

This is the general convention ; any other

variable of the equation may, however, be

selected as the function. Whichever variable

may be selected as a function of the others,

its differential is always variable, whilst the

differentials of the independent variables are

constant.

The difference between the variables and

the arbitrary constants which enter an equa-

tion is this : The variables admit of an infi-

nite number of sets of values in the same

expression ; the arbitrary constants may
admit of any one out of an infinite number
of sets of values. To illustrate, take the

equation of the circle,

(x - a)' + (y- p)' = R'.

In this equation, z and y are variables,

a, /? and jR, are arbitrary constants. The
latter may have any set of values assigned

to them at pleasure, and this set of values

determines the circle completely. In this

circle x and y represent the co-ordinates of

every point of it. In like manner, if any

other set of values be assigned to a, /? and R,

x and y will represent the co-ordinates of

every point of the new circle, and 60 on.

Every equation between two variables is

the equation of some plane curve ; every

equation between these variables is the equa-

tion of a surface ; the variables in both cases

represent the co-ordinates of every point of

the magnitude.

Va-RI-a'TION OF THE NEEDLE. la

Surveying, the angle included between the

true and magnetic meridians of the point at

which the variation is taken. If the direction

of the true meridian at the point were known,

the variation of the needle would be found bv
simply taking the bearing of this line .vith the

compass. If the bearing of the meridian is

east of north, the variation is to the west ; if

the bearing is west of north, the variation is

to the east. In order, therefore, to find the

variation of the needle at any place, we first

find the direction of the true meridian, or of

some line which makes a known angle with
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it ; we then observe the bearing of this line
;

from this result the variation is easily com-

puted. The line most usually employed is

the line of greatest elongation of the pole

star, either to the east or west. If we con-

ceive a vertical plane to be passed at any

point of the earth's surface through the pole

star, this plane will move to the east and

wea1
. about the vertical line at the place as an

axis, whilst the star revolves about the pole.

The two positions in which this plane makes

the greatest angles with the meridian, both

to the east and west, are those at which the

star is at its greatest eastern and western

elongation, and their intersection with the

surface of the earth, form what are called the

lines of greatest eastern and western elonga-

tion.

The angles which these lines make with

the true meridian are equal to each other,

and may be computed by means of the for-

mula,
sin A

sin E = r,
cos(

in which A is the polar distance of the star

at the time of observation, and I the latitude

of the place at which the observation is made.

The value of A may be found from the Nau-

tical Almanac, or it may be found from the

following formula sufficiently near for ordi-

nary purposes

:

A = 1° 29' 24"- 6 - n 19"- 24,

in which n is the number of years and deci-

mal parts of a year, from Jan. 1, 1850, to the

time of making the observation.

The time of greatest eastern elongation, or

of greatest western elongation, may be found

by means of the formula,

cos p = tan I tan A,

in which p denotes the hour angle of the

pole star at the time of greatest elongation.

This formula makes known the hour angle

which, converted into time, gives the number

of hours from the time of the star's passage

over the upper meridian till the time of great-

est elongation ; this, added to or subtracted

from the time of the meridian passage of the

star, gives the time of western or eastern

elongation. The time of elongation and the

values of the elongation, are computed and

arranged in tables for different latitudes,

and different epochs.

To find the variation of the needle for a

particular time at a particular place, enter the

tables and find the time of greatest eastern

or western elongation, according to the sea-

son of the year, so that the elongation shall

fall in the night time. A few minutes pre-

vious to the time, set up a theodolite at the

station and level it, then bring the telescope

so that the pole star shall appear to coincide

with the intersection of the cross wires of

the telescope, and clamp both the limb and

vernier plate ; follow the star by means of

the tangent screw until it appears to stand

still, and afterward returns in a contrary

direction. In this position the plane of the

vertical limb marks the plane of greatest

elongation. Then direct the telescope by

turning the vertical limb on its axis to some

distant terrestrial object, made visible by a

light attached to it, and mark that point and

the axis of the instrument by stakes drive?

in the ground. These stakes mark out the

line of greatest elongation. The cross hairs

of the telescope may be made visible by light

reflected into the barrel of the telescope from

a lamp shining upon a white board set up in

front of the telescope, and perforated so as

not to impede vision in the direction of the

axis.

In the morning, set up the compass at the

station occupied by the theodolite, and take

the bearing of the second stake.

Take from the table the elongation for the

time and place ; if the elongation is east,

give it the sign + ; if west, the sign —

.

If the bearing of the line of elongation is

east, affect it with the sign + ; if west, with

the sign — . Then, if we denote the elonga*

tion with its proper sign by E, and the bear-

ing with its proper sign by B, and the varia-

tion by V, we shall have the relation,

V = E - B.

If B exceeds E, numerically, the variation ia

to the west ; if E exceeds B, the variation is

to the east.

The line of elongation can be found by

means of the compass sights and a plumb

line suspended from a pole a few feet in ad-

vance of the station, and lighted from a candle

held by an assistant.

The plumb line is suspended nearly in the

direction of the star, and the compass sight
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is moved upon a horizontal board till the star

is at its greatest elongation. At this instant,

the position of the compass sight and of the

plumb line are marked, and thus the line of

greatest elongation is determined. Then pro-

ceed as indicated above.

Va-RI-a'TIONS, CALCULUS OF. See

Calculus.

VER-I-FI-Ca'TION. [L. varus, true ; and

facio, to make]. The operation of testing or

proving to be true. The verification of the

roots of an equation, found from solving the

equation, consists in showing that they are

true roots of the equation. If we substitute

for the unknown quantity each of the roots

found, in succession, and find that the equa-

tion in each case is satisfied, that is, if the

two numbers are equal to each other, the root

found is correct, and is said to be verified.

Verification of an Equation. The opera-

tion of testing the equation of a problem, to

see whether it expresses truly the conditions

of the problem. Having solved the equation,

we first verify the roots found, to see if they

A

are the true roots of the equation. Having

done this, we next perform upon them tho

operations indicated by the conditions of the

problem ; if these conditions are all fulfilled,

the equation is the true equation of the prob-

lem, and is said to be verified.

VER'NIER. [Named from the inventor,

Peter Vernier]. A contrivance for measuring

fractional portions of one of the equal spaces

into which a scale or limb is divided. The

vernier consists of a graduated scale, so ar-

ranged as to cover an exact number of spaces

on the primary scale, or limb, to which it is

applied.

The vernier is divided into a number of

equal parts, greater or less by 1, than the

number of spaces which it covers on the

limb. We shall take the former case as the

most common, and best adapted to the illus-

tration of the nature of the vernier. The

vernier may be applied to any scale of equal

parts. The modes of its application are ex-

tremely various ; the principle, however, is

the same in all, and may be illustrated by a

simple diagram.

8 9 10 1
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ing rule for reading an instrument which has

a vernier

:

Read the limb in the direction of the gradu-

ation up to the division-line next preceding the

point of the vernier ; this is called the read-

ing on the limb. Look along the vernier till a

division-line is found, that coincides with one

on the limb ; multiply the number of the line

by the least count of the vernier ; this is the

reading on the vernier : the sum of these two

readings is the reading of the instrument.

VERS.ED SINE. The distance from the

foot of the sine of an arc to the origin of the

arc. See Trigonometry.

VERT'EX. [L. verto, to turn,—primarily,

around a point.

Vertex of a Plane Angle. The point at

which the sides of the

angle meet. Thus, ^^

A is the vertex of the ^r

angle BAC. A ' C

Vertex of a Polyhedral Ansle. The

common vertex of the plane angles which

form its faces.

Vertex of a Spherical Angle. The

point at which the sides meet. See Angle.

Vertex of a Cone. Its apex ; or, regard-

ing a conic surface as generated by a straight

line moving so as to pass through a fixed

point, and constantly to touch a given curve,

the fixed point is the vertex.

Vertex of a Curve. The point in which

the axis of the curve intersects it. The prin-

cipal vertex of the conic sections is, in the

parabola, the vertex of the axis of the curve
;

in the ellipse, the left-hand vertex of the

transverse axis ; and in the hyperbola, the

right-hand vertex of the transverse axis.

Vertex of a Diameter of a Curve. The

point in which the diameter intersects the

curve.

Vertex of a Pyramid. The common vert-

ex of the lateral faces of the pyramid. See

Pyramid.

Vertex of a Solid of Revolution, or

Surface of Revolution. The point in which

the axis pierces the surface.

VERT'I-CAL. [L. verto, to turn]. Being

in a position perpendicular to the plane of the

horizon.

Vertical Angle. An angle, the plane

of whose sides is vertical. If one side of

the angle is horizontal, and' the inclined side

lies above it, the angle is called an angle of

elevation. If the inclined side is below the

horizontal line, the angle is called an angle

of depression. See Angle.

Vertical Line. In Surveying, the direc-

tion assumed by a plumb-line, with a weight

attached to one extremity, when it is freely

suspended from the other extremity.

The direction of a vertical is normal to the

surface of a free fluid ; as, for instance, the

surface of still water. The vertical, being

normal to the surface of the earth, passes

very nearly through its centre, though not

exactly* on account of the oblateness of the

surface. Vertical lines, at different points on

the earth's surface, are not parallel, but con-

verge towards the centre.

Vertical Limb of an instrument. A grad-

uated arc used for measuring a vertical an-

gle ; that is, an angle, the plane of whose

sides is vertical. See Theodolite.

Vertical Plane. Any plane passed

through h vertical line. One of the planes

of projection is generally supposedto.be vert-

ical, the other one being horizontal ; whence

the names of the two planes of projection,

vertical and horizontal.

Vertical Projection of a point, line, or

surface, in Descriptive Geometry. The pro-

jection of the point, line, or surface, upon

the vertical plane of projection. See Projec-

tion, and Descriytive Geometry.

VINCU-LUM. [L. vinculum, a bond of

union]. In Algebra, a horizontal bar written

over several terms, to show that they are to

be considered together ; thus,

o3 + 2ab + c X a3 — 4c.

VIS'U-AL [L. visus, the sight]. Pertain-

ing to sight.

Visual Cone. In Perspective, a cone

whose vertex is at the point cif sight. See

Perspective.

Visual Plane. Any plane passing through

the point of sight. See Perspective.

Visual Ray. Any straight line passing

through the point of sight. See Perspective.

VOL'UME. [L. volumen, a roll; bulk].

Dimensions : space occupied.



588 MATHEMATICAL DICTIONARY AND [V E R

Volume op a Body. The number of cubic

units which it contains. It is the same as

the solidity. See Solidity.

VUL'GAR. [L. vulgaris]. Common.

Vclgar Fractions. Fractions, in which

the denominators do not conform to the scale

of tens, in contradistinction to decimal frac-

tions, in which the denominator is conform-

able to that scale. Thus, J is a vulgar frac-

tion.

W, the twenty-third letter of the English

alphabet. As an abbreviation in Surveying,

W stands for west.

WARP'ED SURFACE. A surface which

may be generated by a straight line moving

so that no two of its consecutive positions

shall be in the same plane.

Warped surfaces are divided inlo two

clases : those having a plane directer, and

those which have none.

Every surface of the first class may be

generated by a straight line moving in such

a manner, as constantly to touch two lines,

and continue parallel to a fixed plane. The

moving line is called the generatrix; the lines

touched, the directrices ; and the fixed plane,

the plane directer.

Every surface of the second class may be

generated by a straight line moving in such a

manner, as constantly to touch those lines.

The moving line is the generatrix, and the

lines touched are the directrices. Warped

surfaces may be generated in a great variety

of other ways ; but their generations may
always be reduced to one of these methods.

In the first class of surfaces, if one of 'the

directrices is a straight line, the surface is

called a conoid. If this straight line is per-

pendicular to the plane directer, it is called a

right conoid, and the rectilinear directrix is

called the line of striction, because the ele-

ments are nearer together when measured on

this line than at any of their other points.

If both directrices are straight lines, the

surface is called an hyperbolic paraboloid,

which is the most important surface of the

class. The leading properties of the surface

are : 1st, the elements divide the directrices

proportionally ; 2d, the surface has two gen-

erations. If any two elements of the sur-

face, as described, be taken as directrices, and

a plane directer be taken parallel to the direct-

rices of the first generation, the same surface

will be generated ; this is called the surface

of the second generation. 3d, through any

point in the surface two straight lines can

always be drawn, which shall lie wholly in

the surface ; these are the elements of the

first and second generation. 4th, the plane

of these two elements is tangent to the sur-

face at their point of intersection and every

plane parallel to such plane, cuts out an hy-

perbola whose asymptotes are parallel to these

elements. 5th, all other planes cut from the

surface are parabolas.

In the second class of surfaces, if all three

of the directrices are straight lines, the sur-

faces are called hyperboloids of one nappe. If

these lines are symmetrically arranged with

respect to a fourth line, the hyperboloid be-

comes the hyperboloid of revolution of one

nappe, the fourth line being the axis.

Hyperboloids of one nappe have two gen-

erations. If any three elements of the first

generation be taken as directrices, and a

straight line be moved so as constantly to

touch them, the same surface will be genera-

ted, and this is called the surface of the second

generation. Through any point of the sur-

face two straight lines can always be drawn,

which will lie wholly in the surface ; these

are elements of the first and second genera-

tion. The plane of these two elements is

tangent to the surface at their point of inter-

section, and every plane parallel to this plane

cuts from the surface an hyperbola whose

asymptotes are parallel to these elements. AD
other planes cut ellipses from the surface.

To construct an element of any surface of

the first class : Pass a plane parallel to the

plane directer, and find the points in which it

cuts the directrices ; through these points

draw a straight line ; it will be an element of

the surface.

To construct an element of any surface of

the second class, take any point of one of the

directrices, as a vertex of a cone, and a sec-

ond directrix as a base ; find the point in

which this conic surface intersects the third

directrix, and join this with the vertex by a

straight line ; this line will be an element of

the surface.

In either class of surfaces, if a plane passed'

through one element intersects the surface in

a line cutting this element, the plane is a
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tangent plane, and the point of intersection
is the point of contact.

If two surfaces of the first class have a
common plane directer, a cpmmon element,
and two common tangent planes, the points
of contact being on the common element, the
two surfaces are tangent to each other all

along the common element.

If two surfaces of the second class have a
common element and three common tangent
planes, the points of contact being on the

common element, the two surfaces are tan
gent to each other all along the common ele-

ment.

WEDGE. In Geometry, a solid bounded
by five plane figures. The parallelogram,

(usually a rectangle) ABGH is called the

back; the two trapezoids DCGH and ABCD
are called faces, and the two triangles ADG

JI

and BCH are called ends of the wedge. The
faces of the wedge meet in a line CD, par-

allel to the back, which is called the edge of

the wedge. The distance from the edge to

the back is the altitude of the wedge. If we
denote the length of the back by L, the

length of the edge by I, the breadth of the

back by b, the altitude of the wedge by A, and

its volume by V, we have

V = -bh{ZL + [).

WEIGHT of a body, the resultant of the

forces exerted by gravity upon all the differ-

ent particles of the body. Under the same

volume, different bodies have different weights.

This is attributed to the fact that their heavy

particles are closer together or more remote

from each other, or as we may express it, are

more or less dense.

The standard unit of weight, in this coun-

try, is the pound, and in order to acquire a

correct notion of the pound, it is necessary to

have a clear idea of the relation existing be-

tween the different units in the system of

weights and measures. A pretty full descrip-

tion of this relation is given under the head

of measures.

We subjoin some of the most important
systems, showing the relation between the
pound and other units of weight.

1. Avoirdupois Weight.

By this weight are weighed all coarse arti-

cles, as hay, grain, all the metals, except gold
and silver, &c.

Gross Weisht is the weight of the goods
including 'the boxes, bags, &c, in which
they are contained.

Net Weight is what remains after deduct-
ing from the gross weight the weight allowed
for the boxes, bags, casks, &c.
A hundred weight was 112 pounds ; but it

is now reckoned at 100 pounds.

16 dr.= loz. ; 16 02.= 1 lb. ; 25/4=1 jr.

;

4 qr. = 1 cwt. ; 20 cyjot. — IT.

2. Troy Weight.

By this weight are weighed gold, silver,

jewels, and some liquids.

2igr.= lpwt.; 20pwt.= loz. 12 02.= lib.

3. Apothecaries' Weight.

This weight is used by druggists and
apothecaries in weighing medicines. The
pound and ounce are the same as in Troy
weight ; they differ only in the manner of

subdivision.

20 gr. = 1 3 ; 3 3=13;
8 3 =1?; 12f? =lib.

Foreign Weights.

The French system of weights is one of

the most perfect, as well as the most simple

of all systems that have thus far been adopted.

The unit of the system is the weight of a

cubic decimetre of distilled water, and is

called a kilogramme. The kilogramme weighs
2.204737 pounds Avoirdupois. The divisions

are made decimally.

Table of Equivalents of the old French
system :

1 livre =16onces= 1.0780 lbs.Avoirdupois

1 once = 8 gros = 1.0780 ozs.

1 gros =72grains=58.9548 grs. Troy.

1 grain = 0.8188 " "

Comparison of the weights of different coun-

tries :

The standard avoirdupois pound of the

the United States, as determined by Mr.

Hassler, is the weight of 27.7015 cubic
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inches of distilled water, weighed in air at

the temperature ofmaximum density (39°.83),

the barometer being at 30 inches.

The imperial Avoirdupois pound of Great

Britain is the weight of 27.7274 cubic in-

ches of distilled water, weighed in air with

brass weights, at the temperature of 62°

Fahr., the barometer being 30 inches. There-

fore

1 cubic inch of distilled water at 62° weighs

252.458 grains, or 0. 00396 1 cubic inch weighs

1 grain ; 22.815689 cubic inches weigh 1

Troy pound.

The pound of Spain weighs 1.0152 lbs. Av's.

" Sweden " 9376 "

" " Austria " 1.2351 "

" " Prussia " 1.0333 "

The pound being determined according to the

British standard.

Weight of Observations. If several

observations, giving different results, are

made, for the purpose of determining any

required element, it may happen that some

of them may be considered more reliable than

others, and for this reason are said to have

greater weight. We may then define the

weights of observations to be, numbers pro~

portioned to their relative goodness. Let us

suppose that n observations have been made
for the purpose of determining a required

element, giving the results A, A', A", &c.

Denote the weights of these respectively by

c, c', c'', &c. If we employ the symbol 2
for the algebraic sum of homologous quanti-

ties, so that

2 (cA) = Ac+ A'c' + A"c" + &c. and

X(c) = c + c' + c" + &c,

it may be shown that the expression —y

—

is more likely to be the true value of the ele-

ment sought than the expression , or a

simple arithmetical mean of all the results.

Instead of c, c', c", &c, any numbers pro-

portional to them may be used, and in apply-

ing the results of the theory of probabilities,

it has been found that a certain method of

obtaining c, e', c", &c, not only conforms to

the above method of forming an average, but

also renders them applicable to other impor-

tant uses. We shall subjoin a sketch of the

results of this method.

I. When a number of discordant observa-

tions are made, in which positive and nega-

tive errors are equally likely to occur, and

which do not differ much from each other, and

when it is exceedingly unlikely that the truth

can differ much from the observations, it may
be presumed that the chances of the error of

any one of these observations, lying between

x and x + dx, and between a and b, may be

expressed by the terms

\/- e—" dx and \/— / .V ir V ixJa

1 dx,

in which c depends upon the relative good-

ness of the observation ir = 3.14159, and

e = 2.71828.

Even if this law of error does not exist, it

is found that the treatment of a considerable

number of observations, according to any rea-

sonable law, is reducible to the same rules as

derived from this law, which is now universally

assumed by those observers who apply the

theory of probabilities to their results.

2. The constant c is called the weight of

the observation, and depends upon the various

circumstances which determine the observa-

tion to have been good or bad. The greater

it is the better is the class of observations to

which it applies. It is approximately found

for a given set of observations as follows

:

subtract each of the results from a mean of

them all, and let e, e', e", e'", &c, denote the

remainders ; then

n
C =

2S(0'

The sum of the squares of the departure from

the average may be found by diminishing the

sum of the squares of the results of obser-

vation by n times the square of the mean,

and before doing this any convenient quantity

may be deducted from each of the results of

observation, provided the same be deducted

from their mean.

3. The probable error is that within which,

taken positively and negatively, there is an
even chance that the error of an observation

shall lie. Thus, if A is the true result and

.there is an even chance that the result of an
observation shall be between it and A + a

or A — a, then is a the probable error of an
observation. The probable error may be

found by dividing .476936 by the square root

of the weight.
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4. The weight of the average of observa-
tion is the sum of the weights of the indi-

vidual observations. If « observations are
made, giving the results A', A", A'", &c,
all having the same weight c, the weight of
the average is nc, and its probable error is

.476936

But if the weights of the individual ob-

servations be different, as c', c", «'", &c.,

then,
s

, . - is the average, 2 (c) its weight,

.476936
and —

.

its probable error. In the former case the proba-

ble error ofthe average-may be found by formula

.67449/EM"
K

in which p denotes the probable error, and
e', e", e'", &c, the departures from the aver-

age ; the average being taken for the truth,

their departures taken for the errors.

5. Generally, other things being equal, the

probable error of an average will not be in-

versely as the number of observations, but as

the square root of that number. Ifp denotes

the probable error of an observation, and P
that ofthe averageof n such observations, then

p = Vn.P.
An observer who takes such a method as gives

the probable error of an observation twice as

great as it need be, must not hope to indemnify

himself for his carelessness by making twice as

many observations as would otherwise be ne-

cessary, but must take four times as many
6. If p denote the probable error of an ob-

servation, an average or other result, the fol-

lowing table will be sufficient to connect the

probable error with other errors for rough

purposes of estimation :

Odds.
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that is, the retrogression of the equinoctial

points along the ecliptic. This is called the

equinoctial, tropical, or solar year. The length

of the sidereal year is 365.2563612 mean solar

days, or 3S&- 6*' 9"" 9'6.

The length of the solar or equinoctial year

is 365.2422414 mean solar days, or 365*- 51 -

48»- 49-7.

The difference between these two years is

19"*' 19*.9 mean solar time, that being the

time required for the earth to advance in its

orbit a distance of 50". 1 of arc.

The civil year is the year of the calendar.

It contains a whole number of days, begin-

ning always at midnight of some day. Ac-

cording to the present system, or, according

to the Gregorian calendar, every year the

number of which is not divisible by 4, also

every year which is divisible by 100, and not

by 400, are common years, and contain 365

days. All other years are called leap years,

and contain 366.

Z, the twenty-sixth letter of the English

alphabet.

Zk'NITH. The point of a plane in which

a vertical, at the place produced, pierces the

heavens. The opposite point of the heavens

is called the Nadir of the place.

Ze'RO, in common language, means no

thing ; in Arithmetic, it is called naught, and

means no number ; in Algebra; it stands for

no quantity, or for a quantity less than any

assignable quantity.

If we take the fraction -=, and suppose b to

remain constant whilst a continually dimin-

ishes, the value of the fraction becomes

smaller and smaller, and finally when a be-

comes less than any assignable quantity, the

value of the fraction becomes less than any

assignable quantity, or 0. In the same frac-

tion, if we suppose a to remain constant,

whilst b continually increases, the value of

the fraction continually diminishes ; when b

becomes very great in comparison with a, the

value of the fraction becomes very small;

finally, when b becomes greater than any as-

signable quantity, or CO, the value of the

fraction becomes less than any assignable

quantity, or ; hence,

a— = 0;
co '

this kind of differs analytically from the

absolute 0, obtained by subtracting a from a
;

a — a = 0. It is in consequence of confound-

ing the 0, arising from dividing a by co,

with the absolute 0, that so much confusion

has been created in the discussions that have

grown out of this subject. About the abso-

lute there can be no discussion : all abso-

lute 0's are equal. But the other 0's are

nothing else than infinitely small quantities,

or infinitesimals, and there is no incompatibil-

ity in supposing that they differ from each

other, and that the ratio of two such zeros

may be a finite quantity.

a 2a
Let us consider the two fractions, -r and -r-

o o

and suppose that a remains constant, whilst

b increases without limit : now, it is plain,

that for every value of b, the second fraction

is twice as great as the first ; finally, if b

passes to its superior limit in both fractions,

by becoming oi, the two fractions will still

have the same ratio, 2, to each other. But,

in this case, we conventionally call both 0.

Logical accuracy would seem to require

that some other name should be given to the

result, in this case ; but if the two meanings

of the term are fully understood, no trouble

need arise in retaining that nomenclature,

which has been sanctioned by the custom of

centuries.

ZoNE. The portion of the surface of a

sphere included between two parallel planes

The area of a zone is equal to the circumfer-

ence of a great circle of the sphere, multi-

plied by the altitude of the zone ; that is, the

distance between the parallel planes which
form its bases.

Zone of any Surface of Revolution, is

that portion of the surface which is included

between two planes perpendicular to the

axis.














